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The sharp absorption spectrum of antiferromagnetic Cr203 is investigated. The molecular-Geld approxima-
tion to the exchange interaction is shown to be inapplicable to the 'L& states. A modified exchange interaction
is introduced via an effective Hamiltonian, and the resulting transitions are interpreted in terms of exciton
theory. ReasonaMe agreement with experiment is found. With a magnetic field parallel to the c axis, a new
line not present in zero Geld is observed. This absorption is explained by the exciton theory. The 3.75-cm '
separation between the satellite line and the line from which it borrows its intensity is a Davydov splitting.
No electric field effect for fields up to 100 itV/cm is found. Finally, the low-temperature fiuorescence spectrum
is discussed.

I. INTRODUCTION

N a recent letter, the optical absorption spectrum
.. resulting from the 4A~ to 'E transitions of Cr'+ in
antiferromagnetic Cr;O3 was discussed. ' It was found
that the molecular-6eld approximation does not prop-
erly account for the observed splittings of the 'E state.
We discuss here the nature of the exchange of the
excited state and present a more detailed discussion of
the experimental results.

As found by McClure, ' the main features of the
spectrum are similar to chromium-doped Al;03. The
absorption lines were initially investigated at high
resolution by Wickersheim, ' and the Zeeman eGect
was measured by Stager. 4 We have essentially repeated
their experiment, but have a significantly diferent in-
terpretation of the results. In Cr&03 the optical ab-
sorption is best described in terms of Frenkel exciton
theory. " In Sec. II the exciton spectrum resulting
from the 4A2 to 'E single-ion transitions is derived.
This is done first using the molecular-field approxirna-
tion for the ground and excited states. It is the lowest-
order approximation to the isotropic exchange inter-
action Jt28~ Ss. Here St and Ss are the spins on ions
1 and 2, respectively. Van Vleck7 has shown, however,
that the isotropic exchange is only valid in certain
limited situations. It is warranted when the ion has a
half-filled shell, and when the ion is in its state of
maximum multiplicity. This is the case when the chro-
mium ions are iri the 4A2 ground state, but does not
apply for the exchange interaction between an ion in
the 'E state and the 4A2 state, even though these states

' J. P. van der Ziel, Phys. Rev. Letters 18, 237 (1967).' D. S. McClure, J. Chem. Phys. 38, 2289 (1963).' K. A. Wickersheim, J. Appl. Phys. 34, 1224 (1963).
4 C. V. Stager, J. Appl. Phys. 34, 1232 (1963).
~ A. S. Davydov, Theory of Molecular Excitons (McGraw-Hill

Book Company, Inc. , New York, 1962).
6 The theory of Frenkel excitons has been reviewed by D. S.

McClure LSolid State Phys. 8, 1 (1959)g and by R. S. Knox
t Solid State Phys. Suppl. 5, 1 (1963)].

7 J. H. Van Vleck, Rev, Univ. Nac. Tucuman, Ser. A: 14, 189
(1962) . Anisotropic exchange interactions observed in the spectra
of the rare-earth garnets have been discussed by K. A. Wicker-
sheim and R. L. White t Phys. Rev. Letters 8, 483 (1962)j, and
P. M. Levy LPhys. Rev. 135, A155 (1964)j.

arise from the same t' strong-field con6guration. It is
not surprising that the results of the molecular-field
approximation fail to agree with the experimental re-
sults shown in Table I. An exchange interaction capable
of explaining the four transitions given in Table I is
then introduced. The experimental absorption data are
compared with theory in Sec. III, and the Quorescence
from Cr203 is discussed in Sec. IV.

TABLE I. Absorption data for the sharp lines at 4.2'K.

Line ycm ' foidv foiidv
(10-ao cm) (10~o cm)

13 747.0
13 769.5
13 909.5
13 931.4

11.2
0.9
0.6
6.3

0.3
5.0
3.2

&0.2

crystals. '' Only the features of the theory directly
applicable to the present case will be reviewed here.
The fundamental principle is that stationary states of
the crystal belong to the irreducible representations
of the crystal space group. The crystal ground state
transforms as the Fi+ representation. The exciton func-
tions corresponding to k =0 of the Brillouin zone, which
are important in optical absorption, transform as rep-
resentations of the factor group of the space group.

The number and symmetry of the excitons resulting
from a particular single-ion transition are found using
group theory. In antiferromagnets the irreducible rep-
resentations of the site wave functions which have the
same energy, but are located on opposite sublattices
are Kramers conjugates. The ground-state-site wave
function does Dot transform as the totally symmetric
representation. An ion is excited from its ground state
~ g) to the state ) e) by the site transition operator

s R. Loudon (unpublished).
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II. EXCITONS IN Cr203

The theory of excitons in antiferromagnetic crystals
has received an extensive discussion by Loudon. ' His
work is an extension of the exciton theory of molecular
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FEG. 1. The structure of Cr~03.

