PHYSICAL REVIEW

VOLUME 161, NUMBER 1

5 SEPTEMBER 1967

Delta-Function Fermi Gas with Two-Spin Deviates*

MicHAEL FLICKERT

Physics Department, Case Institute of Technology and Western Reserve University,
Cleveland, Ohio

AND

Errrorr H. Liesi

Physics Department, Northeastern University, Boston, Massachusetts
(Received 12 April 1967)

The problem of one-dimensional particles interacting via a delta-function potential has been a useful
model for the many-body problem. While it can be solved for bosons, it has so far not been solved for fermions
except for the special cases of either all spins parallel or all but one spin parallel. The full difficulty of the
problem first manifests itself when two spins are down (i.e., S=3N—2), and this we solve here. We are
confident that our method can be extended to the general problem.

INTRODUCTION

ANY authors have sought an exactly soluble

model of interacting fermions (with ordinary
pair potentials and in a “box” at a finite density)
which would be an asset in the study of the many-body
problem that pervades so much of physics.! Such a
model—the delta-function model—exists for bosons,?
but so far has defied solution for fermions. While there
does exist one exactly soluble model of interacting
fermions having physically reasonable properties,® the
Hamiltonian of that model is sufficiently unphysical
that it is difficult to have great confidence in its pre-
dictions.

In this paper we show how to solve the delta-func-
tion model for fermions with 2 spins down and N-2
spins up. We are fully confident that our method will
solve the general problem, although its solution may
be complicated. It must not be forgotten that one re-
quires more of an exactly soluble model than a mere
formal solution; one also needs an interpretation of
the results. Since it is difficult to infer very much by
comparison of the 2-spin deviate problem with the
zero-spin deviate problem, we have put aside this im-
portant task until we are able to exhibit the full solu-
tion to the general problem.

The Hamiltonian* of the delta-function model for N
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tific Research Grant AFOSR-508-66 at the Belfer Graduate
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1 For a review of exactly soluble many-body problems see E.
Lieb and D. C. Mattis, Mathematical Physics in One-Dimension
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2 E. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963); E. Lieb,
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introduced by J. Luttinger, J. Math. Phys 4, 1154 (1963), and
was solved by D. C. Mattis and E. Lieb, zbid. 6, 304 (1965).

th=1,2m=1.

161

particles is

i 8(wi—xj).

1=i<j

N
=—> 8¥/ox+2c (1.1)
1

Relative to bosons, fermions possess a simplifying as
well as a complicating feature, the latter vastly out-
weighing the former. The simplification comes from the
fact that an antisymmetric spatial wave function auto-
matically vanishes when two particles “touch,” so that
the delta-function interaction plays no role. Thus,
fermions with all spins parallel do not interact with
each other. For other values of the total spin there will,
indeed, be an interaction between the ‘“spin-up” par-
ticles and the “spin-down” particles. In the latter case
the problem is quite similar to the problem of a two-
component Bose gas having the property that particles
of each species interact only with particles of the other
species. For particles of only one species (i.e., either a
totally symmetric or a totally antisymmetric wave
function), it is only necessary to consider the sub-
region of configuration space

Ri: << <y (1.2)

instead of the full configuration space because knowl-
edge of the wave function in Ry is, by symmetry, suf-
ficient to define the wave function everywhere.

The complication mentioned above is that we are
forced to consider a region much more complicated
than R;. To be explicit, suppose we wish to consider
the eigenfunctions of # when j spins are down and N —j
spins are up [i.e., the value of S, is M;=3(N—25)].
As was explained elsewhere® it is necessary and suf-
ficient to consider wave functions of the form ¥(x;, x,,
oo, % | iy, * -, %y), where the “bar’ means that ¥
is antisymmetric in the first j variables and in the last
N —j variables, but has no particular symmetry with
respect to interchange of variables across the bar.
Such a function could belong to a total S> M. Indeed,

5E. Lieb and D. C. Mattis, Phys. Rev. 125, 164 (1962).
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all functions belonging to S> M; have a representative
in the M; subspace by application of S_, the spin-
lowering operator. Thus, if we specify j (in this paper
we shall consider 7=0, 1, 2) there are two ways to de-
termine the total S value of any particular wave func-
tion. The first, and complicated, way is to investigate
the symmetry properties across the bar (i.e., to decide
to which irreducible representation of the symmetric
group the function belongs). The second, and simpler
way, is to inquire whether the energy of ¥ is among the
energies belonging to the j—1 subspace. If it does, then,
barring accidental degeneracy, the .S value of ¥ is
greater than M;.

To find eigenfunctions of the j type we must consider
the configurational subspace

Ri: 5<x,<---<Zw;,

i< oo Sy (1.3)
Equation (1.3) defines only a partial ordering. Plainly
the region R’ contains (¥) physically distinguishable,
completely ordered subregions of the type R;. Herein
lies the difficulty.

The imposition of periodic boundary conditions
(PBC) does mitigate the difficulty somewhat, and we
shall henceforth adopt these boundary conditions.
Clearly, in this case, only the relative ordering of the
“up” variables and the ‘‘down’ variables is of any
consequence. Thus, we need consider only (¥t
essentially inequivalent subregions. For j=1, the case
solved by McGuire,7 it is only necessary to consider one
instead of IV regions. The full difficulty of the problem
does not manifest itself until j=2. By solving this
last case, we believe we shall be able to undertake the
general problem of arbitrary j.

