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form (2.8) which these vertices possess, the uniform
orientation guarantees that at least one of the vertices
in each infrared loop is proportional to an infrared
momentum.

We conclude this section by repeating Weinberg’s
calculation of B in the nonrelativistic limit and correct-
ing a minor mistake in his result. The quantity v..? is
first expanded in the form

‘Unm2= (Vn— Vm)z'_ vn2vm2+ 2 (Vn2+ sz)V” *Vm
'—3(Vn'vm)2+ ) (8'9)

where Vo= p»/En. This expansion is then inserted into
14 van® 14+vm

n
(1= 1—m

NaNmMnMm

vnm

11 63
= Znn"]mmnmm<1+—vnm2+_vnm4+ . '> (8-10)
6 40

to obtain a lengthy expression for B correct to the
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fourth order in the velocities. This expression can be
greatly simplified with the aid of the energy-momentum
conservation laws

T (14302 4-3vadt - ) =0,
> namaVa(143va2+---)=0,

and one finally obtains the compact formula

B=(4G/5) tr(A2Q/de), (8.11)

where Ad?2Q/df is the dyadic previously defined by
Eqgs. (4.11) and (4.12), having the explicit traceless

form®
A@Q/AE=T numn(Va¥n—51v42). (8.12)

® By inadvertently dropping a term Weinberg obtains a
dyadic which is not traceless.
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The statistical properties of systems of coupled quantum-mechanical harmonic oscillators are analyzed.
The Hamiltonian for the system is assumed to be an inhomogeneous quadratic form in the creation and
annihilation operators, and is allowed to have an explicit time dependence. The relationship to classical
theory is emphasized by expressing pure states in terms of the coherent-state vectors, and density operators
by means of the P representation and an analogous representation involving the Wigner function. The
state which evolves from an initially coherent state of the system is found, and equations governing the time
evolution of the Wigner function and the weight function for the P representation are derived, in differential
and integral form, for arbitrary initial states of the system. The results remain valid for couplings which do
not preserve the vacuum state, and for cases in which the time dependence of the coupling parameters gives
rise to large-scale amplification of the initial field intensities. The analysis is performed by first treating
general linear inhomogeneous canonical transformations on the oscillator variables, and then specializing to
the case in which these transformations represent the solutions for the Heisenberg operators in terms of their
initial values. The results are illustrated within the context of a model of parametric amplification.

I. INTRODUCTION classical system. The time-dependent expectation values
of dynamical operators for a given initial state of the
system may be evaluated straightforwardly with the
aid of the solutions to the Heisenberg equations of mo-
tion and the commutation relations for a; and a,f, and
some indication is thereby provided of the way in which
quantum fluctuations influence the time development of

the oscillator system.!=?

N a wide variety of physical processes, all of the dy-
namical elements which enter into the description

of the state of the system may be treated formally as
quantum-mechanical harmonic-oscillator modes. The
coupling between the modes typically takes the form of
a quadratic expression in the annihilation and creation
operators ¢;(¢) and a,(#), in which the coupling param-

eters are time-dependent in the general case. In addition, IR. Serber and C. H. Townes, in Quantum Electronics—A

driving terms linear in the oscillator variables may be
present. The operators a;() and a;f(f) then obey linear
inhomogeneous equations of motion, and the solutions
to these equations take the same form as the solutions
for the c-number complex amplitudes in the analogous

* National Science Foundation postdoctoral fellow.

Symposium, edited by C. H. Townes (Columbia University Press,
New York, 1960), p. 233.

2 W, H. Louisell, A. Yariv, and A. E. Siegman, Phys. Rev. 124,
1646 (1961).

3H. A. Haus and J. A. Mullen, Phys. Rev. 128, 2407 (1962).

4 J. P. Gordon, W. H. Louisell, and L. R. Walker, Phys. Rev.
129, 481 (1963).

5J. P. Gordon, L. R. Walker, and W. H. Louisell, Phys. Rev.
130, 806_(1963).
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It is convenient for many purposes to be able to find
the probability that a physical measurement will yield
a particular value, rather than to be able merely to
evaluate the moments of dynamical operators. In such
cases it is desirable to describe the state of the system
in the Schrodinger picture, ie., in terms of a time-
dependent state vector or density operator. The most
common basis for the description of the quantum states
of harmonic oscillators is the set of occupation-number
eigenstates or #-quantum states, which are the eigen-
states of the free Hamiltonian. In cases in which the
effect of the coupling is small during the time interval
in question, a perturbation-theory calculation may be
used to evaluate the transition probabilities between
states of the unperturbed system, which must be taken
to be stationary, i.e., diagonal in the #-quantum repre-
sentation. The n-quantum states do not, however, pro-
vide a very convenient basis for describing the state of
coupled oscillator systems in cases in which the coupling
gives rise to large-scale coherent changes in the oscil-
lator amplitudes. The equations governing the time
evolution of the matrix elements pnn(f) of the density
operator are rather difficult to solve exactly, especially
when the coupling parameters are allowed to have an
arbitrary time dependence. A more serious drawback is
that the #-quantum states are not appropriate for de-
scribing states in which one has some information about
the phase of oscillation of the complex amplitudes, and
are therefore not suitable for making comparisons be-
tween quantum and classical theory.

A formulation of the quantum mechanics of harmonic
oscillators has been constructed® in terms which allow
quantum-mechanical calculations to be made along lines
analogous to classical ones. It is based on the coherent
states, which are eigenstates of the annihilation opera-
tors a;. The coherent states form a complete though
nonorthogonal, set in terms of which arbitrary state
vectors and operators may be expressed. It is found that
a broad class of density operators may be written in the
P representation,®7? which is a diagonal mixture of pure
coherent states. The weight function P(e) for the P rep-
resentation plays a role in the calculation of certain
statistical averages analogous to that played by the
phase-space distribution function in classical theory. In
this respect, the P function is similar to the Wigner func-
tion W(e), a quantum-mechanical distribution function
which may be shown to be the expansion function for
the density operator in terms of a certain complete set
of Hermitian operators.®~1° The coherent states and the
quasiprobability functions P(a) and W(a) provide a
natural basis for the description of the time-dependent
state of coupled oscillator systems. We find that the
solution to Schrodinger’s equation may be simply ex-
pressed within this framework, in terms of the ¢-number

8 R. J. Glauber, Phys. Rev. 131, 2766 (1963).

7E. C. G. Sudarshan, Phys. Rev. Letters 10, 277 (1963).

8 U. Fano, Rev. Mod. Phys. 29, 74 (1957), Sec. 9.

9 B. R. Mollow, thesis, Harvard University, 1966 (unpublished).
10 K. Cahill and R. J. Glauber (to be published).
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functions of time which define the solutions to the
Heisenberg equations of motion for the oscillator vari-
ables, and which therefore define the solutions for the
oscillator amplitudes in the analogous classical system.
The time-dependent state of the oscillator system may
thus be expressed in terms of functions which bear the
strongest possible resemblance to the functions which
arise in classical theory.!1:12

The simplest case we treat is the one in which the
quadratic part of the Hamiltonian has the form
2 win(d)a;(Haw(f), where the coupling parameters w;(£)
may be allowed to have an arbitrary time dependence.
If driving terms linear in ¢;(¢) and a;'(¢) are also present,
the solution to the Heisenberg equations of motion takes
the form

a;(t)= % up(Oart @5 (1), (1.1)

where u;x(f) and @; ({) are c-number functions of time,
and ¢;=a;(0). Solutions of this form correspond to a
particularly simple behavior of the state of the system
in the Schriodinger picture: An initially coherent state
remains coherent at all times,'3:14.? and the time-depend-
ent functions P({a;},f) and W({a;},f) corresponding to
an arbitrary Schrédinger density operator p(f), obey
Liouville’s equation.

The solution to Schrodinger’s equation is somewhat
more complicated when the Hamiltonian contains terms
of the form Y a;x(t)a;7({)art(f)+H.c., which are neces-
sary for the description of such phenomena as Raman
and Brillouin scattering, and which appear in a simple
linear model of the parametric amplifier.2 When cou-
plings of this kind are present, the Heisenberg operators
may be expressed in terms of their initial values in the
form

ai(t)= Zk [up@artopat ]+ a7/ @).  (1.2)

We find that when the solutions to the equations of
motion take this form, an initially coherent Schrodinger
state vector does not remain coherent at later times.
The Wigner function W ({e;},f), however, may be shown
to obey Liouville’s equation even in this more general
case. The function P({e;},f), on the other hand, obeys
an equation containing, in addition to the usual Liou-
ville terms, certain second derivatives with respect to
the variables a; and a;*.

The unitary time translation operator U(¢) which de-
fines the solution to Schrodinger’s equation may also be

uD. Holliday and A. E. Glassgold [Phys. Rev. 139, A1717
(1965)] have employed methods similar to those used in this paper
to solve for the reduced density operator which describes a single
mode of the radiation field coupled to a system of two-level
molecules. i

12 The time evolution of the density operator for the two-mode
parametric amplifier has-been found by the author and R. J.
Glauber [Phys. Rev. 160, 1076 (1967); 160, 1097 (1967)7].

