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PRODUCTION OF N*

BY NEUTRINOS 1615

3Ry= "I/N*[-'% Re(Fj,*Fu) —2my Re(Fl*F15) — MmN Re(Fz*Fg)
— MN*MN Re(Fz*F10)+4mN*2mN Re(Fs*Fls) —%mN* Re(F5*Fm) _ 2mN*mN Re(F5*F11)

+my* Re(Fe*Fs)+ma*my Re(Fg*F14)—

4mN*2mN Re(F7*F9):|+ Z(NN*)[RB(Fl*Fu)

+2myrmy Re(Fe*Fus)— 2my+2 Re(F3*Fo)+ma* Re(Fs*F15)+my* Re(Fe*F1o)
+2’}1¢N*MN Re(Fe*F11)+2mN*2 Re(F7*F13):|— 4(N1V*)2[RC(F2*F11)+R6(F5*F15)]
+4[(Z\7N*)Z—MN*2MN2][2(NN*) Re(Fa*F11)+mN* Re(Fs*Fu) - 2mN*mN Re(F3*F15)

—+m RC(F7*F10)+2mN*MN Re(F7*F11)+ Z(NIV*) RC(F7*F15):| .

X3, X14, and X5 are obtained from Xg+ X109, X131, and Xio, respectively, by changing Re to <Im in the latter ex-
pressions. Here Fyy, Fi, Fy;5, and Fig are redefined to be the (Fu+Fy/mi), (Fio—Fy/mi), (F1s+Fs/mi), and

(F16— Fs/m1), respectively, of Eq. (27).
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The spin-§ polarization and projection operators are obtained. The polarization of the outgoing N* reso-
nance for the process »;+N — N*4-1is treated and the explicit value of the density matrix of the N* reso-
nance is obtained in two special cases, using the explicit values of three form factors obtained by Berman and

Veltman and by Albright and Liu.

I. INTRODUCTION

N the preceding paper,! the interaction Hamiltonian
for the process »;+N — N*4-/ has been expressed
in terms of 14 form factors in general and the polariza-
tion of the outgoing lepton was considered. If it is
assumed that the interaction Hamiltonian is the current-
current form and s symmetry holds for the lepton
current, only eight form factors need to be considered.
Berman and Veltman,? Albright and Liu,®4 and Furlan,
Jengo, and Remiddi® obtained explicit values for these
form factors using different methods.

In this paper the spin-§ polarization and projection
operators are obtained using the spin-3 wave functions
which were recently developed by Joos,® Weinberg,’
and Weaver, Hammer, and Good.® The polarization
effect of V* for the process vi+N — N*+1 is treated
by using the explicit values of the form factors derived
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from N* photoproduction and SU(6) theory by Berman
and Veltman? and by Albright and Liu,? respectively.
Also, the explicit value of the density matrix is ob-
tained in these cases. This density matrix was given
by Shay, Song, and Good,® and will be useful in dis-
cussing the angular distribution of the decay of the N'*
resonance into a nucleon and a pion as discussed by
Gottiried and Jackson.!0

Finally, some useful matrix properties are given in
the Appendix.

II. PROJECTION OPERATORS

In the notation of Refs. 1 and 9, the plane-wave
amplitude of a particle with mass is written in mo-

mentum space as
X
‘/’eKP=< ) , (1)
4

which is normalized in the sense that
2 aWer)eWer)a= (em*/E)s.odrg, (2)

where e is 41 or —1 for positive or negative energy
states, and s and K indicate half-integral spin and
polarization state. Here the y’s are at same physical
momentum P’, and ¥ is defined by ¢y, The energy and
polarization projection operators for arbitrary half-

*D. Shay, H. S. Song, and R. H. Good, Jr., Nuovo Cimento
Suppl. 3, 455 (1966).
( 10 I% Gottfried and J. D. Jackson, Nuovo Cimento 33, 309
1964).
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integral spin s can be expressed in terms of the plane-
wave amplitudes as

(Adas=2 & (E/m**) k) aWex)s, 3
(Pr)ap=2c (E/m*)Wer)aWex)s, “)
(AePr)as= (e£/m*) Y ex)a(Pex)s- ®)

Introducing {(NV*), which is defined in Ref. 9 as
C(N*) =ty V¥ N¥ N* /m? (6)

the energy projection operator for the spin-§ particle is
Ae=3[1+e&@¥)]. )

The polarization projection operator for arbitrary spin s
has been introduced by Michel!! as

( — l)s—K I.I
(—K)!(s+K)! k'=s,K'>K

where T, is the polarization operator and 4, is a four-
vector used in Ref. 1. For spin £ this becomes

P%(%) =%[Tn’?,n'-%:”:Tu"l,u'i”%][Tuﬂ’M_I_%] s
P%G) = _%[Tun,n_%][Tuﬂ’#+%][Tu77,#+ 31,
Py ®O=3[Tu s =3 Twn'v— 31 Tun"ut31,

Pr@= (Twn'v—K'), (8

P_y®=—3{Twy— 3 Twn"us—51Twn"u+3]. (9
These can be written as
Pr®=[(—1)F%/(3—K)3+K)!]

