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The amplitude of the longest-period de Haas-van Alphen oscillation in zinc has been measured as a
function of magnetic field strength and field direction iq. pure zinc and dilute alloys. The field dependence,
which is anomalous at high fields, was fitted by the Lifshitz-Kosevich (LK) expression modified to include
magnetic breakdown, using a correction factor due to Pippard. This expression fits the data well for field
directions up to 70' from [0001$, and gives accurate values of the breakdown field parameter He. Values
of Ho obtained for pure zinc by this method range from 2.2 kG (H~~[0001]) to 10 kG (H 70' from [0001)),
with 6elds in either the (1010) or (1120) plane. These results are interpreted as evidence that the lattice
band gap is essentially constant over the central third of the needle, the angular dependence of Hp being due
to the velocity term in Blount's expression for Ho. Values of the Dingle scattering temperature (X=1.5'K
in this sample) show no angular dependence; the scattering relaxation time is therefore isotropic on the
needle. This result disagrees with previous measurements, but the conQict is shown to be due to the persis-
tence of magnetic breakdown to very low fields, which invalidates the usual graphical procedure for evalu-
ating X. In amplitude measurements on v'mpure systems (0.14% Cu, 0.21% Cu, 0.11% Al, 0.008% Mn),
magnetic breakdown is far less apparent than in pure Zn. High values of He (&5 kG) result from a fit to
the breakdown-corrected LK expression. Arguments about band-gap changes are unable to explain this
result satisfactorily. The increase in Ho correlates with the decrease in the measured scattering relaxation
time. It is suggested that the Pippard breakdown correction, based on a coupled phase-coherent network
of orbits, is not appropriate in the presence of strong impurity scattering. An alternative breakdown correc-
tion is derived, appropriate to the random-scattering limit, using a generalization of the Dingle scattering
factor due to Brailsford and a breakdown-scattering probability suggested by Condon. It is shown that
this results in a high-field amplitude qualitatively similar to that observed in the alloys, without changing
the value of Ho (obtained from pure zinc where the Pippard approach is valid). Further measurements
and theoretical calculations are suggested.

INTRODUCTION

I
'HE de Haas-van Alphen (dHvA) oscillations in

magnetic susceptibility are a well-understood
phenomenon in the sense that there exists a theoretical
expression developed by Lifshitz and Kosevich (LK)'
which adequately describes the period, termperature, de.-

pendence, and magnetic Geld dependence. Anomalous
deviations from this expression exist in several metals.
In zinc, for instance, the amplitude at high Gelds of the
longest period (needle) oscillations is much smaller than
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I.M. Lifshitz and A.M. Kosevich, Zh. Eksperim. i Teor. Fiz. 29,
730 (1955) [English transl. : Soviet Physics —JETP 2, 636 (1956)g.

~ For work on the dlvA spectrum of zinc and the experimentally
derived Fermi surface, the reader is referred to Ref. 20 (low 6elds);
R. J.Higgins, J; A, Marcus, and D. H. Whitmore [Phys. Rev, 137,
A1172 (1965)g (intermediate 6elds); A. C. Thorsen, L. E. Valby,
and A. S.Joseph [Iow Temperature Physics LT9 (Plenum Pr—ess,
New York, 1965), Part B, p. 867), J. G. Anderson and W. F.
Love [Bull. Am. Phys. Soc. 10, 349 (1965)g, and M. G. Priestley
and M. A. Mondino [ibut. 9, 551 (1964)g (high fields); Ref. 23
(alloying effects); and W. J. O' Sullivan and J. E. Schirber [Phys.
Rev. 151, 484 (1966)g (pressure effects). For the purpose of this
paper, it is suQicient to describe the needle segment of the Fermi
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the LK formula predicts, reaching a factor of 5 reduc-
tion at 10 kG. This phenomenon has been observed by
several investigators, s ' with various attempts to 6t
empirical correction factors.

It is now thought that the explanation for the anoma-
lous Geld dependence is magnetic breakdown, "the tun-
neling of electrons out of their orbits which can occur at
high magnetic Gelds at locations in the orbit in k space
where two bands are separated by a small band gap.
In zinc, electrons on the needle can tunnel to the "mon-
ster" at three points on the orbit, '" because of the

surface: a long thin ellipsoid along the hexagonal axis, with major
axis more than ten times the length of the minor axis, containing
about 10 ' electrons per atom. The dlvA period is about 6.3)&10 '
G ' for H along the hexagonal axis, so that all but the last cycle of
oscillation occurs below 15 kG.

~ J. S. Dhillon and D. Shoenberg, Phil. Trans. Roy. Soc. A248,
1 (195S).

4 B.I. Verkin and I.M. Dmitrenho, Isvest. Akad. Nauk. SSSR
19, 409 (1955) [English transl. : Bull. Acad. Sci. USSR 19, 365
(1955)).

