PHYSICAL

REVIEW VOLUME 162, NUMBER 3

Thermoelasticity of Stressed Materials and Comparison of
Various Elastic Constants™

DuaNE C. WALLACE
Sandia Laboratory, Albuquerque, New Mexico
(Received 3 April 1967)

A general theory of the thermoelasticity of stressed materials is presented. The theory is based on the
geometry of strain, Newton’s second law of motion, the first and second laws of thermodynamics, and the
invariance of the internal energy and Helmholtz free energy with respect to an arbitrary finite rigid rotation
of the material. Three different sets of physically significant thermoelastic coefficients are discussed. These
are (a) the second-order elastic constants, which contain the rotational invariance conditions and always
have the Voigt symmetry, (b) the equation-of-motion coefficients, which govern small-displacement wave
propagation and have Voigt symmetry only when the stress vanishes, and (c) the coefficients which relate
the variation of stress to the variation of strain from the initial (stressed) configuration. Relations between
these sets of coefficients are presented for the case of arbitrary initial stress, and also for initial isotropic
pressure. In addition, these second-order elastic coefficients for a stressed material are expressed as series
in the second-, third-, and fourth-order elastic constants evaluated at zero stress; the expansion parameters
in these series are the parameters which measure the strain from the state of zero stress to the stressed state.
All of the general relations are illustrated and tabulated for the example of a cubic material under isotropic
pressure. A detailed comparison of the present results with previous theories is given. The two types of
elastic constants defined by Fuchs and Voigt are generalized to conditions of initial stress, and compared
with the three basic sets of elastic coefficients of the present paper. Finally some comments are made regard-
ing the interpretation of thermoelastic measurements on crystals in terms of static and dynamic calculations
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based on atomic models.

I. INTRODUCTION

HIS paper presents a general theory of thermo-
elasticity of stressed materials. The need for such
a theory arises from the desire to understand materials
from the atomic point of view. For if the atomic inter-
actions are presumed to be known, one can calculate
mechanical properties of the material such as the energy
levels. This can be done for arbitrary configuration of
the atoms in the material, provided only that the
configuration satisfies appropriate mechanical equili-
brium, invariance, and boundary conditions. Then with
the aid of statistical mechanics one can calculate
thermodynamic properties such as the Helmholtz free
energy; in this way the free energy is naturally a func-
tion of configuration and temperature. Through the use
of thermodynamic relations involving the free energy,
one can finally calculate other thermodynamic quan-
tities for comparison with measurements. In the case of
thermoelastic measurements, such as sound velocities
in stressed crystals, one therefore needs thermodynamic
relations between the elastic constants and the free
energy which are valid at arbitrary configuration, or
equivalently, at arbitrary stress.

A theory of thermoelasticity for small strains from
configurations of zero stress was discussed by Voigt.! In
addition, many of the results which we find in this paper,
for thermoelasticity of stressed materials, have been
given previously, but in widely separated places and in
many different forms.?"1* We refer to the previous work
at appropriate places in the text below.

*This work was supported by the U. S. Atomic Energy Com-
mission.

L'W. Voigt, Lehrbuch der Kristallphysik (Teubner, Berlin, 1928).

2 F. D. Murnaghan, Finite Deformation of an Elastic Solid (John
Wiley & Sons, Inc., New York, 1951).
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Although our motivation originates in the atomic
description of materials, the theory to be presented is
entirely thermodynamic. We consider a material whose
equilibrium states depend only on the configuration,
denoted by x, and the temperature 7" or the entropy
per unit mass .S. The traditional state functions are the
Helmbholtz free energy per unit mass F, and the internal
energy per unit mass U. It is convenient to work with
functions per unit mass in elasticity theory because
mass is conserved, while volume is not generally con-
served, during elastic strains. We take the customary
functional dependence of U and F:

U=U(x,\S),
F=F{x,T).

Thus, the state function F is used when the independent
variables are chosen to be x and T'; in this case the de-
pendent variables are .S and the stresses. On the other
hand, the function U is appropriate for describing
processes in which the independent variables are x and
S, while the dependent variables are 7" and the stresses.
Finally, we consider only states which are obtained by
elastic deformation from states of zero stress. The
requirement that deformations be elastic insures that
the state functions are unique (single-valued) functions

(1.1)

3 F. Birch, Phys. Rev. 71, 809 (1947).

4 K. Huang, Proc. Roy. Soc. (London) A203, 178 (1950).

5R. A. Toupin and B. Bernstein, J. Acoust. Soc. Am. 33, 216
(1961).

6 A. E. Green, Proc. Roy. Soc. (London) A266, 1 (1962).

7 C. Truesdell and W. Noll, in Handbuch der Physik, edited by
S. Fliigge (Springer-Verlag, Berlin, 1965), Vol. III/3, p. 1.

8D. C. Wallace, Rev. Mod. Phys. 37, 57 (1965).

9 R. N. Thurston, J. Acoust. Soc. Am. 37, 348 (1965).

10T, H. K. Barron and M. L. Klein, Proc. Phys. Soc. (London)
85, 523 (1965).
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of the independent variables and hence that reversible
thermodynamics may be applied.

The theory is based on the geometry of strain, and
on three physical propositions, namely Newton’s second
law of motion, the first and second laws of thermo-
dynamics, and the rotational invariance of the state
functions. In Sec. II we study three physically signifi-
cant sets of elastic constants for stressed materials: (a)
those which contain the rotational invariance require-
ments, (b) those which govern dynamic thermoelastic
motion (wave-propagation coefficients), and (c) those
which govern static thermoelastic motion (stress-strain
coefficients). These second-order elastic coefficients for
a stressed material are expanded in terms of the second-,
third-, and fourth-order constants evaluated at zero
stress in Sec. III. The various types of coefficients are
tabulated and compared in Sec. IV for a cubic material
under isotropic pressure. In Sec. V we compare our
results with previous theories, including those of Huang,
Birch, Fuchs, and Voigt.

II. THERMOELASTICITY OF STRESSED
MATERIALS

Basic Equations

We wish to study the thermoelastic motion of a
material about the initial configuration. The initial
configuration corresponds to applied uniform stress, and
hence corresponds to homogeneous elastic strain from
a configuration of zero stress. The position of a material
particle in the initial configuration is X, and the position
of the same material particle in the final configuration
is x. If the final configuration is obtained by applying a
small additional uniform stress, then the strain from
X to x is homogeneous, i.e., uniform throughout the
material. If the final configuration corresponds to a
wave propagating in the material, the strain from X to
x is nonuniform in space and in the time ¢, and the basic
equations derived below are to be considered as equa-
tions local in X and ¢.

We measure the deformation from X to x by either of
two different sets of nine independent deformation
parameters.

(a) The transformation coefficients a;;, used mostly
by classical elasticity theories:

(b) The displacement gradients u;;, used mostly by
physicists:

wi— Xi=u;(X,8) ; ui;=0u;/0X;. (2.2)

The subscripts 4, j, - -+ indicate Cartesian components
and each goes over three values. We always use the
Einstein summation convention, implying a sum over
repeated indices. The two sets of coefficients are
obviously related by

=i+ uij, (2.3)
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where 6;; is the Kronecker delta. The symmetric finite
strain parameters of Murnaghan,? also called Lagran-
gian strain parameters, are

(2.4)

We treat the »;; as nine independent variables, but
always make sure the calculations are consistent with
ni;="nj;. The density of the material is denoted by p(x)
or p(X), with the abbreviations

0i5= % (Qhatrj— 855) = § (Usj+tjitpirer;) .

p=p(x), p1=p(X). (2.5)
The symmetric Cauchy stress tensor is
Tij=Tj. (2.6)

The theory is strongly based on the physical require-
ment that the internal energy or the Helmholtz free
energy should be invariant with respect to arbitrary
finite rigid rotation of the material. Thus, U or F
depends only on the relative positions of all the material
particles. Since the relative positions in the configura-
tion x are completely specified by the initial con-
figuration X and the 7;;, then U and F depend on x only
through X and 7;;:

U(X;S) = U(Xmi.‘i)s) ’
F(X;T)=F(X’7’UJT) .