To solve the problem, we observe that the delta
functions in (1.1) can be replaced by the (¥) boundary
conditions:

0 a a i}
(—'_'_> 24 ’:c.'=zi+_<_'_—_) 04 Ix;xzj'=2c\1/ lz,~=zn

dx; 9x; dx;  0x;
(1.4a)
together with the continuity conditions
Y |oima* =V |y (1.4b)

These are in addition to the periodic boundary condi-
tions (PBC):

\I’(xh T Xyttt xN) =‘I/(x1) R} xi+L7 Y xN)
(1.5)

for j=1,2, -+, N. Here, L is the length of the “box.”
It is obviously sufficient to restrict our attention, what-

¢ J. B. McGuire, J. Math. Phys. 6, 432 (1965).
7 J. B. McGuire, J. Math. Phys. 7, 123 (1966).
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ever the order of the x’s, to

xmax'—xminSLy (16)

and we shall do so henceforth. We then make the follow-
ing Ansatz for ¥: For a suitable choice of N distinct
numbers {k} =k, ks, ¢+, ky, we note that ¥ can be
written in every subregion R, of the type R; as

N
'l/a(xl: R xN) =; Aa(P) exp(z ; kj(P)x]')} (1'7)

where »_p stands for a sum on N'! permutations. The
important point to note is that 4,(P) is a set of co-
efficients which depend upon the particular region
R,, but that the set {&} is fixed and does not depend
upon R,. The problem is to find the allowed sets {%},
together with their accompanying coefficients {4.(P)}
such that the boundary conditions (1.4) and (1.5)
are satisfied.

Clearly, the Schrédinger differential equation is
satisfied with an energy

N
E=) k2
1
Moreover, the total momentum of the state will be
N
P=3 Lk,
1

and we know that any allowed set {k} will automati-
cally satisfy

(1.8)

(1.9)

P=(2r/L) Xinteger. (1.10)

Before investigating the j=2 case, let us see how the
program works for =0 and j=1. For j=0, we need
consider only Ry (1.2) and impose the boundary condi-
tion that =0 on the boundary of R;. In an arbitrary
subregion, R,, Y».==y; and it is seen that the con-
tinuity conditions and delta-function conditions (1.4)
will be automatically satisfied. The PBC, (1.5), reads
\I,(xl) Xyttt xN)
=‘I/(x1) Y xi+L, e, xN)
=(—1)¥ (2, «+ ++, oy %+L)

(1.11)

for all j=1, -+, N. The point of Eq. (1.11) is that the
PBC has been reduced to a statement about ¥ in R,
alone, i.e., about ¥1. Now, the fact that y; vanishes on
the boundary of R, implies that 4,(P) =ep, whence

*y X1y Xit1, *

V1w, + -, 2v) =Det | expikix; |. (1.12)
Equation (1.11) then fixes the k; as
k;= (21r/L) ni, (1.13)

where 7y, *++, ny is any set of distinct integers. The
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result then, for the =0 case, is that the eigenfunctions
and eigenvalues are the same as for the noninteracting
case. In fact, as we could have seen in advance, (1.12)
represents ¥ everywhere, not only in R;, but this is
fortuitous; it will not be true for 7>0.

Forj=1, theregion R', Eq. (1.3) consists of N regions
R,, Ry, +++, Ry where R, is defined by the fact that
%<2 <%,41. As we remarked above, the PBC imply
that these N regions are effectively equivalent. Using
PBC we can find enough conditions in R; alone to de-
termine {k}. Denoting the value of ¥ in R; by ¢, and
using PBC on the “up” particles, we have

Vo1 | %, 25, =+, )
=y (x1 | 2oL, x5, **+, xx)
=(—1)¥2 (21 | w3, 24, =+, %y, e+ L).
(1.14)

It is here that the value of PBC manifests itself, for
we now have two conditions connecting R; and Ry;
(1.4) and (1.14). These, together with (1.10), are suf-
ficient to determine {k}.

Since y; vanishes whenever xja=x; (j=2,---,
N—1), we obviously infer

fixu foxae faxaw
X21 X22 *tt XeN

tp1 = . y ( 1 N 15)
XN1  XN2 XNN

where fi, *++, fv are some coefficients and
xii= exp(ix:k;).

If we denote by Dun(xs +++, an) the cofactor of
FmXimXen in the determinant of Eq. (1.15), and use the
fact that ¢, vanishes whenever xj =2, (j=3, -,
N—1), then

¢2= Z AmnleX2ann(x3; ey xN)-

m,n=1

(1.16)

In this language, the =0 case is retrieved by the choice
fi=1and Am.=1 (all §, m, n).
The delta-function condition, (1.4a), reads

1(kn—km) ( frntfo—Amn—Aum) =2¢( fu—1f), (1.17a)
while the continuity condition, (1.4b), reads
fn—fn=Amn—Anm (1.17b)
for all m#~n. Finally, the PBC reads
Amn=Ffm exp(ikaL). (1.18)

Inserting Eq. (1.18) into Eq. (1.17), we find

Jn(1=xn) =tc( fa—fm)/ (ka—Fm),  (1.19)
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where x,= exp(ik,L). One solution is to have x»,=1
and f,=1 (all #), thereby recovering the j=0 solution.
Otherwise, by comparing Eq. (1.19) to the same equa-
tion with # and m interchanged, we find

fn= (1"‘Xn) .