5 T.G. Berlincourt and M. C. Steele, Phys. Rev. 95, 1421 (1954}.
s F. J. Donahue and F. C. Nix, Phys. Rev. 95, 1395 (1954). .
7 Morrell H. Cohen and I.M. Falicov, Phys. Rev. Letters 7, 231

(1961).
e E. I. Blount, Phys. Rev. 126, 1636 (1962).
e A. B.Pippard, Proc. Roy. Soc. (London) A270, 1 (1962).
~ A. B. Pippard, Phil. Trans. Roy. Soc. (London) A256, 317'

(1964).
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FIG. 1. A portion of the
Fermi surface of zinc, showing
the topology of the second-
band "monster" relative to the
third-band "needle. " The nee-
dle, located at symmetry points
E, has been exaggerated in size
for clarity.

smallness of the band gap (0.02 eV) at these points. The
relevant topology is shown in Fig. 1. Tunneling acts as
a scattering mechanism which produces marked changes
in the magnetoresistance"" at Gelds above 2.5 kG in
zinc, the same Geld region where the dHvA amplitude
anomaly becomes appreciable. Physically, as fewer elec-
trons complete their orbits around the needle, the dHvA
oscillation becomes smaller. To define this correlation
more precisely requires a quantitative comparison be-
tween the dHvA amplitude data and a calculation of
dHvA amplitudes including breakdown. It is the aim of
Sec. I of this paper to provide such a comparison, in-
cluding a test of several theoretical models. "'~" Such
a test has been attempted, "but was restricted for ex-
perimental reasons to fields below about 2 kG. This
restriction introduces some ambiguity, since several
models can Gt the functional dependence over a limited
Geld range. In the present measurements, which have
been reported in preliminary form earlier, ' a field range
of 1 to 30 kG was used, providing-a stringent test of the
theory over a wide range of breakdown probability. A
similar fit to the dHvA amplitude with magnetic break-
down has been performed recently for magnesium, "
with H along L0001j. The present results for zinc are
complementary, but, in addition, provide breakdown
information over a far wider region of magnetic fieM di-
rections. The data are the Grst to be fit using a least-
squares method, resulting in "best-Gt" values of break-
down Geld with high accuracy for a given model. Least-
squares values of the Dingle" scattering "temperature"
X are obtained simultaneously, and show no depend-
ence on field direction, in disagreement with previous
measurements. "An explanation for the disagreement is

"W. A. Reed and G. F. Brennert, Phys. Rev. 130, 565 (1963).
u R. W. Stark, Phys. Rev. 136, A1698 (1964)."W. A. Harrison, Phys. Rev. 126, 1107 (1962); 129, 2512

(1963)."I.M. Falicov and Henryk Stachowiak, Phys. Rev. 14?, 505
(1966)."R.G. Chambers, Proc. Phys. Soc. (London) 88, 701 (1966)."J.R. Lawson and W. L. Gordon, Lou Temperature Physics—LT9 (Plenum Press, New York, 1965), Part 8, p. 854."R. J. Higgins, J. A. Marcus, and D. H. Whitmore, Low Terg-
perature Physics —LT9 (Plenum Press, New York, 1965), Part 8,
p. 859."R.W. Stark and L. M. Falicov (to be published)."R.B. Dingle, Proc. Roy. Soc. (London) A211, 517 (1952)."A. S. Joseph and W. L. Gordon, Phys. Rev. 126, 489 (1962).

, found in the persistence of magnetic breakdown effects
to Gelds below 1 kG, invalidating the usual graphical
procedure for calculating X.

It is readily apparent from an inspection of raw data
- that the high-Geld dHvA amplitude of the needle oscil-

'lation in dilly alloys does not display the anomalous
decrease observed in pure zinc and attributed to mag-
netic breakdown. It is known experimentally" and
theoretically" that the apparent magnetic breakdown
field observed in the magnetoresistaece moves to higher
fields with decreasing relaxation time (increasing im-
purity). However, this is not expected in equilibrium
properties, such as the dlvA eGect, according to a re-
cent calculation. ' Complications in both the experi-
mental observations and theoretical interpretation
prevent a quantitative interpretation of the dHvA
observations. However, in Sec. II, the gross feature that
magnetic breakdown becomes less likely in dilute alloys
will be shown to be in apparent convict with existing
theory, and an alternative explanation involving im-
purity scattering will be developed.

EXPERIMENTAL

The dHvA measurements were made at temperatures
ranging from 1.2 to 4.2'K in magnetic fields of 1 to
30 kG, using a Condon" torsion balance. The crystals
were x-ray oriented and mounted with the torsion axis
along L1010j or L1120j directions. The pure zinc crys-
tals were kindly supplied by W. A. Reed of the Bell
Telephone Laboratories. The alloy crystals were grown
by the Bridgeman technique as described earlier. "
Torque oscillations were recorded on the y axis of an
x-y recorder, with inverse magnetic field 1/H plotted'4
on the x axis, spacing the oscillations equally across a
page. The field sensor was a Hall probe calibrated by
NMR.

The envelope of the dHvA oscillations was arrived at
by drawing a smooth curve through the oscillation
maxima, likewise for the minima; the amplitude of the
envelope was measured every half-cycle of dHvA
oscillation.