XL(Twn' ) +a(Tun’ ) +b(T ") +c], (10)

where a= (%7%:_%’_%)) b= (_ 1/4’""9/4)*9/4:— 1/4'))
and ¢= (_3/87_9/879/8y3/8) for K= (%a%y_%)_%)’
respectively. For spin £ one also gets
Ty=— (3/32m)§(N*) euvpﬂ'yaﬁﬂaﬁpN*/v y

T,ﬂ]'“-—— - (3/27%2)7:75’}’“,,)\]\7*'#1\7*’,.17,)\ )
(Tnﬂ,ﬂ 2= Z(3’/ 2m)¢ (N *)‘/uva*'uﬂ'vﬂ'H‘%
(Tun' )3=—2ivsywan’wn’vn'x— (21/8m?)

X i’YS'Yuv)\N*,pZV*,v"?,)\ .

The first equation in Eq. (11) was given in Ref. 9 and
the other relations can be obtained using the properties
of the matrix S given in the Appendix. From Egs. (1),

(5), (7), and (10) it follows for the positive-energy state
that

XagiXun= 384EN+| K | )7L p 2 [N¥+Kum'Jay
X[N*¥4-Komn" o [N*+Kamn' ],

o pibi= (384EN+| K| )1 X p Xy [N¥—Kuymy'Jué
XN¥— Komy PLN* — Kamn' %, (12)

where 7'#¢ is the spinor corresponding to the four-

vector 7', and K1=K,=K;3=+1 for K=%, K=K,
=41, and K3=—1 for K=%, K;=-+1, and K,=K;

11 1.. Michel, Nuovo Cimento Suppl. 14, 95 (1959).

(11)

SONG 162
=—1 for K=—1%, and K1=K,=K;3;=—1 for K=—%.
Here 3_, >, means the sum over all permutations of
(¢Bk) and (ur\). When one sums over the polarizations
of the spin-§ particle, Eq. (12) becomes

Z x&ﬁixuﬂ: (12EN*)—1 Zp N*'&uN*,ﬂlvN*, 29 (
13)
3 oA peBi= (12Ey+)"1 3, N¥saN*vBN*/ A&

where 3, means the sum over all permutations of
either (aBx) or (uv)). Here the physical energy-momen-
tum operator N*, is related to the gradient operator
N*,=—1id/dx, by N¥,=(H/E)N*,. Since for the re-
action presently considered, »+N — N*+4I, only
particles are involved, N*, and N*, are identical and
they will not be distinguished hereafter.

III. PRODUCTION CROSS SECTION AND
DENSITY MATRIX

In Ref. 1 the interaction Hamiltonian for the process
vi+N — N*41 has been expressed in terms of 14 form
factors in general. If it is assumed that the interaction
Hamiltonian is the current-current form and <5 sym-
metry holds for the lepton current, only eight form
factors need to be considered. Several authors®=® ob-
tained explicit values for these form factors by using
different methods. Here only those derived from N*
photoproduction and SU(6) theory, which were con-
sidered by Berman and Beltman? and by Albright and
Liu,® will be discussed. Then the interaction Hamil-
tonian given in Ref. 1 is

(fIH|3)= (G/mn*V)[FeXapyN*** 0rponP 0,
+ F10Xapy N**4N BXn? 016 0,7+ F130° ¥N* s Xn s 01000
+Frup®#N*;,N7ionspl015], (14
where the subscripts IV, », N*, and / denote the nucleon,

neutrino, N* resonance, and lepton, respectively. The
explicit results given in Ref. 3 are

|F14(0)|=—0.87, |F1V(0)|=—|F:.¥(0)|=5.6, (15)

when N* photoproduction and conserved vector cur-
rent (CVC) are considered and

|F14(0)|=—0.83, |F1V(0)|=—|F:7(0)|=3.75, (16)

when SU(6) theory and CVC are considered. The rela-
tion between the form factors in Eq. (14) and those of
Albright and Liu, F;V and F4, are given in Ref. 1 as

Fo=—wV2(F14+F17), Fio=—(V2/A)F,7,

F13= —iﬁ(FlA—Flv) ) F14= (’L\/Q_/A)sz,

where A is my++my.