Upon insertion of Eq. (1.20) into Eq. (1.19) and a
small amount of algebraic manipulation, we have

Lc coti (kL) —k;j=\ (1.21)

(1.20)

(M a constant), with the constraint that k,7%%m. This
is the famous equation first derived by McGuire® and
discussed extensively by him.®7 It is useful to rewrite
Eq. (1.21) as

_k1+)\+% (ic)

—k————_——j+7\—%(i&) . (1.22)

Xi

The reader will note that for every pair of neighbor-
ing regions, R; and R, there is a similar pair of
boundary conditions [i.e., Eq. (1.4) and the analog
of Eq. (1.14)7, and he can easily verify that these
will be satisfied by the same choice of {%} asin (1.21).
Where the final condition, Eq. (1.10), enters is in the
PBC on the “down” particle, x1: '

(21 | %9, oo o, xn) =Y (w1+L | 2+ -+, an)

=Yy (a+L | xg oo, 2n), (1.23)
an equation connecting R; to Ry. This will be satisfied
for the choice (1.21) if and only if (1.10) is obeyed.
It is clear from Eq. (1.22) that Eq. (1.10) may be re-

written as

RO

=1 \kj+N—3 (ic)

Finally, it must be remembered that the solutions
to Eq. (1.22) and Eq. (1.24) give only the Siota1>3N —1
states for the Hamiltonian (1.1). The Siotai=3N states
correspond to A=, _

The final result is startling. It is that each ; satisfies
an “independent particle” equation, (1.21), which is
only slightly more complicated than that for the non-
interacting gas, (1.13). True, these equations are not
really independent because the separation constant A
in Eq. (1.21) must be chosen to satisfy the momentum
condition (1.10). Nevertheless, the situation is much
simpler than for the Bose gas? where each % is a function
of all the other &’s.

When j=2, the algebraic problem will be vastly
more complicated than the foregoing because we must
consider (N—1) inequivalent subregions rather than
one subregion. Nevertheless, the final equations for
{k} bear a striking similarity to Eqs. (1.22) and (1.24).
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It is the main purpose of this paper to prove that

kf+a+%<ic>> (kj+e+%<ic>)
kito—3(0)) \kte—1(ic) )

x;i= exp(tk;L) =(

(1.25)
where
M kf+5+%(ic))_e—5—ic
r kf-l-e-l-%(ic))_a_e_ic

Here, ¢ and € are two constants. Once again, solutions
to (1.25) and (1.26) give us only the Siota1> 3N —2
states.

II. THE TWO-SPIN DEVIATE PROBLEM—
DETERMINATION OF {k}

The region R?, Eq. (1.3), contains (¥) primitive
subregions which we shall denote by Ry, the index j
signifying the position of x; among the NV variables and
the index % signifying the position of x; measured
from ;. Thus

R 1 <ap<apg<ay< o - <aw,
Rip: ti<uz<mp<ag<le s <ay,
Rm: x3<x1<x2<x4<°--<xN, etc. (21)

The regions Ry, (k=1,---, N—1) are the funda-
mental inequivalent regions, for our intuition tells us,
although we must carefully verify it explicitly, that all
regions with a common value of the second index are
equivalent to each other. Each region Rj; is connected
to neighboring regions through Eq. (1.4). For £>1
and 7>1 there are four: R i1, Riv14-1, Rjr1, and
Rj 1. For k=1 and j>1 there are two: Rj_; 1 and
Rj 1.

Our first step will be to take a ‘“down’ particle
through the ‘“up” particles. That is, if we assume we
know ¢1,; then Eq. (1.4) will determine ¢, and then
Y13, etc. Finally, ¢, is related to ¢ 51 by PBC:

5 ay) =y (ot+L, x, l X3, 00, AN)
=— (%, 11+ L
= ~—1.01,2\7—1(902, x+L ] X3,

51/1.1(961952 | X3y **

X3y o v, xN)
.o ., xN)'
(2.2)

We shall then be able to determine a great deal, but
not everything, about {k}. The remaining conditions
will come later from the second step—taking an “up”
particle through the ‘“down” particles.

Since y1,1 vanishes when x;=x, or when x;_;=ux;
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(j=4,-++,N), we have
Y11=3% ) tﬁé#t A (st) for (21, %2) Dot (x5, * =+, 2n), (2.3)
where
S (12) = x1sX20—X11X26 (2.4)

and D, is as previously defined [Eq. (1.15) et seq.].
Obviously, 4 (st) =A (&s). Likewise, define

(2.5)

in the determinant of Eq. (1.12). The wave function
in Ry ;4 can be written (for j=3,--+, N) as

Dyy... = cofactor of xisxaexzu®**

N
‘l’l‘f—l: Z A"—I(al) Yy aj)

alreraj=1
(all distinct)

J
X H Xm,amDa, oo (F11, + =+, 2n) . (2.6)
m=1

The fact that ¥;,;_; vanishes when %,_;=x, (for m=4,
5, +++,7—2) requires that A7 1(ay, * * +, o) be symmetric
in the last j—2 variables. Beyond that there is no other
symmetry requirement on 4.