I e)(g I. The k=0 excitons are formed from the appro-
priate linear combination of single-ion excitations. The
character of the exciton transition operator for the
symmetry operation E., in terms of the character of
the site 7c's (R), is obtained by combining the transi-
tion operator characters of all the sites in a unit cell
according to

X;(R)= go. (R)X s.s. (R)

and e, are related by inversion followed by inversion of
the spin. Although not clearly shown in Fig. 1, chro-
miums are opposite sides of an oxygen plane, such as
u and b, are inequivalent as a result of a small unequal
rotation of the oxygen triangles from the neighboring
Cr203 molecules around the chromium ion, thus reduc-
ing the site symmetry from Cs„ to Ca=3. The point f
at the center of the cell has symmetry C3,=3. In the
paramagnetic phase the crystal symmetry is D3d'=
R3c1'. The time reversal operator E denoted in the
space group symbol by 1', is a member of the group. "
Below the antiferromagnetic transition, E is no longer
a symmetry element, and the inversion operation I is
replaced by the antiunitary operation of inversion fol-
lowed by time reversal, EI. The magnetic structure is
described by the magnetic space group E3'c'. The ir-
reducible representations of the magnetic group are
obtained by considering the representations of the sub-
group which contains only unitary operators. "The group
R3'c' has the symmetry elements f E 0I, 2f Cs I 0},
3fcs'I ~I f&1 I 0I 2f&ss I 0I and 3 «~ I ~I
unitary subgroup is 832. This group is also the group
of the k vector at the center of the Brillouin zone, and
the representations of both groups will be designated
by the same symbols. Analysis of the magnetic group
shows that, with the addition of the antiunitary opera-
tor f EI

I 0I, the properties of the representations of
832 in the magnetic group E3'c' are the same as
the time-reversal properties of the representations of
8321'."In particular, no new degeneracy is introduced
for the single-valued representations.

The character table for the site symmetry t"3, the
k=0 point of the paramagnetic group E3t,-, and the
group 832 are shown in Tables II and III.' The rep-

TABLE II. Character table for the point group C3 ——3. The
pairs of representations (Ci, Cs) and (S„Ss) are Kramers de-
generate. au=exp (i s-/3).

a- = 1 if R is an operation of the ath site group,

=0 otherwise.

The reduction of X;(R) into the irreducible represen-
tations of the factor group of the space group gives
the exciton levels resulting from a single-ion transition
having a final energy E;.' Since the ground state is
totally symmetric, these representatives also give the
symmetry of the exciton states.

Cr&03 has the corundum structure shown in Fig. 2.'
The lattice may be considered as an array of antiferro-
magnetically ordered Cr&93 molecules with a unit cell
containing two molecules. " The chromiums between
the same two planes of oxygens, for example ions b

~ H. Winston, J. Chem. Phys. 19, 156 (1951).' P. P. Kwald and C. Hermann, Z. Krist. 1, 240 (1931);S.
Geschwind and J. P. Remeika, Phys. Rev. 122, 757 (1961).'B. N. Brockhouse, J. Chem. Phys, 21, 961 (1953); D. K.
Cox, W. J. Takei, and G. Shirane, Phys. Chem. Solids 24, 405
(1963).

C3

A

Cl

C2

Si
$3
S5

Fy

r.
r3
I 4

F6

F5

1

1

i —1

1 —1

1 —1

"B.A. Tavger and V. M. Zaitzev, Zh. Eksperim. i Teor. Fiz.
30, 564 (1956) LEnglish transl. : Soviet Phys. —JETP 3, 430
(1956)); N. V. Belov, N. N. Neronova, and T. S. Smirnova,
Trudy Inst. Krist. 11, 33 (1955) /English transl. : Soviet Phys. —
Cryst. 2, 311 (1957)7. Magnetic symmetry has been discussed
by W. Opechowski and R. Guccione PMagmetistm, edited by G. T.
Rado and H. Suhl (Academic Press Inc. , New York, 1965), Vol.
IIA, p. 105$ and by Y. I.e Corre PJ. Phys. Radium 19, 750
(1958)j."J. O. Dimmock and R. G. Wheeler )Phys. Chem. Solids
23, 729 (1962)g and J. O. Dimmock PJ. Math. Phys. 4, 1307
(1963)g have discussed the irreducible representations of the
nonunitary groups.

'4 G. F. Koster, J. O. Dimmock, R. G. Wheeler, and H. Statz,
ProPerties of the Thirty-Tao Point Groups {McGraw-Hill Book
Company, Inc. , New York, 1962).
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TABLE III. Character table for the point k=0 of the groups R32 and RBC.'

R3C
E 0}
E 0}

2(C3 0}
2(C3 0}

3(C2'
3 (C2' (I l 0} 2(S, I 0}

F+
F1

r+
rn

~ C = g (t1+t2+t3).

1S1+ 2
I
I
I

2
l

2

1S5--
2

$3~»3
2

1

2

0
3S3+-

resentations are identified both by Mulliken and Bethe
notation. For clarity we shall use the Mullik. en notation
when discussing the site symmetry and reserve the F
nomenclature for the k=0 excitons. From Table III
we find that the representations F,+(i=1, 2, 3) of the
group R3c reduce to F; in the group R32. In the anti-
ferromagnetic phase the excitons no longer have a defi-
nite parity. Although the exchange interaction has im-
portant eGects on the splitting of the exciton levels,
its eGect on the coupling of the exciton levels to the
optical radiation field is small. In considering optical
absorption processes we shall thus describe the exci-
tons by their paramagnetic space group representations,
keeping in mind, however, the effects of the reduction
in symmetry in going to the antiferromagnetic phase.

