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obtain ¢yn=26.1-2.5b. This value is to be compared
with a value of 23.5 b for the neighboring element Ho,
obtained?® from the experimental angular distribution
of scattered neutrons, and a value of 27 b calculated
by Zimmerman ef al.? for natural erbium, using neutron
scattering form factors calculated by Blume et al.%
Finally, if we use opm=26.1+£2.5b for Er'® we get

28T, E. Stephenson (private communication).

» R. L. Zimmerman, L. Q. Amaral, R. Fulfaro, M. C. Mattos,
M. Abreu, and R. Stasiulevicius, Nucl. Phys. A95, 683 (1967).

30 M. Blume, A. J. Freeman, and R. E. Watson, J. Chem. Phys.
37, 1245 (1962).
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an absorption cross section for this isotope equal to
139 b. Since the contribution of the positive energy
resonances to the thermal absorption of Er'® is only
2 b, this indicates that Er'® has a bound level which
contributes significantly to the thermal absorption cross
section.
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The modified Tamm-Dancoff approximation has been used to study the states of odd-mass Ni isotopes
as the superposition of one- and three-quasiparticle states. The three-quasiparticle basic states are classified
according to the well-known seniority scheme and are expressed in an equivalent second-quantized form.
These three-quasiparticle states form an orthonormal and nonredundant set. The effect of the spurious
0* two-quasiparticle state has also been removed from these basis wave functions. Several different kinds
of two-body residual interaction have been used in the calculation. Fairly decent agreement is obtained
in the energy spectra between our results and the exact shell-model results, using the effective interaction
of Cohen ef al. Various approximate methods, such as the perturbation theory and a phonon approximation,
are discussed in the context of the present method. The effect of the ground-state correlation is also studied.
The admixture of the three-quasiparticle states in the lowest few levels causes very little change in the
magnetic moment, and the M1 transition rates calculated on the basis of a single-quasiparticle structure
of these states. The E2 transition rate is fairly sensitive to the admixture and the type of interaction used.

1. INTRODUCTION

HE nuclear shell model has been successfully

applied to the description of nuclei having few
nucleons in the unfilled major shell. This line of ap-
proach becomes very complicated with the increase of
number of nucleons due to the large number of near
degenerate configurations involved. Such calculations
are made possible by the development of the super-
conductivity (BCS) model'? of the nucleus, which
takes into account the strong ‘“‘pairing interaction”
between nucleons by the Bogoliubov-Valatin trans-
formation resulting in quasiparticles. In the lowest

* A preliminary report on this work has been published in the
Proceedings of the Low Energy Nuclear Physics Symposium
Kanpur, 1967 (unpublished) held by the Department of Atomic
Energy, Government of India.

t Permanent address: Saha Institute of Nuclear Physics,
Calcutta, India.

11L. S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd. 32, No. 9 (1960).

2 M. Baranger, Phys. Rev. 120, 957 (1960).

approximation, the model interprets the first few low-
lying states of odd-4 nuclei as independent one-quasi-
particle excitations. The first 2+ state of spherical even
nuclei, the so-called one-phonon state, is described as a
superposition of quasiparticle pair states in the frame-
work of Tamm-Dancoff approximation (TDA) and as
a superposition of quasiparticle pair and quasihole pair
states in the framework of random-phase approxi-
mation (RPA). A better approximation for odd-mass
nuclei, then, is to mix the independent quasiparticle
states with the states obtained by coupling single
quasiparticles to this phonon state. Hereafter, this will
be referred to as the phonon approximation (PA).

A more rigorous procedure is to do the configuration-
mixing calculation of quasiparticle residual interaction
in an enlarged space of all the one- and three-quasi-
particle states. Such calculations involve technical
difficulty in the construction of three-quasiparticle
basic states when all the three-quasiparticles are in the
same level,
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In the work of Ref. 3 we considered the case of even
nuclei and discussed the method of doing a quasi-
particle calculation in the space of two- and four-
quasiparticle states using the correct set for the latter.
The types of problems associated with the construction
of a nonredundant and orthogonal set of four-quasi-
particles states were discussed there, and the solution
to the problem was laid down in terms of states classified
by the well-known shell-mode] seniority scheme. In the
present paper the three-quasiparticle basic states are
constructed according to the same scheme. In this sense
the present work is an extension to odd nuclei of the
modified TDA method (henceforth MTDA), already
proposed in our earlier work?® on even nuclei.

The seniority classified three-quasiparticle states,
together -with the tabulated values of their fractional
parentage coefficients, are very convenient in evaluating
the matrix elements contained in the three-quasiparticle
subspace. The equivalent second-quantized versions of
these states are also given in this paper. They are
necessary for the evaluation of matrix elements between
one- and three-quasiparticle subspaces.