13 R, J. Glauber, Phys. Letters 21, 650 (1966).

14 C. L. Mehta and E. C. G. Sudarshan, Phys. Rev. Letters 22,
574 (1966).
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used to generate the solution to the Heisenberg equa-
tions of motion, by means of the relation a;(f)= U—(f)
Xa,U(?). The operator U(f) is in fact determined to
within a (time-dependent) phase factor by the solution
(1.2) for a;(#). The behavior of the state of the system
in the Schrodinger picture may therefore be found by
investigating the behavior of state vectors and density
operators under canonical transformations defined by
a unitary operator U which generates the linear inhomo-
geneous transformation

U a;U=Y (upartopat)+ @5, (1.3)

and then identifying the quantities #;, v;z, and @, with
the functions u;x(¢), v;x(f), and @;(f), evaluated at some
time £, When the analysis is performed in this way, the
results may also be used to carry out transformations of
variables at a given time, which may be useful for the
purpose of simplifying the Hamiltonian in systems with
more general couplings.!®

The second section of this paper contains an outline
of the basic properties of the coherent states and the
quasiprobability functions W(a) and P(a). It is shown
how the function W () may be used to expand the den-
sity operator in terms of an appropriate set of Hermitian
operators. In Sec. IIT canonical transformations of the
form (1.3) are introduced, and the behavior of state vec-
tors and density operators under such transformations
is discussed in Secs. IV and V, respectively. These re-
sults are then used in Sec. VI to solve Schriodinger’s
equation for systems of coupled oscillators. Differential
equations governing the time evolution of the functions
W({a;},t) and P({a;},t) for such systems are derived.
The behavior of these functions when the Hamiltonian
is taken to have the form characteristic of parametric
interactions is discussed in Sec. VII.

II. QUANTUM STATES FOR HARMONIC
OSCILLATORS

The comparison of the quantum and classical me-
chanics of harmonic oscillators has been greatly facili-
tated by the introduction of the coherent states® for the
oscillator system. A coherent state with complex eigen-
value a is defined to be an eigenstate of the annihilation
operator a

ala)=cla), (2.1)

and is given by the expression

)= e 3 (a)Haat) 0y, (22)

where |0) is the ground state or vacuum state. The co-
herent states form a complete set; arbitrary state vec-

16 See, for example N. Bogolubov, J. Phys. U.S.S.R. 11, 23
(1947); reprinted in The Many-Body Problem, edited by D. Pines,
(W. A. Benjamin, Inc., New York, 1962), p. 292.
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tors and operators may be expressed in terms of the
coherent-state vectors by means of the completeness
relation!é.6

W‘I/d"’ala)(a[ =1, (2.3)

where d?a=d(Rea)d(Ima). The coherent states are not
orthogonal, however. The inner product of two coherent
states with complex eigenvalues « and 8 is

(B|a)=eHBI-Hlaltts%e, (2.4)

The coherent states may be expressed in terms of the
unitary displacement operator®
D(a)=exp(a’a—a*a) 2.5)
in the form
lay=D(a)|0). (2.6)

The operator D(a) may be shown to generate the
displacement

DYa)aD(e)=a+ta, 2.7
and to obey the multiplication rule
D(a)D(B) = D(a+p)etBraa*d, (2.8)

It follows from this identity and Eq. (2.6) that the pro-
duct of a displacement operator and a coherent state is
a phase factor times a coherent state with a displaced
complex amplitude,

D(a)|8)= |a+p)etEraes), (2.9)

The displacement operators form a complete set
in the sense that an arbitrary operator F has the
representation??

- / oy (e[FD( DD, (2.10)

the uniqueness of which follows from the identity
=il D(n) D~(n") 1= 8[Re(n—n") Jo[ Im(y—~")]
=3D(—q').

The density operator for a single harmonic oscillator
may thus be written in the form

(2.11)

p=7r"‘/d2n X(n)D~Y(n), (2.12)

where the characteristic function X(y) is defined for
arbitrary complex 5 as!8

X(n)=tr[pD(n)]. (2.13)

16 . R. Klauder, Ann. Phys. (N. Y.) 11, 123 (1960).

"H. Weyl, The Theory of Groups ani Quantum Mechanics
(Dover Publications, Inc., New York, 1953), p. 272-276.

B R. J. Glauber, in Quantum Optics and Electronics, edited by
C. DeWitt, A. Blandin, and C. Cohen-Tannoudji (Gordon and
Breach Science Publishers, Inc., New York, 1965), Lecture XIII.
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In many cases of physical interest the density opera-
tor for harmonic-oscillator systems may be expressed as
a statistical mixture of coherent states®’

o= / & P(o) a)(al (2.14)

which Glauber has called the P representation. The use-
fulness of the P representation derives from its role in
evaluating normally ordered products. The expectation
value of af»a™ in the P representation is given by the
expression

tr[pat7a™]= / d*a o*"a™P(a) , (2.15)

the classical form of which permits one to investigate
the coherence properties of electromagnetic fields
in terms closely approximating those of classical
theory.6-18-21

The P representation is far more general than its
diagonal form would suggest. It may be shown that
whenever the normally ordered characteristic function

(2.16)
(2.17)

Xn(n)=tr[p exp(a'y) exp(—n*a)]
= biitx(y)

possesses a (two-dimensional) Fourier transform, then
a P representation exists, and the weight function P(e)
is given by the Fourier integral??

P(a)=r‘2/d2n ety (). (2.18)

For a wide class of density operators, this integral con-
verges to a positive, square-integrable function P(e),
and the representation of such quantum states by means
of the expansion (2.14) is correspondingly straight-
forward. The function P(e) defined by Eq. (2.18) may,
however, take on negative values for perfectly well-
behaved quantum states, and may contain singularities
at least as strong as those of a & function and its
derivatives.

A number of authors?*=25 have shown that if one
allows the function P(e) to be even more singular than
the tempered distributions, then in an abstract sense it
may be said that a diagonal representation of the form
(2.14) exists for all density operators. The mathematical

19 L. Mandel, Phys. Rev. 138, B753 (1965).
20 G. Lachs, Phys. Rev. 138, B1012 (1965).
(1;165. M. Titulaer and R. J. Glauber, Phys. Rev. 140, B676
2R J. Glauber, in Physics of Quantum Electronics, edited by
f%la) Ke]l7e8y8 et al. (McGraw-Hill Book Company, Inc., New York,
, - 788.
(19236?). L. Mehta and E. C. G. Sudarshan, Phys. Rev. 138, B274
ny, R. Klauder, J. McKenna, and D. G. Currie, J. Math. Phys.
6, 734 (1965).
% J. R. Klauder, Phys. Rev. Letters 16, 534 (1966).
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operations one is allowed to perform on the weight func-
tion P(a) in such singular cases, however, are rather
circumscribed,? and in many applications it is not pos-
sible to proceed without first ascertaining to which class
of distribution P(e) belongs. In particular, in certain
of the dynamical examples we shall discuss in this paper,
the differential equation governing the time evolution
of the P function for coupled oscillator systems leads to
ambiguous results if it is construed as applying for times
after the times at which singularities typically arise.
Partly for this reason, and partly because the represen-
tation of density operators by highly singular weight
functions is so very far from providing a means of under-
standing the classical aspects of quantum states, we
shall say that a P representation exists only when the
function Xx(7) [and hence P(«)] belongs to the class of
tempered distributions.?”

In more singular cases it is convenient to work with
the Wigner function,? a species of quantum phase-space
distribution which exists as a square-integrable,
bounded function®® for arbitrary density operators. The
Wigner function may be defined for arbitrary complex
argument « as the Fourier transform of the (ordinary)
characteristic function?-18

W(a)=n"2 / d2y erte—e*1x(y) . (2.19)

Let us define the symmetrized product {a'"a™}sym as the
sum of every possible ordering of # factors of ¢ and m

factors of ¢, divided by the total number (n-;m>of such

orderings. Then it is easily shown!? that the expectation
value of such a product is

tr[p{a'"a™}eym = f o oW ().  (2.20)

We may note that if a P representation exists, the
Wigner function is given by the relation'®

W(a) = ZW—I/d2a’ e—2la—a'|2P(al) . (2.21)

The functions W(a) and P(e), which Glauber has called
quasiprobability functions, become equal to each other
in the classical limit, and in that limit may be identified
with the probability density for finding the oscillator
with complex amplitude a.

26 K, Cahill, Phys. Rev. 138, B1566 (1965).

27 It should be borne in mind, however, that even the class of
tempered distributions contains functions rather more singular
than those which can be simply interpreted as analogs to the
classical distribution function. In this connection, see R. Bonifacio,
L. M. Narducci, and E. Montaldi, Phys. Rev. Letters 16, 1125
(1966).