The selection rules for radiative transitions are ob-
tained from the transformation properties of the multi-

pole moments given in Table IU. The change in the
crystal quantum number hp, is given in the last column.

Both 'E and 'A2 transform as a@2 in Op„and split
under the combined action of the trigonal Geld and
spin-orbit interaction into two pairs of degenerate levels
transforming as the representations 253 and S~, S5.
The molecular Geld acting on the spatially quantized
spins on the two sublattices yields the splitting pattern
shown in Figs. 2(b) and 2(c).

Electric dipole transitions are not allowed between
A2 and 'K In symmetry C3, the transition operators

originating from the lowest-energy single-ion levels
transform as S3X S3*——A, Sg&(SS*=C2, and SgX SB*=
C~. The electric dipole transitions shown in Figs. 2(b)
and 2(c) are obtained when the additional selection
rule for the crystal quantum number is applied.

From Eq. (1) the single-ion A transition operator
results in four k=0 excitons having symmetry F&+

and F~+. The C~ and C~ transition operators combine
to yield F3+ and F3 excitons. The group-theoretical
arguments used here are somewhat diferent from those
used in Ref. 1. There the exciton levels were incor-
rectly stated to be doubly degenerate. The interpreta-
tion of the experimental results is unchanged if we
identify the F&, F2, F3 excitons of Ref. 1 with the F&,
F2, F3 excitons of this paper. Electric dipole transi-
tions are allowed to F3 for O.-polarized radiation, and
to F2 for x polarization. From consideration of the
magnetic space group, much weaker electric dipole
absorption is also expected to the states labeled F2+
and Fa+ in Fig. 2(d). The energies of the excitons
originating from the same single-ion transition are sep-

TABLE IV. Transformation properties of the
multipole moments.

3S3-2

4A~ p']l

\
1

S1+2

1sg-—2'

S3--3

S5--
2

S1+2

S3+-32

a b C d

Fn. 2. Derivation of the exciton spectrum based on the molecu-
lar-Geld model. The crystal-Geld levels (a) are split by the molecu-
lar Geld as shown in (b, c) for the two sublattices. The transitions
combine to form the excitons (d).

Electric dipole
—ilx+iy)

g $y
Z

Magnetic dipole
—(I,+'I.„)

I —jI.„
I-g

Cg rs
C& r;
A r;

rg
re
rg

Cg ra+
C2 r&+

r,+

rl
ra
rg

Representation
Polarization 3 RSC R32
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arated by the Davydov splittings, which result from
the exchange of excitation between translationally in-
equivalent ions. As shown in Sec. III, the splittings are
expected to be at most several wave numbers. Thus
only two strong lines are predicted by the above theory,
while four lines are observed. This difficulty was previ-
ously encountered by Kickersheim' with the single-ion
molecular-field approximation. The presence of the two
additional absorption Jines does not appear to be due
to the mixing of the 5,=&-,' ground-state functions.
The wave function 0.96

I
—,')+0.2

I
—-,') reduces the

sublattice magnetic moment to the experimentally ob-
served" 2.76@~ from its spin-only value of 3@~. The
ratio of the upper to lower O.-polarized absorption cross
sections is 0.042, an order of magnitude smaller than
the experimenta1 value of 0.56 obtained from Table I.
A similar result obtains when mixing of the S,= —,

with 5,= —,
' is considered. Pratt and Bailey" were able

to explain the temperature dependence of the suscep-
tibility using the Oguchi pair method, but by applying
this theory to the 'E state they also obtained only two
transitions with an appreciable dipole moment to these
levels from the lowest level of the ground state.

The energy separations between the upper and lower
0 and m polarized lines are 184.4 and 140 cm ', respec-
tively. This effectively rules out the possibi)ity that
the upper lines may be magnon side bands of the
lower-energy absorption )ines since, as will be shown
from the fluorescence data of Sec. IV, the sidebands
would be expected to be about 250 cm ' above the
sharp lines.

Electric dipole transitions to the upper 'E levels
would occur if the selection rules of the crystal quan-
tum number, 6@=+1for cr transitions and zero for w

transitions, are relaxed. Since the selection rules are
quite valid for ruby with magnetic field parallel to the
threefold axis, " there appears to be no a priori reason
for discarding them for Cr~O~ in the molecular-field
approximation.

Transitions to the upper levels may be obtained by
mixing the two S3-symmetry excited single-ion states
and the 5~ and 5~ states. Ke shall generalize the
molecular-field approximatio~ to take into account the
effects of a non-5-orbital state on the exchange. Ke
apply the effective Hamiltonian method used by Tanabe
and Kamimura'~ for the 'E state of ruby, and shall
follow their phase conventions and definitions. The
eQective Hamiltonian contains only terms which have
matrix elements within the excited state. For the 'E
state, the spin operator can appear linearly and the
allowed orbital functions transform as the irreducible
representation Aj, A~, and E of the octahedral group.
In the trigonal site symmetry, the Hermitian functions

'5G. W. Pratt, Jr. , and P. T. Bailey, Phys. Rev. 131, 1923
(1963}.

'6S. Sugano and I. Tsujikawa, J. Phys. Soc. Japan 13, 899
(1958}.

