PHYSICAL REVIEW

VOLUME 162,

NUMBER 3§ 25 OCTOBER 1967

Bethe’s Formula for Coulomb-Nuclear Interference*

M. M. IsLamt
Department of Physics, Brown University, Providence, Rhode Island
(Received 27 April 1967)

Approximations involved in the deduction of Bethe’s formula for Coulomb-nuclear interference are re-
examined. Some corrections to the formula are obtained by improving the approximations. It is, however,

expected that these corrections are small.

SING the semiclassical WKB approximation,
Bethe! deduced a formula for the small-angle
scattering of protons by a nucleus which takes into ac-
count the interference between Coulomb and nuclear
amplitudes. In recent years, the Bethe formula has been
extensively used by various experimental groups®=5 to
evaluate the real part of the nuclear amplitude in the
forward direction. This real part of the amplitude is of
considerable physical importance, since it provides a
check on dispersion relations,® indicates the possible
asymptotic behavior of the total cross section,” and
serves as a test for various theoretical models.® Except
for the work of Soloviev,” very little theoretical work
has been done since Bethe’s on the Coulomb-nuclear
interference, as compared to the large amount of experi-
mental effort.10
In this paper we reexamine the approximations in-
volved in Bethe’s formula and explore the possibility
of any significant corrections to it. This work has partly
been stimulated by the fact that the semiclassical WKB
result has recently been found to be exactly the same
as that of a completely relativistic impact-parameter
approach.!!
The spin-independent elastic-scattering amplitude
in the relativistic impact-parameter description is given
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by

0

f(s,A) =ik / bdb Jo(bA)[1—e2d@n] (1)

0

where A=2k sinf, & being the c.m. momentum and 6
the c.m. scattering angle, and s is the square of the c.m.
energy. 8(s,b) is related to the complex, energy-depen-
dent “potential” V(s,7) by
1 r° V(sy)rdr
s,p)=—— | ——.
2k Jo (r2—b2)12

Since we are dealing with the scattering of protons by
another charged particle, there are two potentials in-
volved, namely, the Coulomb potential V¢(s,r) and
the nuclear (or strong-interaction) potential Vx(s,).
Correspondingly, we have 8(s,b) = d¢(s,b)+0x(s,b). The
scattering amplitude (1) can now be written as

2

f(s)A)szN(s7A)+fC<S:A) ) (3)
where
fCN(S,A)zik/ bdb Jo(bA)gmcu.b)[l__.eziazv(s,b):l (4)
and '

0

fc(s,A)=ik/ bdb Jo(bA)[1—e2cten)];  (5)

0

Jfen involves both Coulomb and nuclear interactions,
while f¢ involves only the Coulomb interaction.

Bethe’s formula is now based on the following two
approximations:

(a) In the amplitude fex(s,A), Eq. (4), the Coulomb
phase shift can be considered as independent of 4. The
reason is that because of the short range of the nuclear
interaction, this amplitude gets its main contribution
from small values of b, and for these values of b, the
Coulomb phase shift §¢(s,b) does not vary appreciably.

(b) In the Coulomb amplitude f¢(s,A), Eq. (5), the
phase shift can be taken as that due to two point char-
ges, neglecting the finite charge distributions of the
particles. This is based on the argument that for small
A, the main contribution to Coulomb scattering comes
from large values of &, for which the phase 8¢(s,b) is not
very much affected by the finite sizes of the particles.

Using the above approximations, we get

fCN(S3A) = eﬂﬂNfN(s;A) > (6)
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where 7y 1s the average nuclear Coulomb phase shift,
and fy(s,A) is the pure nuclear amplitude given by

£

fN(s,A)=ik/ bdb Jo(bA)[1—e2ionta)]  (7)

0
Further,

fC(S:A) = (ZkE/AZ)e”W ) (8)

where §=Ze2/v;, (vy=1ab velocity of the incident par-
ticle), and n¢=1no— £ In sinf is the pure Coulomb phase
shift; here no=argl'(1+41£) and c=%=1. The differential
cross section for small values of A now takes the form

2

do 2kE
;S—Z= If(syA) ( I=|— € (HC_TIN)-"fN(S,A) (9)

A2

which is Bethe’s formula.