It should be emphasized that this dependence is
necessary and sufficient to insure rotational invariance
of U and F, for any initial configuration X. As an
abbreviation, when partial derivatives of the state
functions are written, we omit explicit statement of
which variables are held constant, with the under-
standing that all other variables are fixed. For example,
(0U/dm;;) implies X, S, and all other 7i; are held
constant.

The three basic equations of the theory can now be
written.

(2.7)

(a) The equation of continuity, or conservation of
mass, is based on the geometry of strain, and is well
known?.7:

p1/p=J=det[a;;].

Here, J is the Jacobian of the transformation from X to
x, and is the determinant of the transformation matrix.

(b) Equations for the dependent variables are
conveniently expressed as follows. From the internal
energy,

(2.8)

T=(aU/3S), 2.9)
T 5= paxej(0U /i) .
From the Helmholtz free energy,
S=—(8F/aT),
Tj= pairaji(OF /Onur) - (2.10)

Both sides of (2.9) and (2.10) are evaluated at x, with
the deformation parameters measured from the arbi-
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trary initial configuration X. Derivations of these
equations are given in the Appendix; the rotational
invariance of U and F is used in the derivations.

(c) The equation of motion in the absence of body
forces is also well known, and is an expression of
Newton’s second law of motion.2”

p&i=0Ts;/ ;. (2.11)
Here #; is the second time derivative of x;, and if the
motion is adiabatic or isothermal the right-hand side
derivative is evaluated at constant .S or T, respectively.

Since the deformation from X to x is considered small
(but not infinitesimal), it is convenient to expand the
state functions about X.

P1 U(Xynij)s)

=pU(X,0,8)+C8smi+3C8nmipnut- -+, (2.12)
PlF(Xﬂh’in)
=0 F(X,0,7)+CTimii4-3C iimmipniat- -+ . (2.13)

By definition, the C coefficients are derivatives of p;U
or piF, evaluated at X, and also these coefficients have
the complete Voigt symmetry.
CSi=p1(0U/mis)
CTij=p1(0F/Iniz)
C8ijr=p1(0°U/ dnijomua)
CT 1= p1(9*F/ 3mis0nra)
where all derivatives are evaluated at X. The Voigt

symmetry follows from (2.14) and the symmetry of
7:;; for constant S or constant T coefficients this is

(2.14)

Cij=Cjs,
Cl]kl:CkhJZC]zkl= Tt

(2.15)

We can now interpret the C coefficients. At x=X, we
have p=p; and a;;=38;, so from (2.9) and (2.10)

Ts;(X)=p1(0U/dn:5) = p1(dF/ dmij) .

Thus, the leading coefficient in each of the expansions
(2.12) and (2.13) is just the stress in the initial con-

figuration

(2.16)

Tij (X) = C,’Si].__._ CTf[j . (2.17)
Also, C8;; and CTy are the usual second-order
adiabatic and isothermal elastic constants, respectively,

evaluated at X.

Equation of Motion for Plane Waves

We consider small motions about the initial con-
figuration X, and linearize the equation of motion
(2.11) by keeping only the leading terms in the dis-
placements. The calculation is adequately illustrated
by taking the case of adiabatic motion. From (2.8) and
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(2.9), the stress may be written
Tii= (p1/J)aireji(dU/ dnra) - (2.18)

The derivative on the right of (2.11) is simplified by the
identity of Euler, Piola, and Jacobi [Truesdell and
Toupin,! Eq. (17.9)]:

Jd aj
— —=0. (2.19)
axj J

Then from (2.18) and (2.19), with the definition (2.1)

Of a1,

aTﬁ pP1 6x,~ 6|: aU:I P1 3|: oU

—] aik——:l. (2.20)
dx; J X, O« Mk

ik
Mz

T ax,

Also from (2.12) we can write

P1 (6 U/al']kl) = Cskl+csklmn77mn+ Y
= Cskl-l—%csklmn (apmapn_amn)_l_ crt.
(2.21)

The leading term is obtained by carrying out the
differentiation d/9X; in (2.20), with the aid of (2.21),
and evaluating at X. Since at X we have J=1, 5;=0,
a;;=20;j, the constant entropy stress derivative is

(8T 3j/ 025) = [C5bir+CSijri ] (0%xr/ 0X ;0X 7). (2.22)

For the isothermal stress derivative, the C coefficients
in (2.22) are replaced by constant T coefficients. Let us
introduce the coefficients S;jx; for the square bracket in
(2.22) and write the equation of motion for either
adiabatic or isothermal motion, with all coefficients
evaluated at X.

p1#i=Sijn1(9%1/0X;0X7) (2.23)
where for adiabatic processes one uses
SSim= Tidir+CSut, (2.24)
and for isothermal processes one uses
STiite=Tider+CTijri. (2.25)

The stresess have been introduced by means of (2.17).

The equation of motion for a stressed material was
obtained in the form (2.23) by Huang.* His calculation
was for mechanical rather than thermoelastic motion,
since it was based on a classical Lagrangian; hence the
S coefficients of (2.24) and (2.25) are thermoelastic
generalizations of the .S coefficients of Huang. Although
Huang was not able to provide the correct interpreta-
tion of his S coefficients, in terms of stresses and elastic
constants, the complete interpretation corresponding
to (2.24) and (2.25) has been worked out among several

1 C, Truesdell and R. A. Toupin, in Handbuch der Physik,
edited by S. Fliigge (Springer-Verlag, Berlin, 1960), Vol. I11/1,
p. 226.
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papers.>-8.#10 Note that only when T'; vanishes do the
Sk have complete Voigt symmetry.
For a plane wave the displacement may be written

x—X=uexp[i(k-X—wi)], (2.26)

where u denotes the magnitude and direction of the
displacement, k is the wave vector, w the circular
frequency, and ¢ the time. It is convenient to define
as a unit vector in the direction of propagation and v as
the wave velocity.

x=k/|k|; w=1v|k|.

With the displacement (2.26) the equation of motion
then becomes

(2.27)

(2.28)

p'l)zui'—" Sijkzl(jlquk .

Reference to the initial configuration has been omitted
in (2.28) since that equation is valid for any initial
configuration. Therefore, (2.28) can be used to interpret
adiabatic or isothermal plane-wave propagation, with
p and S evaluated in the (arbitrary) initial con-
figuration. Because of the sum over j and / in (2.28),
only the symmetric combination (S;jx+S:x;) is ob-
served in wave-propagation experiments.

Stress-Strain Relations and Compressibility

We wish to derive a relation between the variation of
stress and the variation of strain from the initial
configuration. Here it is convenient to use infinitesimal
strain parameters in order to facilitate a direct com-
parison with previous calculations which have been
carried out for special cases (Sec. V below), and also to
provide a simple derivation of the compressibility.
Again the calculation is illustrated by taking adiabatic
variations in particular. From (2.18) and (2.21) the
stress components may be written

Tii=Jauaau CSat3CSkimn (apmopn—8mn)+ -+ - ].
(2.29)

The first step is to calculate (87%;/dar,) for an adiabatic
variation. We can use Jacobi’s identity [Ref. 11,

Eq. (17.8)]:
(8T /0ars)= (@) o], (2.30)

where o1 is the matrix inverse to a. The differentiation
of (2.29) is straightforward ; evaluated at X the result is

(a Tﬁ/aara) = (Tisajr_l_ Tjsair‘— Tijars)‘*“csijn . (2.31)

The stresses have been introduced by means of (2.17);
note that each side of (2.31) is symmetric in i, 7.

The symmetric and antisymmetric infinitesimal
displacement parameters, e;; measuring pure strain and
w;; measuring pure rotation, are defined as follows:

€ =% (i) =3 (ijtou—28;5),  (2.32)

wiy=4% (sij—ujs) =3 (cij— i) . (2.33)

THERMOELASTICITY OF STRESSED MATERIALS
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Solving for a;; gives the following relations:
aij=3% (it ejitwi—wsit28:5) ;
(0tsj/ demn) =5 (Simbjnt8jmdin) ; (2.34)

(6aif/awmn) = % (8smbjn— 5jm6in) .