'7 Y. Yanabe and H. Kamimura, J. Phys. Soc. Japan 13, 394
( j.958).

having real matrix elements are V(A}) and the two
components of the E representation, V(u+) and V(u ) .
The function transforming as A~ is a pure imaginary
operator and is denoted by T(A2i. Since the ions near
the excited ion are in the 4A2 state, the exchange field
enters linearly in lowest order. 7 These factors are com-
bined to yield a X,« transforming as the symmetric
representation of the point group C3, and which is
invariant under time reversal. In its most general form,
the X,«which operates on the wave functions

I u++-,'-),
I u~ ——', ), I

u +-,'), and
I

u ——,') is

V(u )=I0
(0 1'}

The eigenvalues and eigenfunctions of X,qg are

k}+(2gll gl—l')0&. (~/—~&) g~ 0 I

—&+ I co«,

(4a)

&4= —l}}—(kg} l gl l') III.+(—~/v2) g~'0 I &+ I
cote,

(4b)
with

4'}=
I u+ ——,') cosl}—

I
u +—', )e' sint},

+4=
I u+ —-,') sine+ I u +—,')e '" cose,

(Sa)

(5b)

where e'&= ll+/ I H+ I, and

E2= 4X+ (kg}I+gll ) /HE (1/W2) g[l~PHg cot@, (6a—)
I'3= 2}}—(2gll+gll') 0& + (&/~&l gl le&* cot& (6b)

eg-——
I

u ——,') cosy+
I
u++-', ) sin@,

~f,=
I

u —-';) sing —
I

u++-.';) cosQ,

+gll pH, LV(u+) 5 +V(u ) 5+j

+giejS„V~V(up) 8„IIV(—u ) 5 j, (2)

where A, , g~~H„gI~'H„g~~ H„and gi H+ are empirical
parameters determined by experiment. The first term
is the zero-6e1d splitting of the 'E state and is caused
by the combined action of the trigonal field and the
spin-orbit interaction. The second term is the molecular-
field contribution, the third includes spin-orbit and
crysta]-field contributions, and the possible effects of
exchange on the orbital function. The Zeeman spec-
trum of Al&O&'. Cr'+ is accurately described by the first
three terms. The remaining terms express the effect of
the exchange field on the combined spin and orbital
functions. Using the u+, I basis functions of E, one
has, on absorbing all numerical factors in the empirical
parameters, the two-dimensional matrices

T}A }=( ),

&(~+}=( I o),
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where the phases 0, g are

«n20=v2g" I &+ I /(gll 2gll ) +»
tan2$=%2gI

I j(gI I+2gI I') . (9)

Considering only the first three terms of X,«, the
'As(S, = —$) state has a o.-polarized transition to
'E&u+ —rs) and a ~-polarized transition to 'E(u ——',).
With the complete X,« the states are mixed and transi-
tions are now allowed to all four states with absorption
strengths given by

oi= o cos 8

o4=o sin 0

my=0, (10a)

F4=0, (10b)

rrs= a' cos @ 0's= 0, (10c)

~s——a sin'P os ——0, (10d)

where o- and m are the dipole strengths from S,= ——,
'

to the 'E levels in the absence of exchange.
The exciton spectrum corresponding to these single-

ion transitions is shown in Fig. 3 for the case the last
terms of 3C,«are large compared to the first three terms
and gi~

) H+ ) )gII~H, . There are now two o- and two
m-polarized transitions, and as in the molecular-field
approximation the twofold degenerate I'3 exciton is
split by a magnetic field, but the nondegenerate I'&

and F2 excitons are not.

III. ABSORPTION

The absorption data shown in Table I were obtained
using a 1-m Czerny-Turner spectrometer and a S-20
response photomultiplier. Samples, in the form of ori-
ented plates, were prepared from boules grown by
R. A. Lefever. The absorption lines of these crystals
were found to be about 5 cm ' higher in energy than
the values given by Wickersheim. ' Some additional
measurements were made on thin c-axis platelets which
were grown by H. J.Guggenheim using a flux technique.
The absorptions of the upper and lower o-polarized
lines for these crystals were found to be, respectively,
1.8 and 1.0 cm ' higher in energy than the values shown
in Table I, and the linewidths were smaller. The varia-
tion in peak absorption energy appears to depend on
the degree of long-range crystal perfection. The devia-
tion from perfect polarization results mainly from a
slight variation of the c-axis direction throughout the
crystal such as is often found in Verneuil grown crys-
tals. X-ray measurements also indicated the presence
of several small crystallites. The axial spectrum of the
Qux-grown crystal, however, was very well polarized.

The Cr20& cross sections may be compared to the
values obtained by Nelson and Sturge'8 for A1203'. Cr'+.
Taking into account the theory of Sec. II and the
depolarization, it is the total o-- and m.-polarized cross
sections of Table I, 1.9&10 ' cm and 0.85&&10 "cm,
respectively, which are to be compared to one-half their

'8 D. F. Nelson and M. D. Sturge, Phys. Rev. 13'7, A1117
(19|5).

H=0 H II Cg

I rG. 3. Modification of the exciton spectrum introduced by the
exchange interaction discussed in the text. Only the electric dipole
acti~~e excitons are shown. The order of the levels depends on the
values of the empirical parameters. Transitions to the F1 exci-
tons, labeled m', become allowed in a magnetic field.

ruby values for the 5,=&—,
' state, namely 1.7)&10 "

and 0.38&10 " cm. The near equality of the cross
sections, although interesting, is not significant since
both the position and the strength of the 'T2 bands
from which the 'E lines borrow their intensity through
spin-orbit coupling are not the same for the two crystals.

