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We report here the results of a detailed investigation of the de Haas —van Alphen eGect in magnesium.
The data were taken for the three major crystallographic planes in magnetic fields extending to 52 kG and
at temperatures down to 0.31'K. The results yield cross-sectional area branches for every sheet of the
single-OPW-model Fermi surface (OPW=orthogonalized plane wave). Coupled orbits generated by mag-
netic breakdown are shown to be responsible for many of the observed area branches. The results are in
good qualitative agreement with existing models for the magnesium Fermi surface.

INTRODUCTIO5

HIS is the second paper of a series devoted to the
experimental and theoretical determination of

the electronic band structure of magnesium. The first
paper' of this series (henceforth referred to as I)
contained a brief review of the single-OPW modeP for
the magnesium Fermi surface (OPW= orthogonalized
plane wave). The primary purpose of I was the presenta-
tion of the results of extensive magnetoacoustic attenua-
tion experiments and the analysis of those results in
terms of a simple two-OPW model for the band struc-
ture. This analysis yielded first-order estimates of the
Fourier expansion coefficients of the local pseudopoten-
tial for magnesium. We shall assume that the reader is
familiar with the contents of I and consider I to act
as a sufhcient introduction for the present work. In this
paper we discuss some of the results of extensive investi-
gations of the de Haas —van Alphen (DHVA) effect in
magnesium. '

It has been known for some time that magnetic
breakdown (MB) causes important changes in the
DHVA effect in magnesium. ~' For this reason, the
discussion in this paper has been somewhat separated
into two parts; the first part deals with the normal
DHVA effect (i.e., uninfluenced by MB), while the
second part deals with the DHVA eGect resulting from
MB. All of these results are interpreted in terms of the
Fermi-surface model presented in I.

The only previous systematic investigations of the
DHVA effect which have been reported for magnesium
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are those of Gordon et al.' and Priestley. ' We will
compare their results with ours whenever this may be
pertinent and in particular whenever a point of interpre-
tation lies open to question. In this way we hope to
remove all ambiguity from the interpretation of the
experimental data.

The third paper in this series (the succeeding article
in this journal) will use the results contained in I and
in the present paper to obtain both local and nonlocal
pseudopotential models for the magnesium band
structure. Quantitative comparison of the experimental
data with these new models will be made in detail in
that paper. For the present we will be content with
qualitative comparisons of the data with the predictions
of the two-OPW model; quantitative comparison of the
data will be made only when it bears on the consistency
of the interpretation.

EXPERIMENTAL TECHNIQUE

The DHVA effect results from the quantization of
the conduction electrons's angular momentum about an
applied magnetic field H. This quantization can be
observed experimentally because of the sharp cuto8 in
the electron distribution at the Fermi energy EJ:. This
cuto6 leads with changing magnetic field to quantum
oscillations in the diamagnetization having the general
form'0

M(H, 8,v, T)=P A;(H,8,y, T)

X»n

2z'kgT- '
A;(H8 y, T)=C;(8,y)H "'T sinh

o)c

where A;(H, 8, y, T) and P;(8,y) are the amplitude and
phase, respectively, of the quantum oscillations of
frequency F;(8,&p) for a given temperature T, magnetic
field strength H, and magnetic field orientation (8,y)
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given in polar coordinates with respect to the funda-
rnental crystallographic axes. The frequency F;(8,&)
is related to the ith extremal cross-sectional area
8,(8,p) of the Fermi surface in planes normal to I by
the Onsager relation"

2rrF;(8, y) = (Ac/e) e;(8,q). (2)

Thus, the summation in Eq. (1) is over all extremal
cross sections for a given (8,p).

The Fermi surface of a polyvalent metal such as
magnesium may have more than fifteen diGerent
extremal cross-sectional areas existing simultaneously.
The size of some of these may be within a few percent
of one another while others may diGer by four orders of
magnitude. The basic experimental problem is the
spectrum analysis of Eq. (1) into each of its components.
This has been done using large amplitude field-modula-
tion techniques which will be reported in detail else-
where. "However, we will attempt to outline here the
basic procedures which were used.

First, the modulation frequencies f which were used
were small enough so that the skin depth was always
much larger than the largest dimension of the single-
crystal specimen. (A typical frequency used wasf= 100
Hz). With this condition satisfied, the modulation field
amplitude could be assumed to be constant throughout
the entire bulk of the sample. Second, the modulation
Geld was kept linearly polarized but could be applied
in any arbitrary direction with respect to the applied
dc field H. For simplicity we will consider here only the
case in which the modulation field was applied parallel
to H, i.e., only the magnitude but not the direction of I
was changed by the modulation field. Third, the
amplitude H~ of the modulation field was deliberately
chosen to be large —much larger in fact than would
normally be acceptable in a derivative-taking process.
This was done in order to take advantage of the
norilimear characteristics of the DHVA oscillations. The
primary eGect of these nonlinearities is to generate
harmonics of f

The signal from the sample is measured using an
inductively coupled pickup coil. The portion of the
time-dependent output voltage of this coil that measures
the DHVA eGect will be of the form

(2n.F,(8,q)Hsr
V(~,H,8, ~,2') P g u A;(H, 8, ~,T)Z.

~

i. n~l H'

2s.F,(8, q)
Xsin — +P, (8,q) cos2vrnft, (3)

H

where J„(x) is the Ressel function of the first kind of
order m and u is a unit vector along the axis of the
pickup coil, The eth harmonic component of this
voltage is then phase-sensitive detected. The important
point here is that the amplitudes of the various DHVA

"L.Onsager, Phil. Mag. 43, 1006 (1952).~ R. W. Stark and L. R. Windmiller (to be published).

oscillations as seen at the output of the pha, se-sensitive
detector are no longer the inherent physical amplitudes
A;(H, 8, &,T) but are those modified by the multiplica-
tive Bessel function factor J (2n.F;(8,&p)Hsr/Hs). This
additional factor allows one to suppress most of the
DHUA frequencies in favor of one particular frequency.

