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We continue our discussion of the scattering of three nonrelativistic, spinless particles interacting via
two-body Yukawa potentials. We study the on-energy-shell amplitudes for the breakup of a two-particle
bound state, for elastic scattering o6 a bound state, and for rearrangement as a function of the total center-
of-mass energy E for fixed physical values of the angle variables. We show that each of these amplitudes is
given by a "Fredholm series" which is uniformly convergent with respect to E for all values of E on the
physical sheet including the real axis. We also show that each of these amplitudes satisfies a dispersion
relation in E for fixed physical values of the angle variables. Except for simple poles which arise from the
lowest-order diagrams, all of the singularities lie on the real E axis.

I. INTRODUCTION
"

N two previous papers we have studied the on-
-- energy-shell scattering amplitude for three free,
nonrelativistic particles interacting via two-body
Yukawa potentials. ' We have seen that this amplitude
exists for all values of the center-of-mass energy E on
the physical sheet, including the real axis, provided
the vectors

y, = (2nt&) '"k, ,

y =(2rrt;8) '"k,', i=1& 2, 3 (1.1)

are kept in the physical region. Here, nz; are the masses
of the particles and k; and k the initial and final
center-of-mass momenta. In addition we have shown
that the amplitude for the scattering of three free

*Work supported by the U. S. Air Force OKce of Research,
Air Research and Development Command; by the National
Science Foundation; and by the Atomic Energy Commission,
Contract No. AT(11-1)-881.

' M. Rubin, R. Sugar, and Q. Tiktopoulos, Phys. Rev. 146,
1130 (1966) (hereafter referred to as I); 159, 1348 (1967)
(hereafter referred to as IIl,

particles satis6es a dispersion relation in E for 6xed,
physical values of the vectors y, and y . All of the
singularities lie on the real E axis.

In the present paper we shall extend our results to
the amplitude for the elastic scattering of a particle oB
a two-body bound state and to the amplitudes for
bound-state breakup and rearrangement collisions. In
order to simplify the kinematics we shall present our
proofs for the case of three particles of equal mass m.
However, the extension of our results to the case of
arbitrary masses is straightforward. .

As in I and II we shall parametrize the states of three
free particles in terms of the vectors y; defined in Eq.
(1.1) and the center-of-mass energy E which is measured
from the three-particle threshold. States containing a
free particle and a two-particle bound state of binding
energy 8 will be expressed in terms of E and the unit
vector

tI = [-'(8+8)P't'ktr

where ktr is the center-of-mass momentum of the free
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y'&-', i=1, 2, 3.

We shall study the on-energy-shell amplitudes for
elastic scattering, rearrangement and breakup as a
function of E for fixed, physical values of the vectors 6
and y;. Our procedure will be the same as in I and II.
In Sec. II we define the amplitudes and write them
formally as the ratio of two Fredholm series. The
Fredholrn denominator is the same as for the scattering
of three free particles, and we have already seen that it
exists and satisfies a dispersion relation in E, the only
singularities being the unitarity cut. On the other hand,
the numerator series is just a rearrangement of the
perturbation series for the Faddeev equation. (Through-
out this paper we shall refer to the iteration solution of
the Faddeev equation as the perturbation series. ) Thus,
in order to find the analyticity properties of a general
term in the numerator series it is sufficient to study a
general term in the perturbation series. In Sec. III we
show that all terms of fourth order or higher in the
perturbation series for each of our amplitudes satisfies
a dispersion relation in E. All of the singularities are on
the real E axis. In Sec. IV we show that the same result
holds for the second- and third-order terms in the
perturbation series. The first-order terms have simple
poles in E which can become complex for certain values
of the binding energies and the vectors 8 and y;. These
poles become complex only because of our choice of
variables. What is important for dynamical calculations
based on unitarity and analyticity is that the residue at
the poles and the discontinuities across all of the cuts
except those associated with the potentials can be eval-
uated explicitly in terms of on-energy-shell quantities.

In Sec. V we use the method of dual diagrams to
find the position of all branch points except those
associated with the potentials.

In Sec. VI we show that the numerator series for
each of our amplitudes is uniformly convergent for all
values of E on the physical sheet. Thus all of the
amplitudes exist and satisfy the-dispersion relations
previously obtained for the individual terms in the
Fredholm series.

II. DEFINITION OF AMPLITUDES

In this paper we shall consider the problem of three
spinless particles of equal mass interacting via two-
body Yukawa potentials. In order to simplify the
presentation we shall not work with a general super-
position of Yukawa potentials; however, all of our
results would remain valid in that case. We write the
potential in the form

l'= &i+&2+&s, (2.1)

particle. Note that k~' ——-', (8+8). We are using units
in which A=2m=1. We note that the vectors y; and 6'

satisfy the relations

3

Z y'=o,
We are using units in which k=2m=1, and we shall
consistently omit numerical factors such as coupling
constants and 2x's.

It is customary to write the three-body off-energy-
shell scattering amplitude in the form

T= T1+T2+TS i (2 3)

where, for example, T1 is that part of the amplitude in
which particles 2 and 3 interact last. In terms of these
amplitudes the I'addeev equations are

T =t +t Gp(Tp+T„), n, P, y distinct. (2.4)

Gp is the three-particle free Green's function,

(qlq2q3 I Go(~) I eq2q3)

=(eq2qs I I:~—&oj 'I qi'q2'q3')

=~ (qi —qi)~ (q2 —q2)~ (q~ —qa)
XLE—qP —q22 —qa') '. (2.5)

The three-body operator t1 is related to the usual oB-
energy-shell two-body scattering amplitude (p I t&(E)

I
p')

by

(qyq2q3 I
i] (E) I

qy'q2'qa') =6'(qy —qy') 8'(q2+ q3 —q2' —qa')

X&l(q2 —e) I&i(~—SqP)12(q2' —e')) (2 6)

Similar expressions can be obtained for t~ and t3 by
cyclic permutation of the indices of Eq. (2.6).

In our case it will be convenient to work with
amplitudes which specify which particles interact Grst
as well as last. We thus write'

T =T g+T g+T 3, u=1, 2, 3.

The Faddeev equations then become

(2 7)

T g= t 8 g+f Go(Tp&+T»), n, P, p distinct (2.8)

or, in matrix notation,

where

~11
~21
T31

T= t+KT,

~12 ~13
~22 ~23 7

T32 T33

0
.0

0 0
tg 0
0 t,.

(2.9)

0 t1Gp
E= t2Gp 0

.t3Go t2Gp

t1Go'

t2Go0. (2.&0)

~ It should be noted that we are using a diferent notation from
that in I and II. In I and II the potential had a pair of subscripts
which indicated which particles mere interacting. Similarly, the T
matrix had a pair of subscripts to indicate which particles inter-
acted last. In the present paper the two subscripts on the T
matrix will always indicate the particles which do not interact in
the initial and Qnal states.

where the subscript indicates the particle which is rot
interacting. In momentum space we have, for example,

(qiq q3li ilq~ q2qs)=& (qi —qi)
XP(q2+q3 q2 qs )L(q2 q2 ) +p ] (2 2)
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We note that the kernel E is identical to the kernel of
Eq. (2.4) which was studied in I and II.