Using the theory of Sugano and Tanabe, " the 'E
cross sections can be calculated from McClure's ab-
sorption data for the 'rs band' With t'= 153 cm ' "
the cross sections are found to be 10.2&10—' cm for
o and 6.25)(10 "cm for z polarization. The poor agree-
ment can be only partially attributed to the uncer-
tainty of the 'T2 absorption data, and to a lesser extent
to the 'E absorption results. The major cause for the
discrepancy probably results from not including the
phonon-assisted contribution to the 'E cross section.
Since the 'E levels are relatively closer to the 'T2 band
than is the case for ruby, the transition in Cr203 is
expected to be relatively more sensitive to the crystal
field."

In the above, we have implicitly assumed that the
absorption cross sections are given by the single-ion
values. The empirical parameters of 3C,«can be found
if we assume the energy levels are given by the single-
ion values, Eqs. (4) and (6) . The latter implies equal
band shifts' of all the excitons. In view of the assump-
tions made, the values shown in Table V, obtained
from the experimental data given in Table I, should
be regarded with some caution. It does indicate, how-
ever, that the last terms of BC,«clearly predominate
over the molecular-field term. "
"S. Sugano and Y, Tanahe, J. Phys. Soc. Japan 13, 880 (1958}.
'o S. Sugano and M. Peter, Phys. Rev. 122, 381 (1961)."M. D. Sturge (private communication)."Irom the second and fourth lines of Table V, we obtain

g~~'= —0.24 (g~I/2). This is consistent with the calculation of
R. M. Macfarlane )Bull. Am. Phys. Soc. 11, 243 i1966)j if we
interpret these quantities as true g values, and accept reasonable
values for the trigonal field parameters I M. D. Sturge (private
communication) j.
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$3770(c-

im- 0-
O

I3780—

site exciton wave functions are

4r=4(~r ) =kL4:+4'b 4—: 4—~ j
e =~(~ )=-,'L~.-. ~.+~: ~"j
~.=~(p+) = ,'I~.-.+~.+~:+~"j,
~ =~(P")=!L~.- ~. ~.-+~:3 (11)

I3750

(3740—
1

IO

l

20
I

30
H(NO~)

I

40
I

so

Here @, , $b, p, , and pq are linear combinations of
antisymmetrized products of single-ion wave functions
with the excitation distributed, respectively, over the
a, b, c, and d sites of Fig. 1. The wave functions have
the symmetry of the paramagnetic space group. Since
the dipole moments parallel to the c axis on sites u
and c are opposed to the direction of the dipole mo-
ments of the sites b and d, only g2 has a dipole moment
with the ground state.

The Hamiltonian may be separated in two parts,

FIG. 4. Field dependence of the low-energy absorption lines at
13 747.0 cm ' (o) and 13 769.5 cm ' (~) for H parallel to the c
axis. The Geld-dependent satellite absorption near 13 765 cm ' is
shown by the dashed line.

60

E
O-40
LU

I
OJ

LLI

20

IO l5
H2(IO kOe) 2

20
I

25

Fro. 5. Field dependence of the energy separation between the
r&- and r2 excitons.

As shown in Table IV, electric and magnetic dipole
transitions to the Fr exciton (magnetic group) are not
allowed. They may occur if the symmetry is lowered.
For example, a magnetic field applied parallel to the
c axis removes the symmetry operations {EII 0},
jESs I0}, jc2'I ~} and introduces a unique sense of
rotation about the t,- axis. The symmetry of the mag-
netic space group and its unitary subgroup is reduced
to E3. The character table for the k= 0 point is found
from Table II. The I'& and F~ excitons reduce to the
exciton F, of E3, and x-polarized transitions to both
are allowed. In the paramagnetic space group the mag-
netic moment transforms as I"2+, and transitions to
F, become allowed. In this approximation, electric
dipole transitions to I'~+ and F~+ are forbidden.

We consider now the combined effects of the inter-
action leading to the Davydov splitting and the mag-
netic field. The four-exciton wave functions resulting
from the A single-ion transitions, in terms of the one-

TABLE V. Experimentally determined values of the parameters
appearing in X,fq PEq. (2)].

g.'pI a+ I(wi
(kcI i

—
a) }')W.

g } I,~PH, /V2

(2KII+gll)'~z

88.2cm '
25.8cm '
68.5cm '
15.4cm '

X d'. K' has only diagonal matrix elements with the
wave functions of Eq. (11).

ii g X'ab ac ad bc bd cd'(++++++)
(13)

wherei=1, 2, 3, 4.
The magnetic Geld dependence of the excitons is

contained in $C". Its matrix elements are related by
f/aa bb cc +dd

3C" has off-diagonal matrix elements with excitons F~
and I', . The eigenvalues of the Hamiltonian, Eq. (12),
are

gj~ll+~22~L(~11 ~22) +4(~12 ) ] }~ (14)

A similar result obtains for the F~+ and F2+ excitons.
The term in BC" is found not to have matrix elements
with excitons of diGerent parity. Matrix elements of
Eq. (11) between the exciton states which are sepa-
rated by the exchange interaction are of second order,
and have not been included.