The spurious effects arising because of the non-
conservation of the number of particles in the quasi-
particle method have been removed following the
procedure of Ref. 3.

The main aim of this paper is to test first the ac-
curacy of our formalism by comparing the results on
energy levels with the exact shell-model results for
phenomenological interactions. Apart from this, the
reliability of various approximations, used by earlier
workers, such as the perturbation theory (PT) in which
the quasiparticle interaction is treated by the per-
turbation method and the PA, described above, have
also been investigated in a quantitative manner.
Various two-body interactions have been used and
detailed results presented on level energies, magnetic
moments, and transition rates.

2. MODIFIED TAMM-DANCOFF
APPROXIMATION

The quasiparticle method of treating the Hamiltonian
has been described by many authors.!* The important
aspects of this theory that are required in our work are
summarized in Sec. 2 of Ref. 3. All the notations used
in the present paper are defined there. We would like
to add here only one statement concerning the solution
of Egs. (2.5) and (2.6) of Ref. 3. The latter equation
giving the number of particles, applies to an even
nucleus, the right-hand side being the expectation value
of the number operator for the vacuum state of quasi-
particles. For an odd-mass nucleus, the expectation
value has to be taken for a single quasiparticle state,
say | jm). As a result we should now, strictly speaking,
add a term (ej—\)/E; to the right-hand side of the

8 M, K. Pal, Y. K. Gambhir, and Ram Raj, Phys. Rev. 155,
1144 (1967).
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above-mentioned equation. We, however, checked by
actual numerical computation that the addition of such
a term makes a very small difference in the solutions
of the chemical potential A and the energy-gap param-
eters A,. The maximum discrepancy occurs for Ni%,
where the values of the quasiparticle energies E, and
transformation coefficients V,, that are calculated with
A and A,, change by about 5 and 209, respectively.
We have therefore ignored the extra term of the number
equation in solving our quasiparticle quantities for
odd-mass nuclei. The slight error that this procedure
entails for Ni* is not considered to be serious because
the number of particles in unfilled levels being only
three, the quasiparticle method is not expected to yield
very good quantitative results for this nucleus anyway.

Having obtained the quasiparticle transformation
coefficients U, and V,, and energies E, with the help
of formulas of Ref. 3, the task that remains is to use
these quasiparticle quantities and set up the matrix
for the residual quasiparticle interaction H in. We now
proceed to quote the necessary formulas for computing
these matrix elements.

A. Basis States

The one-quasiparticle state |a) is just the quasi-
particle operator a,' operating on |0), viz.,

|a)=aq!]0). 2.1)

In the second-quantized notation, a normalized
three-quasiparticle state of angular momentum J with
projection M can be written as

\I/(ab.fl,c; JM) = N(abc,]lf)[AT(ale),acT]M-’ | 0) y (22)

where N (abc,J1J) is the normalization constant and
J1 is the intermediate angular momentum of two
quasiparticles (a,b). These wave functions ¥ form an
orthonormal set except when all the three indices
(a,b,¢) are equal. In this case

Y(aa'ia; JM) and V(aal/,a;TJM) (2.3)

are not generally independent; in other words, they are
redundant and nonorthonormal. Therefore, this case
requires special treatment. Here we follow the pro-
cedure of Ref. 3 and classify the three-quasiparticle
states according to the well-known seniority scheme?
which automatically ensures an independent, orthogo-
nal, and nonredundant basis. The following are the
possible three-quasiparticle configurations.

(1) |&Jv) (2) laitTas;J)
(3) |aaaT1s,as; 7).

Here J is the total angular momentum, » is the seniority,

(2.4)

4 A. de-Shalit and I. Talmi, in Nuclear Shell Theory (Academic
Press Inc., New York, 1963). The angular momentum coupling
coefficients and the coefficients of fractional parentage used in our
work are defined and tabulated in the Appendix of this book.
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and a subscripted J is the intermediate angular mo-
mentum of a quasiparticle pair. The superscript on ¢
and a; denotes the number of quasiparticles present in
that particular state.

For configuration (1), the antisymmetric normalized
state |@%J) can easily be written with the help of co-
efficients of fractional parentage,® while for the types
(2) and (3), the antisymmetric normalized state can be
obtained by using the relation (4.6) of Ref. 3.