28 E. Wigner, Phys. Rev. 40, 749 (1932).

29 J, E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1948).
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The identity (2.12) which expresses the density
operator in terms of the characteristic function enables
us to express it equally well in terms of the Wigner func-
tion. Let us define a Hermitian operator T'(e) as the
Fourier transform of the displacement operator D(7):

T(a)EW‘I/dzn eme""1D(y). (2.22)

Then it follows from Egs. (2.19) and (2.13) that the
Wigner function is given by
W(e)=m"1tr[pT()], (2.23)

and from Eq. (2.12) that the density operator has the
representation®—10

p= fd“’a W(a)T(e). (2.24)

The latter relation is a consequence of the completeness
of the set of operators T'(a): It follows from Eq. (2.10)
that any operator F may be written in the form

F=w’1/d2a {tr[FT () } T () - (2.25)

The operator T(e¢) may be shown to obey the
identities
tr[{a' "™} sym T (@) ]=a*"a™ (2.26)

and
2#‘1/(12&' e2le=e'BT (o)) = |a)(e] . (2.27)

We may note that the operator T'(e) is simply expres-
sible in terms of a unitary reflection operator I, which
may be defined by the relation

Ia)=|(—a)), (2.28)

or equivalently (to within a sign) by the relations
Iol=—a, (2.292)
I=1. (2.29b)

It may be verified by direct evaluation of its coherent-
state matrix elements that the operator T'(a) is given
in terms of the reflection operator I by the expression

T(e)=2D(e)ID V). (2.30)

III. LINEAR TRANSFORMATIONS ON
n-OSCILLATOR SYSTEMS

Let us consider a system consisting of # harmonic-
oscillator modes; we denote by a; and ;' the annihila-
tion and creation operators, respectively, for the jth
mode. These operators must satisfy the canonical com-

R. MOLLOW

162

mutation relations
Lajai"]=0;,
[aj,a:]1=0.
We wish to consider a linear inhomogeneous trans-
formation on the annihilation and creation operators of

the system. The most general such transformation may
be written in the form

3.1)

n
ai'= 2 (upartopa’)+ @5,
k=1

(3.2)

where i, v, and @; are c-numbers. We require that
the transformation (3.2) be canonical; the operators a;’
and ¢/t must therefore satisfy the commutation
relations
Lo/ ,ax/ 1=,
L/, 1=0.

Let us substitute Eq. (3.2) and its adjoint into these
relations, and then make use of the commutation rela-
tions (3.1). If we consider the quantities #;;; and v;x to
be the matrix elements of the #X#» matrices # and v,
respectively, then the resulting equations take the form
of the matrix conditions

(3.3)

(3.4a)
(3.4b)

where % and 7 are the transposes of the matrices # and
9, and %' and o' are the corresponding Hermitian con-
jugates, i.e.,

wnt—wmt=1,

ui—ovii=0,

e =1r;,
Ujk =",
i =1,
v,-k“z'vk,-*.
It is convenient to think of the quantities a;, @;, and
@; as the jth components of the column vectors ¢/, a,

and @/, respectively. The transformation (3.2) may then
be written in matrix notation in the form

o =uatva'+@'. (3.5a)
The Hermitian conjugate of this expression is
dt=u*at+v¥a+ @'*. (3.5b)

These equations may be inverted without difficulty.
We find that ¢ and ' are given in terms of ¢’ and o't by
the relations

a=u'd'—9dT+ @, (3.6a)

d'=ddT—1td'+ a*, (3.6b)
where the c-number quantity @ is defined as

G=—(u'a’'—9a"*). (3.7)

The solutions (3.6) may be verified by substituting
them directly into Egs. (3.5) and making use of the
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matrix conditions (3.4). They have the same linear in-
homogeneous form as the original transformation (3.5),
but with the substitutions

u— ut, (3.82)
99— —7F, (3.8b)
@' — Q. 3.9)

1t follows that if we reverse the steps which led to Egs.
(3.4), i.e., if we begin with the commutation relations
(3.3) for a’ and o'f, and then use Egs. (3.6) to evaluate

the commutators which appear in Egs. (3.1), we must.

find the relations

wlu—mw*=1, (3.102)

(3.10b)

which are related to the conditions (3.4) through the
substitutions (3.8). The conditions (3.10) on the ma-
trices % and v follow from the canonical nature of the
transformation we are considering, and hence from the
matrix conditions (3.4).

It is worth noting that, according to Eq. (3.4a), the
matrix #u'—1=w' is positive definite, and hence the
(real) eigenvalues of the Hermitian matrix u#u! must
be at least as great as unity. It follows that # is non-
singular. The same is not true of v, however. Indeed, a
case of some interest is specified by the condition »=0,
which corresponds to the transformation.

o =ua+@Q'.

uv—u*=0,

(3.11)

The matrix conditions (3.4) then reduce to the single
relation
(3.12)

which is the statement that the matrix # is unitary.

It is instructive to consider a system of # classical
harmonic oscillators described by the ¢-number com-
plex amplitudes ;, and to subject these amplitudes to
a transformation formally analogous to the operator
transformation (3.5). The transformed amplitudes o
may then be expressed in terms of the original ampli-
tudes in matrix notation as

o =uatva*+ @',

wut=1,

(313)

and a may be expressed in terms of o/, o'*, and the
vector @ defined by Eq. (3.7) in the form :

a=u'd'—9*+Q, (3.14)

which is the ¢c-number analog of Eq. (3.6a).
It is not difficult to show that the element of phase-
space volume ' -
"

da=1] d=TI d(Rea,)d(Ima;)  (3.15)
F=1

=1

is preserved® under the canonical transformation (3.13),

30 See, for example, H. C. Corben and P. Stehle, Classical

Mechanics (John Wiley & Sons, Inc., New York, 1950), 2nd ed.,
Chap. 13.
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i.e., we have
d*o = d* a. (3.16)
The quantity
lal=3 Jal?, (3.17)
-

on the other hand, is not in general preserved, even
under the homogeneous part of the transformation
(3.13). The difference |a’|2— |e|? is easily evaluated
with the aid of the identity (3.10a). If we denote by
& and &* the row vectors with jth components o; and
a;*, respectively, then we may express the result (for
the homogeneous case) in the form

|uatva*|2— || 2= 2&*P*a+t-a*ulva*+avfua,  (3.18)

which vanishes identically only if v=0.

IV. TRANSFORMATIONS ON STATE VECTORS

The canonical transformation of Eq. (3.5a) may be
generated by a unitary operator U via the relation

(4.1)
4.2)

U-aU=d
=ua+va'+ @ .

The operator U is determined, apart from a phase fac-

tor, by Eq. (4.2); its unitary character is guaranteed by

the matrix conditions (3.4). The inverse relation to Eq.

(4.2), which follows directly from Eq. (3.6a), is

UaU'=ula—5a"+ Q. 4.3)

We define a transformation on the state vectors of
the system by the relation

W)=Ul¥).

The mean value of any operator function F(a,a") in the
state |¢/) is then

W' |F(a,a")[¥)=W|F(d',aM)|¥). 4.5)

We shall gain some insight into the transformation
properties of the state vectors by first considering the
effect of the transformation on the displacement opera-
tor appropriate to an #-mode system. This operator is
defined as a function of # complex arguments a; by the
éxpression

4.4)

D({es})= Hl exp(ajlej—as*aj). (4.6)
=
In matrix notation we may write
D(a)=exp(@'a—a*a). 4.7)

Here we are thinking of &' as a row vector with jth com-
ponent a;'. We may note that the row vectors @’ and
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@'t are given, according to Egs. (3.5), by the relations®
@ =an+ai+a'T, (4.82)
at=atut a4 @'+, (4.8b)

Let us now define the transformed displacement opera-
tor D'(a’), for arbitrary o/, by the relation

D'()=U"'D()U

=exp(@td’—&'*a’).

(4.9)
(4.10)

If we substitute Eqgs. (4.8b) and (3.5a) into Eq. (4.10),
we find the identity

D)= exp{[@' (s e/ — 5o *)+ @' *Te/ ]— H.c.}

= D(u'e/ —9a'*) exp(Q@'*Td/—&* ). (4.11)y

The transformed displacement operator D'(¢) is thus
equal to a phase factor times the original displacement
operator D, evaluated at the argument

4.12)

which is thus defined in terms of ¢’ by the homogeneous
part of the (inverse) transformation (3.14). The quan-
tity o’ may therefore be expressed in terms of @, as in
Eq. (3.13), by means of the relation

a=ulo/—da'*,

(4.13)

If we express the identity (4.11) in terms of « rather
than o/, we find, for arbitrary «,

D(a)=D'(ua+va*) exp(@*Ta—a*@), (4.14)

where @ is defined by Eq. (3.7). We may note that Eq.
(4.14) may be deduced more directly from Eq. (4.11)
simply by interchanging D and D’ in the latter equation,
and making the substitutions (3.8) and (3.9) appropri-
ate to the inverse transformation (3.6).

The phase factors which appear in Egs. (4.11) and
(4.14) are a simple consequence of the relationship be-
tween the homogeneous and inhomogeneous parts of
the transformation (4.2). Let us suppose that the uni-
tary operator Unom generates the transformation

o =uatva*.

(4.15)

Then it follows from the relation (2.7) that the trans-
formation (4.2) is generated by the unitary operator

U=D(Q")Upome*® (4.16)
= UpomD(— @)e®,

Unom™1aUnom = ua-+va'.

where ¢ is an arbitrary real ¢-number. Either of these
relations may be used, along with the identity (2.8), to
deduce Eq. (4.11) from its form for @'=0.

The identity (4.14) relating the displacement opera-
tors D and D’ permits us to prove a useful theorem about
the behavior of the state vectors of the system under

31 For typographical'reasons,' we denote the transposes of @, X,
and @ by @7, X7, and aT.
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the transformation (4.4). It follows from Eq. (4.14) and
the definition (4.9) of D’ that we may write, for an
arbitrary state vector |¢),

ULD(a) |¢)]= D(uatva*)[U |¢)]
Xexp(@* Ta—a*@), (4.18)

so that the result of applying U to a displaced form of
|¢) is a displaced form of U|y).