K=BC'+3e",

where X' and BC" have, respectively, oG-diagonal and
diagonal matrix elements with the one-site excitons.
The term 3C' gives the Davydov splittings. From sym-
metry, We Obtain Nab'=K«', +ac'=Kbd', and bc'=
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Using the wave functions, Eq. (11), the electric
dipole moments parallel to the c axis to the exciton
levels are

(y, I Z I 4'o) =2 Z o ZM Z p Zgo

(+ + + +

The dipole moments of sites 6 and d are opposed to
the direction of the moments on sites a and c. A posi-
tive dipole moment is taken to be parallel to the de-
fined positive direction of the crystal trigonal axis.
With the wave functions Eq. (11) we have Z,p= —Zqp=
Z p= —Zgp and a dipole moment exists only to the F2
exciton.

The wave functions Eq. (11) transform correctly
under the operations of the antiferromagnetic group.
Using these symmetry operations we have Z p= —Zgp

and Z,p= —Z~p. Thus, in addition to the F2 absorp-
tion there is a possible absorption to the state labeled
I'~+ which results from the incomplete cancellation of
the site dipole moments. This is of course consistent
with the reduction in symmetry (1'p+—)I'&) given in
Table III. Transitions to F~+ remain forbidden. The
difference between Z,p and Z, p results from the ex-
change interaction; for Cr~03 this is expected to be
negligible. This is the justification for using the para-
magnetic space group representations.

Figure 4 shows the Geld dependence of the energy
levels of the lower excitons. The field was produced by
a superconducting solenoid. We identify the lower exci-
ton as F3 by its linear splitting. The I'~ exciton is
seen to shift to higher energy and an additional +-
polarized absorption line appears on the low-energy
side of this absorption. The latter is the behavior
expected of the I"~ exciton. The Geld dependence of
the energy separation between the F& and F& excitons
is shown in greater detail in Fig. 5. The square of the
energy separation is plotted as a function of the square
of the applied Geld. The line is a plot of the equation

cently, Imbusch'4 has applied the theory to energy
transfer processes in Al&03'. Cr'+. We shall extend his
work to the case of Cr;03.

Consider Grst the splitting due to the exchange inter-
action J~~S~ S2. This term has no first-order matrix
elements between the 'E and. A2 levels. A matrix
element is obtained only by including the spin-orbit
interaction, coupling both the A2 and 'E to the T2
state. Using J&pS) Sp ——250 cm ' t'=153 cm '" and
the 4T2 energy of 16 500 cm ' from Ref. 2, the matrix
element

J)pS( Sp{(f')'/t E('Tp) —E('E) )ATE('Tp) —E('A2) $I'

is of the order of 10 4. As this is four orders of magni-
tude too small, we rule out the exchange interaction as
the dominant mechanism.

We next consider the contributions obtained from
the multipole moments of the electrostatic interaction.
Between ions u and 5 we have

X'= —d, ( )d (') V' V';
i
R

i

'

+& (d, ( )Q,s(&)+d,(&)Q,s( )) V,V,V~
~
R

~

—&

+-'Q "(')Q),((')V,V;VsV( t
R i '+, (17)

where i, j, k, / refer to the Cartesian coordinates, and
the summation convention is implied. The dipole mo-
ment of ion a is d, ( ) =egr, ( ' and the quadrupole mo-
ment is Q,;(') = eg (r ('r ")—8,, ~

r(') ~'/3) . The sum
is over the electrons of the ion.

In a solid the interaction between well-separated
ions is reduced by the dielectric shielding of the inter-
vening medium. However, for the case of near-neighbor
pairs, the situation may not be as simple. Thus for the
ord.er-of-magnitude calculation given below, we will
not include the effects of shielding.

The Grst term gives the dipole-dipole interaction.
The matrix element of 3C' includes matrix elements of
the dipole moment, the latter may be expressed in
terms of the electric dipole oscillator strength

(Es—E))'= 14.1+2.06IP (cm—') ' (15) I (d) {'=(3h,e'/2mco)f

236,p"/H=0. 143 (cm '/kOe). (16)

It is of interest to obtain a numerical estimate of
the matrix elements of K' and. thus Gnd the mechanism
responsible for the splitting. The interactions which
result in the exchange of excitation between ions is of
central importance in theories of sensitized lumines-
cence, and have been discussed by Dexter."More re-

'3D. L. Dexter, J. Chem. Phys. 21, 836 (1953); Phys. Rev.
126, 1962 (1962).

where H is in units of 10 kOe. Comparing with Eq. (14)
and taking note of the limits of experimental error, we
find a Davydov splitting of X»' —K»' ——3.75(&0.25)
cm '. The square root of the slope yields

The matrix element of the dipole-dipole term ap-
proximately is

Vp~3he'f g/2nuu R'.

Substituting the measured electric dipole oscillator
strength of the I'p level, fp ——2.5)& 10 s, and the nearest-
neighbor distance of 2.65 A, ' we obtain t/'~~10 ' cm '
This is again too small.