These shell-model forms are very well suited for the
calculation of matrix elements connecting any two
three-quasiparticle basis states. But it is essential to
write these states in their second quantized form for the
evaluation of the matrix elements between one- and
three-quasiparticle states. The second-quantized version
of these states is given below (cf. Ref. 3):

(a13]u|1—{imla2“fu’>=% Z (a12(J1),a1,Jl ld13.]1/>((122(]1),d2,]l I(123]1/’)17(aldlagagjl)&h(h.
J1

THREE-QUASIPARTICLE
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Configuration (1): | j3JvM)
={ B2, 5| A '
X[A1(§371),a;1]u”|0)  (2.5)
Configurations (2) and (3): | j1j2J 12,935 JM)
=[at(j1je/12),055' 127 [0).  (2.6)

@t and At are the normalized and unnormalized

__creation operators for a quasiparticle pair state.

B. Matrix Elements in Three-Quasiparticle Subspacye'

In this case, only the Hg, part (which conserves the
number of quasiparticles) of i, will contribute and
the various expressions for the matrix elements are
given below. A typical matrix element connecting a
type-(1) state with another type-(1) state is given by

2.7

A matrix element connecting a state of type (1) with another of type (2) or (3) is given by the expression
<0/13.,V1Hintl 0203]23,04; J>= N(d2d3) (%) 1/2{ (LZ12 (]23) ,(11,]! l(113JV>7((11(1102(13]23)501(14+P ((12(13]23)
XZ <d12 (J1),Cl1,]l Id13JV>[:J1]23]1/2W(02(13JG4; J23J 1) (— 1)”"+J’1—J5(11(12Y(0101(1304.71)} . (2.8)
J1

The matrix element between a.hy two states of types (2) and (3) is given by the following expression:
(@109 12,033 T | Hins| @405 15,0637 Y= N (@109) N (a405) {8a3068] 10T 45V (010904057 45)+P(a1097 19) [T 12T 15 ]2

X W (awasTas; J1aT 15) (— i) a6t+T 15750106 ¥ (020504057 45)+ P (0405T 15) [T 12T 15 V2 W (asasT ag; T 16T 19)

X ba304(— 1)+ Y (010205067 12)+ P (01027 12) P (0405T 15) 2= [T 25 ][ 12T 5 ]*W (@100T a5 J 12T 23)

J23

XW (asas]as; J45723)5ala4? (as03050623)} . (2.9)

Here (a*(J1),a,7||a%Tv) is the one-particle-type fractional parentage coefficient, and P(abJ)=1—(—1)s+*=7
X P(a <> b), where the operator P(a+<> b) interchanges ¢ and b. Y is the matrix element of H,; between two-

quasiparticle states defined by
¥ (abed )= (0| A (abT M) H At (cdJM)|0)

= {(UaUsUUatVoVsV V)G (abed)+P(cdT) (UaVoUVat ViUV Ua)F (abed])} . (2.10)

The notations [a¢]=2a+1 and [ab- - - ]= (2a+1)(26+1)- - -. For the notations F, G, U, V, and W, see Ref. 3.

C. Matrix Elements Between One- and Three-Quasiparticle Subspaces

A typical matrix element of this kind is given by

(¥ [H3nadt|0),

(2.11)

where ¥ is any of the three-quasiparticle states of (2.4). To evaluate it, we first express Hza,.'|0) as a sum of
three-quasiparticle basis states and then pick up the coefficient of ¥ in the expansion. In this way we obtain

(GPTvM | Huas'|0)=1 Y (U2UVa—Va2VU.) (30)"2(a2(J1),a,7 | | a*T»){[J 11/ (6T} G (aaabT )orsdane.  (2.12)
J1 '

For the states ¥ of types (2) and (3) of (2.4), the single general expression, given below, is adequate;

<0 ‘ E@f (db]m),acT]MJTHaldsT l 0>= N(ab){[]l2]/[d]}1/2{ (UanUch— VaVdeUc)G(adeJm) : ‘
——P(db]m)(UbUcUdVa— VchVdUa)F (abcd]lz)}ﬁdﬁm . (213)
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D. Ground-State Correlation -

To derive the equation of motion for the correlated ground state, one has to retain in the commutators of H
with one- and three-quasiparticle operators only those terms containing single and triple quasiparticle and quasi-
hole operators. These commutators can be written as

[H,GJMI(]=EJGJMT+ Z S(J I bC.]m,d; ])‘I’T(b(]]]z,d; ]M)

bedJ12
+ ¥ RU|bcT1o,d; T) (— 1) (beT 10,d; T—M ),  (2.14)
bedJ12
and
[H, ¥ (abT 12,6 TM) )= (EatEstEJUH (abT 1oc; TM)+ S L(abJrnyc|ded s f; TV (ded oo, f; TM)
defJ1o/
—|-S(]|ab]12,c; ])aJMT—R(]Iame,c; ]) ("‘ 1)J_M(1J._M. (215)