Let us define the state |@) as the state of the system
in which each of the oscillators is in a coherent state,
with complex eigenvalue «; for the jth oscillator. The
state |a) may then be expressed in terms of the ground
state |0) by means of the relation

|a)=D()|0}, (4.19)

where D(a) is defined by Eq. (4.7). Arbitrary state vec-
tors and operators may be expressed in terms of the
states |a) by means of the identity

W‘"/d"’"a |a)a| =1, (4.20)

which is the generalization of the completeness relation
(2.3) appropriate to an #-mode system. It is clear that
if we know how U operates on the coherent states, then
we can find out how it operates on an arbitrary state.
The operator U may be expressed in terms of the co-
herent-state vectors in the form

U= 7r_2"/d2"ad2"ﬂ [BXB|U |a)e]|, (4.21)

and is therefore uniquely determined by its coherent-
state matrix elements (8| U|a).

To obtain some insight into the transformation prop-
erties of the coherent states, let us begin by evaluating
the mean value of ¢ in the state U|a). We have, accord-
ing to Eq. (4.2),

a={a|UalU|a)
=go+tv*+@Q'. (4.22)

The sum of the variances {(¢;' —a;*)(a;—a;)) in the state
Ula) may be evaluated straightforwardly with the aid
of Eq. (4.2) and the commutation relations for ¢ and a'.
We find®

| Aa| 2= (| U@ —a*T) (a—a) U | o)

=tr(a), (4.23)

which is greater than zero unless the matrix v is identi-
cally zero. It follows that if v does not vanish identi-
cally, the state U|a) is not coherent.

If v is identically equal to zero, on the other hand,
then Eq. (4.23) implies that the state U|a) is an eigen-
state of ¢ with eigenvalue G=wua+ @/, so that we must
have

Ula)=|ua+t @ Yeietaa® (4.24)
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where ¢(a,0*) is a real c-number function of @ and a*. A
coherent state thus remains coherent under the trans-
formations we are considering if v=0.

The function ¢(e,e*) in Eq. (4.24) may be deter-
mined to within an additive constant by the identity
(4.18). Let us write ¢(0,0)= ¢y, so that

U|0)=|a/)eiv. (4.25)

Let us next evaluate Eq. (4.18) for the case |¢)=0).
Since we are assuming v=0, it follows from Egs. (3.12)
and (3.7) that #'=#"'and @=—u"1@’. If we make use
of these identities and the relations (4.19) and (4.25) in
Eq. (4.18), we find

Ula)=D(ua)| @) exp(@*u1@'— @ *Tua+ipo)
= |uat @) exp[3(@*u—'@'— @'*Tuc) +igo], (4.26)

where the #-mode generalization of the identity (2.9)
was used to reach the latter expression. By comparing
Egs. (4.24) and (4.26), we see that the function ¢(e,a*)
is given by

ola,a®)=2i(@ *Tua—a*u™1@)+ 0.  (4.27)

The quantity ¢o remains undetermined, since the trans-
formations we are considering determine U only to
within a phase factor.

It is worth noting that Eq. (4.27) is a simple conse-
quence of unitarity. According to Eq. (4.24) we must
have, for arbitrary « and g,

(Bla)y= (uB+ G| ua+G')
Xexp{il p(a,a®)— ¢(8,8%)1}. (4.28)

The form of ¢(a,e*) given by Eq. (4.27) is easily de-
duced from this relation and Eq. (2.4).

Let us now return to the general transformation of
Eq. (4.2), for which the matrix v does not vanish identi-
cally. It is not difficult in this case to solve for the func-
tion (8| U | @) directly. To this end we first introduce the
states®?:6

[le)=exp(a'e)| 0) (4.29)
=ellal?|q), (4.30)
which have the convenient property
]
a'ljey=—Ia). (4.31)
da
We next define the function
W(B*,a)= (]| Ulle) (4.32)
= MBI (8| U]a), (4.33)

which is an entire function of 8* and «. If we take the
Hermitian conjugate of Eq. (4.2) and multiply the re-
sulting equation on the left by (8]|U and on the right by

32V, Bargmann, Commun. Pure Appl. Math. 14, 187 (1961);
Proc. Natl. Acad. Sci. U. S. 48, 199 (1962).
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|le), then by making use of Eq. (4.31) we find that
the function U(8*) satisfies the partial differential
equation

5 ,
I:ﬁ*—u*—~——v*a—- a’*]‘u(ﬁ*,a) =0. (4.39)

da

Similarly, by multiplying Eq. (4.3) on the left by (3|
and on the right by Ulje), we find

)
[a—uf—+ﬁﬁ*— @]‘u(ﬁ*,a) =0.  (4.35)
aB*

Equations (4.34) and (4.35) are sufficient to deter-
mine the function U(B* ) to within a complex factor
which is independent of 8* and a. Let us write this fac-
tor as Ne®, where N and 6 are real. If we make use of
Egs. (3.4b) and (3.10b) to deduce the identities

wly=97"1

and
w*1=y1g

which are the statements that the matrices #~'v and
ou*1 are both symmetric, then by direct differentiation
we may verify that the solution to Egs. (4.34) and
(4.35) is

W(B*0) =N exp[B*u~la+3B*vu*18*— Lau*1v*q
—B*ut-ta—au*1@'*+i0]. (4.36)

The (constant) phase 6 which appears in this expression
is undetermined. The constant NV, on the other hand, is
determined by the normalization condition

o a3 Lol U 1o
=1r—n/d2nﬁ e~18I=lal®|qu(p* ) [2=1. (4.37)

V. TRANSFORMATIONS ON DENSITY
OPERATORS

Let us now suppose that the state of the system of #
oscillators is mixed, i.e., that it is specified by a density
operator rather than by a state vector. The density
operator for an #-mode system may be described by
means of characteristic functions and quasiprobability
functions, just as in the case of a single-mode system.
We shall devote the present section to establishing the
behavior of these functions under the transformation of
Eq. 4.2). _

Let us define the ordinary characteristic function, for
n complex arguments 7;, by the #-mode generalization
of Eq. (2.13),

X(n)=tr[pD(n)], ¢.1)
where D is defined by Eq. (4.7). The Wigner function,
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according to Eq. (2.19), is defined by the relation
W()=m—2 / d*q exp(p*a—a*n)X(n),  (5.2)

which has the form of a 2z-dimensional Fourier trans-
form. If we now define the Hermitian operator 7'(e), as
as in Eq. (2.22), as the Fourier transform of D(z),

T(e)=m" / d**y exp(g*a—a*n)D(n),  (5.3)

then the Wigner function associated with the density
operator p is given by

W(a)=m" tr[pT(a)].

The density operator then has the representations

(5.4)

p=7"" / d*q X(n)D~(n) (5.5)

=[d2"a W(@)T(e), (5.6)

which are the #-mode’generalizations of Eqgs. (2.12) and
(2.24), respectively.
Let us define a transformation on the density operator
by the expression
p’=UpU™, 6.7

so that the relation
tr[o'F(a,a") ]=tr[pF(a’,a"")] (5.8)

is satisfied for any function F of the annihilation and
creation operators. We define the functions X’ and W’
as the characteristic function and the Wigner function,
respectively, corresponding to the transformed density
operator p’. The functions X'(y") and W’(a’) are then de-
fined for arbitrary 5’ and o’ as

X'(n")=tr[o'D(n")] (.9)

and

IV'(a')Ew“”‘/dz”n' exp(@’*o/ —&*7')X'(v)  (5.10)

= u[p T(@)]. (5.11)

Let us substitute Eq. (5.7) for p’ into Eq. (5.9). If we
then make use of the cyclical symmetry of the traces of
products, we find the relation

X'(n")=tx[pD'(n")], (5.12)

which expresses X’ in terms of the original density opera-
tor p and the transformed displacement operator D’ de-
fined by Eq. (4.9). It follows from Eqgs. (5.1) and (5.12)
that the functional relationship (4.11) between D’ and
D must also exist between X’ and X. We have therefore

X(n') = X(uty'— ') exp(@*Tn —i7*@).  (5.13)
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The transformation rule for the Wigner function is
most easily found by making use of its expression in
terms of the Hermitian operator T'(a). The function W',
according to Egs. (5.11) and (5.7), may be expressed in
terms of the original density operator p as

W'(o)=7"tr[pT"(¢/)], (5.14)

where the operator 7(a’) is defined for arbitrary o’ by
the similarity transformation

T )=U"T"U. (5.15)

To obtain a functional identity relating 7" to T, let
us first note that the operator T'(¢’) may be expressed,
as in Eq. (2.30), in the form

T(e")=2*D()IDY (), (5.16)
where the reflection operator I is defined by the relations

Ia,»I=—a,- (517)

for j=1, :-- ;n, and

r=1. (5.18)
By substituting Eq. (5.16) for (<) into Eq. (5.15) and
making use of the definition (4.9) of D’ and the relation
(4.11), we find
T'()=2"D'(/)I'D'Y()
= 2Dt/ — o/ *) [ D\t — 5a’*),  (5.19)

where the transformed reflection operator I’ is defined
by the equation

I'=sU-1U, (5.20)

and is therefore determined by the relations
I'ej/I'=—a; (5.21)
I'?=1. (5.22)

It is not difficult to show with the aid of Eq. (3.5a) for
@’ and the relation (2.7) that the operator which satis-
fies Egs. (5.21) and (5.22) is

I'=D(@)ID-Ya),

where @ is defined by Eq. (3.7).