The quadrupole-quadrupole interaction is given by
the third term in Eq. (17). Imbusch has shown that,
for Cr'+ in A1203, a quadrupole matrix element exists
between 4A2 and 'E if the spin-orbit interaction of the
4A& with the 'T& level is taken into account. The quad-

P' G. F. Imbusch, Phys. Rev. 153, 326 (1967).
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FIG. 6. Integrated absorption cross section of the satellite line
as a function of the field. The curve is calculated from Kq. (20)
using the parameters discussed in the text.

rupole oscillator strength

S,=( -»~)(-m) Z 1 (O„)1i'
for Cr'+ in AI~O3 is calculated by Imbusch to have the
value 1.5)& 10 ".The matrix element of the quadrupole-
quadrupole interaction is approximately

V,~3Q'f, /kr'm. o)Rb (19)

With the above value off„V, is found to be 0.25 cm '
for the nearest neighbors. This is somewhat smaller
than the estimate given in Ref. 1. However, there is an
additional numerical factor in the numerator of V,
which results from the derivatives of 1R 1

—'. This im-

portant factor depends on the relative values of the
quadrupo1e matrix elements. It is estimated to increase
the splitting approximately tenfold. The matrix ele-
ment of the dipole-quadrupole interaction [the second
term in Eq. (17)$ has a value intermediate between
V~ and V,. The higher-order mul tipole interactions
may be shown to be o egligibly small. As has been
found' for A1203. Cr'+, the quadrupole-quadrupole cou-
pling appears to be the predominant energy-transfer
mechanism.

Neighbors more distant than the first also make
important contributions to the splitting. Referring to
ion a in Fig. 1, the nearest neighbor is of the type a-b.
There are three second n eighbors of the type a-d where
a and d are in different unit cells, and three third
neighbors a-b with b in yet another cell from the second-
neighbor ion d. The separation between neighbors in-
creases only slowly from the Grst to the fifth. An accu-
rate numerical evaluation of the Davydov splitting
thus requires the inclusion of a large number of terms.
In addition the angular dependence of the quadrupole
interaction should be taken into account. Such a calcu-
lation is beyond the scope of the present paper.

Another test of the theory is obtained from the field
dependence of the integrated absorption cross section.

+aa +bb geffI + 2+12 ~

Substituting from Eq. (16) gives g, rr
——3.06.

(22)

Figure 7 shows the Geld dependence of the upper
excitons. The j'3 exciton is split by the field; however,
no satellite is found near the F, exci ton. A careful
comparison of the F~ line shape, with and without
field, indicated no change in the absorption strength
or linewidth. With a SQ-kOe Geld, the center of gravity
shifts by less than 0.5 cm ' from the zero-Geld va1ue.

These observations are in qualitative agreement with
the theory. Assuming the Davydov splittings are about
the same for the upper and lower w-polarized lines, the
magnitude of X~~" determines the coupling between
the Fi and I', excitons. Using Eqs. (7a) and (7b),
the energy shifts of the site-u exciton will be larger for
the lower than the upper vr excitons if P(~tv. Conse-
quently the coupling X»" will be larger for the lower
excitons. From Eq. (9) and Table V we obtain &=38.7'.

In another experiment, an electric Geld was applied
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FIG. 7. Field dependence of the higher-energy absorption lines.

For the F~ exciton we have

f 11—t-1+ ( &)'j'"1'
o Ft dp= os Fs dv

11—L1+ (eH) '$'"}'+(eH) ' '

(20)

where os(rs ) is the Fs zero-field cross section, and

e '= (2Xis") '(&'s' —Xii') P, (21)

evaluated from the splitting data is 26.2 kOe. As shown
in Fig. 6, a reasonably good Gt is obtained by taking
f&o(&s ) d"=SX10 "from the zero-field measurement.
At 50 kOe about 25'Po of the zero-field F, absorption
has been transferred to the satellite.

The value of 2X~~" enables us to calculate the field
dependence of the two sublattices. Using Eqs. (11),
(12), and (16), the diGerence in energy is
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parallel to the c axis. This lowers the symmetry by
destroying the center of inversion and the twofold axis.
The glide plane remains, however, and the magnetic
symmetry is reduced to R3c'. The unitary subgroup is
E3. In first-order perturbation theory, m-polarized tran-
sitions become allowed to the F& exciton, and the F~
and F2 energy levels will have a quadratic field de-
pendence. The F3 exciton splits linearly with the applied
field.

Aluminum strip electrodes were evaporated on the
opposite faces of samples which were typically 115 p,

thick. The light transmitted between the electrodes
was measured at increasing field strengths, up to the
field resulting in electrical breakdown and the destruc-.
tion of the crystal. With a field of 100 kV/cm, the
upper limit on any additional integrated absorption
cross section was estimated to be less than 0.05)&10 '
cm, and any shift or broadening of the absorption lines
was less than the experimental limit of 0.2 cm '.

A linear electric field effect has been observed in
Al&Os'. Cr'+."A field of 100 kV/cm is found to produce
a splitting of 0.53 cm . A linear splitting occurs be-
cause the net shifts of the levels of ions which are
located on sites related by inversion are equal, but in
opposite directions. The theory of this effect, based
on an electronic mechanism, shows that the splitting
is related to the value of the absorption cross section of
the lines. "

In Cr&03, the shift of the F& exciton levels may be
reduced to the shift of two chromium ions, one in the
excited state, and the second, on the other sublattice,
in the ground state. The two levels are shifted by
equal amounts, but in opposing directions, giving a
net splitting. Just as for the single ions in ruby, the
F3 exciton splitting is equal to the difference between
the shift of single-ion excited and ground-state levels.
When the linear splitting is much smaller than the
linewidth, it is manifest as a quadratic broadening of
the line shape. "The upper limit of the lower-energy
F3 exciton splitting of 0.8 cm ' is obtained from the
experimental limit of the broadening, and the Gaussian
linewidth of 2 cm '.