Consider the absolute square of the matrix element
of the interaction Hamiltonian. Averaging it over the
polarizations of the initial particles and summing over
the polarizations of the outgoing lepton give, in the
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rest system of the N* resonance,

3[{f|H|3)| 2= (G*mn+*/96| K | ExE:\E,)
X{[3+K:1K:+K1Ks+K2K5]4
X[S(K1+Kot+K3)+3K 1 K:K5]Bis;
+[K1K o+ K1 K s+ KoK 5 JCijs
+ K 1KoK 3Dijissjn}

where the s;; and s;; are defined as

S,;j=3S,'Sj'— 6157' N

Sijk= (9/10)(58,8;,81(- 5,‘3‘5)9'—‘ 6jksz-- 5)“'8,') (19)

(18) and the 4, B, Cy;, and D;j, are as follows:

A=|FA| 2 Ex+my)[3EE,— (1-v) 428~ | FAF V| (Exy—my ) [ E,(N D) — E(N+v)]
+ | FV|Y{(Ex—myx)BEE,— (1-v)]— 20" Y Exy—my)[E,(N-D+E(N-v)]
+ 28" [(N-v)(N-1)— N2(v-1)+ 2N2E, E]— 202N E,(N1)+ Ey(Nv)+my () 1} ,
Bi=— | FA|2(Ex+my)[ Ewi— EJ ]+ | FAF V| { &Y (Ex+my)[2(v- DN ;— 3(N -»)li— 3(N - 1);]
+2L(N -+ (N -Dyi+ 1-v)Ni—SE,EN J+3A"[Ey(N -v)+E,(N 1) JN:— AN Eli+ Ew: ]}
+ lF VI 2{ (EN'— mN) (E,,l,'— EW,')— A"I(EN'— mN)[(N 'v)li— (N I)Vz]-— %A"2(EN+mN)
XLEN-D)=E(N-v))N;—2N¥E,l;— Ew;)]— A7 2N?[(N -v)l;— (N -1)»;]
+ 307N (ELi— Ep)) — T(E,(N-D)— E(N-v))N ]},
%Cﬁ= - IFAI 2(EN+’mN)li1/j—A_1 l FAF Vl {(EN+3mN+2mN*)(E,l,;-— Elll,‘)le-l- [(N 'l)w— (N 'V)liij}
+ IF VI 2{ - (EN—mN)l,-Vj-}-A"l(EN—mN) (E,li—f—Elvi)Nj—i-A_2[Ey(Nl)+E1(NV)+mN(lV):IN1'Nj
+A_1[(N l)V@N,—f— (Nv)l,,N,— 2N2l¢1/j“ 2E,,E1NiNj]} ,

(20)

iDijk’—' A—II FAF Vl EZ(EN-i—ZmN-I—mN*)l,-v]-Nk— (E,,li-*-Ewi)Nij:l-{—A_zl F V‘ 2
X {(EN+2mN+mN*) (Eng—E,li)Nij-i- [(Nv)l@— (N 'l)Vi]Nij} y
where F4 is F14 and FV is F1V=—F,". Note that K=%(3+K1Ks+K:K3+K;K;). Therefore, one has, for the

unpolarized cross section,

(&) -, @
- = 7 un
At wp  27(s—my?)? ’

G+
67r(S~mN2)2

where s= — (N+»)? and t= — (l—»)2 One also has from
Egs. (18) and (21)

dog 1<d0’> l:l ' 5(K1+K2+K3)+3K1K2K3
—=—(— i5i
dt 4\ dt/ unp

4|K|4
K1K2+K2K3+K3K1 K1K2K3
+ Cijsij

Cissit
4|K |4 4K |4

Diijijk] , (22)

or

(3dos+doy—do_y—3do_3) /> k dog=5Bsi/A
(doy—doy+do_y—do_3) /> x dox=Cjjsi;/24

(dos—3doy+3do_y—do_3) /> k dox="5D;s:j/64 .

Experimentally B;, C;;, and D;jx can be obtained by
considering the angular distribution of the decay
particles of the N* resonance. In order to get the
density matrix of the N* resonance in its rest system
before it decays into a nucleon and a pion, one re-
places the K;s/s by the (0)ag’s for any K; and the 1’s
by the (1).4’s in Eq. (18) so that each term of the equa-
tion can be expressed in terms of three pairs of sub-

(23)

scripts. One also multiplies it by >, >, from the left
in order to symmetrize the subscripts and by the matrix
T from the right and left where the matrix T is defined
in the Appendix. Then using the properties of the matrix
S given in the Appendix, one get the density matrix