Let us substitute Eq. (5.23) for I’ into Eq. (5.19). If
we then make use of the identity (2.8) and the expres-
sion (5.16) for T, we find that 7’ may be expressed in
terms of 7 in the form

T'(o) = T(ule/ —a'*4+ @). (5.24)

It is clear from this equation and Egs. (5.4) and (5.14)
that W’ may be expressed in terms of ¥ by means of the
similar relation

W' )=W(u'e/—dd*+ Q). (5.25)

The transformed Wigner function W’, for arbitrary
argument o/, is thus equal to the original Wigner func-
tion W evaluated at an argument related to o/ through

(5.23)
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the (inverse) transformation (3.14) on the complex am-
plitudes of a classical system. It follows then from Eq.
(3.13) that we may also write for arbitrary a,

W' (natve*4 Q) =W(e). (5.26)

Thus the effect of the transformation on the Wigner
function may be expressed by transforming its argu-
ments by the c-number analog of the operator transfor-
mation (3.5). We may note that the Wigner function,
under the linear transformations of variables we are
considering, behaves exactly like the probability density
f(@) for finding a system of # classical oscillators with
complex amplitudes ;. The classical function f, under
a change of variables @ — o/, must be replaced by the
function f’ defined by the relation f'(a’)=f(e). It
should be emphasized, however, that the quantum-
mechanical relation W'(a/)=W () is valid only for
linear (inhomogeneous) transformations.

Let us now consider the P representation. We shall
say that the density operator p has a P representation if
it can be expressed in the form

p=/d2"a P(a)|e)e]. (5.27)

If a P representation for p exists, then the normally
ordered characteristic function, which is defined for the
n-mode case as

Xn(n)=tr[p exp(@'+n) exp(—7*a)]
= gﬂﬂlzx(n) ,

(5.28)
(5.29)

has the Fourier transform
Pla)=7" / d*y exp(n*a—a*n)Xn(n), (5.30)

which is the #-mode generalization of Eq. (2.18).

We shall say that p’ has a P representation if it can
be written in terms of some weight function P’ in the
form

p’=]d2"a' P)|o) |, (5.31)

where we have used the symbol o’ for the variables of
integration to facilitate later work. If a P representation
exists for p’, then we must have

Pol)= f dvyf expli*el—a*n X' (), (5:32)

where Xy’ is the normally ordered characteristic func-
tion associated with p’, and may therefore be expressed
in terms of X’ in the form

Xx' (1) =X (n'). (5.33)

The relationship between Xy’ and X follows directly
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from the identity (5.13) relating X’ to X, and from Eqgs.
(5.29) and (5.33), which relate Xy to X and Xy’ to X/,
respectively. By combining Egs. (5.33), (5.13), and
(5.29) we obtain
le(nl) — exp[a’*Tn’— i*a
+3( o' |2— |y’ —99"*|%)]
Xy(uty'—n'*). (5.34)

Let us now substitute this expression for Xx’(7") into
the integral in Eq. (5.32), and then change the variables
of integration from 7’ to

(5.35)

Then #’ is given in terms of the new variables n by the
relation

n=un'—dn"*.

7' =untun*, (5.36)
and we have, as in Eq. (3.16),
2y’ =d2my, (5.37)

By substituting Eq. (5.34) into Eq. (5.32) and carrying
out the indicated change of variables, we find

P'(o)=0Cutd —5a'*+ @),

where the function ®(a) is defined as

(5.38)

Cle)=nr—2 / d*n exp(n*a—a*n)

X {exp[3|untvn* |2 =5[] 2IXn(n)}. (5.39)

Equations (5.38) and (5.39) express the weight func-
tion P’ for the P representation of the transformed den-
sity operator p’ in terms of the normally ordered charac-
teristic function Xy associated with the original density
operator p. The existence of a P representation for p’
depends upon the convergence of the integral in Eq.
(5.39), which defines the function ®(e). That integral is
just the 2un-dimensional Fourier transform of the pro-
duct of Xy(n) and the exponential of a quadratic form
in 9 and 9*, which according to Eq. (3.18) is given by

3(lun+on*[2—[n|?)

= p*o*n+37*utvn*+370tun.  (5.40)

Let us now suppose that the density operator p has
a P representation, so that the function Xx(n) has a well-
defined Fourier transform. If the expression evaluated in
Eq. (5.40) were a negative semidefinite quadratic form
in 7 and #*, then the integral in Eq. (5.39) would neces-
sarily converge. The existence of a P representation for
o’ would then follow from the existence of a P represen-
tation for p. It is not difficult to show, however, that the
expression evaluated in Eq. (5.40) can not in general be
negative semidefinite. Indeed, if we express the right-
hand side of Eq. (5.40) as a quadratic form in the real
and imaginary parts of 7, then we can show from the
canonical nature of the transformations we are consider-
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ing that the 2»X 2% real symmetric matrix which de-
fines this quadratic form must have positive eigenvalues
if it has negative ones. The existence of a P representa-
tion for p therefore does not guarantee the existence of
a P representation for p’, and indeed there are many
density operators which do not retain their P representa-
tion under the transformation of Eq. (4.2).

The unique exception to this rule is specified by the
condition v=0, for which the quadratic form evaluated
in Eq. (5.40) vanishes identically. In that case the func-
tion ®(e) defined by Eq. (5.39) is equal to P(a), the
weight function for the P representation of p given by
Eq. (5.30). It follows then from Egs. (5.38) and (3.12)
that P’ and P are related by the expression

P'(o)=P(u a4+ Q). (5.41)

For the case v=0, then, the weight function for the
P representation has the same classical-type transforma-
tion property as the Wigner function. The identity
(5.41) may easily be derived from the results of the pre-
ceding section, in which it was shown that a coherent
state remains coherent under the transformation speci-
fied by v=0. If we substitute Eq. (5.27) for p into Eq.
(5.7) and make use of Eq. (4.24), we find

o= /dz"a P(a) |ua+t @ Yua+@G'|,  (5.42)

and if we then change the variables of integration from
a to o’ =ua+ @', we find

p'= / ¥ P(ud/+ @) |/ M|, (5.43)

so that p’ has a P representation, with the weight func-
tion P’(e) given by Eq. (5.41). The transformation rule
(5.41) for the P function is thus a simple reflection of the
fact that a coherent state is transformed into a coherent
state, if =0. The transformation rule (5.25) for the
Wigner function, on the other hand, is valid even when
v7#0, and thus even for transformations under which a
coherent state does not retain its coherent character.

VI. DYNAMICALLY COUPLED OSCILLATOR
SYSTEMS

A particularly important application of the results of
the preceding sections is to dynamical problems for
which the Heisenberg operators a(f) and o' (¢) are related
to their initial values ¢ and &' by linear inhomogeneous
expressions. Let us assume that the Hamiltonian for the
system of # oscillators is given by a quadratic form in
a'(f) and a(?),

H(t)=4[a"(De(D)a()+3a" (1)o()a'(£)
+ia(D)e*(De)+a' x(D+ax*®)], (6.1)

where the X7 matrices w(#) and ¢(#) and the #-compo-
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nent vector ¥(f) are ¢c-number functions of time. The
hermiticity of H(¢) leads to the requirements

w(f)=w'(?)

HOEOR

These are the only conditions we need impose on the
Hamiltonian (6.1). No assumption need be made about
the way the functions w(f), ¢(¢), and K (#) depend on
time, and the Hamiltonian may be allowed to take on
negative values as well as positive ones.

The term involving w(f) in Eq. (6.1) contains the free
Hamiltonian for a system of uncoupled oscillators, but
may also contain part of the coupling, e.g., in systems
such as the frequency converter.? The terms involving
o(#) are characteristic of parametric amplification proc-
esses; they will be discussed in some detail in the next
section. The linear terms involving X(f) in Eq. (6.1)
represent externally applied forces which drive the oscil-
lators; if the oscillators are modes of oscillation of the
electromagnetic field, terms of this kind arise from the
presence of classical currents.

The Heisenberg equation of motion for a(f) which fol-
lows from the Hamiltonian (6.1 )is

(6.2a)

and
(6.2b)

. d 3 1
'L:l—t-a(t) = ;[:a(t),H 0]

=w()a@®)+o)a' ()+K({). (6.3)

The solution to this equation may be expressed in terms
of the initial operator

a(0)=a (6.4)
in the form

a()=u(t)a+o(t)a'+a'(1), (6.5)

where the matrices #(f) and v(¢) are defined as the solu-
tions to the differential equations

d
i;u(t) =w(Ou®)+o()0*@), (6.6)
d
'L;t-v(t)=w(t)v(t)+a(t)u*(t) , 6.7
corresponding to the initial conditions
#(0)=1, (6.8)
2(0)=0, (6.9)

and the vector @’(f) is defined as the solution to the
differential equation

d
id—l@'(t)=w(t)@’(t)+a(t)@’*(t)-i-CKi(t) (6.10)

corresponding to the initial condition

@'(0)=0, (6.11)
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The canonical transformation (6.5) relating the
Heisenberg operator a(f) to the Schrodinger operators
a and a' has the same form as the linear inhomogeneous
transformation of Eq. (3.5a): If we let the quantities
u, v, and @' which appear in Eg. (3.5a) be the functions
u(t), v(£), and @'(f) defined by Egs. (6.6)-(6.11) for
some time f, then the operator o’ is the Heisenberg
operator a(f). The unitary operator U(f) which generates
the transformation (6.5) by means of the relation

U-())aU(t)=a(t) (6.12a)
=u(f)at+ov()at+@'(f)  (6.12b)

is then the time translation operator which connects the
Heisenberg and Schrodinger pictures of the motion. It
may be defined by the equations

d
ih;tU O=Hs()U() (6.13)

and
U0)=1, (6.14)

where the Schrodinger Hamiltonian H s(f) is related to
the Heisenberg Hamiltonian H(f) by means of the
identity