THEORY

The problem of including a correction for magnetic
breakdown in the expression for the field dependence of
the dHvA amplitude will be considered in this section.
In a nearly-free-electron metal such as zinc, an electron
orbit in a magnetic Geld is very nearly a series of arc
segments, the corners of the orbit corresponding to wave
vectors appropriate to Bragg reQection. Magnetic
breakdown occurs when an electron continues on an arc
segment rather than turning a corner. There is general
agreement~" 25 that the probability P of magnetic

"L. M. Falicov and Paul R. Sievert, Phys. Rev. 138, A88
(1965).

~ J.H. Condon and J.A. Marcus, Phys. Rev. 134, A446 (1964) .
ss R. J. Higgins and J. A. Marcus, Phys. Rev. 141, 553 (1966).~ R. J. Higgins, Rev. Sci. Instr. 36, 1536 (1965)."J.R. Reits, J. Phys. Chem. Solids 25, 53 (1964).
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Here, E involves .numerical constants and the geo-
metrical shape of the Fermi surface, 4'(x)=x/sinhx,
y=(m'kTm*)/(mppaH), m* is the electron effective
mass, p~ is the Bohr magneton, r is the harmonic index,
S is the Fermi-surface (FS) extremal area in momen-
tum space, n= eh/c, g is the spin splitting factor (2 for
free electrons), co, is the cyclotron frequency eB/m*c,
and v is the Bloch-state lifetime in the presence of scat-
tering. This last term is often rewritten to make the
scattering factor resemble the temperature factor 4'(ry)
by delning the Dingle scattering "temperature'"' X
such that

rr'kXm*/mpyaH= 7r(co,r) '. —(4)

In incorporating a correction for magnetic breakd. own,
it is helpful to note the origin of the exponential scat-
tering factor in Kq. (3). ln the absence of scattering,
the density of electron states e(E,k„H) at axed k, is
a periodic series of delta functions of energy spacing
happ, (neglecting spin splitting). Evaluation of F„, in-

volves Fourier expanding n, with the Fourier expansion
of the series of delta functions resulting in the series of
cosine terms in Eq. (3). Scattering is introduced'p by
convoluting the delta function series with a Lorentzian
line broadening (ui, r/m )$1+ (pp, ry)') ', where y= 8/ hs&, .
The expression for F...LEq. (3)) therefore includes ex-

ponential scattering factors, which are the Fourier com-

ponents of the Lorentzian line broadening expand. ed in
the energy interval ~,.
IM. H. Cohen and E. I. Blount, Phil. Mag. 5, 115 (2960).
s' A. D. Brsilsford, Phys. Rev. 149, 456 (1966).

breakdown at any corner of the orbit is equal to

F exp l
—Hp/B),

with the breakdown Geld Bo given by'

Hp ~V0s/(4bela, a„I).

6 is the Bragg reQection wave vector, Vg is the energy
gap between adjacent bands, H is taken to be parallel
to the Brillouin zone face delned by 6 and defines the
s direction, and v, and v„are normal and tangential
components of the free etectroN-velocity evaluated at
the zone face. When H is tilted away from the zone face,
the velocity terms in Eq. (2) are expected to give an
angular dependence to Ho which corresponds to mag-
netic breakdown becoming less likely when an electron
does not hit the Bragg reQection plane "head on."

In the absence of magnetic breakdown, the Lifshitz-
Kosevich expression for the oscillatory free energy may

written 1 19 26 27

Following Chambers, " magnetic breakdown is in-

corporated 'in, to P.„by writmg an expression for
ss(E,k„Z) in the presence of magnetic breakdown and
Fourier expanding; the rth Fourier coefficient B„be-
comes the breakdown correction factor for the rth
harmonic in Ii„,. This has been done analytically by
Pippard" and clarified by Chambers, " using a model

which bears some resemblance to the zinc problem: a
three-sided orbit coupled to large circular orbits at each
corner. In this case,

&.= I a I'"= I:1—em( —&p/@))'"", (5)

where q is related to Eq. (1) bys

(6)

and p, the complex breakdown probability amplitude, is
related to the breakdown probability I' by

I pl'=F. (7)

A breakdown factor of approximately the form of (5)
was also found. by Pippard. ' for the complete coupled.
orbit network appropriate to zinc and. magnesium.

An identical form has been obtained for B„by Falicov
and Stachowiak, '4 using an approximate Green's-func-
tion calculation of F„,which is applicable to more com-

plex coupled orbits as well.
Prior to the development of the coupled network

models, Harrison'3 suggested a breakdown correction of
the form

& (&)=O'= ll —m( —&o/&)1', (8)

where Q=1 F. —
In interpreting the alloying results of Sec. II, the as-

sumption will be made that the dHvA amplitud. e con-
tains a product of two separate correction factors, one
for scattering I

the Dingle factor in Eq. (3)) and. one for
magnetic breakdown

I
the Pippard formula, Eq. (5)).

This product form is equivalent to the assumption that
the Landau levels are broadened by two indepemdeet

mechanisms: impurity scattering and magnetic break-
down, and is implicit in the treatment of Falicov and
Stachowiak. "The product form is independent of the
details of the broadened line shape, as follows from the
convolution theorem. The Landau level is convoluted
both by breakdown broadening and scattering broaden-

ing. The product form results because the Fourier trans-
form of a convolution is the product of the Fourier
transforms of the individual broadening functions.