For example, suppose that Eq. (1) consisted of only
three components with frequencies Ii; of 1X10' G,
2)& 10' G, and 3&&10' G and amplitudes A; of 1000, 10,
and 1, respectively. If these were detected directly,
only the 1)(10' G frequency would be observed. How-
ever, if instead these were detected at the 12th har-
monic, their relative amplitudes would depend critically
on the values of H and H~. If H is 10 kG and H~ is
225 G, an evaluation of the Bessel-function arguments"
for each of these frequencies shows that they will be
measured with relative amplitudes 1000, 7, and 0.5,
respectively. If, on the other hand, H~ were changed to
89 G, the observed relative amplitudes would be 150,
1000, and 10, respectively. Finally, by setting H~ equal
to 47 G, the observed relative amplitudes become 60,
160, and 1000, respectively. Thus each of these fre-
quencies can easily be separated empirically by utilizing
the nonlinear characteristics of the sample. The sample
becomes in essence its own DHVA filter.

One can, in addition, utilize the dependence of
F;(8,q) on 8 and p as well as utilizing the vector
character of the oscillatory magnetization' to obtain
further discrimination between various DHVA fre-
quencies. Also one can sweep the magnetic Geld such
that H ' varies linearly with time" and then use
standard electronic filters at the output of the phase-
sensitive detectors in order to obtain still further
discrimination. All of these techniques were employed
during the course of this investigation. Figure 1 shows
the schematic layout of the apparatus. The details of
these techniques and experimental apparatus will be
discussed in Ref. 12.

In practice, one separates a given DHVA frequency
F, from all others at some (8, q) and then varies H in
order to obtain a few hundred oscillations for an
accurate calibration of F;(8,y). Then one holds H
fixed in magnitude but now varies 0 or y by rotating
the sample with respect to the magnetic field (or vice
versa) and obtains the change with angle in F; (8, &p) as a
series of oscillations as the rotation takes place."Most
of the data to be presented in this paper were obtained
using these rotation diagrams.

EXPERIMENTAL EXTREMAL AREAS

A composite of most of the cross-sectional areas
measured during the course of this investigation is

"The Annals of the Conzputation Laboratory of Harvard Univer-
sity (Harvard University Press, Cambridge, Massachusetts, 1947),
Vol. III-VII.

'4 L. R. Windmiller, Phys. Rev. 149, 472 (1966).
~5 R. W. Stark (to be published).
's D. Shoenberg and P. J. Stiles, Proc. Roy. Soc. (Londonl

281, 62 (1964).
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FIG. 1. Schematic dia-
gram of the DHVA spec-
trometer used to obtain
the data shown in I'ig.
2. The output of the os-
cillator is multiplied by
H' so that the modula-
tion amplitude

JIM =AH
When this is introduced
into the Bessel-function
argument in Eq. (3), the
argument becomes inde-
pendent of II and tuning
for a given DHVA fre-
quency F;(8,q ) is ac-
complished by adjusting
A.

OPT IM ATION
TYPE RGD-I

OSGI LLATOR

HARMONIC
REFERENCE
GENERATOR

KROHN- HITE PR I NGETON

MODEL 335 R LOCK- INFILTER '
AMPLIFIER

Ik

1I

KROHN-HITE
MODEL 330AR

F I LTER

NARROW -BAND

PREAMPLIFIER

VARIAN V-5800
IRON GORE

ELECTROMAGNET OP TI M AT ION
MODEL PA250AC

AMPLIF IER
x AXIS

PHASE

SHIFTER

OPT IMAT ION
MODEL PA25Q AG

AMPLIFIER SHIFTER
y AXIS

KROHN-HITCH

MODEL 330 AR

FILTER

MOSELEY
= MODEL 2DR-2A

X-Y RECORDER

TWIN- T

FILTER

SAMPLE AND

PICKUP COIL IN

CRYOGENIC DEWAR

IMPEOANCF
MATCNING SAMPLE SIGNAL

TRANSFORMER IN =
SUPERCONOUCT INO

SHIELO

OPT IM AT ION
MODEL PA2SOAG PHASE

AMPLIFIER SHIFTER
z AXIS—TO SET OF THREE MODULATION COILS

CONSTRUCTED TO GENERATE x, y, ANDz
COMPONENTS OF MODULATION FIELD

A'H coe2~ft
I

R DUALMODE VARIAN
Acog2~ft H MODULATON MAGNET SWEEP V- FR 27OI

MULTI Pl. IER GENERATIIR MAGNET
HMCt Or H" MCt POWER SUPPLY

4 4
SIGNAL PROPORTIONAL TO H

BLOCK DIAGRAM OF DHVA SPECTROMETER

shown in a semilog plot in Fig. 2. The areas are given
in atomic units (a.u. ), the conversion from measured
experimental frequencies being made in accord with
Eq. (2). The angle between L0001j and H in the (1010)
and (1120) planes is measured by 0; the angle between

t 1010j and H in the (0001) plane is measured by p.
For simplicity we have adopted the following nota-

tion: All normal areas are designated by a Greek letter
which specifies the branch of the surface upon which

they originate. All areas generated by MB are desig-
nated by the first Roman letter in the name which has
been assigned to the particular coupled orbit whose
area is measured. Each letter carries a subscript and a
superscript. The subscript signifies the major crystal-
lographic plane in which H was constrained to move;
1 refers to the (1010)plane, 2 refers to the (1120)plane,
and 3 refers to the (0001) plane. The superscript denotes
the order of increasing size of the various extremal areas
on a single branch of the Fermi surface. Areas assigned
to the first-band cap are denoted by e, those assigned
to the second-band monster are denoted by p, , those
assigned to the third-band lens are denoted by ), and
those assigned to the third-band cigar are denoted by
7.The letters C and L denote extremal areas which arise
when MB couples portions of the third-band butterQy
and the fourth-band electron pockets. The letters T
and D denote areas assigned to coupled orbits connect-
ing the monster and cigar.

The series of extremal areas labeled by combinations
of A, y, and 6 without additional subscripts or super-
scripts are the special group of coupled orbits that are
formed by a hexagonal grid of free-electron-like orbits.
G, for example, is the famous "giant orbit. "A The
predicted behavior of this group has been treated in
considerable detail by Falicov and Stachowiak. ' In this

paper we will consider only the identification and assign-
ment of some of the more prominent members of this
group. The magnetic field dependence of their ampli-
tude will be described in detail in a later communication.