All of the on-energy-shell amplitudes which we shall
be interested in can be obtained by taking appropriate
matrix elements of T ~. The amplitude for the breakup
of a bound state of particles 1 and 2, (yl M(E) IBs8),
is given by'

&y I ~(&) I
B n) = 2 (y I

T- (&)+T- (&) I
B f~), (2 11)

( )n
D„=

n'I

0 n —1 0 ~ 0 0 0

~ ~ ~ 0 0 0

0 8—2 0 0

where
I y) is a plane-wave state for three free particles

with center-of-mass energy 8 and momentum vectors
yr, ys, and ys., and

I
Bs8) is a state with center-of-mass

energy F. in which particles 1 and 2 are bound with
binding energy 83. n is a unit vector in the direction of
the center-of-mass momentum of the free particle. In
momentum space we have

iVp=E2,

Z„ 1 Z„ 2 Z„ g Z2 0 1

Z„2 . Z3 Z2 0

~ ~ o 0 0 0

(q&qsqs I y)
=h'(qt —&yt) ~'(».—&ys)~'(qs —»s), ( )n Ks

8—1 0 0 0

~ 0 0 0

(qtqsqsl Byi)
=~s(qs —[-'(&s+Bs)]"fl)4~,[s(qr —qs)] (212)

where Os= 8 and f&s is the usual two-body bound-state
wave function.

Similarly, typical amplitudes for elastic scattering
o6 a bound state and for rearrangement collisions can
be written in the form

&B,n'I m(Z) I
B,n)

=&B'fl'l[T (&)+T %)+T (~)+T (~)]IBM))
(Bs'A"

I
M (E) I Bs@)

=&Bs'6'I [Us+Try+ Tt.+Tst+Tss]I Bsn)
(2 13

=&Bs ss
I
[Us+Trt+Tts+Tsr+Tss]IBsfi).

The next step is to obtain a "Fredholm series" for
the on-energy-shell amplitudes. Our starting point is
the off-energy-shell T matrix. Iterating Eq. (2.9) once
we have

~ )

~n—1 ~n—2
''' ~2

gg2n+2 g g 1 . . . +3 g2 0

and Z;=tr(Ks4). We have seen in I that the Z; are
analytic functions of E. Their only singularity is the
unitarity cut which runs along the real E axis from
—8 to ~.8 is the largest two-particle binding energy
in the problem. In II we saw that the series for D is
uniformly convergent for all values of E on the physical
sheet, so D has the same analyticity properties as the

We can write the solution to Eq. (2.14) in the form

T= (1+K)t+R(1+K)t

= Q K"t+K'R(K'+K')-t
T= (1+K)t+K'T. (2.14)

n=p

R=Ks+KsR= fl7/D

has a Fredholm solution in this region given by

(2.15)

We have studied the kernel A' in I and II in connection
with the on-energy-shell scattering amplitude for three
free particles. We have seen that E' is a square-inte-
grable operator in the upper-half k=F&'" plane. As a
result, the resolvent

= Q K"t+D ' Q K4X„(Ks+Ks)t. (2.17)

We now substitute Eq. (2.17) into Eqs. (2.11) and
(2.13) to obtain a formal series for each of the on-
energy-shell amplitudes. We have, for example,

3 2 7

&yl~(~)IBsf1)= E Z &yl[E (K"t)-p
a=1 P=1

D=QD, (2.16)
+D-' 2 (K4&-(Ks+Ks)t)-t]IBs~) (2 1g)

' The amplitude M is related to the S matrix by

(f I s I z) =Br; 2mb (Er E,)s'(p~ p;)—(f I
M

I
4)— —

For a derivation of Eqs. (2.11) and (2.13) see, for example, M. L.
Goldberger and K. M. Watson, Collision Theory (Iohn Wiley 8z
Sons, Inc. , New York, 1964}.

F. Smithies, Integral Equations (Cambridge University Press,
Cambridge, England, 1958}.

We have iterated the right-hand side of Eq. (2.17)
enough times so that none of the external momenta
appear sn E.

We shall start by studying the analyticity properties
of the individual terms in Eq. (2.18) and in the corre-
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-$(q,+k3 --'(q +k )

M 8

Fn. 1. A typica1 Eth-order graph for
the breakup amp1itude.

kq
kg

sponding series for the elastic scattering and rearrange-
ment amplitudes. The proof of the convergence of these
series will be given in Sec. VI.

In addition to the "Fredholm series" given in Eq.
(2.18), it is convenient to introduce a "perturbation
series" for each of the on-energy-shell amplitudes. The
perturbation series is obtained by substituting the
expression

T= Pz't (2.19)

into Eqs. (2.11) and (2.13). From Eq. (2.16) we see
that &y~Llt'cV„(&'+Es)t).~~Bshe) is just a sum of the
first 2n+9 terms in the perturbation series for the
breakup amplitude, each term in the series being
multiplied by an appropriate product of Z,'s. Since the
analyticity properties of the Z s and of D—' are known,
in order to obtain the analyticity properties of a general
term in the Freedholm series for the breakup amplitude,
it is sutIicient to study a general term in the perturbation
series. Clearly the same result holds for the elastic
scattering and rearrangement amplitudes.

and
kis ——ky„=k,—ks,
kii ——RLss (k'+Bs)$'",

0&y&p'& 2.

&alt%) I
p'&=(pi LV+ VGoth

I
p')

=&pl VI 1'&+d '(&) d'P"

x&pl~(z) I
p"&&1"

I vl u'&

F is a product of two-particle t matrices. Our choice of
variables is shown in Fig. 1.The two-particle t matrices
are represented by circles, the free Green's functions by
three horizontal lines, and the bound-state wave
function by a wavy line. We have performed the
trivial 8-function integrations arising from momentum
conservation.

We first consider the two-particle t matrices which
appear in Eq. (3.1). We recall that for a superposition
of Yukawa potentials the o8-energy-shell two-particle
t matrix has a Fredholm solution of the form"

QX. PERTURBATION THEORY: N&4

We now turn to the problem of studying a general
term in the perturbation series for each of the on-energy-
shell amplitudes. We shall study the analyticity
properties in the upper-half k=8'I' plane for 6xed,
physical values of the vectors y and A. In this section
we shall treat terms of order E&4.

We start with a typical Eth-order term for the
breakup amplitude

=
&1 I

Vll')+d-'(&) 2 d'P"

x&9 I~;(~) I
p"&(1"

I vl p'& (3 2)

o, (E)=."1m~,(Z')
de',

Here, n and d are given by the infinite series of Eq.
(2.16) if one replaces X' by the kernel VGp and Z; by o,
= tr(VGp)'. o; and d ' have the integral representations'

f(k) =(y~ (E"—'t)si~Bsl)

=(y I tsGptiGp Gptil ~s&&

C;
d '(E)=1++ -+

' 8+8;
"Imd '(E')

dE'.

(3 3)

where

F(qt, q.," q-; k, y,&)4o.(sq~)x , (3.1)
S(qi, q, , q~, k, y,n)

~= Lsql skis%-:(qt —ks)'+qs'+ (qs —sql+sks)
XLq '+qs'+(qs —qs)' —k'j "
XLq~ i'+qp s'+(qp i—qpj s)' —k'j

xEq -, +-.'(q -k.) +(q,—,'q +-'.k.)'—k'j,

The 8, are the two-particle binding energies and the C;
are constants. We again note that the series for e V is
just a rearrangement of the perturbation series for t

)see Eq. (2.16)j.
We now use the last line of Eq. (3.2) for each of the

t matrices in Eq. (3.1). Since the series for eV is
relatively uniformly convergent, 4 we can interchange
the order of summation and integration if there exists a
region of the k plane in which the resulting integrals are
uniformly convergent. In such a region we can study

P R. Jost and A. Pais, Phys. Rev. 82, 840 (1951).
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(3.4)

Fi is the usual spherical harmonic. The factor of p'in
Eq. (3.4) will not create any dif6culties about the
convergence of integrals; it merely means that the
dispersion integral will fall off rapidly for large values of
p'. In fact the results of II imply that the quantity
(2p'+B)P& &(p) is a square-integrable function of p.
In Eq. (3.1) we have chosen the integration variables
so that the argument of the bound-state wave function
is independent of the external momenta. As a result,
neither of its denominators can vanish.