Here ¥t and ¥ are, respectively, the creation and annihilation operators for a three-quasiparticle state, designated
by the quantum numbers inside parentheses. .S stands for the matrix element between one- and three-quasiparticle
states denoted inside the parentheses wherein a vertical line has been used to separate the two states. L denotes

the matrix elements between three-quasiparticle states defined by Egs. (2.7)-(2.9), and R is given by
R(a[bc]lz,d; a)=N(bC){[J12]/[a]}1/2{ (UbUchVa+ VchUdUa)G(dedJm)

—P(bcJ12) (UcUaVsVatVoVaUyUd)F (bedat12)}

(2.16)

except for the case of b=c=4d. In this case it is expressed by

R(a|bbJ 19,05 a)=3(UsV Vot V2UUa) (3DV2(02(J12),0; @] | BPav){[J12]/[a]}2G (bbbaT 1s) -

The corresponding commutators of one- and three-
quasihole operators with H will be obtained by taking
the Hermitian conjugate of Egs. (2.14) and (2.15) and
then reversing the sign.

E. The Energy Matrix

The energy matrix in the space of one- and three-
quasiparticles and one- and three-quasiholes is given by

E S 0 R

S L+E —R 0

0 —R —-E -5 |, (2.18)
R 0 —S —L-FE

where E’ is a diagonal matrix with elements equal to
the unperturbed energies of three-quasiparticle states.
Note that the above RPA matrix for odd-4 nuclei is
symmetric. The energy matrix without ground-state
correlations (MTDA) will be just

E S)
<S L+E/

F. The Spurious Effects

(2.19)

The effect of the spurious O pair states has been
removed by the method described in Sec. 4.1 of Ref. 3.
Instead of using » three-quasiparticle states of the type
|a20,7; jm), i=1, 2, -+, n, we use (n—1) states of
the type |¢s7; im), i=1, 2, ---, n—1. The states
|¢.) are defined in Ref. 3, Eq. (4.4). The quantum
numbers after the semicolon' denote the final angular

(2.17)

momentum and its projection, while the quantum
numbers separated by the comma denote the two
angular momenta that have been coupled to each other
to produce the final value. In practice, an orthogonal-
ized set, obtained by suitable linear combination, is
used.

3. APPROXIMATE METHODS

A. Perturbation. Theory (PT)

The independent quasiparticle excitation energies
can be improved upon by treating the Hin, as a per-
turbation. Second-order perturbation theory is expected
to yield good results for the first few low-lying states if
all the three-quasiparticle states are quite high and if
the collective effects are not important. The lowest
eigenvalues in this case are given by

{S(albcT12,d; a)}?
vedrs Ey+EitEo—Eq

Wq=Lig

(3.1)

B. Phonon Approximation (PA)

The first 2+ state of a spherical even nucleus is
described -as a one-phonon state in the quasiparticle
theory.l:? The state of projection M is created by an
operator Quf given by

Qut=3 x(adb)@t(ab2M)
(ab)
+ > #(ad) (—1)Ma(ab2—M).

(ab)

(3.2)

The coefficients « and Z appearing in this expression
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denote, respectively, the amplitudes of the quasiparticle
and quasihole pair states. Here (ab) stands for the
restricted sum over the distinct quasiparticle (hole)
pairs (¢<b). In the framework of TDA the amplitudes
Z are neglected.

The low-lying states of the next odd-mass nucleus,
in the phonon approximation, are obtained by mixing
the single quasiparticle states with the states arising
from the coupling of single quasiparticles to the phonon
state. The matrix elements between the one-quasi-
particle state and the states resulting from the coupling
of a quasiparticle to the phonon are just combinations
of the “S” and “R” matrix elements given by Egs.
(2.12), (2.13), (2.16), and (2.17). The matrix element
between any two quasiparticle plus phonon states is
zero, except for the diagonal case which is given by the
sum of energy of the first 2t state of the even nucleus
and the coupled quasiparticle state. This is because
only the Hj, part of Hing can contribute to this type of

ONE- AND THREE-QUASIPARTICLE STATES
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matrix element; but Hs in the phonon approximation
is a pure phonon operator and has already been di-
agonalized in obtaining the lowest quadrupole phonon.

4, ELECTROMAGNETIC MOMENTS AND
TRANSITION RATES

General expressions for the reduced transition proba-
bility have been given in Sec. 6 of Ref. 3, Egs. (6.1)-
(6.7). The static moments are given by the same kind
of matrix elements, the only difference being that the
nuclear states on the two sides of the operator QL are
identical. The operator for the quadrupole moment is
(167/5)2 times the zero projection component of the
E2 transition operator, while the magnetic moment
operator is obtained from the z component of the M1
transition operator by omitting the multiplying factor
of (3/4m)2.