All of the branches shown in Fig. 2 have been mea-
sured with an accuracy of 0.5%. The crystallographic
planes were oriented in all cases to within 0.3' of the
plane of rotation of H. The measurements which are
represented in Fig. 2 were made in magnetic fields as
high as 52 kG and at temperatures as low as 0.31'K.
The assignments of these branches and the information
which can be deduced from them about the Fermi
surface will be discussed in detail in the next section.

Several additional frequency branches were also
observed. These are not shown in Fig. 2 because we were
able to unambiguously demonstrate that they were
either harmonics of one of the branches shown or sum
and di6'er ence frequencies generated by nonlinear
interactions between two of the branches shown. With
respect to the latter, we note that the source of the
nonlinearities is uncertain; they may arise from the
8—H e6'ect or from a skin-depth modulation by the
quantum oscillations in the susceptibility or by a
mixing in of the de Haas —Shubnikov eGect or via
mutual interaction through Fermi-level oscillations or
they may even be caused by a large asymmetry in the
relaxation time from one orbit to another. We are not
even certain at present that the source of nonlinear
mixing is not strictly instrumental. Numerous tests
have been made in an attempt to determine their origin
but as yet these have not yielded conclusive results. In
any case, these nonlinear combination branches do not
yield any new information relevant to the cross-sectional
areas of the Fermi surface.
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I'zG. 2. A semilog plot of the DHVA cross-sectional area branches measured during this experiment. The areas are given in atomic units.
Tables I and II contain listings of the areas of these branches for some directions of H.

DISCUSSIOÃ OF AREA ASSIGN'MEN'TS

We will restrict our initial discussion of the area
branches shown in Fig. 2 to those which are designated
by Greek letters, i.e., to those which are associated
with orbits existing in the limit of small magnetic 6elds.
These will be discussed in order of their assignment to
bands of increasing index.

1. The First-Band Cay

This sheet of the Fermi surface is shown in Fig. 3.
The energy gap which separates the cap from the
monster across the AHL plane arises sole1y as a result
of spin-orbit coupling. "When 8 is in the basal plane
(8=90'), the effects of this energy gap are nearly
completely eliminated by MB when H =100 G. We note
however that when H is parallel to [0001j, the probabil-

ity for MB across this gap must go to zero since the
orbiting electrons will have no component of velocity
perpendicular to the AHL plane. The field Ho(8) at
which the MB probability, P=expL —Ho(8)/Hj, is
equal to exp( —1) should vary like Ho(90')csc8 as a
function of 8. Thus one would anticipate that the DHVA

K
. )I

FIG. 3. The single-OPW model
erst-band hole pocket (the "cap").
This is centered on the symmetry
point H of the hexagonal Brillouin
zone.

"L.M. Falicov and M. H. Cohen, Phys. Rev. 130, 92 (1963).
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osciOations arising from orbits around the cap will have
an observable amplitude only for very small values of 8.

The 0,~' and 0.~' area branches shown in Fig. 2 have
been assigned to the cap. The size of these branches is
compatible with that predicted by the two-OPS model
described in I. They were observable only within 6' of
L0001). The DHVA oscillations for these branches
existed in fields as low as 1.2 kG. As H was increased,
their amplitude decreased rapidly relativ e to the
smallest set of p branches. The n branches could not be
observed for fields above 3.1 kG. All of these features
are compatible with the assignment of the a branches
to the cap. This assignment should be considered to be
reasonable but not necessarily unambiguous. At 8=0',
the o. branches have an area of 3.2&(10 ' a.u. These
branches are the least accurately determined of all of
the area branches shown in Fig. 2.

0.5—
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rn» 05—
lAO

0.2—

O. I—

0
0
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t'I 010)

I
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l

20 50
I

l

pl l20]

Fzo. S. The effective cyclotron mass m* for the pP and pP area
branches in Fig. 2. The data were obtained from the variation
with temperature of the DHVA amplitude for these branches.

2. The Second-Band Monster

This sheet of the Fermi surface consists in essence of
a multiply connected set of two types of intersecting
hyperbolic necks. The model discussed in I predicts the
existence of several extremal areas on the monster.
Some of these are shown in Fig. 4 for H in the (1010)
plane at 8=65',

All of the branches labeled by p in Fig. 2 have been
assigned to the monster. The set which has the smallest
area, p&', py, py~, p~4, pg', p~, p,~, and pa', has been
assigned to the diagonal arms of the monster. This
assignment is in accord with that given earlier by
Gordon et cl.' There is no significant discrepancy
between our data and theirs; the angular variation of
these branches indicate that they arise from sheets of
the surface that have the topology of hyperbolic necks
whose axes are tilted about 28.7' from the I'A zone line
in the FEHA-zone planes. The symmetry of the data
indicates a set of at least six of these necks. The only
possible assignment of these areas to the Fermi-surface

rr
r

Fn. 4. The single-OPW model second-band hole sheet (the
."monster"). Several orbits are shown on the surface for H tilted
approximately 65' from [0001] toward I 1120], i.e., from 1'A
toward FE. These orbits are labeled with the symbol assigned to
the corresponding area branches in Fig. 2.

model discussed in I is to the diagonal arms of the
monster. The p, ~' and p~' orbits of this group are shown
on the monster in Fig. 4.

Definite saddle-point cutoGs were observed in p~' at
8= 72' and in p~' at 8=36'. p~' and pg' were followed 4'
and 2', respectively, past 8=90' but it was not possible
to ascertain whether either cut oG at these points. p3'
connects p, ~' and p~' across the basal plane. The angular
range over which these branches were observed is
considerably larger than that predicted by the single-
OPW model but is in better agreement with the predic-
tions of the two-OPW model.