RESULTS I: PURE ZINC

A. Method of CaIculation

The measured quantity is the amplitude of the osci1-

latory torque IC„,I

=
I BF„,/88I. Using Kq. (3), cor-

rected for breadkdown by Eq. (5), and taking the
derivative only with respect to the cosine term (the
most ra,pidly varying term), we obtain

~expt= ~car y
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FIG. 2. Comparison of experimental dHvA amplitude for the
needle oscillation Lo: Eq. (12)$ with best-Iit-computed amplitude
Lcurve: Eq. (13)g as a function of inverse magnetic Geld (in
units of 10 4 G ') for a variety of 6eld directions in the (1010)
plane. The length A represents an amplitude increment of 0.5 in
A exp& or A,~&. The curves have been arbitrarily shif ted vertically
for graphical clarity. If magnetic breakdown were absent, the
plots would be straight lines. In all of the least-squares fits, ex-
perimental points were weighted by a factor proportional to the
recorded amplitude, to avoid divergence due to amplitude uncer-
tainty in poorly resolved oscillations.

~ F&G. 3. Comparison of the least-squares fit obtained for identical
dHvA data using (a) the Pippard formula PEq. (8); upper curve)
and (b) the Harrison formula I Eq. (10); lower curve(, both as a
function of 1/H. The fit is essentially perfect in the upper curve.
In the lower curve, which is also a least-squares fit, the functional
form of the breakdown factor cannot adequately fit the data. Note
that the least-squares value of the breakdown field Hp depends
strongly on the form of the breakdown correction: Hp=3.4 ko
in the upper curve, but 10.4 kG in the lower curve.

temperature, and must be obtained simultaneously
with Hp, since a graphical determination of X at fields
below Hp will be in error for reasons described below.
The constant 8 involves geometrical parameters of the
Fermi surface:

where 2, „~ and A„i are defined so that measured and
easily computed quantities appear on the left, and un-
known parameters appear on the right:

A, ~t=—ln CI —,T
( sinhi X —(T 'H '~s (10)

(1 ) (m,*P
4 m, H& BS 8'5

8= (const) (volume)—
88 BI','m* X 3 ( Ho'1—

A t—=8—) —+-» 1—expI I
~

mH 2 &H& Since the shape of the needle is known, 8 could be cal-
culated at any field- direction, but was lef t as a parameter
for convenience.

H vs 8
PURE ZN
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as lo
ggl
O

FIG. 4. Least-squares-fit values
of breakdown field Hp on a loga-
rithmic scale in pure zinc versus
magnet angle in the {1120) and
(1010) crystal planes. The solid
curve shows the behavior which
would be expected from Eq. {2)
if, as II was tilted, Vg remained
constant and the component of the
Fermi velocity normal to the zone
face varied simply as cos8.

Ox
The iterative least-squares fit to an arbitrary function is de-

.scribed by J. D. Scarborough, ENmerical Mathematical Analysis
{The Johns Hopkins Press, Baltimore, Maryland, 1962), 15th
ed. , p. 539. The computer program used is described in Ref. 29.

+ R. J. Higgins, thesis, Northwestern University, 1965 (unpub-
lished). Available on University Microfilms f65-12, 101.

p ( I I 20.)
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0 30 60 90
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In the absence of magnetic breakdown, a plot of cfexpt,
versus 1/H would be a straight line of slope proportional
to X. In Eqs. (10) and (11), A=a.sly/pz, and C is the
measured torque amplitude. The eGective-mass term
in Eq. (11)was calculated using mass values measured"
at fields below Hp. The three unknown parameters 8,
X, and Hp are varied iteratively by a computer until a
least-squares fit of Eq. (10) is obtained. ""Hs is the best
value of the breakdown field, assuming Pippard's form
fEq. (5)j for the breakdown factor. X is the Dingle
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FIG. 5. Needle orbits with II at an arbitrary direction in the
(1120) and (1010) reciprocal lattice planes. In the former case, as
II is tilted away from $0001), all three corners of the orbit move
towards the tips of the needle. In the latter case, one corner of the
orbit remains centered on one edge of the needle at all angles of
II.The orbit samples different regions of k space in these two cases,
with potentially different values of the breakdown probability.
The needle is actually more elongated than shown here, having a
length-to-diameter ratio of about 16.

Higher harmonics of the dHvA amplitude have been
dropped from Eqs. (10) and (11) to simplify the curve
fitting. This is unquestionably justified for the alloys,
where large scattering results in'negligible harmonic
amplitude. The pure zinc crystal used had a second har-
monic amplitude of less than 30% at high fields. It can
be shown" that a second harmonic amPlitude of 30/o
changes the measured enveloPe by at most 10/q and
generally less, depending upon the relative phase. This
is certainly negligible compared to the breakdown eftects
of interest, which amount to factors of 2—5.