We next consider the denominators of the potentials.
Those denominators which occur in the middle of the
diagram do not depend on the external momenta, and,
therefore, never vanish. Those potential denominators
which do depend on the external momenta have the
general form

or
(q —ka)'+ p'

(q' —nke)'+~'

(3.5)

where a is a fixed vector which depends on the y's and
nis a constant. The 6rst term in Eq. (3.5) cannot vanish
in the strip

the analyticity properties of f(k) by studying those of
a general term in which each of the I matrices has been
expanded in a perturbation series, provided, of course,
we take into account the 0; and d '. A typical term is
shown in Fig. 2. The wavy vertical lines represent
two-particle potentials.

We start our discussion of the integral represented
by Fig. 2 by seeking a region of the k plane in which
the integrand has no singularities, i.e., a region in which
the denominators of the Green's functions, the poten-
tials, the bound-state wave functions, the 0; and the
d ' do not vanish. In such a region the integral is an
analytic function of k and is uniformly convergent, so
f(k) is an analytic function of k.

We first recall that for a superposition of Vukawa
potentials the wave function of a bound state of angular
momentum l and binding energy 8 has the integral
representation' '

q, - y(q, -kz)

diferent pairs of particles. We see that these denom-
inators take four distinct forms:

gqy —gk yy2

qP+q*+P+ (q' —q'+i)' —k',
qP+-', (qg —ks)'+ (qp ——,'qg+-,'kg)' —k',
giV 1+4 (qN -kB)'+ (qN-1 gqN+ kB)

(3.9)

The 6rst two denominators in Eq. (3.9) cannot vanish
for complex values of k since q; and y~~ are real vectors.
To see that the third term in Eq. (3.9) cannot vanish
for complex k we introduce the six-dimensional vectors

(3.10)

and write

qP+g(q —k )'+(q —'.q +5k )'—k'
=zq, '+z(q, —q2)' —(q,—q,) .ka —k'(1 —zy, ')
=Q' —K Q —k'(1 —qy32) =Q' —QkV2y&s

—k'(1 —-'yP) (3.11)
where

&IqNi I'q~ -"s']

FIG. 2. A typica1 Nth-order graph for the breakup amplitude
in which each two-particle t matrix has been expanded in its
perturbation series.

IImk
I &~/I al

and the second term cannot vanish in the strip

(3 6)
This denominator can vanish for

lImkl & (g-,')p. (3.8)

We now consider the denominator S of Eq. (3.1).
It is the product of the denominators of the Green's
functions which occur between potentials that act on

6 R. Blankenbecler and I..F. Cook, Phys. Rev. 119,1745 (1960).' J. B.Hartle and R. Sugar (to be published).

l
Imk

l
& (g-', )p/n. (3.7)

By making use of Eq. (1.3) we see that none of the
potential denominators in Fig. 2 can vanish in the strip

Q/k =y s/~+L1 —'y '(1—s')j'". (3.12)

Equation (3.12) cannot be satis6ed for k complex since
ya'& ~„and Q is real. It should be noted that for Imk)0
the limit Imk —+0 is equivalent to the usual &~0
prescription.

To study the last denominator in Eq. (3.9) we
introduce the six-dimensional vectors

42(qx —qN x)) (~&)Q'= l, K'=k~l l, (3.13)
(0 )qK—1 i E 0 )
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ink into four classes:

8+)k'y»',
8;+k2—$81P,
Il+k2 X(8b k8)2

8+k' —-'(8IN —kB)'

(3.18)

I'IG. 3. The curves dehned in Eqs. (3.21) ancI (3.29).

so that

qN —1 +4(81N kB) +(qN —1 2CN+ 2kB)
=Q"—Q' E'—k'+-', kB'

=Q"—(7'kBv22 —k'+-'kB' (3.14)

This denominator vanishes for

Q (s/~3)[k2++8)1/2+[k2 1 (1 s2) (k2++8)]ll2 (3 1 5)

Since

The first type of denominator in Eq. (3.18) gives rise
to simple poles in the breakup amplitude. Of course
these poles do not occur in the amplitudes for rearrange-
ment or elastic scattering oR a bound state. The second
denominator can only vanish on the real k axis or on the
imaginary axis for 8 ~2) ~Imk~. However, the last
two denominators can vanish for complex values of k.
We note that these denominators occur only in the
first and last closed loops of Fig. 1.

Let us consider the Fredholm denominator Bt '[k'
—-,'(111—k8)'j more carefully. When we substitute
the integral representation [Eq. (3.3)j for d '[k'
—

8 (8b—k8)2$ into Eq. (3.1) we obtain a sum of terms.
We have seen that the terms containing the dispersion
integral and the constant do not give rise to any
difhculties. However, in general there will be several
additional terms each containing a bound-state pole
with a diRerent binding energy. In each such term we
make use of the Penman identity to combine the
bound-state pole denominator with the Green's-function
denominator [2ql' —2k»'1 '. We have

[Cl'—k»'3 '[(811—k8)' —(8/3) (k'+&~)1 '

Im[k'+ 88 j "2(Imk,

[1—-', (1—s') ]"2 Imk
&Im[k' —-', (1—22) (k2+a8)]1&,

(3.16) Zx[(81,—xk8) —k'[2+ 8m —y8'(1 —x)

X (3+x))—(8/3)*B;1-2. (3.19)

Eq. (3.15) cannot hold for k complex. As a result,
none of the denominators of Eq. (3.9) can vanish if
Imk/0.

We next consider the denominators of the Green's
functions that occur between potentials which act on
the same pair of particles. Froln Eq. (2.5) and Fig. 2

we see that these denominators also fall into four
distinct classes:

8 81,2+Lq ..2 k2

gQo' —g& 5'x2

8 (811—k8)'+4e,'—k',

8 (qN —kB)'+x81NP —k'
(3.17)

By using the techniques employed to study the denom-
inators of Eq. (3.9) we see that none of the denominators
of Eq. (3.17) can vanish for Imk/ 0.

Finally, we must examine the denominators of the 0.;
and the d '. From Fig. 1 and Eq. (2.6) we see that the
denominators in the dispersion integrals of Eq. (3.3)
are of the same form as the denominators of Eq. (3.17).

,As a result, they can not vanish for Imk)0. The
denominators of the bound-state poles of the d ' fall

We now make the change of variables ql ~ ql+xk8.
Then the Feynmanized denominator of Eq. (3.19) can
only vanish on the real k axis or on the imaginary k
axis for ('88;)"'& ~Imk~. From Eqs. (3.5), (3.9), and
(3.17) we see that this change of variables does not
alter our conclusions about the vanishing of the other
denominators.