The p~', p~', p3', and p, 3' branches have been assigned
to the monster waist. These branches have been followed
over part of their range by both Gordon et al. ' and
Priestley. ' There is no basic discrepancy in the areas
measured in their experiments and ours. This group of
area branches has minimum area for 8 along L1120$.
p&' increases as expected for a hyperbolic neck as 8
decreases until it appears to cut oG at 8=32.5'. @~4 also
increases hyperbolically as 8 decreases and appears to
cut 08 at 8—39 5 p3 joins p~' with p, ~4 across the basal
plane and paa extends to 1' beyond L1120$, at which
point it could no longer be followed. The symmetry
and angular variations of these branches unambiguously
assigns them to the monster waist. Typical orbits of
this group are shown in Fig. 4.

The eGective cyclotron mass m" for the p, a' and p3'
branches was determined from the variation with
temperature of their respective DHVA amplitudes.
A plot of m* in units of the free-electron mass mo is
shown in Fig. 5 for these branches. The minimum value
of m*=0.138&0.004 occurs on pP for H parallel to
I 11207, the value for 8 parallel to

I 1010j is m*= 0.162
&0.004, and the value for p3' when H is parallel to
I 1120) is m*= 0.48&0.03.

The p~' and p~' branches have been assigned to
orbits about the intersection of two diagonal arms of
the monster with the monster waist. The range in 8
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over which both of these branches were obtained appears
to be limited by the fact that their signals gradually
diminished to the noise level. We do not believe that
the limits shown in Fig. 2 represent cutoGs. Measure-
ments of re* for p~' showed that this was approaching
0.5 at the measured ends of the branch. Thus it is
probable that we lost this branch as a result of spin-
splitting of the Landau levels and not as a result of a
saddle-point cutoff. Typical orbits associated with the
p~' branch are shown on the monster in Fig. 4. The
assignment of these branches is made quite unambig-
uous by the existence of the D&' and D2' branches. The
assignment of these will be discussed later.

The p, ~' and @34 branches have been assigned to
another orbit about the junction of the diagonal arms
of the monster and the monster waist. A typical orbit
is shown in Fig. 4. p&' appears to cut oB at 8=60'. p, 3'

appears to cut oQ at y=18.5', near which it also splits
into two separate branches. This splitting is consistent
with the two-OPW model discussed in I. p~' shouM be
a maximum area. The upper branch of p3 should also
be a maximum area. However, shortly after the
minimum waist area p3' cuts oG, a new minimum area
appears which corresponds to the lower branch of p, 34.

The two branches then apparently coallesce before
p, 34 cuts off.

Priestley obtained some data for the p, ~' branch but
split it into two branches which he labeled C' and M.
His assignment of these is incorrect. It should be also
noted that he assigned the branch which he labeled Ii

to the p~' orbit shown in Fig. 4. His branch Ii is in
reality not the fundamental but is instead the second
harmonic of the p~~ branch.

3. The Thix'6-Band Cigar

None of the previously published data relevant to
the cigar has been complete enough to allow a systematic
comparison with any Fermi-surface model. Gordon et al. '
obtained data which agree quite well with the branches
which we have labeled y~' and y2'. Although their data
were limited to the angular range 0&55', they were able
to deduce from the size and variation with 8 of the
portion of the p branches which they obtained that
these arose on the cigar. This assignment is conhrmed

by the complete set of data for these branches shown

replotted in Fig. 6. Also shown in Fig. 6 for comparison
is the area of the single-OPW cigar. The y3 branch joins
yp' with yq' in the (0001) plane. The comparison of the

measured and calculated branches indicate that the

geometry of the cigar is very similar to the single-OPW

model cigar but that it is somewhat larger and more

elongated. Its small cross section is nearly that of an

equilateral triangle. The corners of the triangle must

be only slightly rounded by the very weak (1010)
energy gap. The enlargement and elongation presum-

ably results from a lov ering of this energy band
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FIG. 6. The p1', p~', and y3' DIVA area branches arise from the
third-band cigar. Shown for comparison are the branches that
would arise from the single-OPW cigar. Also shown are the T1'
and T12 area branches; these have been assigned to the trifoliate
orbit shown in Fig. 10.

(relative to the nearly free electron band) in the region
of the Srillouin zone along the EH line by the fairly
large Fourier component of the pseudopotential
associated with the (1011)-type zone planes.

That the tip of the cigar is as nearly sharp and
pointed along EII as the single-OPW cigar is readily
deduced from the fact that the inflection point in the
72' branch occurs within 1.3' of L1010]. When H is
parallel to L1010), symmetry requires that the extremal
orbit lie in the FEIIA zone plane. For all other direc-
tions of H in the basal plane (y/0') the extremal
orbit will not include the XII line since the cigar has
only threefold symmetry about EH. As seen in Fig. 6
the variation with angle of the y branches follow very
closely the variation expected for the single-OPW
model, although they are a bit larger in magnitude.
From this it appears that the energy gap across the
(1010)-zone planes must be quite small in the region
not only around K but along the entire length of the
EB line.

Priestley' reported data for the cigar but his cross-
sectional areas are somewhat larger than the y branches;
it seems that his data represent an average of the y
branches and those labeled T~' and T~' in Fig. 2. This
is not surprising, since the amplitude of the DHVA
oscillations associated with the T branches was larger
than that of the y branches for H&15 k.G. The value
of the effective cyclotron mass which Priestley measured
for his branch when H was parallel to $0001$ was
0.227sp. This again is about the average value of the
masses for the 7 branch (0.10mo) and the T branch
(0.34mo) which we measured for this orientation of H.
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4. The Third-Band Lens

The area branches labeled X&', X~', and ) 3' in Fig. 2
have been assigned to the lens. P3' is nearly constant,
varying by less than 0.15% over the basal plane. The
X&' and X&' branches are nearly identical functions of 8;
the lens appears to be very nearly a surface of revolution
about the FA zone line. This is in accord with the
magnetoacoustic results for the lens reported in I.

The area-inversion scheme proposed by Mueller"
was used to transform the A, branches into equivalent
Fermi surface radii for the lens. The result of this
inversion is shown in Fig. 7. The solid contour is the
locus of the radii in the FMLA plane obtained by
inversion of the DHVA area branches. The dashed
contour is the cross section of the single-OP% model
lens. Shown for comparison are the magnetoacoustic
calipers reported in I. The agreement between these
two sets of empirical radii is quite good.