The matrix elements necessary for the computation
of these quantities are given below.

(i) Matrix elements connecting one- and three-quasiparticle states: type-(1) three-quasiparticle state:

(@Jv] Q5] |b)= (—1)F+*=TR%(a,a) (3!)"*a*(L),a,] | | 4" ¥)3as-

Type-(2) or -(3) three-quasiparticle state:

(4.1)

<(1102]12,(13; JI IQLl |b>=N(01(12)p (0102712){ ("' 1)L+b—JRL ((11,0«2)6«13 baLJ12+6a1b[J12L]1/2

XW (bdg](ls ; JmL)[RL (dz,as) - (-‘ 1)a2+a3—-LRL ((I«g,dz)]} .

(4.2)

(ii) Matrix elements between states in the three-quasiparticle subspace: type (1) three-quasiparticle states:

<1113]1V1l IQL| |(123]2V2>=6 Z ((112 (]1’),(11,]1| ](113]1111)(022(]1,),0,2,]2l I(l22J21/2>
Ji/

X5a1a2[sz:|”2W (J1/01]1L; ]201)RL(01,111) - (4-3)

Type-(1), type-(2), or type-(3) three-quasiparticle states:

Type-(2) or type-(3) states:

((113.,11111 ‘QL l i 0203.’23,(14 ’ J2>= 2\/3-6‘,2%5,;1“2((112 (]23),(11,]1l ] 013J1V1>RL (01,(14)[]2L]1/2W (J23a4]1L 5 JZGI) . (44)
<0102J12,(13; ]1l |QL| l a4a5J 45,06 Jz>= 2N ((1102)N((l405){P(d1d2]12)3um45a2u55112.745RL(as,as) [L]2:|1/2
X W(]4sas]1L; Jzas)'l-P(dlasz)P (d4(15]45)[]1&]4&721;]1/2[5411%5(;2%1_{[‘(03,04)W(a4(15]206; J45]12)
X W(]1204J1L; Jzaa)+5a2a45a3a5RL(Gl,de)W(d1112]2¢13; J12]45)IV(J4506-71L§ 12a1)+Z RL(01,04)[]23]
J23
XW (a109T1a3; T 12T 25) W (@408 26 J 45T 23) W (J 2304T 1L 5 T 231) (Sagasdagag— (— 1) 9597238 408050) 1} . (4.5)

5. NUMERICAL CALCULATIONS, RESULTS,
AND DISCUSSIONS

For the explicit numerical calculation, the protons
in the Ni isotopes are assumed to form an inert core
corresponding to the semimagic number 28, while the
neutrons in excess of 28 are assumed to be distributed
in all possible ways among the close-lying 2ps2, 1fs/2,
and 2pys orbitals. The unperturbed single-particle

energies for 2p3/9, 1755, and 2py5 were taken to be 0.0,
0.78, and 1.08 MeV, respectively, from the Ni® spec-
trum, and in agreement with other authors.%5

The following different effective two-body inter-
actions have been used:

5 R. D. Lawson, M. H. MacFarlane, and T. T. S. Kuo, Phys.
Letters 22, 168 (1966).

6S. Cohen, R. D. Lawson, M. H. MacFarlane, S. P. Pandya,
and M. Soga, Phys. Rev. (to be published).
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TasLE I. For each nucleus the first row gives the single-quasi-
particle energy (E) in MeV, the second row gives the same
quantity corrected by perturbation theory (see Sec. 3 A), and
the third row gives the transformation coefficient (V). The
pairing matrix elements of EIC have been used in obtaining these
values.

I
4 ¥ a
39 1.80 1.26 1.51
1.77 1.21 1.48
0.379 0.647 0.416
61 1.58 1.45 1.40
1.54 1.37 1.37
0.512 0.783 0.581
63 1.38 1.65 1.34
1.36 1.55 1.32
0.644 0.870 0.724
65 1.21 1.85 1.32
1.20 1.78 1.31
0.783 0.931 0.847

(1) effective interaction of Cohen et al.% (EIC) and
Auerbach” (EIA);

(2) the pairing plus quadrupole interaction;!® the
pairing interaction of Kisslinger and Sorensen is used in
determining the quasiparticle quantities E,, Ua, Vo,
etc., while the residual interaction is taken to be of the
quadrupole type:

Hqa=—Xr&2V*(1)Y2%(2), ($.1)
with the strength parameter X given by 75—4X=0.097
MeV, where b= (#/Mw)"? is the oscillator well param-
eter.