Just as we derived Eq. (1.17),2 we can use (1.4) to
express A7l in terms of 472 viz.,

Ai—l(al’ cee, a]-)
=A72(0y, ++*, aja)[1—ic(kay—Fka;) ]
+A72(ay, aj, a3, * 0, @jg) (56) (Rag—Fey) ™Y
where A!(au, as) =4 (e, ap). Defining
Hr,s)=—ic(k.—k,)™t and m(r,s)=1+t(r,s),
(2.8)

(2.7

we deduce that

J
A1 (aly *t a]') =4 (0[1, 0[2) H m(aZ; ak)

=3

II miaw ). (29)

1=3, =k

J
+ D Aoy, o) tou, o)
k=3

The last product in Eq. (2.9) is to be omitted for j=3.
The derivation of Eq. (2.9) from Eq. (2.7) is a simple
exercise in induction if one observes that

t(k, 1)t(m, k) +1(1, k) t(m, 1) +t(m, k)t(l, m) =O0.
(2.10)

Note that A7 satisfies the symmetry requirements
mentioned above.
To determine A (s, £{) we turn to the PBC relation,
(2.2), which states that
A(s, 1) =xAY1(L, 5, as, +» (2.11)

*y aN)

8 For details such as this, see Michael Flicker, Ph.D. thesis,
Yeshiva University, 1966 (unpublished).
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for ¢, s not in the set as, + + +, ay, and with x,=exp(ik,L)
as before. We insert (2.9) into (2.11) and using (2.8)
and a bit of algebraic manipulation we obtain the key
equation

N
E (Ksi—"K’I‘J')BJ'r=O

(2.12)
=1
for all s, =1, -+« N. Here,
Ksj=53f)(s_1—icﬂj(ks_kj+ic>~1) (2.13a)
N

ni= I ma, (2.13b)

k=1 ks
Bsi=A (S, .7) (ks_ki)- (213(:)

A necessary and sufficient condition for 4(s,7) to be
symmetric is that B,; be antisymmetric. Even though
A (s, s) is not defined, we have defined B,;;=0 in ob-
taining (2.12). Furthermore, if k;=k,-}ic for some pair
s and 7, then K,; is not well defined by (2.13a). In
such a case, however, 7,=0 and it is correct to use
L’Hospital’s rule whence
N

11

k=1,kj ks

—icn;(ks—kj+ic) ™! is replaced by M.
Equation (2.12) can be regarded as an eigenvalue
equation for the antisymmetric matrix B. Only for
special choices of K, and hence of {%}, will there be a
solution. To solve (2.12) for B we first regard the
N-dimensional vector P, defined by
P,=) KB, (2.14)
7
as a known vector, and then determine B from the
matrix equation

2. K.;Bjy=P;. (2.15)
3
If P=0, then (2.15) is homogeneous. Let V%, V2, .,
V& be an orthonormal basis for the null space, V, of K,
which is defined as the set of vectors satisfying

KV=0. (2.16)
Then, for a fixed 7, we can write
©
Bi,=2 Vi#S#, (2.17)

o=l

where the S are a set of p coefficients which depend
upon 7. But, since B is antisymmetric, it is easy to
prove that (for P=0)

By=3 3 VAVECas

a=1 f=1

(2.18)

where C is amy antisymmetric p-square matrix. Of
course, u=d(V) =dimension of V is unknown. Unless
w>2, there is no solution to (2.15) for P=0.
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If P>0, then multiply (2.15) by P,* and sum on 7.
Defining the vector G =BP*, we have

KG=p1, (2.19)

where I is the vector I;=1 and p*=) .| P, [25%0.
This means that the matrix K must have a “unit
vector” g:

Kg=I. (2.20)

This unit vector can be defined to be orthogonal to
the space ¥ and hence is unique. By the same argument
as that leading to (2.18), it is easy to show that

Bjy=2. 3 ViV LECogt+giPr—Pig..  (2.21)
a B

If this form is inserted into (2.15), it follows at once
that P must itself be a null vector which may be taken
to be pV'. Hence, the general solution to (2.15) is

")
Bj=2, SE ViEViCaptp(giVi—Vilgs).
a=] f=1
If now we recall the definition of P [Eq. (2.14) ], we
see that for arbitrary p and arbitrary antisymmetric
C (2.22) is indeed a solution to (2.12).

In conclusion, we may state that the necessary and
sufficient conditions for a nonzero antisymmetric solu-
tion, B, to (2.12) to exist is that the matrix K have
either (a) a “unit vector” and one or more null vectors
or (b) no unit vector but two or more null vectors.
In both cases, the general solution is (2.22).

At this point we could inquire into the properties of
{k} necessary to insure that the above requirement
on K is fulfilled. Since it turns out that the set {&} is
not thereby completely determined, we shall instead
turn to additional properties of B which will completely
determine {k}. These are provided by the PBC on the
“up” particles.