It should be pointed out that the inversion of the
lens data was not accomplished directly. ' The large
curvature of the lens as it crosses the FEH plane led
to a poorly covergent expansion in spherical harmonics.
A coordinate transformation was irst made on the P

branches to make them as nearly constant as possible,
i.e., the lens was transformed into a pseudosphere.
These transformed area branches were then inverted
into radii and the inverse coordinate transformation
applied to the radii to regain the actual lens radii.
The anal agreement between the inverted radii and the
magnetoacoustic calipers gives one a measure of
confidence in the application of Mueller's inversion
scheme. "

Priestley' observed. area branches which he assigned
to the lens. His data agree reasonably well with the

and X2 branches for 0&25'. However, for 8&25,
it appears that he lost the X~' and X2' branches and
followed instead the separate branch which we have
labeled A in Fig. 2. The misidentification of A led to
erroneous estimates for the lens Fermi surface radii,
making the lens appear to be seriously distorted from
the single-OPW model.

5. The Third-Band Butterflies and Fourth-Band
Electron Pockets

At this point we must begin considering the effects
of coupled orbits generated by MB. The reason for this
is that the energy gap which separates the third and
fourth bands across the ABL plane results solely from
spin-orbit interactions; this gap is very small over the
entire plane and vanishes along the AL zone line. Thus,
DHVA frequencies associated with these two sheets of
the Fermi surface will most likely arise from orbits
coupled via MB to both sheets. Fig. 8(a) shows the
cross sections of the butterQy and fourth-band electron

'~ F. M. Mueller, Phys. Rev. 148, 636 (1966).
~9 J. C. Kimball and I'. M. Mueller (to be published).

=M

I ro. 7. Cross section of the third-band lens in the FMA plane
of the Brillouin zone. The dashed contour is for the single-OPW
model. The solid curve results from the inversion of the ) I', ) 2',
and X3' area branches into k vectors. Shown for comparison are
the magnetoacoustic calipers reported in I.

pocket in the ALMF plane of the Brillouin zone. If the
energy discontinuity between these two sheets were
finite along the AL line, these contours would be the
extremal orbits. However, the discontinuity vanishes
along the AL line and is suKciently small away from
the A L line in the ALLt plane that MB will recouple the
orbit segments to form the type of orbits shown in
Fig. 8(b). The geometry of the surface sheets will appear
not as the butterfly LFig. 8(d)) and the fourth-band
electron pocket LFig. 8(e)j but as the clam-shaped
combination sheet )Fig. 8(f)).

The C&', C&', C2', C3', C3 y
and C3' branches shown in

Fig. 2 have been assigned to extremal orbits on this
clam. There was definite evidence of a second branch
splitting from both C~' and C2' at 8=0' but neither of
these branches could be followed for any distance. '-

The branch splitting from Cr should join with CP. The
measured effective cyclotron mass of the degenerate C
branches at 8=0' was 0.49&0.02mo. This mass de-
creases slowly as 8 increases on both C~' and C2' but
might well increase slightly to 0.5mo on the missing two
branches and hence eliminate the fundamental DHVA
signal for these. In any event, the portion of the
complete set of branches which have been measured. is
sufficient to identify their source as the clam-shaped
combination surface. These branches have minimum
area for 8 parallel (1120). For this orientation, the
extremal orbit has the shape shown in Fig. 8(b). The
area of these branches agrees reasonably well with the
predictions of the two-OPW model given in I.

We will now consider further complications of the
butterQy-fourth-band electron-pocket complex. MB
across the (0001) zone plane led to the clam-shaped
structure discussed above. Notice in Fig. 8(a) that the
other line of degeneracy between these third-band and
fourth-band sheets of the single-OPVV model Fermi
surface occurs in the (1010)-zone plane. An estimate. , of
the eQective local pseudopotential coefficient for this
plane was given in I based on MB data between the
monster and cigar near E. Its value of approximately
5p $0 ' Ry is so small that MB near E is important in
fields as small as 2 kG. The following paper shows that
the actual L1010j pseudopotential coeRcient is about
an order of magnitude larger but that second-order
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FIG. 8. The third-band butterfly
and fourth-band electron pocket:
(a) single-OPW cross section of
each in the AL M plane; (b)
single-OPW cross section in the
AI.3f plane of the clam generated
when MB recouples the orbit
segments of (a); (c) single-OPW
cross section in the AI.M plane of
the $1011) lens generated when
MB further recouples the orbit
segments of (a); (d) the single-
OPW model butterfly; (e) the
single-OPW model fourth-band

- electron pocket; (f) the single-
OP% model clam.

(e)

corrections, primarily from the L10117pseudopotential
coefEcient, reduce the L10107 energy gap to this small
value near K. The L10107 energy gap between the
butterQy and the fourth-band electron pocket must
vanish in the immediate vicinity of the 3LH-zone plane,
since symmetry requires that the two bands be degen-
erate in this plane (with the exception of the spin-orbit
coupling induced gap). The L10107 gap will increase
rapidly as one goes away from this plane but will
remain small enough to undergo MB at modest field
strengths for a reasonable distance above and below
the ALH plane. For the sake of argument, we will
assume that the L10107 gap remains small over the
entire (1010) plane. In other words, MB of the energy
gap between the butterQy and fourth-band electron
pocket in the (1010) plane will be assumed. Thus, an
electron orbiting on this surface for H parallel to L11207
would be expected to follow the trajectory shown in
Fig. 8(c).

Starting at point "1"on the butterQy, it would erst
tunnel through the spin-orbit gap across the (0001)
plane to the fourth band, traverse that and then tunnel
across the small L10107 gap onto the adjacent butterfly
wing, traverse that and continuing this behavior would
ultimately arrive back at point 1. Orbits made up in
this way would appear to arise on a sheet of the surface
having the geometry of a convex lens centered on the
(1011)-zone faces.