(3) Surface-delta (S-8) interaction of Green and
Moszkowski,® for which the required matrix elements
were calculated using expression (7) of Gambhir and
Ram Raj, and a strength g equal to 0.50 MeV deter-
mined by the inverse-gap-equation method.!

(4) A potential®® similar to Rosenfeld mixture (RM)
with the following strength parameters (in MeV):

odd singlet=41.5,
even singlet=—34.4,

odd triplet=19.4,
even triplet=—46.9,

having Yakawa radial dependence and range=1.4F.

Matrix elements between three-particle shell-model
configurations are given by the same expressions for
the three-quasiparticle states, namely, Eqgs. (3.7)-(3.9),
provided that ¥ in these expressions is replaced by G.
The various matrices were first generated by feeding

7 N. Auerbach, Phys. Letters 21, 57 (1966).

8 L. S. Kisslinger and R. A. Sorensen, Rev. Mod. Phys. 35, 853
(1963).

91. M. Green and S. A. Moszkowski, Phys. Rev. 139, B790
(1965).

10y, K. Gambhir and Ram Raj, Phys. Rev. 161, 1125 (1967).

1Y, K. Gambhir (to be published).

2 M. K. Banerjee and Harish Chandra (private communi-
cation).
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G in place of ¥ for EIC, and then diagonalized. The
energy eigenvalues thus obtained reproduce the num-
bers for Ni%® reported in Ref. 6, reflecting the correct-
ness of our code written for CDC 3600.

In Table I, we present the single quasiparticle
energies (E) and transformation coefficients (V) using
the pairing matrix elements of the EIC two-body in-
teraction. The perturbation theory (see Sec. 3 A) values
of the quasiparticle energies are also shown; the per-
turbation in each case is seen to be very small.

To test the importance of eliminating spurious effects
from the three-quasiparticle states, we next diagonalize
the residual interaction using these states alone (i.e.,
without mixing the one- and three-quasiparticle states).

The calculations in three-quasiparticle subspace are
made for all the interactions with and without elimi-
nation of the spurious effects. The results of EIC, EIA,
and QQ interactions show the same trend, while the
results of S-§ and RM interactions are very similar. We
present in Table IT these results for S-6 and EIC inter-
actions for the first two energy eigenvalues of 37, §—,
and % states. The results for the S-§ interaction show
that there appears one three-quasiparticle state very
near the energy of the one-quasiparticle state, and that
the former is spurious. On the other hand, this spurious
effect is not so obvious in the case of the EIC inter-
action. Therefore, it is essential to remove the spurious
effects consistently before the diagonalization of the
energy matrix, and before comparing the results for
different interactions.

Table III presents, for the EIC interaction, a com-
parison between the various methods of calculation-
phonon approximation (PA), TDA, and MTDA. PA
has been explained in Sec. 3 B. In the TDA method,
the diagonalization is done in the three-quasiparticle
subspace alone; the predicted spectra then consist of
the single-quasiparticle levels of Table I and the three-
quasiparticle eigenstates resulting from the diagonaliz-

TasLe II. Energy levels (MeV) calculated in three-quasi-
particle space (a) with and (b) without eliminating spurious 0F
effects. (See Sec. 2 F.) The subscripts on the level quantum
numbers denote the number of the particular J« level in order of
increasing energy.

Inter- 59 61 63 65
action J7 a b a b a b a b
(H,- 1.81 2.09 171 211 155 217 141 226
3 212 427 211 442 219 454 230 4.63
(3~ 146 212 1.60 207 172 197 1.81 1.87
S5 (2 214 279 207 2.69 197 272 1.89 2.79
($) 1.68 2.62 1.63 2.63 157 2.59 1.50 2.51
(%) 2.60 2.83 262 2.72 2.58 273 245 2.82
()~ 218 219 197 197 206 2.07 236 244
(&) 3.50 3.87 ‘345 348 3.12 3.49 279 3.81
(%), 178 1.85 1.87 1.87 1.82 1.82 191 1.92
EIC (@) 269 277 218 218 208 2.09 244 247
3~ 241 243 205 205 194 197 209 2.18
().~ 2.82 2.81 270 2.70 273 2.76 281 3.08
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ation. MTDA consists of diagonalizing in the complete
space of one- and three-quasiparticle states. It is clear
from the table that the first 1—, $—, and §— states have
very nearly the same energy in all the cases. However,
the energies of second 3—, $—, and §— states obtained
in the case of PA are somewhat higher (except in Ni%
and Ni%) and occur nearly at the same energy. The
effect of the mixing of one- and three-quasiparticle
subspaces (MTDA) is to slightly lower the first state
and to push up the second state relative to the TDA
results. We also did the calculation based on RPA
using the creation and annihilation operators for all
our MTDA states. The results of including the effect
of the ground-state correlation in this way, however,
produce energy eigenvalues which are practically
identical with the MTDA results. For this reason we
have not shown the RPA results in the table. A similar
trend is expected in the results for the other interactions
and therefore only the MTDA results will be presented.