Consider first the full statement of PBC for the
“down” particles which is that

- an) =y (01+L, %2 ] Xz o0, XN)
=—y (a9, 21+L | w3, «++, xx)
=—¢;n—i(%, m1+L | @3, + -, 2n)
(2.23)

for j=1,+++, N—1. Equation (2.23) leads to Eq.
(2.12) for j=1, as we have already discussed, but for
7>1 it is first necessary to define ¢; y—;. This can be
done from the statement of PBC on the “up” particles
which reads

(2.22)

Yrj (%, 22 | 23, - -

Yij (@, w2 | @3, + 00, %N)
="I’(x1; X2 [ x3+L, Xy *° 'xN)
= (_I)N—L‘P‘i—l.i(xla Xa I X4y **°, XN, x3+L)

(2.24)
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for =2, ---, N—1. If we iterate (2.24) i—1 times,
we obtain

‘/’l'i(xl, X2 [ X3 °°°, xN)
=(—=1)@DCDYy (21, X3 | Xiye, * =+, 2, %3

+L, oo, 20+ L). (2.25)

Equation (2.25) gives ¢;; in terms of ¢; (for 1>1)
and, in fact, may be taken as the definition of y;;. With
this definition of ¥,; it is trivial to verify that (a) PBC
for the “up” particles, (2.24), is automatically satisfied
and (b) the delta-function and continuity conditions,
(1.4), relating the ¢¥;; to each other are automatically
fulfilled if the sequence yy; satisfies these conditions.
This latter requirement has already been met through
(2.12).

Thus, the only outstanding condition to be satisfied
is (2.23) which, using (2.25), reads

Y1i(w1, 9 | 23, o+, )
=—(—1)VDGEDYy y_ (oo, 21+ L | @iy, ==, an, %5
+L; R xj+l+L) .

In terms of the functions 47 defined in (2.6), Eq. (2.26)
becomes

A-"(al, .

(2.26)

*y aj+1)
. J+1
=AN—](a2; Qy, Aty *° %y aN)Xou H Xa;- (227)
=3

Equation (2.27) must be satisfied for =1, +++, N—1.
It seems intuitively reasonable, however, that satis-
fying it for /=1 (as we have done) and for =2 should
be sufficient, because in some sense we will have thereby
satisfied PBC for an “up” and a “down” particle. Un-
fortunately, we have not found a general proof with
which to make our intuition rigorous. Instead, we give
a tedious, but rigorous, inductive proof in Appendix
A, using the defining Eq. (2.9), that (2.27) is auto-
matically satisfied for all j if it is satisfied for j=1
and j=2.

To evaluate (2.27) for j=2, we insert the definitions
(2.8), (2.9), and (2.13) and obtain

1 [Brsmsi Brjtia:l
XrXi kr—ks kr“kj

s i Bse(kf—'ke)ne
T & (= kutic) (ka—ketic) (ky—kutic)

(2.28)

for every triplet of distinct integers 7, s, 7. If we now
make a partial fraction expansion of the triple product
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in the denominator of (2.28) and make use of the con-
dition (2.12), we obtain the alternative condition

By { koksotjt+koBi+kry 4085} =ic(kr— k) { Bri+xrBss},

(2.29)
where
aj=1—x;,
Bi=x;(kj—ic) —kj,
vi=kix;— (kj+ic),
0;=k?(1—x;) +ick;(14x;). (2.30)

It is a simple matter to show that (2.29) is true for
all values of 7, s, and j not only distinct values. Our
problem is then completely solved if we can choose
{k} so that (2.22) and (2.29) are both satisfied.

Consider the four vectors, e, 8, ¥, and & which are
defined in (2.30). Note that y=8—ica. We wish to
show that these vectors are in the space U=V®g
which is the set of all vectors u such that Ku=constant.
To do this we consider the space Q orthogonal to U and
show that e-q=8-q=v-q=38-q=0 for all q in Q. It
is easy to show that Q is nonempty but it is not neces-
sary to do so. If q is in Q, multiply (2.29) by ¢;* and
sum on j. From (2.22) Bq=0, whence

Bsrtfsr=0

(all s, 7), (2.31)

where

Ewr=kkr (e Q) +k(B:Q) +k (v q)+5-q=0.  (2.32)
Now, B, can not be zero for all s and 7 (otherwise the
wave function vanishes), and we can therefore state
that B;,70 for some ¢ and p. Since B is antisymmetric
it follows that B0 as well. We can also state that
B.,7#0 for some r#¢ otherwise, from (2.15) K,,B,,=P,
so that K,, is independent of s—an impossible con-
clusion by inspection of (2.13a) and use of the fact that
the &’s are distinct. Hence, (2.31) says that 0=¢,,=
§po=Erp,=E&,, for o, p, and 7 distinct. Again, using the
fact that the %’s are distinct, we conclude that the
factors in parentheses in (2.32) are zero and we es-
tablish that e, 8, v, and & are in U. Note that if P=0,
then e, B, v, and § are in V.

The above exploited only the properties of (2.29)
and did not take into account the fact that the matrix
K contains x and is therefore not totally unrelated to
the vectors @, 8, v, and 8. We now make use of this
latter fact and find the stronger result that « and y
(and hence § also) must be contained in the null space
V whether or not P=0. To prove this we rewrite
(2.13a) as K,j=56,;x,"1+D,; with

Daj= ——'L‘Cﬂj(kc—kj‘f—ic)—l. (2'33)
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The matrix D has two interesting properties:

(2) 2. Dy=—1; (2.34)
(b) if 2 Dojus=w,, (2.35a)
then
Z Dijusk;=ic (Z niu;) + (ketic)ws.  (2.35b)
To prove (a) consider
N
F(x)=]] [1—ic(x—k;)™"]
=1
N
=1—ic 3 ni(x—k,)™, (2.36)

=1

the latter form having been obtained by partial fraction
expansion. The first expression yields F(k,4ic) =0,
while the second yields F(k,+ic) =1+ _,D,;, Q.E.D.
The proof of (b) follows immediately from (2.33) and
the observation that

wuik;=—u;(ks—k;+ic) +u;(ks+ic).