Now the derivatives of T; can be transformed by chain
rule differentiation; for example,

(a Tﬁ/aekl) = ((")Tij/aars) (60[,,/(96];,1) .

The results are summarized as follows for adiabatic
variations:

(8T i/ ders) = BSijua; (2.35)
BSiju=5(Tabu+ Tadjn+Tida

+leaik—2T¢j5kl)+Csﬁkz; (236)

(0T s/ dwrt) =% (Tadjn— Trbjt+Tjdar— Tiadar) . (2.37)

The symbol By is introduced because these co-
efficients are complete generalizations of the coefficients
defined by Birch? for the particular case of isothermal
variations for a cubic material under isotropic pressure
(see Sec. V). It follows from the derivation that for
isothermal variations, BS;; is replaced by BT in
(2.35), and BT is defined by (2.36) with CS;
replaced by C%;jx:. It also follows that these equations
are valid for any initial configuration. The result (2.36)
displays the expected symmetry of By, in 4, § and in
k, I, although the B coefficients do not have complete
Voigt symmetry since Bj;xi# Bri; in general. According
to (2.37), (0T:;/dwr;) has the expected symmetry in
1,  and antisymmetry in &, J. In addition, (2.37) shows
that even for infinitesimal elastic deformations from X,
the stress depends on the rotation as well as on the pure
strain. This is to be expected, since if the material
undergoes a pure rotation, with no pure strain, then the
stress must also be rotated to maintain zero pure strain.
This circumstance has been pointed out in Ref. 7,
P- 250. There are, of course, special cases (e.g., isotropic
pressure) when the stress does not depend on the
rotation.

The relations (2.35)-(2.37) are just the differential
form of Hooke’s law. In other words, a Taylor-series
expansion of the stress about the initial value may be
written, for adiabatic or isothermal variations,

Tii(x,8) = Ts;(X,8)+ BS:jniens

+ (8T i/ dwrp)wrt -+,  (2.38)
Ti(x,T)="T:;X,T)+ BT ijn1€
+ (8T s/ dwrp)wrat- -+,  (2.39)

where + - - - indicates terms of second and higher orders
in the strain parameters. Part of (2.38) and (2.39) has
been given by Barron and Klein.*?

It is now quite simple to calculate the compressibility
evaluated at the initial configuration. The adiabatic
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compressibility, for example, is given by
ks=—(1/V)(3V/3P)s, (2.40)

where V is the volume of the material and P is the
pressure. In view of (2.8),

J=pX)/p(x)=V(x)/V(X), (2.41)
so ks evaluated at X is just
ks=—(3J/3P)s. (2.42)
Now (2.30) evaluated at X gives
(0J/8ars) =815, at X; (2.43)
then with the aid of (2.34) we find
(8J/0ei))=08s, (8J/0wi)=0, at X. (2.44)
Therefore, (2.42) can be written
ks=—(87/0¢i;) (0e€i;/ 0T 1) s(8T 11/ P). (2.45)

The term (de;;/8Tr) s is obtained by inversion of the
transformation (2.35):

(6 e,-]-/(') Tkl)s-—“—BS,'jkz, (246)
where BS is the tensor “inverse” to B5, i.e.,
B351BS kimn =3 (Simdintindim) . (2.47)

Finally, if the pressure is varied while the nonisotropic
part of the stress is maintained constant, the total stress
varies according to

dT}u: —dP&k;, or (aTkl/aP) = —6kl- (248)

With the aid of (2.44), (2.46), and (2.48), the adiabatic
compressibility is

ks=—8;B5j1(—81),
=BS;. (2.49)

Note that there are nine terms in the sum in (2.49).

Although the B coefficients do not have complete
Voigt symmetry in general, they do have enough
symmetry to be written in Voigt notation. This fact
allows a practical simplification of the expression (2.49)
for the compressibility. We use Greek letter subscripts
for Voigt indices, in the usual way:

ij=11 22 33 320r23 3lor13 21or12

.5
a=1 2 3 4 5 6 (2:50)

Since BS;jx; are symmetric in 4, j and in %, /, all the
independent coefficients can be written as a 6X 6 matrix
B3, for @, =1, -+, 6, and where BS7B5, in
general. Likewise, from (2.47), BS;; have the same
symmetry, and all the independent coefficients are
contained in the set BS, for a, =1, ---, 6. Now let
55,8 be components of the 6)X6 matrix which is inverse
to B, so that

bS,8B 55, =0b0y. (2.51)
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Then the b5, contain all the coefficients BS,s In
particular, the following relations are easily found:

bSs=B5%g; a=1,2,3, B=1,2,3. (2.52a)
05,5=2B5%5; a=1,2,3, =456

and a=4,5,6, B=1,2,3. (2.52b)
bS.s=4B54; 0=4,5,6, B=4,56. (2.52)

From (2.52a), the nine terms in (2.49) for the adiabatic
compressibility are simply

(2.53)

In addition the isothermal compressibility is given by
(2.53) with 55, replaced by 7,5, where b7,s is the
inverse of BT, as in (2.51). Therefore, in order to
calculate the compressibility, it is only necessary to
invert the 6X 6 matrix BS,5 or BT,.

Case of Initial Isotropic Pressure

We have defined three different sets of thermoelastic
coefficients, which have different physical and mathe-
matical significance, namely, the C, S, and B coeffi-
cients. In the case of a general initial elastic strain,
corresponding to a general initial stress, these three sets
are all different. However, if the initial stress is an
isotropic pressure P, so that

T:;(X)=—Ps;, (2.54)

then there is some simplification. The designation of
constant S or constant 7" can be omitted here, since the
relations among these coefficients are the same for
either case.

The equation of motion coefficients (2.24) and (2.25)
are given by

Siipe= — P80+ Cijri. (2.55)

These coefficients still do not have complete Voigt
symmetry unless P vanishes. The stress-strain co-
efficients (2.36) and (2.37) simplify to

Bijri=—P (8101t 06:06—0ii011)+Cijra,
(6 T,-j/awkl) = 0 .

(2.56)
(2.57)

Now the Bjjx; have complete Voigt symmetry, for
arbitrary P. In addition, the B coefficients are equivalent
to the equation-of-motion coefficients since the com-
binations symmetric in 7, / are the same for both
coefficients. It is easily verified from (2.55) and (2.56)

SiiertSini= Bijrit Bakj . (2.58)

This means the coefficients measured in experiments on
wave propagation in materials under isotropic pressure
may be interpreted to be either .Sz or Biji, since it is
only the combination (2.58) which is observed. This
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special result for isotropic pressure has been noted
previously,?1 and Eq. (2.56) has also been derived.?

The result (2.57) is also to be expected : The stress is
invariant under pure rotation of the material since the
stress itself is rotation-invariant. Alternately, a pure
rotation of the material, in the presence of isotropic
pressure, induces no pure strain.

If we write (2.56) in the form Byg=Cys+A.s, where
Agp are the terms linear in P, then the 6)X6 symmetric
matrix A has —P for each diagonal element, +P for
off-diagonal elements of the upper left 3)X 3 matrix, and
zero elsewhere. The important point is that the matrix
B,g has the same symmetry as the matrix C,s, for any
of the crystal classes, including an isotropic material.
This means the inversion of B.s may be accomplished
by the usual equations for the inverse of Chg.® The
example of a cubic material is discussed in detail in
Sec. IV below.

Since B,s have Voigt symmetry, so do the elements
bog of the inverse matrix. Then (2.53) for the com-
pressibility becomes

k="0b11+baot+ b33+ 2(bre+bas+b31) . (2.59)

This is valid for adiabatic or isothermal quantities. No
sum is implied in (2.59); all nine terms are written out
explicitly. Thurston has previously derived the adi-
abatic compressibility in the form (2.59) for the case of
initial isotropic pressure.