B. Comparison of Measured and Computed dHvA
Amplitude: A Test of the Pippard Theory;

Angular Dependence of Breakdown Field

The results of the least-squares fit for pure zinc are
shown in Fig. 2 for field directions in the (1010) plane.
Essentially identical results were obtained in the (1120)
plane. There is close agreement between measured
points and the computed curve amplitudes at all 6eld
directions. Such a close fit is a stringent empirical test
of the Pippard breakdown formula $Eq. (5)7 which, as
shown in Fig. 3, fits the observations better than an
alternative expression )Eq. (8)7. Several other break-
down formulas were tried, but in all cases the computer

calculation diverged. The best-6t values of Boare shown
in Fig. 4 for various 6eld directions. The values are the
same in both (1010) and (1120) planes, within experi-
metal uncertainty. Bo varies from 2.2 kG when H is
parallel to (00017 to about 10 kG when H is 70' away
from L00017.

There is no u priori reason to expect a breakdown
correction of the form qs LEq. (5)7 to be valid when H is
tilted away from [00017, since not all three "corners"
of the electron orbit are then equivalent (Fig. 5). A
breakdown correction of the form q&q2qe might be more
appropriate. Yet, it is clear that the data is well 6t by
the simpler qs form (Fig. 2)& i.e., a single value of He.
This observation, plus the fact that the Ho values are
indistinguishable in both planes, in spite of the diBer-
ences in orbits shown in Fig. 5, requires that the band

gap which rounds the corners of the needle LVG in Eq.
(2)7 is essentially constant over the region of k space
sampled by these measurements. The rise in Ho as H is
tilted away from (00017 is thus to be associated. pri-
marily with a decrease in the component of Fermi ve-
locity perpendicular to the zone face.

These conclusions appear to correlate well with
Stark's" interpretations of his galvanomagnetic meas-
urements in zinc. Using the size of the Hall coeS.cient
measured above Ho and the known extremal area of the
needle, Stark deduced that the breakdown field is coe-
stmt over the central third of the needle, then increases
rapidly beyond that point toward the tips. Our observa-
tion of a breakdown 6eld with angular dependence at atl
argues of H is'not in conQict with Stark's deduction, since
his calculation is of the volume broken down for
H~~L00017, whereas our dHvA results (which sample
only extremal areas) with H at arbitrary angles include
additional angular dependence due to the Fermi veloc-
ity term. Moreover, the sharp rise in breakdown field
which he suggests occurs in the upper and lower third
of the needle would not show up in the dHvA measure-

X IN PURE ZM

0
Bw

0 00 8 8 0
m I- 0

0

[oooo

300, , 604

FIELD DIRECTION 8
FIG. 6. Computed least-squares-fit values of the scattering tem-

perature X in pure zinc as a function of magnetic field direction.
The curve is a smoothed version of the results of Ref. 20; the
scatter was about 1'K.

3 4 5 6 Y 8
I I I

I/H(IONG�')

FIG. 7. An example of the difference between a low-field straight-
line fit drawn by eye (X,~, =1.1'K) and the linear part of the
least-squares fit (X„y,=1.8'K; the lowest curve is the full fit
including the breakdown term). As explained in the text, the differ-
ence accounts in part for the discrepancy apparent in Fig. 6 be-
tween the-. jsotropic relaxation time reported here and the aniso-
tropic one of, :Ref. 20.
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RESULTS II: DILUTE ALLOYS

A. Observed Increase in Breakdown Field
0;5-

O
CO
Z P.Q-

9 -os-
ILIa

«I 0»

-'l.5-

z -2.0-
IslI- -a.5-
3
O
CO'
NI .

l' 2 3 4 5 6 7 8
t/H ( I

0""G )

Fro. 8. Ari example of the effect of alloying on
the absolute dHvA amplitude )Eq. (10)g.

ments except at angles more than 80' from (0001j,
because of the elongated shape of the needle (16 to 1
length to diameter). s' Our conclusion tha. t VG is constant
over the region of the needle sampled by a 70' range
of field directions is thus completely compatible with
Stark's deduction of a constant breakdown Geld over
the central third of the needle.

A comparison of measured amplitudes in pure zinc
and a 0.14% Cu alloy is shown in Fig. 8. Several features
are apparent. The increased impurity scattering shows
up as an increase in slope Dncrease in X in Eq. (11)]
causing the low-Geld amplitude to be significantly
smaller in the alloy crystal. Further, the downward
curvature towards low 1/H due to magnetic breakdown

I I I I I I I I I

t%Cu
0)

K

LLI
O
I-

G.