The area branches labeled L~'7 L~'7 L&'p L2 7 L2 7 L2 ~

and L24 shown in Fig. 2 have been assigned to this
simple surface of complex origin. The variation with 0

and the total number of branches observed require that
these branches arise on a surface centered in the (1011)
zone planes. Their variation with 8 agrees with that
expected for lenses centered on the (1011) planes. In
addition, these lenses should be very nearly surfaces
of revolution about the FL zone line. It is obvious that
the area shown in Fig. 8(b) is exactly the same as the
area shown in Fig. 8 (c) and the area shown in Fig. 8(c)
is the minimum area of this lens if it- is a surface of
revolution about I'L The minimum area of the L2'
branch is 0.0208 a.u. This compares very well with the
minimum area of the Cq branch which also is 0;0208 a.u.
Thus the assignments of the C and L branches are
internally self-consistent. None of the L branches could
be followed for 8&45'. This indicates that the L10107
energy gap must grow quite rapidly as one goes out of
the AHL plane.

6. Orbits Coupled by MB between the
Monster and Cigar

The T~' and T2' area branches shown in Fig. 2 have
been assigned to a trifoliate shaped orbit which is
generated when MS couples the diagonal arms of the
monster to the tip of the cigar. The erst pertinent point
that we should note about these branches is that they
are essentially symmetric about $00017. There was no
evidence that any other branches split from these at
L00017, so that they must arise from an orbit which
has a minimum of threefold symmetry when 8 is
parallel to $00017. Thus either the EH or I'A zone line
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DIAGONAL ARM

CIGAR Tll

(0)

Fro. 9. (a) Portion of the second-band monster in the repeated
zone scheme showing the trifoliate orbit which is generated when
MB couples the diagonal arms of the monster to the cigar. The
cigar outline is shown by the dashed lines. This orbit gives rise
to the TL' and T2' area branches shown in Fig. 2 and in Fig. 7;
(b) projection of this orbit on the I'EM plane.

is the appropriate center line of symmetry for the piece
or pieces of the Fermi surface which give rise to these
branches. In addition, the rate of increase of area with
increasing 8 is that which would be expected for a
hyperbolic neck. The only portion of our Fermi-surface
model capable of generating these branches in the
absence of MB is the junction of the diagonal arms of
the monster with the APL plane around the point H.
There are, however, several reasons for not assigning the
T~' and T&' branches to this arm junction.

First, when H is parallel to $0001j the arm junction
should have an area that is only a few percent larger
than the cap. As can be seen in Fig. 2, the T branches
are more than twice as large as the 0, branches which
have been assigned to the cap. Second, the T branches
have an effective cyclotron mass of m*=0.340+0.005
ms for H parallel to L0001$. This is about three times
larger than expected for the arm junction. Finally and.
comclusi~ely, the DHVA oscillations for these branches
had an amplitude dependence as a function of H which
did not satisfy the theoretical amplitude expression
given in Eq. (1); the amplitude was much too small at
low fields. An amplitude correction factor involving
tunnelling at six MB junctions was required to bring the

I o,
'

FIG. 10. Portions of the monster and cigar showing the p2', p,2', .

and D2 orbits. The D2 orbit is generated when MB couples the
y2' arid p,2' orbits. These. orbits are drawn far. 8~45'. .

magnetic 6eld dependence of the experimental ampli-
tude into agreement with the theoretical expression.

Thus, since we know that MB occurs between the
jnonster and the cigar and that the amplitude of these
DEVA oscillations requires correction for six MB
junctions, it is natural to assign these branches to the
trifoliate orbit shown in Fig. 9(a) and 9(b). In this
connection, we note that the area, of the T branches at
8=0' is 6.34&10 ' a.u. The area of the diagonal arms
is 2.15)&10 ' a.u. Three of these making up the lobes
of the trifoliate orbit would have an area of 6.45/10 '
a.u. To get the total quantized area, we must subtract
the area of the small triangle corresponding to the orbit
around the tip of the cigar. Thus the small difference
between these two areas can easily be accounted for.
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FIG. 11.The y2', p2~, and D2' area branches. The solid curve is the
difference pg(e) —ys'(8). The agreement of the Ds' branch with
the solid curve verihes the MB origin of the D2' branch.

In addition, the eBective mass for the trifoliate orbit
(0.34ms) is slightly larger than three times the effective
mass for the diagonal arms (0.11ms) as expected for
this assignment.

Another area branch which results when MB couples
orbits on the monster and the cigar is labeled D2' in
Fig. 2. This is given directly by the difference between
the p2' and the y2' branches. All of these areas are
shown on the monster in Fig. 10 for 8= 45'. Note that
in this particular case, the FE zone line is the line of
symmetry for both the p,2' and p2' orbits, and hence is
also the line of symmetry for the coupled D2' orbit.
Figure 11 shows a replot of all three area branches on a
linear scale. The solid curve is the difference ass(8)—ys'(8). The agreement between the predicted area for
the coupled orbit a,nd the data for all values of 8
confirms both the generation of the D~' branch by MB
and our original assignment of the p2' branch to the,
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~~

FIG. 12. A portion of the
monster and cigar in the
extended zone scheme showing
a typical D2' orbit which is
generated when MB couples
two adjacent monster orbits
across the cigar. These orbits
are drawn for 8—45'.

Tmz, z I. DHVA areas and cyclotron masses at symmetry
directions and branch extrema.

Branch
symbol

P,l
, Pl
Pl
pl
P2

'

P2
0!1

+1
Pl
72'
T11

'-Pl

P,2

ps
L 1

L11
I 1

1-22
C'
Cll
C'
C 2

P1
-P 1

D 1

X21

00
28.7'
90'
23'
26.8'
900
00
00

90' .
90a

pO

90'
90'

y=30'
00

31.7'
26.8'
19.1'
0

90'
900

y= 30'
46.6"
900
48.5'

0
90'
90'

Area
(in a.u.)