p=31[1+2(B:Si/A)+Ci;S:i/24)
+DinSin/64)], (24)
where the S; are the usual spin-§ matrices and the
Sij, Sijx are defined in Ref. 9 as
Sij= Sls,-l— S,-Si——g—rsij
Siin=S:S;S5+S:8:5;4+S;8:S:4 S;S:S:+SiS:S;
+S&S;S:— (41/10)(8:5Sx+8;%S:+8x:S;) . (25)
These matrices are traceless and symmetric with re-
spect to the interchange of any two indices, and they
give zero when any two indices are contracted. More-
over, they are orthogonal in the sense that product of
any two of 1, S;, S;;, and S,z is traceless. Equation (23)
can also be written as
(3dosjot3dorje—Fdo_s/s—3do_s3/2)/ 2k dox=5: Tr(pS;)
(dosjo—dorjet+do_1jo—do_3)9) /2 & dog="1%s:; Tr(pS;;)
(da'3/2'— 3d01/2+3da'_1/2— da‘_3/2)/ZK do‘K
= (10/81)si% Tr(pSix). (23")
Gottfried and Jackson!® gave the angular distribu-
tion of the decay particle in terms of the density matrix
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of the particle with arbitrary spin before its decay.
Therefore, the measurement of the angular distribu-
tion of the decay particle will give some information
concerning the density matrix, ie., the production
process. Parity is not conserved in this case of the
N* production.

Several authors*=® expressed the form factors in
terms of those of zero momentum transfer as

FiVA@)=F,;"4(0)/[1— (¢/b)]", (26)

where 7 is an integer and & a cutoff parameter. If
Eq. (26) is used, the density matrix of Eq. (24) can be
expressed in terms of the F;(0), ie., only the form fac-
tors of zero momentum transfer need to be considered
in the density matrix. The measurement of the angular
distribution of the decay particle might also determine
which of the several sets of form factors is the suitable
one in the present cases and when more form factors
are used.
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APPENDIX

The matrices S, for spin £ can be expressed by prod-
ucts of the o matrices. This is very convenient for
calculations. Every expression given here can be ex-
tended immediately to the arbitrary spin.

Let the matrix component of Sy be (Sua)aer Where
a and ¢’ run from 1 to 4. @ and o’ can be expressed by
(ijk) and (¢'j'F'), ie., a=1, 2, 3, and 4 correspond to
(111), (112), (122), and (222), respectively. Introduc-
ing a diagonal matrix

) (A1)

T Gimy iy =

co o
—o 0o

0

0
V3

0

SO O

S can be expressed as

(Swn) iy vy = (—1/36) T ijiey (avey
X [Zp Zp’ (”#)au'(a'x') bb'(U)\)cc’]T(a’ be’)(35k') (AZ)

where >, > » means the sum over all permutations of
(abc) and (a'd’c’) and summation convention is used.
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Then the product of two.S matrices is

(SunSear) iy iy = (—1/36)%T (iji) abey
X [ZP Zp’ (Un)aa'(gv)bb'(ax)cc']
X EEP' Zp" (O'E) a’a’’ (O'n) b b”(o'g')c’ c"]
X T(allb'lcl’)(i’j'kl) .
The traces of Eqs. (A2) and (A3) are
Tr(Suv)\) =(- 1/36) [Zz: > ' (U'M)aa' (‘TV) bb’
X (0')\) cc’]a=a’ Lb=b’,c=¢’ (A4)
Tr(Sm‘)\SEni’) = ('_'i/36>2[2p Zp’ (Uu)aa’(O'V) bb’(”)\)cc’]
X[ w 25 (@D aralon)vrp(on)erc].  (AS)
From Eq. (A2) one gets Suu=—1 and Su=%iS; and
[S6,S o+ = 10008 wi+18,4S win 18,08 n— 100:S wa

— 10,5y — 10,5 pn.

(a3)

(A6)

From this equation one can get Eq. (15) of Ref. 9. Also
Eq. (15) of Ref. 9 can be expressed as

=—S444,
Si = %iS 444,
Sij=3S8:js+8:S 144,

Sije=(9:/10)[5S sje+ 8:;S sar+ 81S 14i+ 6xiS 145 ]
These are used to get the density matrix from the square
of the interaction Hamiltonian. These matrices are
traceless and symmetric with respect to the interchange
of any two indices, and they give zero when any two
indices are contracted. Also the product of any two of

the matrices in Eq. (A7) is traceless and for the product
of the same matrices, one gets

Tr(SzSJ) = 55,;;,‘ ,
Tr(Se;Sks) = 12(8:185+ 8i050) — 884081,
Tr(sﬁkqur) = (27/5) Zp (saipajq‘skr— 8:j0kp0qr

- ajkaipaqr_ 6101'6.7'175117‘ »

(A7)

(A8)

where Y, means the sum of permutations of either
(ijk) or (pgr). These relations were used to get Eq. (23).

Equation (11) can be obtained by using Egs. (5),
(A2), and (A3). Other useful formulas are

'Yuv)\N *uN *N *XYrEnN *EN *n= %mN N *)\'YMH'Y TaB )y
'an)\N *yN *VN *)\'va'rN *r=%mN* 2N *)\N *f'ykfa'vaa .

(A9)
(A10)