III. TRANSCRIPTION TO HIGHER-ORDER
ELASTIC CONSTANTS EVALUATED
AT ZERO STRESS

Higher-Order Elastic Constants at Zero Stress

In Sec. IT we studied the second-order thermoelastic
coefficients which govern the motion of a material about
the initial configuration. In practical laboratory experi-
ments to which reversible thermodynamics may be
applied, the initial stress is usually small. By this we
mean that the Lagrangian strain parameters which
measure the strain from a configuration of zero stress to
the initial stressed configuration are small compared to
one. It is therefore reasonable to approximate the
second-order thermoelastic coefficients at the initial
configuration by means of Maclaurin expansions about
a configuration of zero stress. This may be accomplished
by expanding the state functions about zero-stress
configurations.

We use a superscript bar to denote quantities evalu-
ated at zero stress. In analogy with the notation of
Sec. II, the position of a material particle in the zero-
stress configuration is X, while the position of the same

2 G. Leibfried and W. Ludwig, in Solid State Physics, edited by
F. Seitz and D. Turnbull (Academic Press Inc., New York, 1961),
Vol. 12, p. 275.

13 See, for example, W. Boas and F. K. Mackenzie, in Progress
in Metal Physics, edited by B. Chalmers (Interscience Publishers,
Inc., New York, 1950), Vol. 2, p

WR.N. Thurston Proc. IEEE 53 1320 (1965).
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material particle in the final configuration is still x. We
define

A= 306,'/3)_(;,' ,

745 =5 @ri@r;—845) .

3.1)
(3.2)

The density at X is labeled po for abbreviation; po is a
function only of S or 7. Keeping rotational invariance
in mind, the functional dependence of the state func-
tions is

U(X:S)= U(ﬁ“,S) )

F(xT)=F (i T). (3.3)

In the expansion of U and F, the terms linear in #;;
vanish because the stress vanishes when #;;=0. We
keep terms to fourth order explicitly.

poU (7:,5) = P0U(0,§)+%C—'Sijkz'7mﬂkz
+ (1/3)CSjxtmatiisi fimn

+ (1/4!)és'iiklmnziqﬁi_ﬁ]klﬁmnﬁpq'i_ trty (3.4)
poF (71, T) = poF (0,7:)+%(7T¢jkzﬁi:'71kz

+ (1/3 !)(/:Tijklmnﬁifrlklﬁmn

+ (1/4) CT ijptmnpdiisiktimniipgt - -+ . (3.5)

By definition the C coefficients are derivatives poU or
poF evaluated at zero stress, and also these coefficients
have complete Voigt symmetry as generalized to higher
orders. For example, with all derivatives evaluated
at 7;=0,
C8:i11=po(6°U/ 87::0%m1) ,
ésuklmn Po(asU/a'fluaﬂklanmn) 5

C8:jkimnpa= po(8*U/ 874;071:10TmndTipg) -
These are respectively the second-, third-, and fourth-
order adiabatic elastic constants evaluated at zero
stress and are functions only of S. The isothermal
constants are defined similarly in terms of derivatives

of F. These definitions agree with those proposed by
Brugger.s

(3.6)

Relation to Second-Order Constants at Nonzero Stress

The second-order elastic constants at the initial
configuration are defined by (2.14); we merely need to
transform those definitions from the nine independent
variables 7;; to the nine independent variables #;;. From

(2.4) for 7,5 and (3.2) for #;;, we have
(7’1]+%6'L]) = (ﬂrs"l”%&rs)ariaaj, (3.7)

where
aii= aX«;/an. (38)

The transformation of variables is then accomplished by

(8%i3/ Onre) = @rittaj (3.9)

which follows from (3.7). Taking the adiabatic con-
15 K. Brugger, Phys. Rev. 133, A1611 (1964).
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TasBLE I. Values of p2? for particular plane waves for a cubic material under isotropic pressure. For adiabatic or
isothermal propagation, the values of pv? are adiabatic or isothermal coefficients, respectively.

® u pv?
(1,0,0) (1,0,0) Sun=Bu=Cu—P
1,0,0) (0,1,0) S1212=Byy=Cyy—P
1 1
;2«(1,1,0) 5(1,1,0) 3 (S1n1+Su224S1o12+S1221) = 3 (Bui+Bi2+2Bug) = 5 (Cu+Cr2+2C1—2P)
1 1
—(1,1,0) —(1,1,0) 5(S11+S1212—S1122—S1221) =3 (Bin—Bi2) =3 (Cu— C12—2P)
/3 V2
1
'_(1;1;0) (0,0,1) S1212=Byg=Cyy—P
V2
1 1
—(1,1,1) —(1,1,1) 3(S1111+2S1122 4251212425 1221) =3 (Bii+2B12+4Bus) =3 (C11+2C12+4C4—3P)
V3 V3
1 1
%(1,1,1) —\;_5(1,1,0) 3 (S1n+281212— S1122—S1221) = (Bii— Bia+Bas) =3 (C11—Cra+C14—3P)

stants for illustration, (2.14) may be written

C83jm1= p1(8*U/ dni;0mi2)
= (Pl/PO)aimdjnakpalqpogmU/ailm_na’_?pq)
= (pl/PO)aimajnakpaiqtcsmnpq"i_ Csmnpqrsﬁ'rs
+%Csmnpqrstu7—7mﬁtu+ o ]
The expansion (3.4) has been used to obtain the last

form for C8;; in (3.10). The #;; in (3.10) are to be
evaluated at X:

(3.10)

ﬁ¢j=%(dkidkj—5¢j) , at X. (311)

We now have a general expression for C8;; evaluated
at X, in terms of adiabatic second-, third-, and fourth-
order elastic constants evaluated at X, and the param-
eters which measure the deformation for X to X, namely
(01/po) and a;;. With the aid of (3.10) and (3.11), the
equation-of-motion coefficients Sgx; and the stress-
strain coefficients Bgjx; can be expressed in terms of the
initial stresses and the higher-order elastic constants
evaluated at zero stress. A particular example of this is
given in Sec. IV.

An important point needs to be emphasized here. In
deriving (3.10) and (3.11), all differentiations were
carried out at constant S. This implies that p;/po and
the a;; in these equations must be evaluated at constant
S. By the same token, if (3.10) is used to relate iso-
thermal constants, the parameters measuring the strain
from X to X must be evaluated for a constant 7T strain.
It is possible to consider alternative derivations in
which, for example, the strain from X to X is isothermal
while the equation is used to express the adiabatic
constant C5;;;;. We avoid this procedure since it leads
to “mixed” higher-order elastic constants such as
(8C5;k1/ Hima)r. Although such constants have been

defined,'® their calculation from atomic models is
complicated in an essential way by requiring differ-
entiation with a dependent variable held fixed.

IV. EXAMPLE OF CUBIC MATERIAL
UNDER ISOTROPIC PRESSURE

Second-Order Coefficients at Arbitrary Pressure

We assume the material has cubic symmetry under
arbitrary pressure P. Then the elastic constants Cijxs,
which can always be written in Voigt notation Ceg,
reduce to the three independent constants Cyy, C1s, and
Cy. From (2.28) we calculate the combination of Syjx;
which is equal to p1? for a given propagation direction
x and a given displacement direction u [u is taken to be
a unit vector, since its normalization is arbitrary in
(2.28)7]. This combination is transformed to a combina-
tion of Bz by means of (2.58), and to a combination
of Cijx; and P by means of (2.55). We drop the designa-
tion for constant .S or 7, the relations among the
coefficients being valid for either case, and write C and
B coefficients in Voigt notation. The results are listed
in Table I.

The relations given in Table I are valid for arbitrary
pressure, and the coefficients which give p1? values are
functions of P and S or 7. In addition, pt? is evaluated .
in the initial configuration, which is also a function of
P and S or T'. Even for a cubic material under isotropic
pressure, the Sijx do not have Voigt symmetry and
hence cannot be written in Voigt notation. Note that
the relations between combinations of B,s and com-
binations of C,s are consistent with (2.56).