Hs)=U®OHOU1), (6.15)
and is therefore given by the expression
Hs(t)=#1[a'w()at+1id o()a"+3ia0*(H)a

+atx()+ax*)]. (6.16)

The work of Secs. IV and V may now be used to find
the time evolution of the state of the system in the
Schrodinger picture. If we let |¢) represent the fixed
Heisenberg state vector for the system, then the trans-
formed state vector |¢’) defined by Eq. (4.4) is

lv)=U®\¥), (6.17)

which is the Schrodinger state vector at time ¢. Similarly,
if we let p represent the fixed Heisenberg density opera-
tor, then the operator o’ defined by Eq. (5.7) is

p()=U@pU™(®), (6.18)

which is the Schrédinger density operator at time £. The
solution to Schrodinger’s equation corresponding to the
Hamiltonian (6.16) may therefore be expressed in terms
of the functions #(f), 2(f), and @'(f) defined by Egs.
(6.6)—(6.11). We may note that these functions also de-
fine the solutions to the equations of motion for a system
of # classical oscillators with complex amplitudes «;,
governed by the Hamiltonian

H. . () =#[a*w()atia*e()a*+iac* (e
+a*x()+ax*@)], (6.19)

which is the classical analog of the Hamiltonian (6.1).

The equations of motion for the classical amplitudes

a;(t) which follow from the Hamiltonian (6.19) may be
obtained by making the substitutions a(f) — a(f),
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a'(f) — o*(¢) in Eq. (6.3); the amplitudes at time ¢ cor-
responding to the initial amplitudes ao are therefore
given by the relation

aolao,ao® ) =u)aoctv(Dac*+a'(H).  (6.20)

Before proceeding further, it is convenient to investi-
gate the effect of the driving terms in the Hamiltonian
(6.1). Let us define the operator Unom(?) as the unitary
time translation operator in the absence of driving
terms, ie., by the equations

d
iEtU hom (%)
— [Fo)at+3ate()a +1a* O)a]Umn() (6.21)

and
Upom(0)=1, (6.22)

50 that Unom(f) generates the homogeneous transforma-
tion
Upon™ (D) aUnom () = u(H)a+v(t)a’. (6.23)

The generator of the inhomogeneous transformation
(6.12b) may then be expressed, as in Eq. (4.16), in the
form

U(#)=D(G' () Unom(t)ei*®,

where ¢(f) is a real function of time. The function ¢(¥)
may be evaluated by substituting Eq. (6.24) for U(f)
into Eq. (6.13), and making use of Eq. (6.21) and the
identity

(6.24)

d d
—D(a'(1)={[a"—3a"7()]—-a'()—H.C.
dat dt

XD(@'(). (6.25)

If we then make use of Eq. (6.10) and the property of
the displacement operators expressed in Eq. (2.7), we
find that Eq. (6.13) reduces to the relation®!

d
d—tw(t)=—%[@’*T(t)ifc(t)-f-ﬁc"T(t)G’(t)]- (6.26)
The function ¢(#) is then given by
1 12
¢(z)=’"§ / at' L") %)+ KT e/ ()], (6.27)

since ¢(0)=0.

As a simple illustration of the way the results of the
preceding sections may be used to solve dynamical
problems, let us consider the case o(£)=0, so that the
Hamiltonian (6.1) takes the form

H()=h[a'(Dw()e()+a (ORO+a()X*(@)], (6.28)

and the solution to the Heisenberg equations of motion
is

a®)=u()a+a'(®), (6.29)
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where #(f) and G/(f) are defined by the differential
equations

d
—u()=w@)u(t), (6.30)
dt
d
id—t@'(t) =w() @' )+ %), (6.31)

and the initial conditions (6.8) and (6.11). The solution
to the corresponding classical equations of motion is
then

as(ao,t) =u()ap+ @' (7). (6.32)

Let us now suppose that the initial state of the system
is the pure coherent state |ao). Since v(£)=0, we may
use the result found in Eq. (4.24) to evaluate the
Schridinger state vector at time £. If we make use of Eq.
(6.32), we find

U(t) |a0>= Iac(ao,t) )eilp(ao,an‘,t) ) (633)

where the real function ¢(ao,c0*,t) is determined by Eq.
(4.27) to have the form

e(ao,00*,1)

=3[ Q" *T()u()ao—ao*u () @' () 1+ eo(f).  (6.34)

Equation (6.33) states that if the Hamiltonian for a
system of # oscillators has the form given by Eq. (6.28),
then an initially coherent state vector retains its co-
herent character at all times, and its complex eigen-
values obey the equations of motion for the analogous
classical system.13:14.9

The function ¢(f) in Eq. (6.34) is easily evaluated
with the aid of Egs. (6.24) and (6.27). Let us first note
that if ¢(f) and %(f) both vanish identically, the
Schrodinger Hamiltonian is just @'w(f)a, so that the
vacuum state remains invariant, and we have

Ubom(9)|0)=|0). (6.35)

Let us use this result in Eq. (6.24) to evaluate the state
which evolves from the vacuum when the driving terms
are present, i.e., when the Hamiltonian is given by Eq.
(6.28). We have then

U()|0)=]a'(f))eie®. (6.36)

If we compare this equation to the form Eq. (6.33) takes
for ap=0, we see that ¢o(f)=¢(f), and the function
o(ao,a0*,t) may therefore be evaluated by replacing the
function ¢o(¢) in Eq. (6.34) by the expression for ¢(f)
given by Eq. (6.27). It is interesting to observe that the
result may be expressed, with the aid of the relations
(6.30) and (6.31), in the form

t

1
<p(ozo,ozo"‘,t)=—‘:2~ / ar

0

X [@* (oo, YK () + K ()erelent’) ], (6.37)
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which is the integral of (—1/2%) timés the linear part
of the classical analog of the Hamiltonian (6.28), evalu-
ated along a classical trajectory beginning at ao and
ending at a.(ao,t).

Let us now return to the general case, ¢(f)7%0. The
matrix »(f) is then not identically zero, and it follows
from the work of Sec. IV that a Schrédinger state vec-
tor which is initially coherent does not retain its coherent
character at later times. We have seen in Sec. V that
even in this more general case, the transformation prop-
erties of the Wigner function are particularly simple. Let
us define the function W(a,f) as the Wigner function
corresponding to the time-dependent Schrodinger den-
sity operator p(f) given by Eq. (6.18). If we similarly
define the function X(#,f) as the ordinary characteristic
function corresponding to p({), i.e., by the relation

X(n,)=trlp()D(n)], (6.38)

then W (e,?) is the Fourier transform of X(1,?),
W (e )=n"2" / d?y exp(7*a—a*n)X(nt).  (6.39)

It is clear that the functions X(n,f) and W(e,?), respec-
tively, are to be identified with the functions X’(») and
W’() of Sec. V, when the quantities #, », and @ which
define the operator transformation (4.2) are taken to be
equal to the functions #(f), »(¢), and @'(¢) defined for
some particular time by Egs. (6.6)—(6.11). It follows
then from Eq. (5.26) that the time-dependent Wigner
function obeys the functional identity

W(ac(ao;a()*’t) ’t) = W(aO;O) )

where the function a.(ag,00*,t) is defined by Eq. (6.20)
as the (u-component) complex amplitude at time ¢,
corresponding to the initial value ay, for a classical sys-
tem governed by the Hamiltonian (6.19). Equation
(6.40) therefore states that the Wigner function for a
system of quantum-mechanical oscillators governed by
a Hamiltonian at most quadratic in the creation and
annihilation operators is constant along the classical
trajectories for the corresponding classical system.33®
This is a property which the Wigner function shares
with the probability density jf(e,t) for finding a system
of classical oscillators with the complex amplitudes o;
at time ¢. The classical function f(a,f), however, satis-
fies the relation f(a.(f),))= f(a.(0),0) even when the
equations of motion for the classical amplitudes a.(Z)
are not linear.

We may note that the function W(a,f) may be ex-
pressed for arbitrary e, as in Eq. (5.25), in the form

W (a,t) = W (aoo(a,0*,8),0), (6.41)

(6.40)

38 This result has also been obtained by W. H. Wells [Ann.
Phys. (N. Y.) 12, 1 (1961)] and by R. P. Feynman and F. L.
Vernon, Jr. [4bid. 24, 118 (1963)].
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where the function aqs(e,e*,f) is defined in terms of the
function

a(=—[u')a')—aHa"*®]
by the relation
aocla,o* )= ut (a—(Da*+ Qt), (6.42)

and is therefore the initial (z-component) complex am-
plitude for a classical system governed by the Hamil-
tonian (6.19), corresponding to the amplitude a at time
t. We may verify by direct differentiation of either Eg.
(6.40) or Eq. (6.41) that W(e,) satisfies Liouville’s
euation

d
—W(e,t)=0, (6.43)
dt

where the total time derivative d/dt is defined as

da 9

dt ot
3
+ i[&*w(t)-l—&a*(t)-{—SC'T(t)];-I-c.c.}. (6.44)

Let us now consider the time evolution of the P func-
tion. Let us assume that the normally ordered charac-
teristic function

Xn(n,t)=tr[p(#) exp(@'y) exp(—7*a)],

corresponding to the Schrédinger density operator p(#),
has the Fourier transform

(6.45)

P(af) =" f d*my exp(i*a—a*n)Xx(n,t) (6.46)

during some interval of time including the initial time
t=0. Then p(¢) has the P representation

o(t)= /dz"a P(at) | a)e] - (6.47)

The function P(a,f) may be expressed in terms of
quantities defined in terms of the initial state of the sys-
tem, with the aid of Eqgs. (5.38) and (5.39). Let us define
the function ®(ay,t), for # complex arguments ao;, as the
Fourier integral

C(agt)y=m"2" f d**no exp(fo*ao—&o*no)

Xexp[5 |w(@)noto(t)no*|2— %m0l "X (10,0) . (6.:48)
Then P(a,t) is given, as in Eq. (5.38), by the expression
P(a’t) = (P(ao,,(a,a*,t),t) ) (6'49)

where ao.(a,0*,t) is defined by Eq. (6.42). The time de-
pendence of the function ®(ao,t) given by Eq. (6.48)
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implies that P(e,f) has an explicit time dependence, in
addition to the implicit time dependence involved in the
definition of ag.(a,a*,f). Unlike the Wigner function,
the function P(a,t) is then not constant along classical
trajectories.