Those terms which contain bound-state poles of the
form 8;+k2—

+88(81N
—kB)' can be treated in a similar

manner. Since we are making use of the integral
representation of Eq. (3.4) for the bound-state wave
function, it is simplest to combine the bound-state
pole denominators. We make use of the Feynman
identity in the form

[VN'+2&8] '[gN'+4'j '[(qN —kB)'—(8/3)(k'+&~) j '

= 2 d$18X28$88(1 2'1 X2 $8)[(qN X8kB)

—k'(22:8+-'2:8') —(8/3)2:8B

+8 [2x+x2: (1—x)j+22:y2] '. (3.20)

After we make the change of variables qN —+ 81N+x8kB,
the Feynmanized denominator can only vanish on the
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real k axis or on the imaginary k axis for (43B,)'I'
&

I ImkI. We again note that the change of variables
does not alter our conclusions about the vanishing of the
other denominators. However, it does introduce the
external momenta into the spherical harmonics in the
wave functions. Lsee Eq. (3.4)]. Now the quantity

- ~(q+kl) —,'(q-k ) -ks

-k
B

(g-', )p) Imk) 0 (3.21)

the denominators in our problem can only vanish along
the imaginary k axis. The Grst type of denominator in
Eq. (3.18) gives rise to simple poles in the breakup
amplitude, and the other denominators in Eq. (3.18)
give rise to cuts which are restricted to that part of the
imaginary axis for which

qX+&3kB
I mr+»ka I

'I'i
I q~+»ke I

is merely a polynomial in the components of the vector
q+»ks, so it can only give rise to kinematic singular-
ities at the points k =i(BS)"'and k =0.' These singular-
ities can be eliminated in the usual way by writing the
full amplitude in terms of the invariant amplitudes. '
We shall ignore them in the remainder of this paper.

We have now seen that in the strip

Thus neither of the denominators of Eq. (3.5) can
vanish in the region bounded by the curves

I= (+32)p cos8,
Re%=0,
M=83 cos8 sin8.

(3.27)

The first three denominators of Eqs. (3.9) and (3.17)
can only vanish along the line I=O. By the same
reasoning which led to Eq. (3.16) we see that the fourth
denominator of Eqs. (3.9) and (3.17) can, not vanish in
the lrst quadrant of the k plane provided we again
restrict ourselves to the region above the hyperbola
M=83 sin8 cos8.

The denominators of the dispersion integrals for the
a-; and the d ' are of the form

kq ks

FIG. 4. A typical second-order diagram for the breakup amplitude.

(-;B ) ~ &Imk&0. (3.22)

Except for these singularities f(k) is an analytic func-
tion of k in the strip given by Eq. (3.21). In I and II
we assumed that

E~+ 3 q.2e2i8 k2

$2y 2

8'+-', (qie*' —ka)' —k'
8'= -', (q~e"—ks)' —k'.

(3.28)

28 &p'. (3.23)

We shall retain this assumption throughout this paper.
As a result, it will always be possible to continue f(k)
from the 6rst to the second quadrant of the k plane
(for S)4).

We note that in its domain of analyticity f(k) is a
real analytic function in the sense that

f(k) =f*( k*) . — (3.24)

I
I & (p, cos8)!I

a
I
. (3.25)

We have written ke i'= R+iI. The second denominator
in Eq. (3.5) becomes (q'e e—nkvd)'+p'. If we restrict
ourselves to that part of the 6rst quadrant of the k
plane which lies above the curve M=B3sin8cos8,
then

Im(kse ")&I (3.26)

We can show that f(k) is analytic in the entire first
quadrant of the k plane by making use of the rotation
of contours argument introduced in I and II. We again
consider the integral represented by Fig. 2. Ke start by
multiplying each of the q variables by e" and seeking a
region of the k plane in which the integrand of this new
integral is free of singularities.

The first denominator in Eq. (3.5) becomes (qe"—ka)'
+@2.It cannot vanish in the strip

None of these denominators can vanish in the erst
quadrant of the k plane above the curve M=83 sin8
&(cos8. In addition, in this region of the k plane the
arguments of d '(k' ——,'qi2e'@), d 'Lk' —-'(qie'e —k2)'$
and d 'Ik' —s(q~e' —kz)'$ remain on the physical
sheet so we never encounter the resonance poles.

Finally we consider the bound-state pole denom-
inators of Eq. (3.18).The second denominator can only
vanish for k along the hyperbola M=8; sin8 cos8. In
order to study the last two denominators of Eq. (3.18)
we make use of the Feynman identities of Eqs. (3.19)
and (3.20). We see that none of the Feynmanized
denominators can vanish above the hyperbola M = 38
)(sin8 cos8.

Our net result is that if all of the q variables are
multiplied by a phase e'e, ~j2)8)0, none of the result-
ing denominators will vanish in the region of the k
plane bounded by the curves

I= (g-,')p cos8,
Rek=O„
RI=)B cos8 sin8,

(3.29)

where ke @=R+iI. From Fig. 3—we see that there is
always an overlap between this region and the strip
Qa~p&Imk)0. This means that if we start with the
original integral (8=0) and 6x k in the region of overlap,
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R*O

I (+383)~'
fL

tude shown in Fig. 4. We have

f(k) = d'q 4,P, ki, , -', q; —',ki2'j

FIG. 5. The curve I(R) defined in Eq. (4.5).

we can simultaneously rotate a11 contours of integration
through an angle 0, vr/2)0)0, without crossing a
singularity of the integrand. The integral on the rotated
contour will therefore be the analytic continuation of
the original integral and, by our previous argument, it
will de6ne an analytic function in the region given by
Eq. (3.29). Since this region sweeps out the entire first
quadrant of the k plane as 8 varies from 0 to 7r/2, it
follows that f(k) is analytic in the entire first quadrant.
From Eq. (3.24) it follows that f(k) is also an analytic
function in the entire second quadrant. The only
possible singularities of f(k) are cuts lying along the
imaginary axis above the point k =i(g~)p or below the
point k=f(;B„)"'a-nd poles at the points k= i(2B;)'"/
y». Therefore, for any term of order S&4 in the
perturbation series for the breakup amplitude, we can
write a dispersion relation in the form

'""'Img (k")dk"

-', (q—k3+ke)'+ B3.

Clearly this denominator cannot vanish if

Imk3+ Imk s((2B3)'"

Writing k=R+iI we see that

(4.2)

(4.3)

Imks '3$((R' ——I'+BI)'+—4R'I']'"
—(R'—I2+B3)j'" (4.4)

is an increasing function of I. Since y3(+3, the
denominator of Eq. (4.2) can not vanish in the region
of the k plane bounded by the real axis, the imaginary
axis, and the curve (see Fig. 5)

I+-'LL(R' —I'+B )'3+4R'I'1'~' —(R'—I'+Bp)]'~2
= (3B8)'" (4 5)

We denote the curve defined by Eq. (4.5) by I(R).
We note that I(R) is a decreasing function of R and that

Xt2~L-', ka+-', q, kyar
—-', q; k' —3 (q—k,,)'$

XP, (-,'q+-', k —-', 1,)L-,'q' —-', k„']—'. (4.l)

If we now use the last line of Eq. (3.2) for ti2 and t2~,

we obtain a sum of integrals with the same denom-
inators that were studied in Sec. III. The only difference
is that the external momenta now appear in the
argument of fe„so we must find a region of the k plane
in which the denominators of fs, do not vanish.

The wave-function pole now takes the form Lsee
Eq. (3.4)j

Img(k")dk"
-+pole terms. (3.30)

4jp~/3

So far we have restricted ourselves to the breakup
amplitude. The only difference between this amplitude
and the ones for elastic scattering and rearrangement is
that the latter will have bound-state wave functions on
both ends of the diagram. ' Clearly our proof of analytic-
ity will go through unchanged. for these amplitudes,
the only difference being that there will be no pole
terms.