IO'

304

C. Isotroyy of the Relaxation Time
BA4

I I I I I I I & I

2 4 6 8
t/H (lp cG I)

IO

The values of the Dingle scattering parameter X
obtained from the least-squares Gt are shown in Fig.
6. The values are essentially identical in the (1120) and
(1010) planes. They are approximately constant
(+50% )over theangular range, in contrast to the values
from Ref. 20 (smooth curve in Fig. 6) which rise by a
factor of 10 as the angle varies from 50' to 90'. Though
the absolute value of X varies from sample to sample,
depending oa purity and past history, the angular de-
pendence is of more interest as a measure of the k

dependence of Bloch-state lifetime. Our measurements
show an isotropic lifetime on the needle. The qualitative
discrepancy with Ref. 20 is resolved by noting that the
usual procedure of evaluating X by Gtting a straight
line to the linear portion of the amplitude (Fig. 3)
lowers the apparent X value as H approaches $00017,
because of magnetic breakdown. Breakdown gives a
barely perceptible curvature to the amplitude even at
fields well below Hp, which lowers the apparent slope of
the linear portion, as demonstrated by Fig. 7. This
eBect becomes unimportant for Geld directions far
from t 0001$ where He becomes large. Thus, a simul-

taneous determination of breakdown Geld avoids a
spurious angular dependence of the scattering param-
eter X."
"80' from t'0001$ the computer Gt diverged, indicating that the

q form is no longer valid.
"We are informed PA. S. Joseph {private comm'unication)3

that the authors of'Ref; 20 wbre aware of this complication and
therefore did not publish X values for EE near I 0001).

FIG. 9, Least-squares 6t to the needle dHvA amplitude in a
0.14 at.% Cu alloy, with the same terminology as in Fig. 2. The
length A represents an amplitude increment of 1.0.

is far less apparent in the alloy crystal, indicating an
increase in the breakdown Geld Hp. An increase in the
linear slope of Eq. (11)will of course shift the maximum
in the total amplitude toward lower 1/H. This would
not account for the more nearly linear shape of the alloy
curve, and in any case is taken into account in the re-
sults which follow by simultaneously varying Hp and
X in the least-squares Gt. A corollary of the increase in
Hp is the unusual result apparent in Fig. 8 that the
high field dH-vA amplitude in the impure system may
exceed that in the pure system.

The results of amplitude measurements and curve
Gtting on several dilute zinc alloys, using methods iden-
tical with those of Sec. I, are shown in Figs. 9—11.A
simultaneous least-squares Gt allowing for variation
both in X and Hp gives the results shown in Fig. 12.
Hs increases by roughly a factor of 2 with 0.14%% Cu
and a factor of 4 with 0.1%%uo Al. Also relevant is ampli-
tude data in Zn-Mn alloys (Ref. 32: Fig. 7 compared
with Fig. 8) where only 0.008% Mn almost totally re-
moves the high-field amplitude curvature.

B. Interyretation of Breakdown Field Increase

We are led by the following qualitative arguments to
reject an interpretation of this result in terms of band-

32 F.T. Hedgcock and%. B.Muir, Phys. Rev. 129, 2045 (1963).
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gap changes, and instead suggest that alloying, via
impurity scattering, diminishes the effect of magnetic
breakdown on the dHvA amplitude.

(1) An increase in Hs suggests at first an increas in
the band gap Vo (G= $1120]),since Hs ~ Vos LEq. (2)j.
This could arise in several ways when Cu is the impurity:

(a) Pure Cu has lattice potential components" much
larger than pure Zn, so that Cu impurities in Zn would
be likely to increase the "average" value of V@.

(b) Measurements" have shown that the needle
cross-sectional area increases rapidly with Cu impuri-
ties, due to the combined effect of electron density and
(dominant) axial ratio change. An electron orbit, there-
fore, samples a region of k space further from the sym-
metry point E than in pure zinc. Because of evidence"
that the needle band gap is strongly position-dependent,
and because the smallness of the needle band gap is due
to nearness to the zero crossing of the zinc pseudopoten-
tial V(q) curve, a shift in the needle band gap in an
orbit whose size has been increased by alloying is not
unexpected.

(2) However, the observation that Al impurities also
increase Hs effectively rules out both (a) and (b) above,

Zn-0. 11 At% AL

System

Pure Zn
Zn —0.14 at.% Cu
Zn —0.11 at.% Al
Zn-0. 008 wt. % Mn

Pp(ko)

2.2~0.3
5+1
8+2
+6a

X('K)

1.5a0.5
4.5a0.5
6.5~1
5.5+0.5

ss FrOm Ref. 32.

observation that only 0.008% Mn, "which produces no
detectible period change, almost totally removes the
high-6eld amplitude curvature.

A correlation between the apparent increase in Hp and
increased scattering is apparent, as shown in Table I.
What determines Hp in impure systems is apparently
not the valence of the impurity, but the relaxation time
r as measured by the factor X~ r . This qualitative
conclusion needs to be verified in a further series of
measurements. Tentative interpretations will now be
discussed.

TABLE I. Correlation between increase in computed breakdown
Geld H0 and scattering temperature X due to alloying. Values refer
to H~~$0001$. Results on the Zn —0.21% Cu alloy are not included
for reasons discussed in connection with Fig. 11. Errors shown
indicate roughly the range of values obtained rather than statisti-
cal errors. Amplitude data on the Zn-Mn alloy were taken from'
Ref. 32. Their measurements do not extend to high enough Gelds
to allow us to determine II0 unambiguously by a least-squares Gt. ,

An approximate H0 estimate was made by comparison of their
high-Geld curvature with a comparable Geld region of our 0.14%
Cu data.