To obtain a differential equation governing the time
evolution of P(a,?), let us first note the identity

(6.50)

—age(a,0*,t) =0,
dat

which follows directly from the definitions (6.44) and
(6.42) of d/dt and ayc(a,a*,f), respectively. The total
time derivative of P(e,f) is then, according to Eq.
(6.49),

d 9
——P(Ol,f) =—(P(a0,t) l aonaoc(a,a‘,t) . (6'51)
dt ot
Let us introduce the function
ae,n(no,m0™*,t)=u(t)no+2()no*, (6.52)

which is thus defined as the homogeneous part of the
classical solution (6.20), corresponding to the initial
value 79. The quantity |ae.s(no,m0%£)]2 which is the
classical analog of the total number of quanta in the
system, may be shown with the aid of Egs. (6.6) and
(6.7) to have the time derivative

- ] ac,h(")O:no*’t) ! 2
ot

= i&c,h(ﬂo,ﬂo*,t)ﬂ*(t)ac.h(ﬂo,ﬂo*:f)“f'c-c- ) (6'53)

which vanishes only if ¢(f)=0. We note the relations

—[Ao*an(e,e*f) —c.c. J=acn*(moym0*,8) ,  (6.54a)

da

3
— Lo an(o0*) —c.c.J= —acn(nome®t) . (6.54b)
a

If we substitute Eq. (6.48) for ®(ay,?) into Eq. (6.51) and
make use of the definition (6.52) and the identities
(6.53) and (6.54), we find that P(a,t) obeys the partial
differential equation

d d o 3 ]
{—-l—%il:—a(t)——--—-a*(t)—] } P(a,t)=0, (6.55)
dt doa  Oa da* da*

in which d/dt is defined by Eq. (6 44). The weight func-
tion P(a,t) for the P representation of p(f) then does not
satisfy Liouville’s equation. The terms involving ¢(f) in
Eq. (6.55), however, vanish in the classical limit, since
in that limit the function P(a,f) varies by very small
amounts over unit distances in the a; planes. We may
note that if ¢(#)=0, P(e,f) satisfies Liouville’s equation
exactly. This result also follows from Eq. (6.33), which
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states that a coherent state remains coherent when the
Hamiltonian takes the form given by Eq. (6.28).

VII. PARAMETRIC COUPLINGS

In nearly all cases of physical interest, the dominant
term in the Hamiltonian for coupled oscillator systems
is the free Hamiltonian

Hot)=n i wjai (t)a;(t),

=1

(7.1)

where w; is the natural frequency of oscillation of the
jth oscillator. The remaining terms in the Hamiltonian
(6.1) are typically small compared to Ho(f), and give
rise to appreciable changes in the oscillator amplitudes
only after many periods of oscillation.

A situation in which the effect of the coupling between
the modes is particularly pronounced is the one in which
the average value of the interaction part of the Hamil-
tonian is nearly constant during a small number of
oscillations. The interaction Hamiltonian in this case
has an explicit time dependence which cancels the time
dependence due to the free Hamiltonian Ho. The ma-
trix o;x(f), for example, is given in terms of its initial
value 0;,(0)=0;) by the relation

G'jlg(t) — o.jke—i(wj+wk) t s

(7.2)

and the terms involving o;x(¢) in the Hamiltonian (6.1)
take the form

aina;t (Dart (e iwitentL H. c. (7.3)

Couplings of this kind characterize a number of
physical processes, including the coherent Raman and
Brillouin effects, and the frequency splitting of light
beams in media with nonlinear dielectric susceptibili-
ties. 3* Louisell, Yariv, and Siegman? have proposed a
theoretical model of the parametric amplifier consisting
of two electromagnetic cavity modes coupled by an in-
teraction of the form (7.3). The coupling between the
modes of frequency w; and wy is produced by an intense
pump field oscillating at the frequency w= w;+w; within
a cavity filled with a nonlinear dielectric substance.
References 12 are devoted to an analysis of this model
within the context of the coherent states and the repre-
sentation of quantum states by means of quasiprobabil-
ity functions. In this section we shall generalize the
treatment of Ref. 12 to include the case in which more
than two modes are coupled by terms of the form (7.3);
our analysis will therefore be adequate to describe the
case in which some of the modes are degenerate, or in
which the pump field has more than one Fourier compo-
nent of oscillation. The results obtained provide an in-
structive illustration of the analysis of the preceding
section.

34 See, for example, N. Bloembergen, Nonlinear Optics (W. A.
Benjamin, Inc., New York, 1965), Chap. IV.
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Let us assume, then, that the system of # oscillators
is governed by the Hamiltonian

H()=%{a" ()walt)
- [Aat()etoeiotat () +H.c. ]}y, (74)

where the matrix elements of the time-independent
diagonal matrix w are

(7.5)

It will somewhat simplify our calculations if we assume
that o is real,

Wik= Bjkwj .

oc=c*, (7.6)

The time dependence of the various quantities which
describe the state of the system takes an especially
simple form in the interaction picture. The interaction-
picture unitary time translation operator is defined as

U'(t) =00 Ay (1), (7.7)

where U(#) is defined by Eqgs. (6.13) and (6.14). Let us
define H14(f) as the interaction part of the Hamiltonian
(7.4), evaluated in the Schrodinger picture, i.e., by the
expression

His(t)=3Lhatetoeitat + H.c. (7.8)

Then it follows from Eqgs. (6.13) and (6.14) that U’(¥)
satisfies the equations

d
ih:i;U'(t)=H1I(t) ue®, (1.9

U'0)=1, (7.10)

where Hy;(f), the interaction Hamiltonian in the inter-
action picture, is defined as

Hg(l) = eHo® U T (0o n, (7.11)

The special form we have assumed for the explicit time
dependence of the coupling implies that Hi(f) is inde-
pendent of time. If we substitute Eq. (7.8) for Hig(?)
into Eq. (7.11) and then make use of the identity

¢HOO) U] hgg=iHoO)t] b g—iatg (7.12)
we find
Hy ()= H11(0)=3%(G 00’ +-doa).
The solution to Egs. (7.9) and (7.10) is therefore
U'(t)=exp[—3i(@'oa’+asa)]. (7.14)

Let us define the interaction-picture density opera-
tor p’(?) in terms of the Heisenberg density operator p by
the equation

(7.13)

PO=U'0pU1). (7.15)

Then p/(£) may be expressed in terms of the Schrdinger
density operator p(f) as

p’(t)=eiHo(0)tl hp(t)e—iHo(O)t/h. (716)
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It follows from this equation and the identity (7.12) that
the mean value of any operator function F(a,a') at time
tis

trlp()F(a,a")1=tr{p'()F (e *'a,e™ta")],  (7.17)

so that the variables appropriate to the interaction pic-
ture are the uncoupled operators e~“‘a.

It is useful to consider the behavior of the operators
a; under the similarity transformation generated by
U'(t). Let us define the operator ¢/(f) in terms of the
Schrodinger operator a@ by the relation

d)=U"1Hal’'(2). (7.18)

It follows from this definition and from Egs. (7.7),
(7.12), and (6.122) that &/(¢) may be expressed in terms
of the Heisenberg operator a(f) as

a () =e™a(t). (7.19)

It is important to distinguish between the operator
d'() and the interaction-picture operator e~*!as. The
time dependence of a’(¢) is governed completely by the
interaction part of the Hamiltonian, and &/(?) therefore
reduces to the Schrodinger operator ¢ when the cou-
pling between the modes vanishes. It follows from Egs.
(7.18) and (7.14) that d/(¢) satisfies the differential
equation

d
i—a' (t)=aa’t(t). (7.20)
dt

The solution to this equation is, by virtue of Eq. (7.6),

d@)=u'(H)a+v'(Hat, (7.21)

where
' (f) = coshet, (7.22)
9/(£) = —1 sinhot. (7.23)

The Heisenberg operator a(f) is then given, according to
Eq. (7.19), by

a(t)= e (coshet)a—1i(sinhat)alt].  (7.24)

Let us now suppose that the interaction-picture den-

sity operator p’(f) has a P representation, i.e., that it can

be written in terms of some weight function P’(¢/,f) in
the form

p'(t)=/d2"a' P 0) | X | (7.25)
It then follows from Eq. (7.16) and the identity
exp[—iH(0)i/%]]a/)=|e%) (7.26)

that the Schrédinger density operator p(£) has a P repre-
sentation as given by Eq. (6.47), in which the weight
function P(a,t) satisfies the relation

P'(o/ ) =P(e~i%/ f). (7.27)

Thus the operator p’(f) has a P representation if and
only if p(#) does, and the relationship between the
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weight functions P’(¢/,f) and P(a,f) may be expressed
by subjecting the arguments of P to the complex rota-
tions associated with uncoupled oscillators.