IV. PERTURBATION THEORY: K&3

We now consider the low-order diagrams, which
present a slightly more difficult problem. Let us start
with the second-order diagram for the breakup ampli-

8 We define the Eth-order amplitudes for rearrangement and
elastic scattering to have one less power of the kernel than
the Nth-order breakup amplitude, so that the total number of
Green's functions plus wave functions will be the same for all
three 1Ah-order amplitudes. -', (qe"—kg+kg)'+BI. (4.7)

The denominator of the dispersion integral for the
wave function Lsee Eq. (3.4)j can not vanish in the
region defined by Eq. (4.5) since p')Bs. In fact the
dispersion denominator can never vanish in a region in
which the pole denominator does not vanish, so we can
ignore this denominator in the rest of our work.

The remaining denominators in the integral for f(k)
were discussed in Sec. III. It follows from the results
of that section that f(k) is analytic in the first quadrant
of the k plane in the region bounded by the real axis,
the imaginary axis, and the curve I(R).

In order to show that f(k) is analytic in the entire
erst quadrant of the k plane we shall use the rotation
of contours argument employed in Sec. III.

As in Sec. III we shall make use of the integral
representation of Eq. (3.3) for d»—'Lk' —-', (q —ka)'].
I.et us first consider the terms in f(k) which contain
the constant and the dispersion integral of d~3 '. After
rotating the contours of integration through an angle 8,
—,'x&8&0, the denominator of the wave-function pole
becomes
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It can not vanish if

Im(kse ")+Im(kBe "')((2B )'f' cos0. (4.8)

Writing ke rs=R-+iI we see that

&mkB = s LP(R' —I'+Bs cos20)'+ (2RI—Bs sin20)']'~s
—(R' I'+B—s cos20))'" (4.9)

cos 8

is an increasing function of J in that part of the first
quadrant of the k plane lying above the hyperbola
EI=83 sin8 cos8. As a result, the denominator of
Eq. (4.7) can not vanish in the first quadrant in a region
bounded by the imaginary k axis, the hyperbola
RI=Bs sin0 cos0, and the curve I&(R) de6ned by Lsee

Fig. 6(a)j
I+-'L$(R' —I'+Bs cos20) +(2RI—Bs sin20)']'~'

—(R' I'+Bs cos—20) j'~'
= (3Bs)"'cos0. (4.10)

We note that Is(R) is a decreasing function of R and
that

Is((sBs)'~' sin0) = (ssBs)'~s cos0,
Is(ao) = (ssBs)'~s cos0. (4.11)

From the results of Sec. III we see that none of the
other denominators can vanish in the region bounded

by the imaginary k axis, the curve Is(R), and the
hyperbola M=83 sin8 cos8. As we vary 8 from 0 to -,'x,
this region sweeps out the entire first quadrant of the
k plane, so it follows that those terms in f(k) which
contain the constant or the dispersion integral of d~3 '
are analytic in the entire first quadrant.

For those terms in f(k) which do contain the bound-
state poles of d» ' we make use of the Feynman
identity to combine the pole denominator with the
Green's-function denominator (q' —kts'), and all of the
Green's-function denominators of t23. Our choice of
variables is shown in Fig. 7. The combined denominator
ls

lek

I-( B )I

Ink

)Yeas e

l
a cose

~= ~ ~'E(q —ks)'+s qs'' —(8/3)k'j

+xsr+tL(q —ks)' —(8/3) (k'+B,)j
+xsr~sLq' —kis'j. (4.12)

FD". 6. (a) The region bounded by the curves Imp=0, RI
=Bs cos8 sin8, and Iz(R) (b) The region b. ounded by the curves
RI= fB3 cos8 sin8 and I& (R). (c) The region bounded by the curves
RI = (b/a)B; cos8 sin8 and Iq(R) when (b/a)Bf, )&Br.

After making the change of variables

q-+ q+ (1—xa+s)ks,
we have

variables the wave-function pole denominator becomes
4.13

,' (q xrr+s—ks+—kB)'+Bs, (4.16)

S=q'+s g x;gs s—ak' —bB;, (4.14)

where

(8/3) (1 &%+2) ys &re+2(1 &N+2)+*N+2$12',

b= (8/3)xa+t. (4.15)

Q'e note that a&0 and b/'a(aa Under this change of

so it is still true that none of the denominators can
vanish in the region bounded by I(R), the real k axis,
and the imaginary k axis.

If we now rotate the contours of integration through
an angle 8, the denominator 5 can only vanish on the
hyperbola RI= (b/a)B, sin0cos8. From our previous
discussion it is clear that if (b/a)B;($Bs, none of the
denonunators in the problem can vanish in the region
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~(q, -&~) T(q;k )

a % c 0 0

~ q + T(q-k~)
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q + 2(q-k )
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~pN

FIG. 7. A typical second-
order diagram for the breakup
amplitude in which each two-
particle t matrix has been
expanded in its perturbation
series.

—
q

——(q-k )
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q
- —(q-k )

I I
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bounded by Is(R) and the hyperbola RI= «Bs sin0 cos0.
From Fig. 6(b) we see that this region sweeps out the
entire first quadrant of the k plane as 0 varies from
0 to 7r/2.

However, 8; can be greater than 83, so in general
there will be a range of x s such that (b/a)B;&-', Bs.
For such values of the x s the region in which none of
the denominators can vanish is bounded by Is(R) an.d
RI= (b/a)B;sin0cos0. From Fig. 6(c) we see that the
region between these curves does not sweep out the
entire first quadrant of the k plane. As a result, it is
convenient to divide the x integration into two terms:
one in which (b/a)B, &—', Bs and. one in which (b/a)B;
&-',83. The first term is clearly analytic in the first
quadrant of the k plane, so we need only study the
second term.

For those values of the x; for which (b/a)B, & 'sBs we-
would like to make a charge of variables which would
prevent the denominator S from vanishing above the
hyperbola M = 4383 sin8 cose. To this end we make use
of the identity

d'V/III. (q—A,) +B~jLgs—cl

dsq/P1+~sjg(q —A,)s+qs~s+ B,]
&& $q'(1+u') —c$. (4.17)

Here, n is an arbitrary real constant, the A; are fixed
vectors, and 8; and C are constants. Before rotating
contours and before allowing k to become complex
we apply this identity to the q integration and to each
of the qo, integrations. In each case we choose

(b/a)B; 'Bs '~'—-
(4.18)

As+ 4s Bs
' This identity follows trivially from the Feynman identity

d3q II; dx;6(1 —Q; x;)
Lq' —2q (Q; x,A;)+Q, x;(AP+B;)gvPq' —cg

'

We now maire the change of variables q ~ q+uqXn/sin8, where
n is a unit vector in the direction of g; x;A;, 9 is the angle between
q and 6, and o, is an arbitrary real constant. The Jacobian of this
transformation is $1+us) ', so

d'q D; ax,S(&—P; x;)
L1+u')Lq'(1+u') —2q (P; x;A;)

+P, x, (A,'+B.)J"Lq'(1+u') —c3
d Iff

L1+u')11,L(q —A;)'+q'u'+BgLq'(1+u') —cg

In the Appendix we show that this denominator and.
the potential denominators which depend on q or qo;
can not vanish in the region bounded by I(R), the real
k axis, and the imaginary k axis. After rotating contours
of integration these denominators can not vanish in the
region bounded. by Is(R) and RI=-,Bs sin0 cos0.

As a result, the second-order term for the breakup
amplitude is analytic in the first quadrant of the k
plane. It is also analytic in the second quadrant since
we define it there by

f(l~) = f*(—k*) . (4.21)

The third-order term for the breakup amplitude can
be treated in exactly the same way and we find that it
is also analytic in both the first and second quadrants.