Itis easy to invert the matrix of B,g coefficients, since

18R, N. Thurston and K. Brugger, Phys. Rev. 133, A1604
(1964).



162

these have the same symmetry as the C,s for a cubic
material. As was noted in Sec. II, this situation holds
for any symmetry when the initial stress is isotropic
pressure. The three independent B,g are By, Bis, and
By, and the corresponding three independent elements
of the inverse matrix b are

b= (311+B12)/(B11—312) (Bn+2312) ) (4-1)
bie= — B1s/ (B11— Bi2) (Bu+2B1s), (4.2)
b1s=1/Bas. (4.3)
From (2.59), the compressibility becomes
k=3 (b11+2b1s),
=3/(Bu+2B1). (4.4)

In terms of the elastic constants C,g, (4.4) and (2.56)
give
k=3/(Cu+2C1t+P). (4.5)

Again (4.1)-(4.5) are valid either for adiabatic or
isothermal coefficients.

Transcription to Third- and Fourth-Order
Elastic Constants

If the cubic material remains cubic under arbitrary
pressure, the deformation parameters from X (zero-
pressure configuration) to X (configuration at pressure)
are simple. We follow the notation of Birch?®:

Xi=(1—-a)X;; (4.6)
(1—a)3= (1+29)32. 4.7

The parameter 7 is defined by (4.7), and is introduced
because of its convenience as an expansion parameter.?
In the following we carry all calculations to second order
in « or 7; this is consistent with keeping elastic constants
of third and fourth order only. We also drop the designa-
tion of constant S or T, but it must be remembered that
a and 7 are to be evaluated along the line of constant S
or T, accordingly.
From (3.8) and (4.6) it follows

ai;= (1—a)d;;, (4.8)
and hence with (3.11) and (4.7) ,to second order
fi=nd:i, at X. (4.9)
Also from (4.6)
p1/po= (1—a)~*. (4.10)

We can now evaluate (3.10) for the adiabatic or iso-
thermal case with the aid of (4.8)—(4.10) ; after carrying
out the sums involving Kronecker deltas and trans-
forming to a power series in 7, the result is

Ciju=Cijnt 71[(7 at Cliintmm ] )
+ 12 [ — Cijrrt+2C ixtmm+ Cijrtmmpp J++ -+ . (4.11)

For a cubic material (point groups 0, 05, T'g) there
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are six independent third-order,® and eleven inde-
pendent fourth-order,!7 elastic constants; these can, of
course, be written in Voigt notation with three and four
subscripts, respectively. The explicit expressions ob-
tained from (4.11) for the three independent second-
order elastic constants evaluated at % are as follows:

Cu=Cu+n[Cu+t+ ((7111'{-2011_2)] )
+%”)_2|:— 011‘_|‘ (20111:|" 40112)_
4+ (Cr111+2C1192+2C 1123+ 4C1112) ], (4.12)
Cio=Crot+n[Crat (01334‘ 26—'11_2)] )
+in— Cm:f' (20123:*"40112)_
4 (5C1123+2C1190+2C1110) ], (4.13)
Cu=Cutn[Cat (01_44+ 2019_6)] _
+%7l_2|:_ C44‘_|‘ (20144:|' 40168)_
+ (C114442C 11664 2C12661+4C1240) ] . (4.14)

The three independent stress-strain coefficients are
given in a convenient form with the aid of (2.56):

Bu=Cu—P,
Biy=C1ot-P,
Bu=Cyu—P.

(4.15)

For an adiabatic elastic compression from X to X,
there will be a unique relation between n and P ; likewise
for an isothermal compression. In order to calculate
this relation, we used a Bridgman'® equation of state
(adiabatic or isothermal)

V=Vo(1—A4.P+A4,P?),

and calculated 4 and 4. in terms of C,s with the aid of
(4.5). Then from (4.12)-(4.14), and noting the relation
between 5 and V—V,, we find to second order in 7

—P=9 ((7114‘ 2012)“1"712['— (é1l+ 26’12)
+3(Cr11+2C125+6C112)].

It should be emphasized that this result does not depend
on the Bridgman equation of state; the Bridgman
equation was used merely for convenience in deriving
(4.16).

With (4.16) and (4.12)-(4.15) the expansions for Beg
become

Bu=Cu+n[2 (C:'u'i‘ (71_2)+ (01_114‘201_12)] _
+1p2[—3C1u—4C1a+ (3C111+2C1251+10C112)

(4.16)

+ (Crinit+2C1100+2C1125+4C1110) ],  (4.17)
Bio=Cratn[— (011_-1‘ 012):" (0123*1-26113)]
—l—%n2[2011+_3012— (_0111‘|' 2Q112)
+ (5Cu23+2C1120+2C1112) ], (4.18)

17 P, B. Ghate, Phys. Status Solidi 14, 325 (1966).
18 P, W. Bridgman, The Physics of High Pressure (G. Bell and
Sons, Ltd., London, 1949), 2nd ed.
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Bu=Cutn[CastCri+2C1o+ (Crast2C1e)]
[~ Cu—2C1—4Cy,
+ (Cru1+2C125+2C144+4C 166+ 6C112)
+ (Criaa+2C1166+2C 1266+ 4C1240) ]

Alternatively one can invert the transformation
(4.16), write g as a power series in P, and transform the
series for Cos and Beg to power series in P. We will not
write down these expressions, but instead calculate the
first pressure derivatives of B,g, evaluated at P=0. The
inversion of (4.16) gives

n=—34:P+0(P?);
(aﬂ/aP)P=0= _%A 1= — 1/ (011+201z) .

Then from (4.17)-(4.19), the pressure derivatives
evaluated at P=0(n=0) are

dB11/dP)=—314,[2(Cui+Cr2)+ (C1ui+2C112) ], (4.21)

(3312/3})) = “%A 1[—‘ (C_Yn‘*‘ 012)'}‘ (0123—!‘20112)] ,
(4.22)

(80Bus/dP)=—3%4 1[644-{' é11+ 2012+ (6144‘}’ 26166)] .
(4.23)

(4.19)

(4.20)

These are written as partial derivatives because it is
implied that either S or 7" is held constant; then the
constants which appear in 41 of (4.20) and in the square
brackets of (4.21)-(4.23) are all adiabatic or isothermal,
respectively.

The pressure derivatives of C,s, evaluated at P=0,
are easily obtained from (4.21)-(4.23) together with
(4.15).

V. COMPARISON WITH OTHER THEORIES
Huang’s Expansion of the Mechanical Energy Density

Huang* expanded the mechanical energy density in
powers of the displacement parameters #;; of (2.2), for
the case of initial homogeneous stress. We generalize the
theory of Huang by expanding the state functions U
and F, and thus differentiate between adiabatic and
isothermal coefficients.

PIU(X;uif;S) =pU (X)O,S)+Ssijuii
+3SSitttisthert- -,
with a similar expansion for F in terms of isothermal
coefficients. These expansions serve as the fundamental
definition of the S coefficients. But (5.1) must be equal
to (2.12) in each order of the infinitesimal parameters
u;;. With the aid of (2.4), (2.12) is transformed to an
expansion in #;.
U (X;u‘ii;s) =mU (X>0’S) +C8;0:5
+3 (C8dat Clip)iprat- - - .

Since all nine #,; are independent, the coefficients in

(5.1)

(5.2)
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(5.1) and (5.2) must be equal.
S§8:=C8j=Ty; (5.3)
S8iit= T+ CSijra. (5.4)

Here we have used (2.17) to introduce 7T;(X). The
relation (5.4) is the same as (2.24); this is our reason
for introducing the S coefficients in Sec. II. Relations
analogous to (5.3) and (5.4) hold for the isothermal
coefficients ST,‘J' and S7;x1.