Although we did both TDA and MTDA calculations
with all the different effective interactions listed in the
beginning of this section, we present only the MTDA
results for a few selected interactions in Table IV.
About the TDA results we make only one general
remark: Although these results are quite satisfactory,
the goodness of fit to the data (included in the same
table) definitely improves for all interactions as we go
from TDA to MTDA. For example, the X value for
the fit to all the known levels from 4 =59 to 65 changes
from 0.092— 0.068 for EIC, 0.057 — 0.029 for QQ,
and 0.208 — 0.193 for RM. The MTDA results display
a great deal of similarity in the cases of (i) EIC and
ETA and (ii) QQ and S-8. Hence, we present only the
results for one each of the two groups, i.e., EIC and
QQ. The results for RM have a significantly larger X2
value compared with other interactions, and hence
they are not listed. Similar remarks hold for the results

TasirE II1. Energies (MeV) obtained with EIC interaction and
various methods of calculation. The three lines for each nucleus
corresponds, respectively, to phonon approximation (PA), no
mixing between one- and three-quasiparticle states (TDA), and
mixing between these states (MTDA). The results for MTDA
with ground-state correlation differs negligibly from MTDA, and
hence is not presented separately. The subscripts on the level
quantum numbers denote the number of the particular J= level
in order of increasing energy.

Jr
4 @ @ G @ G @
39 1.78 2.37 1.20 241 1.50 2.37
1.80 2.19 1.26 1.85 1.51 243
1.70 2.26 1.19 2.44 1.45 2.47
61 1.58 2.52 1.44 2.52 1.38 2.52
1.58 1.87 1.45 1.87 1.40 2.05
1.46 2.05 1.34 2.05 1.34 2.08
63 1.35 2.44 1.57 2.44 1.34 2.44
1.38 2.07 1.65 1.82 1.34 1.97
1.31 2.13 1.53 1.98 131 1.98
65 1.15 2.43 1.81 2.36 131 2.33
1.21 2.44 1.85 1.92 1.32 2.18
1.18 2.46 1.75 2.20 1.30 2.18

AND THREE-QUASIPARTICLE STATES

1145

TaBLE IV. Energy levels (MeV) of odd Ni isotopes by the
MTDA-method. All the levels of a given nucleus have been
calculated with respect to the lowest of them. The numbers
labeled 145, denote the percentage of the one-quasiparticle state.
Thei line “Exact” for EIC gives the energies calculated in Cohen
et al.®

JT
@) B~

Interaction G @ G B 4
EIC Exact 029 110 00 0.82 021 147
MTDA 051 107 00 125 026 1.28
Lap 859 421 96.6 0.03 957 095
QQ MTDA 051 106 00 095 031 140 359
1ap 80.7 222 966 033 945 0.51
Expt. energy 047 132 00 089 034
EIC Exact 0.02 0.0 00 090
MTDA 012 073 0.01 071 0.0 0.75
Tap 832 546 950 078 944 148
QQ MTDA 015 082 00 0.68 010 1.13 61
Lap 803 3.19 898 2.09 976 0.19
Expt. energy 0.28 0.0 0.07 091
EIC Exact 00 118 024 090 0.01 095
MTDA 00 083 023 067 00 0.67
1ap 922 3.03 931 423 973 0.65
QQ MTDA 00 087 018 054 006 1.15 63
Lap 87.0 272 8.0 192 990 0.0
Expt. energy 00 101 016 053 0.09
EIC Exact 0.05 053 076 0.0 1.01
MTDA 00 128 0.57 102 012 1.00
1ap 98.1 082 916 6.12 99.3 0.07
QQ MTDA 00 121 049 074 012 141 65
lap 942 154 922 091 986 0.11
Expt. energy 0.06 032 0.70 0.0

a See Reference 6.

obtained by using the separable nonlocal potential of
Tabakin,® which was used by Kuo et al."* Exact shell-
model results are available® for the EIC interaction
for which the value of X% is 0.052. This shows that,
although our prediction on particular energy levels
differs somewhat from the exact results (also shown in
Table IV), the over-all fit we have achieved is nearly
of the same quality as that of Ref. 6.