Except for terms of the form (B n~ Vs. JBsn), the
second — and third-order terms for the bound-state
scattering and rearrangement amplitudes can be
treated in the sane way as the corresponding ternis in
the breakup amplitude. ' They are also analytic in both
the first and second. quadrant of the k plane.

%e next consider a typical first-order diagram for the
breakup amplitude which is shown in Fig. 8(a).

The only new singularities arise from the wave
function. The denominator of the wave-function pole is

2(ki+ ', kii)'+-Bs (4,22)

Since we are only considering values of the x; for which
(b/a)Bs& —;Bs,cr is real.

After making this transformation the denominator
S becomes

-k'+ (b/a) B;—
5= Lq'+-; Q x;gp,'j ak' —bri;—

c

s++-'s
Bs

k'+ (b/a) B;
[q='+ ', g-x,q„' a(—b'+-',Bs).-$ . (4.1g)

k'+-4s Bs

If we now rotate contours of integration through an
angle 8, S can only vanish on the hyperbola M= 383
&&sin0 cos0. Clearly the term LlP+(b/a)B, j/(k'+sBs)
gives no trouble for k' complex.

%ith the present choice of variables the denominator
of the wave-function pole becomes

(b/a) B'—s Bs
-', (q—x~ sks+ki))'-'+-', q' — +Bs. (4.20)

k'+-,'Bs



D ISP ERSION RELATIONS

It vanishes at

P2 — 4B [2( 12+2yl ~ y12s2)+syl(2 4y12+y12s2)1(21

&&I:(-'+2yl')' —(8/3)yl's'1 '. (423)

This pole can become complex for ~~ &y&'&~~. However,
what is important for dynamical calculations based on
analyticity and unitarity is that the residue of this pole
is just the product of the on-energy-shell two-body t
matrix and the coupling constant ga defined by

g, = lim (2p'+B2)pi(, (y). (4.24)
2P2—2 —B3

k

k«2

-k l

«B

Bk

-- k«Q

The diagram shown in Fig. 8(a) also has a cut arising
from the dispersion integral for the wave function.
Making use of our requirement that p'&28, it is easy
to see that this cut always lies on the imaginary k axis.

Finally we turn to the terms in the rearrangement
amplitude of the form (B 82,'l V2l Baft). A typical term
is shown in Fig. 8(b). There is a simple pole at

k2= —[(2O+8.2) (B,+B,')+4s[4(s2 —1)
X (Bs—B2')'9B2B2'J"j[25—16s'j '. (4.25)

The position of the pole becomes complex if 83&48~'
or B~'&483, but the residue of the pole is given by the
product of two coupling constants.

We have thus seen that except for the simple poles
given by Eq. (4.23) and (4.25) all terms in the perturba-
tion series for each of our amplitudes are analytic in
the entire first quadrant of the k plane. Since they are
defined in the second. quadrant by Eq. (4.21) they are
analytic there also.

V. POSITION OF SINGULARITIES

We now turn to the problem of locating the various
branch points of our amplitudes.

The vanishing of the free Green's-function denom-
inators gives rise to the three-particle unitarity cut
whose branch point is at k=0. The vanishing of the
bound-state pole denominators of the two-particle t
matrices gives rise to the unitarity cuts for the scattering
of a particle o6 the various bound states. The branch
points are located at k=iB t2.

All of the other branch points arise from the simul-
taneous vanishing of several denominators. We can
obtain the position of these singularities by making use
of the Landau-Bjorken (LB) method. "We know that
all of these singularities lie on the imaginary k axis and
that we can continue to this axis by rotating the
contours of integration of all of the q variables through
an angle of —,'m. It is important to notice that we do not
need to deform the integration path of any of the Feyn-
man parameters. This means that we need only consider
real positive values of the Feynman parameters in the
LB equations. As a result, after writing k=iE, q, =ip;,
where K and p; are real, we can realize the LB conditions

' See, for example, J. D. Bjorken and G. D. Drell, Relativistic
Quaetgm IiieMs (Mcoraw-Hill Book Company, Inc. , New York. ,
1965).

|'.b)

FIG. g. (a) A first-order diagram for the breakup amplitude. (b) A
Grst-order diagram for the rearrangement amplitude.

in terms of dual diagrams in real Euclidean y space. By
studying these dual diagrams it is possible to obtain
the position of all of the branch points that lie on the
imaginary k axis. For the present we shall con6ne
ourselves to the study of those singularities which arise
from pinches among free Green's functions, , bound-state
poles, and wave-function poles.

Let us start with the Sth-order breakup diagram of

Fig. 1. After writing k=iE, rl;=ip;, we apply the
Feynman identity to the Green's functions, the bound-
state poles, and the wave-function pole. The combined
denominator is

s=g [y 2+K 2+(y —K )2—Q j+g2[pl +P2
+ (Pl P2) + ]+ '+2 N[PN —1 +PN
+(y. ,-p ) —~ j+*."[(y —,'K.)'-2B 3
+*N+2LP 4' —2 (&'—Bil)j
+~N+2[y 12' —2 (&'—B12)j+

+gN+2r/piir2 '(K' Br~)j—
) -(5.1)—

where
S&M;

K2 ——y2K,
Ki(= n[2 (Z2—B2)jl(2

We are using the same variables as in Fig. 1 except
that we have let —', (yl —K2) —+ pl and —', (PN —Ks) ~ PN
in order to simplify the geometry of the dual diagrams.
The dual diagram corresponding to the denominator
of Eq. (5.1) is shown in Fig. 9.The LB equations require
that all vectors lie in a plane. The positivity of the
Feynman parameters requires that the polygonal line
CAzA2A3. - A~a is convex and lies inside the triangle
OCD. The LB equations further require that

la,cl =
l y, ——.', K,

l

=-',zy»
lo~, l + la,a,+, l + fox,+, l

=Pi+(P~ P~+1) +Pwl =&
~

i=1, 2, lV —1 (5.2)
I~NDI = lyN —lKN I'=&-:Ba.
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FrG. 9. The dual diagram corresponding to Fig. 1..

normal threshold at E'=8~~ when B~~ 483. As 8g
decreases, the branch point moves up the imaginary k
axis approaching the point E'=+B~~ as Bg~/B3~ ~.

If we consider the amplitudes for rearrangement or
elastic scattering we find that each term of order S&3
can have two anomalous thresholds of type 8', since
there can be a pinch between a wave-function pole and
a bound-state pole at each end of the diagram.

The second-order term in the breakup amplitude will
have one anomalous threshold of type 8 and one of
type 8'. It will also have singularities corresponding to
the dual diagrams of Figs. 10(c) and. 10(d). Figure 10(c)
corresponds to a pinch between the free Green's function
and the wave-function pole. The position of the branch
point is given by

(2B3)'~'+Eg2 pEg'+——Kgp 2zE3K—g7'I' (5.7)
For each bound-state pole denominator in the problem
we have the added condition

loA(;l =p),2=-', (E'—Bh).

where s is the cosine of the angle between E3 and Kg.
Let us denote the solution of Eq. (5.7) by E=C(z).

(5 3) For z= —1 we find

Reduced diagrams corresponding to, for example,
x,=0 may also be possible. In such a case the polygonal
line breaks in two. The points A 1, A2, ~, A, must now
lie on the line OC and the points A;+1, ~, AN must lie
on the line OD.