We now want to examine the approximations in-
volved in the deduction of the above formula. Let us
begin with the Coulomb amplitude first, both because
of its familarity and because it brings out the usefulness
of the impact-parameter description. To calculate
d¢(s,b), we have to know the Coulomb potential Ve(s,r).
Since the integral in (2) has to converge, we need a
screened Coulomb field. Further, it has been pointed
out!! that in this formalism the potential has to be less
singular than 1/7 at =0. We therefore have to smooth
out the Coulomb potential at the origin. The above two
considerations can be put together by taking the radial
dependence of Ve(sy) as {exp[—u(r>+89)12]}/
(#2+462)Y2, In the limit 8— 0, we obtain the usual
screened Coulomb field. The limit 8 — 0 corresponds to
treating the particles as point charges.!? As regards
the energy dependence of Ve(s;), we find that the
relativistic impact-parameter description!! does not
indicate what it should be, and we need additional
physical information for it. We assume it to be such that
the corresponding s dependence of §¢(s,d) is 1/vz, that
is, the same as Bethe’s.!® Thus, the potential finally
takes the form!

Ve(s,r) =2kt ere™62 /(524 goy1/2 (10)

12 This can be seen in the following way. For details see Ref.11.
Let us assume that the above potential occurs because the two
particles involved in the scattering have finite charge distributions
and that these distributions interact with each other through a
screened Coulomb potential. If F1(A?) and F3(A?) are the form
factors of the particles, then the Born amplitude becomes F;(A2%)
X F3(A?) /(A2+u?). On the other hand, the Born amplitude calcu-
lated directly from the potential is BKi[B(A24u2)1/2]/(A2+4u2)1/2,
Therefore, we have

Fy(AY (8% =B(A+) K [B (8% u2) 2],
Now, limit 8 — 0, F1(A?)Fs(A?) =1; that is, the particles behave
as point charges in this limit.

13 As we shall see later, this energy dependence is also in agree-
rrfnt with the relativistic calculation of Soloviev on the Coulomb
phase.

14Tn the nonrelativistic limit, the factor 2k¢ becomes 2mZe?
(m=reduced mass) as it should. We note that when the incident
particle and the target particle have similar charges, £ should be
positive, corresponding to the fact that the potential is repulsive.
If they have opposite charges, & should be replaced by —&.
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where £=Ze¢?/vz, as given before. Putting this into Eq.
(2), we get

dc(s,0)=— EK o(u(0*+6%)"?); (11)

K () is the modified Bessel function of the'second kind.
The Coulomb scattering amplitude is now obtained
from Egs. (5) and (11). To do the integration involved
we replace Jo(bA) by [ Hy® (bA)+ Hy'? (bA) ], and then
take the integral containing H,'V(bA) along the positive
imaginary axis and that containing H,® (bA) along the
negative imaginary axis in the complex b plane.!® The
final result is

28
Fels,A)=—— f Ko(5A)
m™JB

Xsinh[w£7 o(z) Je Vo eds,  (12)

where z=pu({2—B2)1/2; and ¥,(z) is the Bessel function
of the second kind. Because of the oscillations of the
Bessel functions in (12), the main contribution should
come from small values of z. Correspondingly, we can
use the approximations Yo(z)=(2/7)[Iniz+v] and
Jo(2)=1; v is the Euler’s constant (y=0.577). Integra-
gration of (12) can then be done analytically'® and the
result is

fels,8)=— (k/m)(28/A)*#T'(1+1£) K 1445(8A)sinh (r£)
Xexp[ 2iE(nju+v)]. (13)

For A— 0, Ki:(BA)=31T(1+41£)(2/8A)+#, so that
Eq. (13) becomes

fels,8) = — (2k&/ A% exp 2i{ e[ In(u/A)+v ]+ 0} -

We notice that apart from a phase, (14) is exactly the
Coulomb amplitude from the Schrédinger equation.'”
Putting no=~ — £y, we find that the phase in (14) is the
same infrared phase factor obtained by Soloviev'® for
A small. In the nonrelativistic limit it goes to the well-
known divergent phase of the Coulomb amplitude.!®
It is worth noticing that in arriving at (14), we used
BA small but not 83— 0, i.e., we did not consider the
particles as point charges. Thus, approximation (b) in
the deduction of Bethe’s formula has been bypassed.