2.15X10 '
1.83X10 '
4.09X10 '
2.05X10 '
1.91X10 '
5.12X10-g
3.15X10 '
5.98X10 '
2;87X10 2

3.13X10-'
6.34X10 '
7.21X10 3

8.45X10 g

1.77X10-2
2.34X10-2
2.07X10 2

2.08X10 '
2.19X10 2

3.72X10 '
2.08X10 2

2.31X10-'
3.12X10 2

4.33X10-2
4.57X10-'
3.80X10 '
8.06X10 2

30.8X10-2
7.27X 10-2
7.26X10 2

Nl,
*

(in units of mo)

0.11 ~0.01
0.10 +0,01

0.100+0.002
0.38 +0.03

0.340+0.005
0.138~0.004
0.162a0.004
0.48 +0.03
0.34 ~0.02

0.32 +0.01

0.49 +0.02
0.32 ~0.01

0.45 ~0.03
0.33 ~0.01

0.42 ~0.01
0.42 ~0.01

particular orbit on the monster, which is shown in
Fig. 10. 'Note that this orbit can exist only in the
intermediate regime of MB where the breakdown
probability. is 0&5'&1, since it requires two incidents
of tunnellirig in getting onto and off of-the cigar and
two incidents of Bragg reQection to complete the orbit
around the cigar.

The analog of the Dst branch in the (1010) plane is
the D~' branch. However, in this case the extremal
orbit for the p, ~' branch does not lie in the same plane in
k space as the extremal orbit for the yt' branch. Thus,
the coupled orbit will not have an area given by strict
algebraic combinations of p,~' and y~', although the
extremal planes do lie close enough together that one
would expect approximate agreement with the algebraic
combination. ' The D&' branch requires coupling of two
p~' orbits across a j j' orbit as shown in Fig. 12 so that
its approximate area is given by 2p&' —p&'. At 0=45',
the D&' branch has an area of 8.06X 20 ~ a.u. compared.
with the algebraic combination of 7.84)(20 ' a.u. ; at
0=40', the D»' branch has an area of 8.13&(20 ~ a.u.

compared with the algebraic combination of 7.90)&20 ~

a.u. The deviation of the experimental area is in the
proper direction from the approximate prediction, since
the D~' orbit must lie in a plane located between the
extremal plane for p~' and the extremal plane for y&'

because p&' is a minimum area and y~' is a maximum area
on their appropriate sheets of the Fermi surface. Thus,
in the D&' extremal plane the nonextremal p~' orbit
will enclose an area slightly larger than the extremal
p,~' area branch and the nonextremal y~' orbit will
enclose an area slightly smaller than the extremal y&'

area branch.
Some of the cross-sectional areas for all of the major

area branches shown in Fig. 2 are tabulated in Table I.
Most of these are values for H parallel to one of the
three major crystallographic axes. Some are the areas
at extremums on given branches. Also included in
Table I are the measured values of m*.

V. The Hexigonal Grid of Couyled
Free-Electron-Like Orbits

When H is parallel to L0001$, MB between the
monster and the cigars in the FEM plane generates the
hexagonal grid of coupled orbits shown in Fig. 23. This
case has been treated in detail theoretically by Falicov
and Stachowiak. ' All of the remaining area branches
shown in Fig. 2 have been assigned to various orbits in
this network.

The small triangular orbit y is the extremal orbit
about the cigar. This is the y branch at 8=0' in Fig. 2.
Its area is 5.98)&20 3 a.u. The lens shaped orbit 3
results in the intermediate regime of MB and requires
four incidents of tunnelling and two of Bragg reQection.
The branch A in Fig. 2 has been assigned to this orbit;
its area is 0.144 a.u. The free-electron-like or "giant-
orbit" 6 results when the electron tunnels at all twelve
MB junctions on its circuit. The branch G in Fig. 2 has
been assigned to this orbit. It has an area of 1.67 a.u.
It was the observation of the 6 branch in Priestley's'
earlier experiment that led Cohen and Falicov' to
postulate the existence of MB.

A check on the consistency of these assignments can
be obtained by noting that symmetry requires that
G=B+3A —2y, where I3 is the cross-sectional area of
the FEM plane of the Brillouin zone. This area, which
is readily calculated from the data given in Table I of
I, is 8= 2.255 a.u. The value of 6 given by-the combina-
tion of 8, 2, and I' is 1.676 a.u. This agrees quite well
with the experimental value. The area expected from
the single-OPW model is 1.66 a.u. ; the fact that the
experimental value is slightly larger than the free-
electron value indicates that the second E(k) band in
the FEB plane is lowered in energy relative to the
free-electron bands. The primary cause of this is
probably the fairly large L1011'1 coeKcient of the
pseudopotential.

The G branch terminates at 8=4.2' in both the (1010)
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Fn. 13. Hexagonal grid of free-
electron-like coupled orbits gen-.
erated by MB between the second-
hand monster and the third-band
cigar in the FEM plane for 0=0'.
Various orbits for which the corre-
sponding DHVA frequencies have
been observed are shown on the
grid. The observed and predicted
areas are listed in Table II.

TAsLE II. DHVA areas for coupled orbits shown in Fig. 13.

Orbit symbol

A
A+y

2A —y
2A

3A —2y
4A —3p
5A —3y

6+A
G+2A

26—A
3G—3A+y/2

Experimental area
(in s.u. )

5.98X10 '
1.44X10 '
1.50X10 '
2.82X10 '
2.88X10-'
4.21X10 '
5.60X10»
7.00X10 '

1.67
1.81
1.96
3.20
4.60

Area predicted
by combination
of A, y, andG

1.50X10 '
2.82X10 '
2.88X10-»
4.20X10-'
5.58X10-»
7.02X10 '

1.814
1.958
3.196
4.575

'~R. W. Stark, T. G. Eck, and W. L; Gordon, Phys. Rev. 1$3,
A443 (1964).

and (1120) planes. This agrees quite well with earlier
measurements. '" Since this range is limited by the
height of the monster waist measured parallel to I'A
in the I'3EIA plane of the Brillouin zone, we can use
the magnetoacoustic measurements of the waist
reported in I to predict this range. The predicted value
of 4.3 adds additional con6rmation of the consistency
that exists between these two experiments.