C. EBect of Magnetic Breakdown in the Strong
Scattering (Random Phase) Limit

Referring to the assumed form for the dlvA break-
down correction $Eq. (8)$, either Hs must show a de-
pendence on relaxation time not given by the present
theory LEq. (2)$, or the q' form is not appropriate for

Gu

2 4
l/H (l0 "G ')

FrG. 10. Least-squares Gt to the needle dHvA amplitude in a
0.11 at.% Al alloy, with same terminology as in Fig. 2. The length
A represents an amplitude increment of 2.0.

since: (a) Al is a nearly-free-electron metal with small
lattice potential components'4 comparable to those of
zinc; (b) Al produces" no change in the needle orbit
size because of exact compensation of electron density
and axial ratio changes. These simple arguments ap-
plied to a complex band structure are not sufhcient to
disprove a connection between the observed Hs increase
and band-gap changes, but merely suggest that our in-
dications of a cusp in IIO plotted versus valence-electron
concentration are not likely to be explained by band-gap
arguments. This conclusion is further reinforced by the

~ B. Segall, Phys. Rev. 125, 109 (1962).
+ N. W, Ashcroft, Phil, Nag. 8, 2055 (1963),

hl
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FIG. 11. Least-squares fit to the needle dHvA amplitude in a
0.21 at.% Cu alloy, with same terminology as in Fig. 2.The length
A represents an amplitude increment of 1.0. The H0 parameter
values obtained from this fit are not reliable, since the data exhibit
an amplitude dip in the midfield range which cannot be fit by the
dHvA expression used. It was established that this midfield dip is
not due to eddy current torques while Geld sweeping, nor to field
calibration errors, nor to crystalline substructure. Inhomogeniety
of alloy composition is possible and, because of the composition de-
pendence of dHvA period, would give a beating effect in the dHvA
amplitude,
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impure systems. The evidence presently available sup-
ports the latter suggestion, though not ruling out the
former. The derivation' ""of the q' form for the dHvA
breakdown correction [Eq. (5)g is based upon a network
of quasiparticle orbits coupled in a Phase co-heretsf way,
making use of a complex breakdown probability ampli-
tude p and phase matching at junctions of the network.
Pippard points out in a later paper" that phase coher-
ence of the entire network is unlikely even in the pure
metal, because of the presence of dislocations in the
lattice which act as scattering centers, randomizing the
phase information carried on the larger orbits. He uses
this idea in an attempt to account for a factor of j.o
discrepancy between the observed" magnitude of the
magnetoresistance oscillations in zinc and the magni-
tude calculated' using the phase-coherent coupled orbit
model. We suggest that in the limit. of strong smplrify
scattering, as in these zinc alloys, the q' breakdown cor-
rection to the dHvA amplitude is not appropriate. An
alternative approach is to treat th.e electron lifetime in
an orbit which suGers magnetic breakdown as a simple
scattering problem.

Brailsford' has shown recently that the exponential
form of the scattering factor in the dHvA amplitude
[Eq. (3)j does not require the assumption" of a I.orent-
zian line shape for th, e Landau levels, but requires only
the de6nition of the lifetime r of the state. If magnetic
breakdown can be treated as a simple scattering process,
the breakdown scattering probability on the needle
per unit time 1/rb is likely to be of the form"

yecattering probability)(orbit corner)(orbit)
orbit corner orbit time

=3(tp,./2e. ) exp( —Hp/H), (13)

and writing the net scattering probability per unit time
as (1/r, +1/r&), where r, is due to impurity scattering
and rg is due to magnetic breakdown, the generalized
scattering factor is of the form"

exp[—s./pp, r —ss exp (—Hp/H) j. (14)

An expression of this form is qualitatively appropri-
ate to explain the anomalous alloying results, as shown
in Fig. 13. Using Hp 2.2 kG (H~~[0001j) ev——aluated for
pure zinc in Eq. (14) results in far less high-field ampli-

"A. Il. Pippard, Proc. Roy. Soc. (London) A287, 165 (1965).
's J. H. Condon (private communication). Prior to the experi-

ments discussed in the present paper, Condon suggested a break-
down correction of this form, and demonstrated {unpublished)
that the anomalous dHvA field dependence in zinc found by
Dhillon and Shoenberg (Ref. 3) could be roughly fit by a correc-
tion of the form of Eq. {14).We later found that a correction of
this form, though qualitatively correct, did not fit our experimen-
tal data well in pure zinc; in fact, the computer-fitting calculation
diverged. As discussed in Sec. I, the q3 form breakdown correction
fit the data very well, and, in the pure material, has a firmer
theoretical foundation than Kq. {14).Our application of Eq. {14)
to explain the anomalous alloying results rests on an assumed
form jmqy {13)gfor the breakdown scattering probability in the
g g,@do~-phase ljmjt.
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FIG. 12. I,east-squares-fit values of H0 in zinc compared to
values in several dilute Zn-Cu and Zn-Al alloys, plotted on a loga-
rithmic scale.