Now in (5.1) the u;; are arbitrary, and in particular
not necessarily symmetric. Therefore, (5.1) does not
contain any information about the rotational invariance
of U. But such invariance is completely contained in
the expansion (2.12), and hence also in (5.2). Thus the
restrictions placed on the S coefficients through (5.3)
and (S5.4), along with the symmetry properties of T';
and Cj;jx;, should contain the rotational invariance
conditions. For adiabatic or isothermal coefficients,
these restrictions are found to be

Si=Sji,
Seiit—Skii=0,
Sijrr— S+ Sadin—S04=0.

These are just the relations which Huang* found by
requiring the energy density to be invariant with
respect to infinitesimal rotation.

As was noted in Sec. II, Huang* used his energy
expansion [of the form (5.1)7] to show that the equation
of motion is given by (2.23). He also showed that only
when T';; vanishes do the Sjj; have complete Voigt
symmetry [this is also obvious from (5.4)]. This lack
of Voigt symmetry led Huang to say that elastic
constants can only be defined at zero stresst; as is
evident from Sec. II, this difficulty is now completely
removed.

(5.5)

Higher-Order Elastic Constants

Birch?® used the finite strain theory of Murnaghan
(see, e.g., Ref. 2) to calculate the elastic coefficients
which relate a further infinitesimal stress and strain for
a cubic material under isotropic pressure. His calcu-
lations were for isothermal variations, since he worked
with the Helmholtz free energy per unit mass. The B
coefficients of Sec. IT are complete generalizations of
Birch’s coefficients, since they give stress-strain rela-
tions for a material of arbitrary symmetry under
arbitrary stress. For a cubic crystal under isotropic
pressure, Birch wrote the final stress as T;=—Pd;;
+ T/, where P is the initial pressure. Also the B;; of
Birch are the same as our e; of (2.32). With this
notation of Birch, and dropping the rotational de-
pendence of T, (2.39) becomes

T =BT ;;uiBk1, (5.6)

When (5.6) is written out in Voigt notation for T4/,
Ty, and T4, we recover Egs. (20) and (23) of Birch,

Birch notation.
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with the identification

of Birch. (5.7

Birch wrote the initial pressure P and the BT, as
functions of # and the second- and third-order elastic
constants evaluated at P=0. His third-order elastic
constants are defined with different numerical co-
efficients than ours; see, e.g., Ghate,' footnote 13. When
Eqgs. (21)-(23) of Birch are expanded in powers of 7 to
second order, and the differences in definitions of third-
order constants is taken into account, there is complete
agreement with our expansions (4.16)-(4.19), except,
of course, for the fourth-order constants, which were
not included by Birch.

Ghate!” has extended the calculations of Birch, for a
cubic material under isotropic pressure, to include
fourth-order elastic constants. His Egs. (22)-(24) may
be compared directly to our (4.17)-(4.19); the agree-
ment is not complete in terms of order 5% The first
pressure derivatives of B,s, evaluated at P=0, arise
from terms linear in 5 and are given by Ghate!® in Egs.
(74)-(76) ; these agree with our results (4.20)-(4.23).

Thurston and Brugger'® have studied wave propa-
gation in stressed crystals. They express results in
terms of the directly measured quantities po/¥? and its
first pressure derivative, all evaluated at P=0, where
po is the density at P=0 and W=2L,F, with L, being
the specimen length at P=0 and F the measured
repetition frequency at any pressure. For a cubic
material,

B Taﬂ = caB’

poW?= (L/Lo)p?*, (5.8)

where L is the specimen length at any pressure. From
(5.8) it follows for P=0

polV?=pi?, (5.9)
d(poW?)/dP=—3A:psW*+-d(0?*)/dP, (5.10)

where all terms are evaluated at P=0 and %4, is given
by (4.20). Also, all quantities in (5.9) and (5.10) should
be either adiabatic or isothermal. For a cubic material
under isotropic pressure and for a [1,0,0] longitudinal
wave, Table I gives pt?=By;. Then at P=0, (4.15)
gives

poW2=Cl. (5.11)

Also, from (4.20) and (4.21), (5.10) is evaluated to
give, for P=0,

d(poW?)/dP=—1—3%4,[2C11+Cr11+2C112].

In this way we find agreement with all the results of
Table I of Thurston and Brugger.l® There is a differ-
ence, however, in that for adiabatic propagation, for
example, (5.12) should contain all adiabatic constants
in A, [see (4.20)] and in the square brackets, while
Thurston and Brugger use an isothermal 4; and mixed

(5.12)

5P B. Ghate, Phys. Rev. 139, A1666 (1965).
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adiabatic and isothermal third-order elastic constants
[their Eq. (5.9)]. This difference does not represent an
error, but only a difference in expression.

Elastic Constants of Fuchs

Fuchs® calculated elastic constants for primitive
cubic lattices under zero stress, in terms of a particular
set of infinitesimal strain parameters. Since several
workers have used Fuchs’ formulae to interpret ultra-
sonic measurements for cubic materials under pres-
sure,2—% it is advisable to generalize the calculations of
Fuchs to the case of nonvanishing pressure.

Fuchs defined a set of six nonsymmetric deformation
parameters €z, €y, €, Yoy, Yysz, a0d v..; in terms of these,
our #;; of (2.2) are given by

Uze™ €z, Uyy= €y, Uzz™ €z,

(5.13)

Uzy=Yzy; Uyz="Yyz,

Uye=Usy=Uz,=0.

Uez=Y 2z,

The Huang expansion (5.1) now gives the internal
energy in terms of the Fuchs deformation parameters.
The S coefficients in (5.1) simplify for a cubic material
under isotropic pressure, since

S8;=— P, (5.14)

and also since S5;;1;, given in this case by (2.55), depend
on only three independent C%;;. In view of these
simplifications, and with the aid of (5.13), the Huang
expansion for U becomes

01U Xju55,8) = p1U (X,0,5) — P (e,+ ey+¢.)
+ 30551 (e e+ €.?)
+ zssllzz(exey+ €y€z+ Eszc)
+.S551012 (7zy2+7yz2+’7zz2)] . (5-15)

There are no sums implied in (5.15). Note that since
7i; are not symmetric, coefficients such as S%129; do not
appear in (5.15). An expansion of F is analogous to
(5.15) and contains isothermal coefficients.

Fuchs expanded the potential energy per atom; this
does not differentiate between adiabatic and isothermal
variations. The generalization to the expansion of U or
F is obvious, and by comparing Eq. (4) of the first paper
of Fuchs? with (5.15) we identify the Fuchs coefficients
Fug (his cup) as follows:

F].l:Sllll’ F12=51122, F44=SI212,

for adiabatic or isothermal coefficients.

We now calculate the coefficients corresponding to
the three choices of deformations which Fuchs labeled
deformations (A), (B), and (C).

(5.16)

0 K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1936); A157,
444 (1936).
21 W. B. Daniels and C. S. Smith, Phys. Rev. 111, 713 (1958).
( ZZSR)' E. Schmunk and C. S. Smith, J. Phys. Chem. Solids 9, 100
1959).
2 W. B. Daniels, Phys. Rev. 119, 1246 (1960).
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(A) Compression in one direction, expansion in
another, conserving volume.

1+e,=1/(14€); e, and v45=0.
A=3p1(8°U/de). (5.17)
It is now necessary to expand e, to second order in e,
giving
€y=— €x+ e:::2 .

With the definition (5.17), we find from (5.15) and
(5.16)
A='—P+F11—-F12. (518)
(B) Shear in one plane, conserving volume.
€i=0; 'szz'Yz:c:O-
B=3p1(8*U/dvx).
Again from (5.15) and (5.16) we find directly
B= %Fu .

(C) Uniform volume expansion.

(5.19)

(5.20)

e=€y=€;, Yij=0.
(14e)=(14+e€) (14¢€) (1+e€).
C=1p1(0°U/de.?).