Note that the first term on the right side of (2.35b)
is a constant, independent of s, and is therefore propor-
tional to the vector I introduced in (2.19).

To proceed, we introduce an abbreviated, self-
explanatory, notation whereby a quantity such as ke
stands for the vector with components k;a;, while x™*
stands for the vector with components (x;)~!. Now,
since @, ¥, and § are in V@ g we have

Ko=01,
Ky=01,
Kd="0pI, (2.37)

where 8!, 8, and b° are certain constants. To prove that
« and g are in ¥V we must show that 0=54'=5% Using
the explicit forms (2.30) we have

De=(B+1)I—gx, (2.382)
Dy=bT—k+ (k+ic) x1, (2.38b)
Do =bI+k(k—ic) —k(k+ic) x1.  (2.38¢)

But note that y=—ke—icI and, inserting this expres-
sion into (2.38b) and using lemmata (a) and (b)
above, we have

N
Dy =—ic(b'+ D na;) I—k+ (k+ic) x'—bk.  (2.39)
7=1

Since the right sides of (2.38b) and (2.39) must be
equal for all the NV different values of %, we must con-
clude that #'=0. Likewise, 8= —ky+tick—icke. In-
serting this into (2.38c) and again using the two
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lemmata, we have
D= —k(k+ic) x '+k(k—ic) —b%k
+iclic 2 mixi— 2npyi—2ic—bJL.  (2.40)
Upon comparison with the right side of (2.38c), we see
that % must also vanish, Q.E.D.
We note also that b;=b,=0 implies, from (2.38b)
and (2.39), that

N
> i, =0. (2.41)
=1

The condition that Kae=K@=0 is thus equivalent to

Ke=0and (2.41).

The next fact to be proved is that, for Sp=1N—2,
Byr=Ei(as8r—af8,) where E; depends on the normali-
zation of the wave function. At the very end of the proof
we make the important observation that § is a linear
combination of « and § and also that P=0. It will
become clear during the course of the proof exactly
how the possibilities Sp=3%N, Sr=3N—1, and Sp=
1N —2 come out of the formalism.

When we combine (2.29) and the equation obtained
from it by interchange of » and s we obtain

Baratj=[Bsjar— By, ]. (2.42)

If we now substitute the explicit form of B (2.22) into
the right-hand side and also observe that when (2.42) is
multiplied by K;, and summed on s one obtains

pViai=pViay, (2.43)

it then follows that
Bya;= Z Cii' (Viiar—Vias)+pV i orgs—aegr), (2.44)

where Cij/ =D +CaV . Clearly there are now two pos-
sibilities for the a;; either ;=0 for all 7 or a;30 for
some j. If ;=0 for all 7, then Sy=3N; we will not say
any more about this possibility. If a;#0 for some j,
then from (2.44) we have

B,=E (arﬁs - as.sr) +Ep (a0, — aavr) +Es (args - a.ggr) y
(2.45)

where Vv is a null vector orthogonal to « and 8, and E;,
E,, and E; are constants. Upon substitution of (2.45)
into (2.29) it follows, after some algebra, that

B (v-8) =icE; | v lz{arks+6r+Xr(icas“Bs) —krxrots} -
(2.46)

Recalling that KB=P, K«=0, and K8=0, we obtain
from (2.46)

P (v-8)=icE; | v [*er 3 Kiko B, 2 Ki).  (2.47)
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Since a consequence of (2.43) is that P=poa(s5%0),
either @ and § are linearly dependent or

icEy|v |2, > Ki=0 forall 71

If the former is the case, then Sy=%N—1 (this is the
solution of McGuire®). The remaining possibility cor-
responds to Sr=3N —2. It is a simple exercise to show
that, for some /, Z K;#0. Also 8,0 for some 7;
if 8,=0 for all 7, then « and @ are linearly dependent
and we have the McGuire problem. Hence E, | v |[2=0.
In a similar way we conclude that E;=0. Consequently
By =Ei(a,8s—asB:). Direct substitution of this rela-
tion into (2.29) verifies that & is a linear combination
of @ and B; from (2.22) it is obvious that P=0.

To summarize the results for Sy=1N—2:

(i) «and 8 are null vectors;

(ii) ®isa linear combination of e and §;

(iii) Bsr=E1(afrﬂs'_asﬁr)-

What remains to be done is to put (i) and (ii) into
a form more amenable to the calculation of the set {%}.
From (ii) and (2.30) we obtain an equation that when
solved for x yields (1.25), i.e.,

[kj+6-+3(ic) ] [ki+e+3(ic) ]
[ki4-6—3%(ic)] [k +e—3(ic)]’

where & and e are constants to be determined. The as-
sumption §<e can be partially justified® by observing
that the set {£;(c)} is one to one with the known set
{%;(0)}.

Having obtained the expression (2.48) for x; (and
thus « and ) in terms of %;, our problem will be
completely solved if we can satisfy condition (i),
namely that « and @ be null vectors. This requirement
leads to the conditions (1.26) on the constants § and e.
The details are given in Appendix B.