Let us now examine the Coulomb-nuclear amplitude
Sfen(s,A), Eq. (4), together with 8¢(s,b) given by (11).
For this amplitude, only small values of b are important,
so that we may take

8c(s,0) = E{In[Fu(0+62)Y2]+7) . (15)
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Using this in (4),

bdb Jo(bA)eit In(1+02/62)

0
X [1— g2i0n (8.0) g2t [In Bl D+

fCN(S,A) = 1]8
(16)

If now approximation (a) is made, i.e., the b dependence
of the Coulomb phase shift in (16) is neglected, then we

get
fc'N(S,A) =fN(s,A)eﬂiE[1n(nﬂ/2)+'r] , (17)

where fy(s,A) is given by (7). Combining (14) and (17)
we have

do 2kE 2
—=|-Zatewi A, (9)
daQ A?
where
ne=no—&Insindd and 7gy=¢£Inkg. (19)

Equation (18) is exactly Bethe’s formula. However, (19)
indicates that some small numerical difference with
Bethe’s calculation can occur. Bethe! gives ne—nn
=¢In(1.06/kaf), where @ is a parameter, while from
(19) we find ne—ny=£ In(1.123/£B6).2

Let us next see what correction occurs if the & de-
pendence of the Coulomb phase in (16) is not completely
neglected. To this end, we expand the logarithm in
(16) and keep the first term. In order to carry out the
integration, some knowledge of the nuclear phase shift
dn(s,b) is needed. For this purpose, we can safely
assume?

1—e2tw (et =Ce=28"/R"  (C complex),  (20)

when s is large and we are interested in small A. The
amplitude fon(s,A) now takes the form

L2 T AN
fCN(S,A)= %lkC[]—e;—- E] exp{ ....%AZ(E_ Ei)

+2i«§[1n%uﬁ+7]} . @

20 Bethe’s parameter ¢ and our parameter 8 are physically
similar. They are connected with the finite sizes of the particles.
To see how they compare with each other, let us examine the Born
amplitude, which in Bethe’s case is —2k% exp(—a2A2/4)/A? and
in our case is —2k£BAK (BA)/A? (when the limit p — O is taken).
The form factors exp(—a?A%/4) and BAK,(BA) are hoth equal to 1
at A=0. If we consider that both the form factors fall to a value
1/e at the same value of A, we get 8=0.83a.
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On the other hand, the parametrization (20) gives the
following expression for the pure nuclear amplitude:
fu(s,A)=2ikCR? ¢~ R*A%S8, (22)

The parameter R can be easily identified as the optical-
model radius. Neglecting £2 and A2¢ terms, we obtain
from (21) and (22),

R?
f0N<s,A>=fN<s,A>(1+i56—§)e2fwnw+ﬂ, (23)

so that the differential cross section in the near-forward
direction in the c.m. system becomes

do

2

daQ

2kt 1R%¢
— —e2itie=m) - (s, A)[ 1+ J (24)

A? 282

The quantity that occurs in the square bracket is the
correction that we have obtained to Bethe’s formula
(18). This correction adds a term — Im fx(s,0)R2£/28% to
the real part of the forward nuclear amplitude. However,
since 8% and R? should be of the same order of magni-
tude, and ¢ is small (¢~ Z/137), the correction to p-p
and 7-p scattering is not very significant, though for
proton-nucleus scattering it may add up to a few percent
in the measurement of Re f(s5,0)/Im f(s,0).

Summarizing, we find that Bethe’s formula (18) is
much more accurate than the original approximations
involved would suggest. We have noticed that keeping
finite charge distributions of the particles does not alter
the Coulomb contribution. (The only requirement is
that BA should be small.) Further, when the b depen-
dence of the Coulomb amplitude is not completely
neglected in the Coulomb-nuclear part, the correction
that comes in is also small. Finally, the nuclear ampli-
tude that occurs in Bethe’s formula (18) and in our
formula (24) is the pure strong-interaction amplitude,
in contrast to the nuclear amplitude occurring in
Soloviev’s formula,® which contains finite radiative
corrections.

The author wishes to thank Professor Y. S. Jin and
Dr. J. Rosen for discussions on the impact-parameter
description of scattering.

2 For example, L. Van Hove, lectures given at CERN, 1964
(unpublished).