To second order in e, the three equal principal strains
are given by

(5.21)

the result is

C=3(2P+Fy;+2Fy). (5.22)

The above results for Fog and the three combinations
(A), (B), and (C) are related to the Bss and Cug for
cubic materials under isotropic pressure with the aid of
(5.16), (2.55), and (4.15). The relations are summarized
in Table IT and hold for either adiabatic or isothermal
coefficients. It is seen that the quantities (A), (B), and
(C) are linear combinations of the B.g, with no explicit
terms in P. Therefore, these combinations may be
related directly to the equation of motion coefficients,
i.e., directly to pe® values for any pressure, as listed in
Table I. This has been the customary procedure?2
Also, 2C is the inverse of the compressibility, at any
pressure.

TasiLe II. Relations between the Fuchs elastic coefficients
F.p, the stress-strain coefficients Bgg, and the elastic constants
Cap, for adiabatic or isothermal coefficients for a cubic material
under isotropic pressure P.

Fuchs Stress-Strain  Elastic Constants
Fy ) B Cu—P
FIZ BIZ_"P Cl2
F44 B44 C44—P
A=—P+Fn—F Bu—Bys Cy—C—2P
ZB = F44 B44 44'_P
2C=31@2P+Fu+2F:) 3 (Bui+2B12) 1(Cu+2C:+P)
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Voigt-Type Elastic Constants

Following Leibfried,*:* it is convenient to work with
the symmetric and antisymmetric infinitesimal dis-
placement parameters e; and w;; of (2.32) and (2.33).
These two equations can be solved for u;; to give

uij=4% (esjtejitoiy—ws). (5.23)
With (5.23), the Huang expansion (5.1) becomes
p1U (X,u:,S) = prU (X,0,5)+S5 e
158, essenit € (wri—win)
+1 (wiwr—wiwn—wjiwuntwjon) -+ (5.24)

where we have taken account of the symmetry of ¢; to
simplify (5.24). The adiabatic Voigt elastic constants
V5;ik1 are defined by

Vsijkl= p1(62U/aeijaekz) . (525)

In view of the symmetry of e;, only the part of S5
which has complete Voigt symmetry survives the sum
in the term '%‘Ssijkléijékl. Since S‘Sijkl=SSk1¢j is already
satisfied [see (5.5)], then (5.25) is written

VSiin=1 (S50 S5t SSsiu+SS5un);  (5.26)

obviously (5.26) always has complete Voigt symmetry,
s0 V5, can always be written as V5.

The expansion (5.24) also shows how the internal
energy U varies if the material is rotated in the presence
of the initial stress. It is easily verified, with the aid of
(5.4) and the Voigt symmetry of CS, that if the
initial stress vanishes or is an isotropic pressure, the
terms in w;; sum to zero in (5.24).

The infinitesimal displacement parameters used by
Voigt! and others?®:#” are different from e;;; in particular
they have used e;; given by

(5.27)

and they take only six indices o for the set 75 (Voigt
notation), instead of all nine. It is easily verified that
the elastic constants so defined, i.e.,

VSap=p1(92U/ deades) ,

are the same as (5.26).
With the aid of (2.24) or (2.25), the Voigt constants
for either adiabatic or isothermal cases are

Viiti=3(TadjitTabjn+TiabirtTidir) +Cija. (5.29)

For a general initial stress, Vj; are different from any
other sets of coefficients which we have considered. For
initial isotropic pressure (5.29) simplifies to

Vijta= — 5P Badjit-8a051)+ Cojur. (5.30)

24 G. Leibfried, in Handbuch der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1955), Vol. VII/1, p. 104.

% (., Leibfried and H. Hahn, Z. Physik 150, 497 (1958).

2 A, E. H. Love, Mathematical Theory of Elasticity (Cambridge
University Press, Cambridge, England, 1927), 4th ed.

2 M. Born and K. Huang, Dynamical Theory of Crystal Lattices
(Clarendon Press, Oxford, England, 1954),

€ij= €= (2_51.7) €ij,

(5.28)
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For a cubic material under isotropic pressure, there are
three independent Voigt coefficients; in Voigt notation
these are

Vu=Cu—P,
V12—'= C12 5 (531)
Vu=Cu—1iP.

Even for this simple case, the set Vg is different from
all the other sets we have considered.

VI. SUMMARY

We have developed a general theory of thermoelas-
ticity of stressed materials, which provides a basis for
interpreting measurements on materials of arbitrary
symmetry in states of arbitrary homogeneous elastic
deformation. In this theory there are three different
sets of physically significant thermoelastic coefficients.

(a) The coefficients which contain the rotational
invariance requirements placed on the state functions
UorF:

6.1)
(6.2)

C8ix1=p1(3°U/ 91:;0m1) ,
CTi11=p1(02F / 0¢i0n11) ,

where 7,; is measured from the initial configuration and
these equations are evaluated at the initial configuration
(1:5=0). These elastic constants always have complete
Voigt symmetry. In addition, if one approximates U or
F by the potential energy of the interacting atoms in a
simple crystal, the C;j; are the constants which exhibit
Cauchy relations.

(b) The.coefficients which govern the adiabatic or
isothermal motion of small displacement plane waves
according to (2.28):

(6.3)

pvzu,-= Si,-kmjxluk .

These Huang coefficients have complete Voigt sym-
metry if and only if the initial stress vanishes; their
relation to the elastic constants, for either adiabatic or
isothermal cases, is

Sijr= Tiba+Cijur. (6.4)

(c) The coefficients which relate the variation of
strain away from the initial state to the variation of
stress, for adiabatic or isothermal processes:

(aTﬁ/ﬁekz) = B/[jkl . (65)
In terms of the elastic constants, these coefficients are

Biji=%(Tubjt+Tudj~+ Tixdat+Tidax
—2Tdx1)+Cijrz.  (6.6)

For general initial stress the Bk do not have Voigt
symmetry. For initial isotropic pressure, however, the
Bi;jr; have Voigt symmetry and also, in view of (2.58),
they can replace Sy in the equation of motion when
the initial stress is isotropic pressure. Since Biji;
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measure stress-strain relations, it is these coefficients
which determine the compressibility according to
(2.51) and (2.53).

In (3.10) and (3.11), we have given an expression for
Cijwi in the initial state, in terms of the strain in the
initial state and the second-, third-, and fourth-order
elastic constants evaluated at the corresponding state
of zero strain. With the aid of this expression, (6.4) and
(6.6) can be used to express S;jx and Byj; in a similar
way. In using (3.10) to relate adiabatic or isothermal
elastic constants, one must measure the strain along a
line of constant S or constant 7, respectively.

Fuchs and Voigt have defined elastic constants as
coefficients in the expansion of the energy in powers of
particular sets of infinitesimal strain parameters; these
are discussed in Sec. V. These two sets of coefficients
and the three sets defined above are all different in
general. Relations among all five sets for the case of a
cubic material under isotropic pressure are listed in
Tables I and IT and in Eqgs. (5.31).

We should like to make some comments regarding the
interpretation of thermoelastic measurements on crys-
tals in terms of static and dynamic calculations based
on atomic models. We have recently extended the
general theory of lattice dynamics to allow the initjal
configuration to correspond to arbitrary homogeneous
applied stress.® This was done by studying the system
composed of a finite lattice plus externally applied
forces, and the rotational invariance condition was that
the energy of the system should be invariant with
respect to rotation of the entire system. In such a rota-
tion, the externally applied forces do no work and the
lattice configuration changes only by a rotation. Hence,
this rotational invariance condition is entirely equi-
valent to the present treatment, in which the rotational
invariance ignores the stresses since they are dependent
variables, and requires the energy of the material to be
invariant with respect to a rotation of the material.
Indeed, we find in Sec. IT above that the stresses must
rotate with the material if the energy is to remain
unchanged. Another point of importance is that if the
lattice has more than one atom per unit cell, the strain
parameters, say 7, measure the homogeneous de-
formation of the primitive lattice, while the relative
displacements of the sublattices are dependent variables
and must be eliminated.®

In the lattice-model calculations, the largest contri-
bution to U or F is usually the potential energy of the
interacting atoms; it is therefore customary to approxi-
mate either state function by this potential.#%:27=2 One
can then use the method of long waves to calculate the
coefficients S;jx; in the equation of motion,*?7:28 or use
the method of homogeneous deformation to calculate
the Cym constants.® Of course, the elastic constants

8 K. S. Krishnan and S. K. Roy, Proc. Roy. Soc. (London)
A210, 481 (1952).
» G. Leibfried and W. Ludwig, Z. Physik 160, 80 (1960).
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obtained in this way are neither adiabatic nor iso-
thermal, but an approximation to either. We have
shown quite generally, regardless of the initial con-
figuration of the lattice, that the two calculations give
complete agreement when the relation (6.4) between
S and C coefficients is taken into account.® This finding
removes a previously encountered difficulty,*** in
which the two methods of calculation were believed to
give different results.