Given all these geometric constraints it is easy to
see that only four types of dual diagrams are possible.
They are shown in Fig. 10.

For terms of order E&3 the only possible dual
diagrams are Figs. 10(a) and 10(b). Figure 10(a) corre-
sponds to a "pinch" between the bound-state pole and
the free Green's function in the 6rst closed loop. The
pinching condition is

low, I+ I
a,c

I

= loci,
which tells us that the branch point is at

8l1
E —A)1— y3 &—,

1—8 (y3—yea)'

E=C(—1)=B3"'
v20.—L(16/4) ——;n'7"'

y3'& 6 (5 8)

where n=y3 —y». This branch point is not on the
physical sheet for y3'(6. It enters the physical sheet
at E= ~ and travels down the imaginary k axis as y3'
increases, reaching the point E'=-383 when. ya'=3.
It is easy to see that for C(z) on the physical sheet

C(z) &C(—1), 1&z& —1. (5.9)

Clearly the branch point at E=C(z) gives rise to a
cut which runs from E=c(z) to E= ~. From Eqs.
(5.5), (5.6), and (5.8) we see that unless Bq is the largest
binding energy in the problem, there will always be a
range of values of y3 such that this cut overlaps the
unitarity cut. As a result, it will not always be possible
to continue the second-order terms from the 6rst to the
second quadrant of the k plane. This will not prevent
us from making 1V/D type calculation-s. The second-

This type of branch point was discussed in I, where we
referred to it as an anomalous threshold of type 8. It is
not on the physical sheet for y3'(-,'. At y3'=-,'it enters
the physical sheet through the normal threshold at
E'=8~,. As y3' is increased, the branch point moves up
the imaginary k axis, reaching the point E'=38@
when y3' ———', .

The dual diagram of Fig. 10(b) corresponds to a
pinch between the bound-state pole and the wave-
function pole in the last closed loop. The branch point
is at

E'=~or =3/&a+Bur (B3Bw)"7, Bvr&—4BS (5.6).
We shall call this type of branch point an anomalous
threshold of type 8'. lt is not on the physical sheet for
8&&(483. If we imagine varying the binding energy 83,
the branch point enters the physical sheet through the

a) L
0

b)
0

c)
C

A[ C

F10. 10. The four
possible dual dia-
grams satisfying the
Landau-B jorken
conditions.
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order terms are de6ned in the second quadrant of the k
plane by Kq. (4.21). The discontinuity across the cuts
associated with the anomalous thresholds and the cut
associated with C(z) can be calculated explicitly in
terms of on-energy-shell two-particle quantities. The
details of obtaining these discontinuities are given in I.

We recall from Sec. III that all terms of order S&4
do have a gap between the "left- and right-hand cuts, "
so we can continue them from the 6rst to the second
quadrant. Presumably the same result holds for the
third-order terms since they have no singularities of
the type C(z).

We next consider the dual diagram of Fig. 10(d).
It corresponds to a pinch between the free Green's
function, the wave-function pole, and a bound-state
pole. The algebraic expression for the position of the
branch point can be read off from the dual diagram,
and we will not write it out here. We merely note that
if we denote the position of the branch point by
K=D(z), then

C(z) &D(z))Ag'" AP" (5.10)

where A ~'~' and A ~"~' are the positions of the anomalous
thresholds of type 8 and 8'. We see from Fig. 10(d)
that as we vary y3 or the binding energies D(z) can
leave the physical sheet through either of the anomalous
thresholds or through the branch point at C(z).

Finally we must consider the second-order terms in
the amplitudes for rearrangement or elastic scattering.
The dual diagram of Fig. 10(c) now corresponds to a
pinch between two wave-function poles. If the initial
state contains a bound state with binding energy 83,
and the 6nal state one with binding energy 83', then
the condition for the pinch is

(283)'"+(283')"'=$Kgp+Kg" 2zK~Kz' j'"—(5.11)

where z is the cosine of the angle between K~ and Ks'.
If we denote the position of the branch point by
K=C'(z) we 6nd

C'(z) &C'(—1)= 4zLBg+83'+ (8388')'"]. (5.12)

Again there will be cases in which the left- and right-
hand cuts overlap, but the discontinuities across all
of the cuts can still be obtained in terms of on-energy-
shell two-body quantities.

The dual diagram of Fig. 10(d) now corresponds to
a pinch between two wave-function poles and a bound-
state pole. The branch point again lies between C'(z)
and the anomalous thresholds, and it can leave the
physical sheet through any of these branch points.

VI. CONVERGENCE OF THE FREDHOLM SERIES

We have seen that all terms in the perturbation
series for our amplitudes are analytic in the upper-half-
k plane. The lowest-order terms can have complex
poles, but all other singularities lie on the imaginary k
axis. It follows from our discussion in Sec. II that the

FIG. 11.The diagram corresponding to the function
g(gi, qe) of Kq. (4.1).

individual terms in the Fredholm series have the same
analyticity properties. We shall now show that the
Fredholm series are uniformly convergent with respect
to k in the upper-half plane. As a result, the full ampli-
tudes can only have the singularities of the individual
terms in the perturbation series and poles at the zeroes
of D.

In II we gave a detailed proof of the convergence of
the Fredholm series for the amplitude for the scattering
of three free particles. The proof for the amplitudes
which we have been studying is identical, so we will
only outline it brieRy. The reader is referred to II for
the technical details.

Our starting point is the Faddeev equation for the
off-energy-shell three-particle T matrix, Kq. (2.14).
In II we showed that the kernel E' is square-integrable
(Lz) in the entire upper-half k plane. As a result, the
resolvent exists and is given by a relatively, uniformly
convergent series. 4 The on-energy-shell amplitude for
the scattering of three free particles is obtained by
taking the matrix element of the resolvent between the
vectors (E'+K')t~ y) and K+4~ y'). In II we showed
that these vectors are L', so the series obtained by
taking the matrix element of the resolvent between them
is uniformly convergent with respect to k.

From Eqs. (2.11), (2.13), and (2.18) we see that the
Fredholm series for the amplitudes for breakup, rear-
rangement, and elastic scattering are obtained by taking
the matrix elements of the resolvent between vectors
of the form K+'~y), (K'+K')&~Bz8), and K+'~Bzn)
In order to complete our proof of the convergence of
the Fredholm series, it is only necessary to show that
the last two vectors are L'.

It will sufhce to consider a typical term

C(e q8) =(eeqsl ~&GO4Go~yl838) (6.1)

our choice of variables is shown in Fig. 11.We wish to
show that g is an L' function of g& and q3. In II we saw
that the off-energy-shell two-particle t matrices are L'
functions of either of their momenta, the norm being
bounded by a constant. Since g depends on qs only
through the Q.rst t& we can do the qs integration at once
by making use of the Schwartz inequality. If we exclude
values of k on the real axis, the Green's functions which
depend on q& can be bounded by a constant. Then the
only q& dependence will be in ts so we can do the q&

integration. The norm of,t& can be bounded by a
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We can write the wave function in the form

(6.3)

The results of II imply that f is an I.' function of q,
so a 6nal application of the Schwartz inequality gives

fol
Rek) e&0, (Q-,')ti —e& Imk& c)0. (6.5)

Ke have ignored the possibility of the last t matrix
having bound-state poles. If it does, we make use of
the Feynman identity to combine each of them with
the wave-function pole. The proof then goes through
unchanged. .

The proof for the other vectors goes through in a
similar fashion. It then follows that the Fredholm
series are uniformly convergent with respect to k in
the strip defined by Eq. (6.5). In order to show that they
converge in the entire upper-half k plane we use the
rotation of contours argument introduced in II. There
is no added difhculty in showing that g is I.' on the
rotated contours.