The value of P'(¢/,f) at some time ¢ may be found
either by making use of Eq. (7.27) in Egs. (6.48) and
(6.49), or alternatively by noting that the operator
U'(t) which defines p’(f) in terms of p generates the
transformation

U= (t)aU' ()= (Ha+' (H)a", (7.28)

and then making use of Egs. (5.38) and (5.39). It fol-
lows then from the solutions (7.22) and (7.23) for #/(¥)
and v/(#) that P’(</,f) is given by the relation

P'(o,f)=®([(coshot)a’+i(sinhot)a'*,8) , (7.29)

where the function ®(ao,f) is defined as the Fourier
integral

®(agt)=n"2" / d?mno exp(fo*eo—ao*n0)

X exp[| (coshot)no—i(sinhot)no* | 2—3 | 70| *]
¢ xN(n010) .

The function P’(c/,f) satisfies the partial differential
equation

d\' 1,8 9 § o » .
{(E;) +[2‘/aa/aaal 2”aa’*a'(_9’;;]]P (Ol,i)—o, ( . )

where the differential operator (d/d¢)’ is defined as

a\’ 9 ] d
<—> =—4id' o———1d*o— .
dt at da'* da’

(7.30)

(7.32)

The time dependence of P’(d,f) takes a somewhat
simpler form when P’ is expressed in terms of variables
which obey decoupled equations of motion. Since the
matrix ¢ is real and symmetric, it can be diagonalized by
means of a real orthogonal transformation. We may
therefore write

=71k, (7.33)
where « is a real diagonal matrix with eigenvalues «;,
Kik= Kj* = Ojrk; , (7.34)
and 7 is a real orthogonal matrix,
r=r¥=771, (7.35)
Let us define the operator b(f) by the expression
b(t)=ei"l47d(1). (7.36)

The operators b;(f) and ;'(#) then satisfy the canonical
commutation relations

[0,(8),b6' () 1= 8;x,
[0;(9),b:()]=0.

(71.37)
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It follows from the definition (7.36) of 5(¢f) and Egs.
(7.21)-(7.23) and (7.33) that the operators b;({) are

given in terms of their initial values by the decoupled
relations
bj(l) = (COStht) b](O) - (Sinthl) bjT (0) . (738)

We have introduced the phase factor e~*/* into the
definition (7.36) of b(¢) so that the Hermitian operators

g()=2"1[o()+05(0) ], (7.39)
Bi(=i27"01 () — b)) ], (7.39b)

have the simple exponential time dependence
4()=e7i'g(0), (7.40a)
Bi(f)=ex'p;(0). (7.40b)

Let us now define real variables ¢ and  in terms of
the arguments o’ of P(o,f) by the c-number analogs of

Egs. (7.36) and (7.39), i.e., by the relations
q=2"127[ ¢t/ ¥+ e~iml4a ], (7.41a)

(7.41Db)

p=12-N2gimlig/*— gmimlt/ ],

If we similarly define real variables %, and ¥, in terms
of the arguments 7 of Xy, '

wo=2"127[e*"/4no* -4, ], (7.42a)
(7.42Db)

then we find from Egs. (7.29) and (7.30) that P'(</,?)
may be expressed in terms of the real variables ¢ and p
in the form

yo= 12127 [ ginl4n ¥ — e l4n0],

P’(Q)P’t) = (?(el(tq,e""dp’t) 3 (7 '43)

where the function ®(go,po,?) is defined for arbitrary real
arguments go; and po; as

O(go;po)=(2m2)= | T [dxosdy ot oimi—wion]
J=1

Xexp{ X [(e7*i*— Do+ (e**—1) 30”1}

=1

(7.44)

It is not difficult to see that this integral will not in
general converge for all times ¢. The coefficient of x¢;* in
the exponential function becomes infinite as {— — o
if k>0, or as t— o if ;<0. Similarly, the coefficient
of yy;2 becomes infinite as {— o if x;>0, or as { — —
if k;<0. It is therefore clear that unless Xn(70,0) ap-
proaches zero as |no| — o« more rapidly than the ex-
ponential of any (negative-definite) quadratic form in
no and 7o*, a P representation can exist during a finite
time interval at most.

This is also clear from the form the differential equa-
tion (7.31) takes when it is expressed in terms of the real

. XN(xo,yo,O) .
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variables ¢ and p:
6+i [ ] a> 1(62 a?>]}
{‘” = (Ja;bj qjaq:' 2\9p*  9gs*
XP'(g,p,t)=0. (7.45)

This equation has solutions of the form

P,(%?st)':n fJ'(Qi:t)gi(Pi:t) ’

where f;(g;,f) and gi(p;,t) obey the differential equations

[E_Kj(qj_a__f a_2>] g )=0, (7.46a)

ot dg; 2 dg;?
J g 1 92

[—+Kj< i ———>i|gi(PJ'1t) =0, (746b)
a¢ ap; 2 9pi

each of which resembles a Fokker-Planck equation in
one variable. It is not difficult to show that for reason-
ably well-behaved initial functions fi(g;,0) and g;(p;,0),
these equations lead as {— o« to highly singular func-
tions f;(g;!) if x>0, and to highly singular functions
gi(pst) if x;<0.

As an example of some interest, let us consider the
case in which the initial state of the system is the pro-
duct of chaotic mixtures for each mode. To simplify
calculations, let us assume that the mean quantum
numbers for all of the modes in this initial state are
equal. The initia) density operator then has a P repre-
sentation,® and the weight function is

Pao,0)= (w{m))™ exp[— || */(m)],  (7.47)

where (m) is the initial mean quantum number for each
mode. The normally ordered characteristic function at
$=0is then

X (70,0) = = ™ Inol®
= exp[ —¥(m) 21 (xo2+y00].  (7.48)
-
If we substitute this expression into Eq. (7.44) and per-

form the indicated integrations, we find, by virtue of
Eq. (7.43),

Pgpi)= ﬁl (CrAOM(— )T

Xexp[ —3g:4/Ni(—0)—3p2/NO ]}, (7.49)

MO=3[A+2(m))er—1]. (7.50)

The Fourier integral which leads to Eq. (7.49) converges
only when the conditions

)‘J(t)ZO;
>‘J'(— t) ._>_0 )

where

(7.51a)
(7.51b)
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are satisfied for j=1, ---, #, and thus only within the
time interval

—u<t<t, (7.52)

where the time £, >0 is defined by the equation
exp(2 I KJ" max tl) = 1+2(m) . (753)

For | ¢l >4, the integral which results from the substitu-
tion of Eq. (7.48) into Eq. (7.44) is strongly divergent,
and no P representation exists in the sense we have
defined.

It is interesting to observe that the Wigner function
remains well behaved at all times. When the Wigner
function W'(</,f) corresponding to the interaction-
picture density operator p’(f) is expressed in terms of the
real variables ¢ and p defined by Egs. (7.41), it may be
shown to obey the functional identity

W'(g,p,)=W'(e*q,e*p,0), (7.54)

which is easily deduced from Eq. (6.41) and the expres-
sions (7.40) for §(¢) and p(¢). For the initial state (7.47),
the Wigner function is given by

W (g,p) = 1=1 (Cr@ (0BT

Xexp[—3¢;%/(3,*)—3p2/B:* )]}, (7.55)
in which (§;%(£)) and (p;%(¢)) are the second moments of
the operators §;({) and $;({), and are given by the
relations

@AD)=N(—0)+%, (7.56a)
BAO)=N(0)+3. (7.56b)

It may be noted that for an arbitrary initial density
operator, the variances

AgA(O)=tr{p[;()—(4:()) 1"}, (7.57a)
ApA(t)=tr{p[D:()— (i) 1%}, (7.57b)

may be expressed in terms of the Wigner function by
means of the relations

2070=2+ [ araanp La— @OIPW ap),  (1.580)
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ApA(H)=27" / drgdrp [pi— (i)W (1),  (7.58b)

which follow simply from the formula (2.20) for sym-
metrized products. The relation (2.15) for normally
ordered products implies that the corresponding expres-
sions in the P representation are

Ag(t)=2"" / drgdrp
X[gi— (3PP (g.p.)+3%, (7.5%)
ApA(t)=2"" / drgdp

X[pi—(B:(O) P (g:p,1)+3. (7.59b)

It is clear from these relations that a positive P repre-
sentation can exist only when the conditions

Ag()23,
A?iz(t) Z % )

are satisfied for j=1, - --, n. That these conditions can
all be satisfied during a finite time interval at most is
implied by the relations

Ag(f)=e*itAg;*(0),
Ap ()= e>itAp;*(0),

which follow from Egs. (7.40). If a P representation
were to exist outside the time interval defined by Egs.
(7.60), the weight function would have to have negative
variances. In the example we have discussed, the P
representation ceases to exist, in the sense we have de-
fined, at the instant when one of the inequalities (7.60)
fails to be satisfied.

(7.60a)
(7.60b)

(7.61a)
(7.61Db)
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