The percentage of one-quasiparticle states in each of
the eigenstates of Table ITI shows the following system-
atic features: The first state of any given angular
momentum is predominantly one-quasiparticle type,
while in the second state three-quasiparticle states
invariably predominate. The intermixture of one- and
three-quasiparticle states, although small, accounts for
the improvement in the X2 value from TDA to MTDA,
as mentioned above.

The calculated magnetic moments are presented in
Table V. As is well known, the correction to the mag-
netic moment operator itself due to velocity-dependent
forces, meson-exchange current, etc., gives a contri-
bution of roughly 0.2 nuclear magneton (nm). The
values that we calculate using the various interactions,
on the other hand, differ from each other by less than
0.1 nm. Hence we present only the results for EIC
interaction and the one-quasiparticle (the same as the
one-particle) values of the magnetic moments for com-
parison. The admixture of the three-quasiparticle states

13 7, Tabakin, Ann. Phys. (N. Y.) 30, 51 (1964).

uT T, S. Kuo, E. U. Baranger, and M. Baranger, Nucl. Phys,
79, 513 (1966), ’
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TaBLE V. Quasiparticle contribution to the magnetic moment
in nuclear magneton. 14, denotes the value for a single-quasi-
particle state, and p is the value calculated with our quasiparticle
wave functions having three-quasiparticle admixture.

1
Je 1ap A=59 A=61  A=63 A=65
P 0.64 0.74 0.75 0.68 0.65
3 —191 —214 =222 —212 —197
5 1.36 1.35 1.36 1.38 1.38

in our calculation does produce a departure in some
cases from single-quasiparticle values, but this once
again is of the order of the basic uncertainty of 0.2 nm
mentioned above. We make no attempt at fitting any
observed data because it is well known that the core-
polarization effect is a big contribution to the magnetic
moment of these nuclei, and estimates of this effect
already exist (see Ref. 8).

The same kind of observation holds for the M1
transition strengths of Table VI. The small admixture
of the three-quasiparticle states affects the results to
a very minor extent; consequently, the M1 strength
connecting fs2 with pse, which is strictly forbidden
without the three-quasiparticle admixture, is still found
to be negligibly small, and hence is not shown in the
table.

The E2 transition strengths, shown in Table VII,
on the other hand, display a more sensitive dependence
on the interaction used, and the admixture of three-
quasiparticle states. One must remember, however,
that in this case the detailed form of the radial wave
function plays an important role. We used harmonic
oscillator radial functions; the use of more realistic
functions seems to be necessary before the sensitive
dependence of the E2 transition strengths may be
utilized to arrive at definite conclusions. Experimental
data are also rather scarce at the present time.

TaBLE VI. M1 transition strength B(31) in units
of squared nuclear magneton.

B(M1)
Transition Nucleus MTDA 14p
PR 59 0.91 1.05
61 0.88 1.02
=1 63 2.00 2.05
65 2.16 213
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TasLE VII. E2 transition strength in units of g F* where
F=10"8 cm and es is the effective charge of the neutron.

A =59

A =61
Transition Interaction 1,0 MTDA 10 MTDA
-5 EIC 6.1 10.8 0.53 3.5
EIA 6.2 12.9 0.50 6.6
QQ 6.9 12.4 0.77 29
S-6 6.6 3.6 0.59 019
-3 EIC 1.5 0.46 0.02 0.32
EIA 1.6 0.98 0.03 0.16
QQ 1.6 0.05 0.03 1.55
S-6 1.5 3.9 0.02 1.2
A=063 A=065
-3 EIC 2.0 1.1 15.5 20.2
EIA 22 0.38 15.6 8.0
QQ 1.4 0.03 13.3 51
S-8 21 1.9 15.9 2.4
-5 EIC 0.50 0.87 2.2 1.8
EIA 0.50 1.7 2.2 3.9
QQ 044 29 2.0 3.2
S-8 049  0.09 22 0.78

We also calculated the spectroscopic factors for (d,p)
and (d,t) reactions on even Ni targets leading to the
odd isotopes as the final nucleus. The observed values
are fairly well reproduced by pure single-quasiparticle
states, and, hence, the small admixture of three-quasi-
particle states we obtained left the quality of fit more
or less unchanged.

The main point of this paper is to show how to do the
quasiparticle calculation for odd nuclei using the correct
set of three-quasiparticle states. A single quasiparticle
coupled to a phonon gives rise to a state that has certain
objectionable features, mentioned in the Introduction.
The difference between the quasiparticle-phonon pre-
dictions and results predicted by the present formalism,
which treats the three-quasiparticle states exactly, will
make itself felt as experimental data on more and more
excited levels start coming in.
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