(2.48)

xi=exp(ik;L) =

III. THE ENERGY LEVELS

In this section we will derive the explicit form, in
the thermodynamic limit, of the sets {%,}. Once the
{k;} are known, the determination of the energy levels
is straightforward. As an illustration of this we will
calculate the ground-state energy.

In order to calculate the sets {k;} it is helpful to
write Egs. (1.25) and (1.26) in a slightly different
form. With the observation that

[&i4-0-+3(ic) ]

=— —21 tan™! ; 3.1
G (= —e =2 @/ ), (3.1)
we see that (1.25) is equivalent to
k; + tan‘1 (k -}—6)—}— tan‘1 - (k +e) = —ZTMJ 3.2)
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and (1.26) to

2 tan™! ( )—}—2 Z ta,n—1 (k i+5)

=21rv+1r[(N——1) mod2], (3.3a)
2 tan™ (‘—3—:—6)+2 > tanﬂ% (ki+e)
=2mpu+n[ (N—1) mod2]. (3.3b)

In particular, we are interested in determining the
energy levels in the limit of a large system. This means
N, L—« such that p=N/L=fixed constant. Under
these conditions the set {%;} can be determined by itera-
tion. To determine the energy and momentum of a
state correct to O(1) it is sufficient that # be known
toO(1/L). Itis clear from (3.2) that it is only necessary
to know e and 6 to O(1) to get the desired accuracy for
k. However, from (3.3) it follows that it is only neces-
sary to know the %’s to O(1) in order to get € and 6 to
O(1). This is because u, » will be O(V) and the sum-
mation on the left hand side of (3.3) will be O(XN).
But to O(1), kj=2mn;/L, therefore ¢ and & are the
solutions to

2
> tan—t = ( 7rn,+5) =7, (3.4a)
2
> tan~l- (7rn,+e) =mu; (3.4b)
and, to the desired accuracy,
2am; 2 2 2 2 (27n;
ki= 7;%]—2 tan™ 6( rn]-l—é) 7t 1 ( 7;%;+€>
(3.5)

Note: Since, for ¢#0, the k’s are distinct, the #’s are
also distinct.

The numbers {#;}, u, and », which clearly are the
quantum numbers of the system and specify all the
states, must be known in order to calculate the energy
of any state. Therefore, the first step in calculating the
ground-state energy must be to determine its quantum
numbers. Since the %;’s are given essentially by 2x#;/L,
the problem is similar to that of the one-dimensional
noninteracting, spinless Fermi gas. Thus, we would
expect n—n;=1, m~—[3N] and ny~[3N]. The
proof that this is actually the case is quite simple.
Consider two states, ¢ and b, such that

ne=nd 1:=1, ...’j;
n;+1“=n,~” 1=]+1, "‘,N—l;
Va =Vp; Ma = lp; l n® l<| 1y I' (3.6)

From (3.4) it is clear that, to the order of interest,
6°=8% and e=¢’. Hence, from (3.5) it is obvious that
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| B |<| ka®|. Since EP— E¢= (ky*)?— (k) we con-
clude E*< E’. By induction it follows that in the ground
state #n;41—n;=1. Thus,

nj=—%5(N—=2+1)+\ (3.7)

where A=0 for N odd and A==1 for IV even.

Define

gi=2mn;/L (3.8)

then from (3.5)
kj=gq;— (2/L)[tan*(2/c) (¢;+6) +tan'(2/c) (gi+e) ].
(3.9)

Therefore, the energy, (1.8), of the state is given to
0(1) by
N

4 2 2
E=3 {qﬁ——z gi [tan—l“c (gi+8) +tan™ - (QH-E)]}-

=1
(3.10)

The term ) g7 is just the ground state for S=N/2.
Thus, changing the remaining sum to an integral, (3.10)
can be written as

E=E(5=3) =2 [ gltan1(2/0) ()

+tan(2/c) (g+e) Jdg, (3.11)

where K=mp. When E is minimized with respect to ¢
and §, we obtain the ground state energy for S=3N—2.

Ey(S=3N—2) =E,(S=3N)+2cp

2rp ¢ 2m,
—4mp? tan™! ——— tan™! L .
c c

(3.12)

The result is just what one would expect. The deviation
from E,(S=N/2) is just twice the deviation of the
S=%N—1 problem.®

APPENDIX A
Theorem: If

Am(aly H) am+1)

m+l
=AN—m(a2, &1y Om2, *°°, aN)Xal H Xa; (Al)
=3

for m=1, 2 then it is true for m>2.

Proof: The proof is by induction. We will assume
(A1) is true for m=5—2, j—1 and prove it is true for
m=j.