The effective cyclotron masses were determined from
the variation with temperature of the DHVA oscilla-
tions of the y, A, and 6 orbits at 8=0'. The values
obtained for these in units of the free-electron mass are
m *=0.100&0.002, m *=0.55~0.02, and mg*=1.40
&0.05, respectively. Since the orbit 6 is made up of
segments of the y and A orbits, me* must be related to
m~* and m&* by me*=3m&*—2m~*. This yields a
value of 1.45&0.06 for ma*, which is within the experi-
mental error of the measured value.

All of the remaining branches which are shown in
Fig. 2 have been assigned to other orbits which are

generated in the hexagonal grid of coupled orbits by
MB in the intermediate regime. These orbits, which are
shown in Fig. 13, have been labeled with the same
symbol as that given to the area branch in Fig. 2. The
observed areas of all of these coupled orbits are tab-
ulated in Table II together with the areas predicted for
them by the appropriate combinations of p, A, and G.

A complete discussion of the spectrum of DIVA
oscillations arising from this coupled orbit network.
will be the subject of another paper. This will include
the data concerning the relative amplitudes of all
these orbits as a function of magnetic field strength and
a detailed comparison of these amplitudes with the
predictions of theory.

CO5'CLUSIONS

DHVA area branches have been obtairied for every
sheet of nearly-free-electron Fermi surface. At each
point on these area branches we sample, in reality, a
continuous set of k vectors from some center point on
the orbit to the Fermi surface; the integral of these
around the orbi. t gives the area. %e note then, that a
complete area branch taken over a range in 8 or y
carries information not only about the cross section of
the Fermi surface but of solid angles of k vectors to
the Fermi surface as well. The fundamental problem
involved in making use of the DHVA data to determine
the E(k) bands for the metal is that of converting the
DHVA area branches into k vectors at the Fermi
surface.

If the sheet of the Fermi surface giving rise to a
particular area branch has simply connected closed
topology with inversion symmetry then an area inver-
sion scheme such as that proposed by Mueller" allows
a direct conversion of area into k vectors. The only
sheet of the magnesium Fermi surface satisfying these
criteria is the third-band lens. The area branches for
this sheet of the Fermi surface were inverted into k
vectors and these were found to agree quite. well with
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those obtained from magnetoacoustic measurements.
No other sheet of the magnesium Fermi surface,
however, satisfies the inversion criteria and for these
one must rely on area calculations based on some simple
Fermi surface models. One generally assumes that the
model is valid if the calculated cross-sectional area
branches agree reasonably well with experimental data.
The problem with most model calculations, however, is
that this process is by no means unique. The best
model calculations for simple metals, i.e., those with
tightly bound inert-gas-like cores, seems to be those
based on the pseudopotential model Hamiltonian.

The DHVA data reported here contain nearly com-
plete information on all sheets of the Fermi surface

except the small 6rst-band cap. If we describe the area
branches in terms of solid angles of k vectors at the
Fermi surface, this data covers over 9P% of the total
Fermi surface. In the following paper, we will use this
data together with that presented in I to obtain Fermi
surface models using the pseudopotential approximation
for the band structure. For this reason we have made no
attempt in this paper to obtain quantitative agreement
with any simple model. We note, however, that qualita-
tively the data are in excellent agreement with the
predictions of the single-OPW modeP and had we
made the comparison, we would have found that
the two-OPW model' also gave reasonable quantitative
agreement.
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Extensive de Haas-van Alphen cross-sectional areas and magnetoacoustic calipers for the magnesium
Fermi surface were used to generate local- and nonlocal-pseudopotential model Hamiltonians. Both models
yielded a good representation of the Fermi surface. Small but significant deviations from experimental data
could not be eliminated using the local model, but these were eliminated with the nonlocal model. The
values of the local-pseudopotential Fourier coeKcients obtained were U1 pip = +0.014 Ry, Uopp2 = +0.026 Ry,
U1p11 = +0.036 Ry and U1p» ——+0.058 Ry. The variational parameters for the nonlocal pseudopotential
were the Fourier coeiiicients of the self-consistent ion-core potential V(r). The values obtained for these were
~lolp —0.440 Ry, &0002 —0.412 Ry, ~1oI1= —0.386 Ry, and Vio12 = —0.299 Ry.

INTRODUCTION

HIS paper is the third in a series devoted to the
experimental and theoretical determination of

the band structure of magnesium. The first paper' in
this series, which will henceforth be referred to as I,
dealt with extensive magnetoacoustic investigations;
the second paper, ' henceforth to be referred to as II,
described the results of extensive de Haas —van Alphen
investigations. In general, the data contained in I and
II have been found to be in qlalitatiee agreement with
the single-OPW model' and Falicov's first principles
OPW calculations (OPW =orthogonalized plane wave). e

*Work supported in part by the Army Research OfBce
(Durham), the Alfred P. Sloan Foundation, the Advanced Re-
search Projects Agency, and the U. S. Atomic Energy Commission.

t National Science Foundation Predoctoral Fellow.
f Alfred P. Sloan Research Fellow.
' J. B.Ketterson and R. W. Stark, Phys. Rev. 156, 748 (1967}.' R. W. Stark, Phys. Rev. (preceding article).' W. A. Harrison, Phys. Rev. 118, 1190 (1960).' L. M. Falicov, Phil. Trans. A255, 55 (1962).

The agreement with Falicov's model is in fact within
his estimated error of about 5% of the Fermi energy
Ep, the principal part of this error results from uncer-
tainties in the electron correlation and exchange ener-
gies. The available experimental data is sensitive to
variations of about p.1% in Er,. current first-principles
calculations can not approach this accuracy. Thus, in
order to take full advantage of these data (which are
limited to the energy contour Et) in gaining insight
into the magnesium band structure, one must use a
semiempirical model Hamiltonian such as those based
on pseudopotential theory. "

This approa, ch has the dual advantage of acting as
an interpolation procedure whereby limited experi-
mental information can be used to generate the entire
Fermi surface, and of generating E(k) bands for
Z(k) AEp.

5W. A. Harrison, I'seudopotentials in the Theory of Metals
(W. A. Benjamin, Inc., 1966), and enclosed references.' J. M. Ziman, Advan. Phys. 15, 89 (1964).