In recent years several workers have included
approximately the vibrational part of the Helmholtz
free energy, in order to calculate isothermal elastic
constants.’¥-25:35 The constants so calculated are ex-
plicitly temperature-dependent, and in addition the
vibrational part introduces departures from the Cauchy
relations.
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APPENDIX: DERIVATION OF EQUATIONS
FOR THE DEPENDENT VARIABLES

Here we present two different derivations of Egs.
(2.9) and (2.10), which give the dependent variables as
derivatives of the state functions with respect to the
independent variables. The two derivations have
ultimately the same physical basis, but are cast in
different languages.

The first derivation is in the language of solid-state
physicists, and simply generalizes a derivation of
Leibfried and Ludwig? to the case of arbitrary initial
configuration. The initial configuration is X, the final
configuration is x, and we proceed to calculate the
virtual work done by the stresses T';;(x) when the
material undergoes a virtual homogeneous deformation
Ax from x. We write

(x4 Ax)i= (8;+ Auij)xj= 8+ Auij)ain X,
(0x:/9X;), it follows from (A1)

(A1)
and since a;;=

(A2)

A= Auijajk .

From (2.4), which gives 7;; in terms of ay, and (A2)

30 K. S. Viswanathan, Proc. Indian Acad. Sci. 394, 196 (1954);
41A, 98 (1955).

3‘] Laval, J. Phys. Radium 18, 247 (1957); 18, 289 (1957); 18,
369 (1957).

32y, LeCorre, J. Phys. Radium 19, 541 (1958); 19, 704 (1958).

3 1. Saint- ]ames, J. Phys. Chem. Solids 5, 337 (19 8).

3 N, Joel and W. A. Wooster, Nature 180, 430 (1957) ; 182, 1078
§19583 Acta. Cryst. 14, 571 (1961) Soviet Phys.-Cryst. 7 423
1963

3 T, H. K. Barron and M. L. Klein, Proc. Phys. Soc. (London)
82, 161 (1963).
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we have
A= (pmApn+ QpnAoipm)
=1 (pmAUpeQgn—t Cpn AU peQgm)
= 3pmttgn (Attpgt Attgp) . (A3)
Define § as the matrix inverse to e, so that
Bijoje=dix; (A4)
then (A3) can be written
AN nBmilBni= 5 (Athij+ Autji) . (AS)

Let the surface of the material in configuration x be
s, with surface elements ds. The 7 component of force
on surface element ds, due to the stress applied in the
configuration X, is F;= T;;ds;. The virtual displacement
of ds in the 7 direction is Ax;= Au.xxx, evaluated at ds.
The virtual work done by the stress acting on ds is

F ,~Ax,- = (A6)

The total virtual work done on the material is AW and
is just the integral of (A6) over the surface in the
configuration x; this integral is transformed by Gauss’s
theorem to a volume integral and is evaluated as
follows:

Tijds,-Auikxk .

AWZ/ Auikkaijds,:/ TijAu,'jd'r= T/ijAu»ijV(X),

(A7)

where V (x) is the volume of the material in configura-
tion x. Since T;;=T}j;, only the symmetric part of Au;
survives the sum on 77 in (A7); this symmetric part is
given by (AS) and we can write

AW =V (X)T ;A0 mnBmiBn; - (A8)

Let us now write the combined first and second laws
of thermodynamics in differential form per unit mass:

dU=dW+TdS, per unit mass. (A9)

Multiplying (A9) by the density p in the configuration
x, and identifying pdW with V7IAW of (A8), gives

PdU: Tijﬁmi,ﬂnjdﬂmn+PTdS . (Alo)
Also, since F=U—TS per unit mass, (A10) leads to
pdF= Tijﬁmiﬂnjdnmn—PSdT- (All)

The equations for the dependent variables follow
directly from (A10) and (A11).
For a process at constant S, (A10) gives

T iiBmiBns=p(dU/Onmn) ,
or, in view of (A4),
T 1= pctimoiin (U / 0mn) . (A12)
Similarly for a process at constant T, (A11) gives
T 1= potkm@in(3F/8Mma) - (A13)
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For a process at constant 7;;, (A10) gives

T=(8U/dS), (A14)
while (A11) gives
S=—(8F/aT).
This completes derivation of (2.9) and (2.10).
An alternative derivation is provided in the language
of classical elasticity theory. Truesdell and Noll,” in
Sec. 82, give the following equations:

Tij=paa(dU/0an)=pau(dF/daz);  (A16)
T=(3U/3S), S=—(9F/oT). (A1)

Here &;; measures deformation from a configuration of
zero stress, as in (3.1). The equations for T and S are

(A15)
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the same as the corresponding parts of (2.9) and (2.10)
above, and are valid in any configuration. We trans-
form (A16) from the nine independent variables &;; of
(3.1) to the nine independent a;; of (2.1); the result is

Tii=pair(0U/das) = paix(0F /dazr) . (A18)

Now since U and F depend on a;; only through the 7,
because of rotational invariance, we can transform the
derivatives in (A18) to derivatives with respect to »;;.

In view of (2.4),

(aﬂij/aars) = % (ariajs"*“arjaiS) . (A19)
The transformation of (A18) then gives
Tij= paireji (U / dnir) = pasreeji(OF /dnir) . (A20)
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Three-Center Corrections to the NaCl Valence Band*

A. BarryY Kunz
Department of Physics, Lehigh University, Bethlehem, Pennsylvania
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The tight-binding method including certain three-center terms has been applied to obtain the structure
of the valence bands for NaCl. Two methods have been used. In the first method, which uses the traditional
method of applying tight-binding theory, three-center terms are neglected, except those due to the long-
range part of the ionic potential. In the second method, a spherical averaging technique is employed to
include the three-center terms due to the short-range-potential terms. It is seen that there is a small dif-
ference in the band parameters obtained from the two methods; however, the effects on the band structures
themselves are rather pronounced. Results are obtained with and without spin-orbit interaction. Some
discussion of the different results is included and suggestions are made for future improvement of calcula-

tions of this nature.

1. INTRODUCTION

HE tight-binding method has been used success-
fully to study the valence states of rare gas and

ionic solids in recent years.'—8 With the exception of the
result by Howland for KCl,?* these calculations have
found the valence bands to be about 1 €V wide if spin-
orbit effects are neglected. Howland’s bands tend to
be somewhat broader, on the order of 2 eV, and a width
of 1.5 eV is achieved only after a considerable number
(8) of atomic orbitals are included in the basis set. This
calculation differs from the others mentioned in that a
more accurate treatment of the lattice potential is used.

* Work supported in part by the U. S. Atomic Energy Com-
mission [Contract No. AT-(30-1)-34087].
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Recent calculations on KCl” and KI8 by the augmented-
plane-wave method indicate that the bands are of the
order of 1 eV in width if spin-orbit effects are neglected.
In fact there is rather good agreement between the
predictions of the augmented-plane-wave method and
the predictions of tight-binding theory, excepting those
of Howland. Semiempirical band structures have been
obtained for the alkali halides by Phillips.® These
band structures result in widths for the valence bands
which tend to agree with those of Howland.

In this calculation, tight-binding theory is applied
to NaCl, and results are obtained with and without the
spin-orbit interaction. Results are obtained in two ways.
First, the traditional tight-binding method is em-
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