The natural starting place is Eqgs. (2.7) that relate
various A7s. To proceed: From (2.7) we obtain two
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equations, one that “steps down” the 47’s and another
that “steps up” the 47, that is,

Aj_l(aly M) aJ'+1) =Ai—2(a1) %y Otj_1)m(a2, ai)

— 472 (ay, Qjy O3y **°, ai—-l)t(o% ai), (Aza)
A7, o0y 050) =47 (ou, <=+, 05) m(aj, )
—Aj_l (Cﬁ, Qj, Oy ***, Oj, ag)t(aj, a2) . (A2b)

If we “step up” A¥4(ay, *++, ay—j+1) and change the

indices as follows
ar—ag

Qo0

Q3 e

AN—j+1 AN

ON—j+2 41,
we obtain
AN_.]'(OZZ) a1y Qjye, *° ), aN)
=AN—j+l(a2: a1y, Qjp1y *°°, aN) m(aj-H) al)
—AN—it (a2’ Qjtly Cjte2, *°*, ON, al) t(ai+17 011) . (As)
Since (A1) is true for m=5—1, (A3) yields
i+l ]
Xea H Xai AV (0, a1, @jya, ++ 2, o)
=3
= Xaj+1M (ai-}-l; al)Aj_l (O‘l: "y ai)

—Xaat (@41, 1) A7 (@i, a2, + 2+, 05). (A4)
But, when we step down 47(qy, «++, ajy;) we find
Aoy, ==+, ajpr) =47 oy, +++, a5)m (o, ajy1)
— A7 ay, ajp, o, 0oy @) tag, aj1). (AS)
Thus, if (A1) is to be true for m=4 we must prove that
r.hs. (A4) —r.hs. (AS)=A;,=0. (A6)
If in (A6) we change variables to
a =7,
=S,
o=y,
®j11=9,

{(a3) °°

o) f=a,
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and “step down” all 47’s to A7%s we obtain
xom(v, 1) { A7 (rsa) m(s, u) — A5 (rua) (s, u) }
—=xrt (v, 7) {472 (vsa) m (s, u) — A7 (vuer) £(s, u) }
—m(s, v) {A72(rsa) m(s, u) — A2 (rua) t(s, u) }
+i(s, v) {A72(rva) m(v, u) — A7 (ruc) (v, u) }
=Aj1. (A7)

Since (A1) is assumed true for m=;—2, j—1, it is ob-
vious that A; »=0. As a consequence we have

XM ('U: f) A2 (YSO[) _X'I‘t(vy 7’) 472 (vsa)

—m(s, v) A2 (rsa) = — A2 (rva)t(s,v) (A8a)
and
xom (v, 7) A7 2 (ruc) —xit (v, r) A2 (vuc)

=m(u, v) A72(ruc) —t(u, v) A72(rva). (A8D)

Direct substitution of (A8) into (A7) coupled with
(2.10) require A;;=0 Q.E.D.

APPENDIX B

The condition that « is a null vector is

2 Kij(1=x;) =O0. (B1)

In terms of the matrix D;; defined in (2.33) plus the
property (2.34) (B1) can be written as

N
2 Dity=x7"=2.

=1

(B2)
But from (2.48)

N
Z Dijxj=
=1

& ;j

~U 2 i kic)
% [ki+5+(%1:0)] [kj+€+(%1:6)] . (B3)
[ki+6— (3ic) ] [kj+e— (3ic) ]
Assuming %6, we can make a partial fraction expan-
sion of the triple product in (B3):
1 Lkito+ (3ic) ] [kitet(3ic) ]
(ki—kjtic) [ki+6— (3ic) ] [kste— (3ic) ]

[kito+3Go) hitetiGo] 1
" [kitot (3ic) Jkitet (hic) ] (ki—kitic)

' ic(ic+e—3) 1
T (e=8) [hito+ (3ic) ] [hi+o— (3ic) ]
ic(ic+8—e) 1
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If we define
a=—ic 2 nilki+5— (3ic) I
and
b=—ic 3 nilki+e— (3ic) I, (BS)
and again use (2.34), then from (B3)
& py Lot (o) ] et (i)
& 7T T Thitot (ie) ] Chitet (3ic) ]
aic(ic+e—9) bic(ic+6—e) (B6)

(e—8)[kito+Gic)] ' (G—e)[hitet(Gic)]

If we substitute (B6) on the left-hand side of (B2),
put the explicit 2 dependence of x, (2.48), in on the
right-hand side and simplify we obtain

kil a(ic+e—08) —b(ic+d—e) ]
+a(icte—0) [+ (3ic) ]—b(ic+6—e) [6+ (3ic) ]
—2ic(e—8) =0. (B7)

Since this must be true for all values of %;, both the
coefficient of the k; and the constant term must be
zero. Manipulation of these two terms yields

a(e—d41c) =2ic, (B8a)
b(5—e-ic) = 2ic. (BSb)
If in (2.36) we let x=—06-+%(ic), we find
[%; +5+(225)]
1—a= B
H ki+0— (%ic (59)
Thus, from (B8a) and (B9) we obtain
N B 1, —§5—i
11 [k,+3+(2tc)]_e 8§—ic (B102)

i1 [hiAo— (Ric) ] e—dtic”

From (B8) it follows that (B10) must also be true if
e and § are interchanged. Thus,

[kitet(3ic)] 6—
LII [%; +€_(210)] 5_€+

The condition that 3 be a null vector can be shown
not to contain any new information.

Note added in proof. After this work was completed,
a letter by M. Gaudin® appeared in Physics Letters in
which he presented the results of his independent in-
vestigation of this problem. His work gives the generali-
zation of the essential results of this paper, Egs. (1.25)
and (1.26), to the case for an arbitrary number of spin
deviates. None of the details of the solution were given.

(B10b)

9 M. Gaudin, Phys. Letters 244, 55 (1967).