"The difference is essentially due to the following: The break-
down scattering probability per unit time, Eq. (13), approaches a
limit of 3by, /2yr at high fields, which means that an electron com-
pletes —', orbit before being scattered. The q' breakdown correction,
on the other hand, becomes very large at high fields, which means
that it is extremely unlikely for an electron to complete a full
orbit. Application of either of these to the high-field limit is of
dubious validity, however, because neither the Pippard network.
model nor the Brailsford scattering formula is valid in the
quantum lizgig,

tude curvature than th, e q' form. No maximum is ap-
parent, rather than the strong maximum of the q' form. '~

This is qualitatively the beh. avior observed in the alloys
[Figs. 8—11j, and is an alternative explanation for the
apparent increase in Bp obtained when the alloy data is
fit by the qs form [Fig. (11)$.This conclusion will not
be made quantitative at present, since

(1) The assumed form [Eq. (13)j for the breakdown
scattering probability needs to be justi6ed, and certain
logical inconsistencies removed. For example, the dHvA
amplitude of the needle does not vanish at high 6eld in
this model, even though the orbit is totally broken
down.

(2) It is not clear how to go between the phase-
coherent q' limit and the random-phase limit of Eq.
(14). The validity of the simple scattering approach is
likely to depend on the number of orbits per collision
being small. This number is f'teld-dependent (=cd,r),
such that the simple scattering approach is valid to pro-
gressively higher 6elds as the impurity concentration
(~ 1/r) is raised. This is in line with the observed in-
crease in Ho values in alloy data fitted by the q' break-
down correction.

(3) The few alloy compositions on which measure-
ments were made are not sufhcient to establish quanti-
tatively the scattering dependence of magnetic break-
down as seen in the dHvA eQ'ect.
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CONCLUSIONS

The anomalously low amplitude at high magnetic
fields of the dHvA oscillation of the needle orbit in zinc
has been interpreted as magnetic breakdown. A break-
down correction factor derived by Pippard has been
shown to Gt the data very closely, providing strong sup-
port for his coupled network model. Values of the break-
down field Hp were calculated by a least-squares method
for field directions ranging from nearly parallel to nearly
perpendicular to $0001j. The observations that the q'
breakdown correction factor fits the data well for ang1es

up to 70' from $0001j, and, in addition, identical values
of Hs are obtained for H in both the (1120) and (1010)
plane have been interpreted as evidence that the lattice
band gap is essentially constant over the central third
of the needle. Calculated values of the Dingle scattering

— temperature showed no angular anisotropy, within ex-
perimental error. This convicts with the anisotropy
found by Joseph and Gordon, but the conflict has been
resolved by noting that breakdown eGects persist to
quite low fields and lower the apparent slope of the
dHvA amplitude.

The high-field dHvA amplitude observed in several
dilute zinc alloys shows considerably less curvature than
found in pure zinc. When these data were fitted by a q'

breakdown correction, apparent Hp values 2—10 times
higher than pure zinc were found. Although a number of
arguments can be presented interpreting an increase in
Hp as an increase in the lattice band gap, none of these
arguments were found to be consistent with a sharp Irp
increase due to impurities of both higher (Al) and lower

(Cu) valence. It was suggested that the use of the Pip-
pard q' breakdown correction is of doubtful validity in
an impure system, since it was derived using a phase-
coherent network which is unlikely in the presence of
strong impurity scattering. An alternative breakdown
correction was suggested, based on a generalization of
the Dingle scattering factor due to Brailsford, using a
breakdown scattering probability originally suggested
by Condon. It was shown that this results in a high-held
amplitude similar to that observed in the alloys, without
requiring a major change in the breakdown Geld Hp.
This qualitative conclusion should be confirmed in two
ways. First, further amplitude measurements should be
made with a wide range of alloy compositions, to con-

s
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Fro. 13. Calculated dHvA amplitude. (a): Breakdown correc-

tion of the p form pEq. (5)g used in Sec. I and appropriate in the
coupled orbit limit. (b): Breakdown correction using a scattering
probability of the form of Eq. (13) in a scattering correction factor
of the Dingle-Brailsford form as in Eq. (14), appropriate to the
random-phase (strong impurity scattering) limit. The length A
corresponds to an amplitude change of 0.5. A Dingle temperature
of 5'K was used to make the result comparable to Zn—0.14je Cu
data (Fig. 8). A breakdown field value of 2.2 kG was used in both
(a) and (b), the value obtained at tmld directions near $0001) in
pure zinc (Fig. 4). It is apparent that curve (b) qualitatively re-
sembles the alloy results (Figs. 8 and 9), showing little high-Geld
curvature.

Arm the apparent correlation between scattering (as
measured by the scattering temperature X and by re-
sistivity) and the high-field dHvA amplitude curvature.
Transition-metal impurities such as Mn, which scatter
electrons far more strongly than polyvalent metal im-
purities such as Cu or Al, should be used so that the
measurements can be made on very dilute alloys, avoid-
ing the complication of band-structure changes. Second,
our heuristic breakdown "scattering" correction in the
random-phase limit needs to be justified, so that the
connection with the Pippard q' breakdown function be-
comes apparent as impurity scattering is reduced.
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