IV. FLUORESCENCE

Figure 8 shows the near-infrared emission spectra of
crystals grown by the Verneuil and Aux techniques.
In both cases the spectrum consists of a sharp line
followed by a number of broad bands. The emission
is obviously sample-dependent, and in both cases, the
sharp line emission is shifted to lower photon energy

"W. Kaiser, S. Sugano, and D. L. Wood, Phys. Rev. Letters
6) 605 (1961);M. D. Sturge, Phys. Rev. I33, A795 (1964).

'6 J. O. Artman and J. C. Murphy, J. Chem. Phys. 38, 1544
(1963&; in Proceedings of the First Conference on Paramagnetic
Resonance, Jerusalem, 1968, edited by W. Low (Academic Press
Inc. , New York, 1963), Vol. II, p. 634; M. G. Cohen and N.
Sloembergen, Phys. Rev. 135, A950 (1964)."E.Royce and N. Bloembergen, Phys. Rev. 131, 1912 (1963).
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FrG. 8. Fluorescence from two Cr203 crystals at 4.2'K. Top:
Verneuil-grown crystal from R. A. Lefever. Bottom: Flux-grown
crystal from H. J.Guggenheim.

'8 R. E. Diets, L. F. Johnson, and H. J. Guggenheim, Physics
of Quantum Etectronics, edited by P. L. Keiley, B. Lax, and P. E.
Tannenwald (McGraw-Hill Book Company, Inc. , New York,
1966), p. 361.

as compared to the 'E absorption. No absorption is
found to correspond to any of the emission wavelengths.
These observations indicate that the fluorescence is not
an intrinsic property of the crystal, but, as has also
been observed in the antiferromagnetic transition-metal
Quorides, " is the result of impurities. Neither is the
emission solely characteristic of the impurities, rather
it is thought that the impurities perturb the levels of
nearby chromium ious via the electrostatic interaction,
creating impurity-trap levels which lie below the 'E
levels. If, as is observed here, the emission wavelength
is relatively close to the absorption, the chromium ions
will be only slightly perturbed, and the emission will
be quite characteristic of these ions. In particular the
emission should yield information about the exchange
splittings of the ground state.

Wickersheim' has observed the absorption from the
S,= —-,'excited level of the ground state. It is dis-
placed 245&20 cm ' to the long-wavelength side of
the lowest-energy, low-temperature absorption line, and
was only observed above 100'K. The two emission
spectra of Fig. 8 show emission in bands at, respec-
tively, 248 and 252 cm ' from the sharp line. In each
case the sharp line and its associated band are thought
to originate from the same trap level. For the Verneuil
grown crystal, the emission intensity from the 0—248-
cm ' pair decreases with increasing temperature, but
the intensity of another pair, at 535—784 cm ' from
the line labeled 0, increases. Since the energy separa-
tion between the latter pair is 249 cm ', this emission
is thought to originate from a diferent trap level. A
similar eGect was observed for the emission lines labeled
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FIG. 9. Fluorescence from the Aux-grown crystal with the mag-
netic Geld parallel to the c axis. Above the spin-Hop Geld of 58
kOe, the spectrum shifts to higher energy by 25 cm '.

for the Qux-grown crystal, in the low-field region the
sharp line splits linearly with the Geld, but the broad
band is Geld-independent. The high-Geld Bitter magnet
was used for the experiment. The spectrum uniformly
shifts by 25 cm ' to shorter wavelengths and the split-
ting of the sharp line disappears when the Geld is in-
creased beyond its spin-Qop value of 58 kOe. «imilarly
in absorption, the E lines shift and the splitting dis-

appears. These results enable us to identify the sharp
line as terminating on the chromium-ion ground state
and the band separated by about 250 cm ' as terminat-
ing on the first excited ground-state level. In terms of
the exciton description, the latter is termed the magnon'
sideband of the sharp line. In this emission process, a
Glled trap is emptied, and a spin wave is excited.
Magnon sidebands have previously been found in the
absorption and emission spectrum of MnF2.""It should
be observed that the characteristics of the emission
sidebands are similar for both materials, however in
contrast to MnF2, a magnon sideband is not observed
in the absorption spectrum of Cr~03.

70j. and 955 cm ' in the Qux-grown crystal. Each type
of impurity perturbs the excited states of the chromium
ions in its own way, producing trap levels at various
energies, but does not appear to appreciably affect the
energy separation of the terminating levels of the Quo-

rescence. The temperature dependence of the Quores-

cence indicates the existence of interesting thermaliza-
processes between various traps present in the same
crystal.

We have not been able to identify the speciGc im-

purities causing the traps. Analysis of the Verneuil-

grown crystal showed it contained 0.1% Al, 0.01%
Mg, and traces of transition metal ions other than
chromium.

Additional evidence that the Quorescence is closely
associated with the chromium ions is obtained from
the Geld dependence of the emission. As shown in Fig. 9
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