Our Anal result is that the Fredholm series for all

of the on-energy-shell amplitudes are uniformly con-

vergent with respect to k in the entire upper half-plane
including the real and imaginary axis. The only possible
except is the imaginary axis above the point ted = i (Q ', )ti, —

where our proof breaks down. This is the location of the
"left-hand cut."

VII. SUMMARY OF RESULTS
1

We have completed our study of the scattering of
three nonrelativistic particles interacting via two-body
Yukawa potentials. We now summarize our results.

(1) We have proven the existence of the on-energy-
shell amplitudes describing the scattering of three free
particles, the scattering of one particle oR a bound
state of two particles, the breakup of a bound state, and
rearrangement collisions among three particles.

(2) Each of these amplitudes can be written as the
ratio of two Fredholm series which are uniformly
convergent with respect to the total center-of-mass

energy E for all values of 8 on the physical sheet.

constant for 6ti) Imk (see II). At this point the qa'

dependence is in the remaining Green's function and
the remaining t&. Both are I.' functions of q3'for complex
values of k, so the q3'integration can be done by making
use of the Schwartz inequality. The norm of t& is
bounded by a constant for (32)'t'p)Imk. We are now
left with the bound

2

d'qi &'V~lg(qi, qa) I'«d'Ps (le) (6 2)

(3) Each of the amplitud. es satisfies of dispersion
relation in E for fixed physical values of the vectors y;
and g. Except for the simple poles discussed in Sec. IV
all of the singularities lie on the real energy axis.

(4) The amplitudes have been defined so that they
are real analytic functions of E, i.e., T(E)= T*(R*).

(5) The analytic properties proved for the amplitudes
with the vectors y; and 8 fixed also hold for the partial-
wave amplitude. As mentioned in I, in order to project
out a partial-wave amplitude one merely multiplies
the amphtude by a polynomial in the components of
the vectors y; and 6 and integrates over a compact
domain. Such a procedure can introduce no new
singularities in E.

(6) We have encountered three types of singularities
in our discussion:

(i) Unitarity cuts The.se are associated
various types of intermediate assyrnptotic states. There
will be one cut running from E=0 to +~ corresponding
to intermediate states of three free particles. There
will also be a cut from E= B;; to +~ —for each bound
state of the (i,j) pair with binding energy B,;.

(ii) Anomalous sirtgllarities. The various types of
anomalous singularities are enumerated in Sec. VI of I
and in Sec. V of this paper. The important feature of
these singularities is that the discontinuities across the
cuts and the residues of the poles can be evaluated in
terms of on-energy-shell two-body scattering amplitudes
(suitably continued to unphysical energies). It is
necessary to take these singularities into account in any
realistic calculation of the three-body amplitudes since
they are the "nearest singularities" to the physical
region.

(iii) "Left hand cits." In-the language of purturba-
tion theory these singularities arise from pinches among
the denominators of the potentials and(or) the bound. -
state wave functions. In a fully relativistic theory one
might hope to obtain the discontinuities across these
cuts from the unitarity relations in the crossed channels.
However, in a practical calculation the discontinuity
across the left-hand cuts would have to be taken as
input information just as it is in the two-body problem.

(7) It is possible to carry out a calculation of all
of the three-body amplitudes solely in terms of on-
energy-shell quantities. X/D equations were written
down in I. The necessary input information is the
discontinuity across the left-hand cut and the on-
energy-shell two-body scattering amplitude.

It should be noted that no matter how simple an
approximation one makes for the left-hand cut, an E/D
calculation of the three-body amplitudes will be quite
dificult. Even after the X/D equations have been
solved one will be faced with the problem of inverting
D, which is an operator in the space of the y variables.

Finally we should mention that the simple techniques
employed in this series of papers can be readily extended
to the general case of Ã-particle scattering. It should
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be simple to show that the X-particle amplitudes exist
and satisfy dispersion relations in the total energy.
More challenging questions are whether the same
methods can be used. to study analyticity in the
complex angular momentum plane for the nonrelativ-
istic three-body problem, or to study the amplitudes
for the scattering of three relativistic particles.

APPENDIX

In this Appendix we shall study the wave-function
denominator of Eq. (4.20) and the corresponding
potential denominators.

We start with the wave-function denominator. After
rotating contours of integration through an angle 0,
we have

ke "=R+iI, —

ck =kg xzz+gk3 = 4R+zlzz )

C=R' I2+~83 cos—20,
D=2RI—~~83 sin20,
N =

q [(b/a)8 '8,)(C'+—D'-)-'

p= q+ckzi.

(A2)

Since we are only considering values of the x s such
that (b/a)8;& —', 83, N is a positive quantity which can
take on any value from zero to in6nity.

With the present notation, the real and imaginary
parts of S become

ImS= 2hzps —(NC+283)sin20 —ND cos28, (A3)

ReS= p' —5z'+ (NC+283) cos28 —ND sin28. (A4)

s is the cosine of the angle between y and d z. Setting
ImS=O and substituting into Eq. (A4) gives

ReS& [(NC+283)sin28+ND cos28$'
4g 2

—Az'+ (NC+283)cos28 ND sin28. (AS)—

Se"'= (qe" x~—+2k'+ ke) '

(b/a) 8'—383
+q'e"' +283. (A1)

k'+ 38'
We now write

The right-hand side of Eq. (AS) vanishes for

6 '=-'[(NC+28 )'+N'D'g"
+x~(NC+283) cos20—2ND sin28. (A6)

Since the right-hand side of Eq. (A5) is a decreasing
function of h~', S can not vanish if A~' is less than the
right-hand side of Eq. (A6).

We want to show that S can not vanish between the
curves Ig(R) and RI= 483 sin8 cos0. The region above
the curve RI=4383 sine cose is filled by hyperbolas of
the form RI=-,B3x sin8cos9, where x&i. Since the
curve Ie(R) lies below the line I= (-', .83)'~' cos8, we need.
only consider that part of the hyperbola for which
I& (-;83)'~' cos0 or R& (-, .83)'"x sin0. From these con-
siderations we see that both C and D are positive
between. the curves Ie(R) and RI= ', 83 sin8 -cos8. In
addition, after a little algebra we find that in this region

—,'[(NC+283)'+N'D'j'"+ ~ (NC+283) cos28
i2ND sin20—&283 cos'8 (A7)

for all values of E.
The maximum value of Az is [(/3)I+Im(kate N) 7 .

The curve I&(R) was defined by setting this quantity
equal to 28, cos'0 [see Eqs. (4.8) and (4.10)g. Since the
maximum value of Ay' is an increasing function of I
above the hyperbola RI=83 sine coso,

Ag2& 283 cos20 (AS)

into each of the potentials of t~3 and into the 6rst
potential of t~2. These potential denominators can be
studied in exactly the same way as the wave-function
denominator. The only difference is that in Eqs.
(A6), (A7), and (AS), 83 is replaced everywhere by
p,'. Since we have assumed that 28 (p,', it follows that
none of the potential denominators vanish between the
curves Iy(R) and RI= 48' sin8 cos0.

between the curves Ie(R) and RI= ,83 sin0 cos8—. As a
result, the denominator of Eq. (A1) can not vanish
between these curves.

The transformation defined by Eqs. (4.17) and (4.18)
also introduces terms of the form

(b/a) 8; —;8 — ((b/a) 8; ', 8)—-
b,2+ '8, -


