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Low-Energy Theorem for Pion Photoproduction from the Hypothesis
of Partially Conserved Axial-Vector Current*
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By using gauge invariance and the hypothesis of partially conserved axial-vector current, the pion-
photoproduction amplitude at threshold is calculated to all orders in strong interactions neglecting terms of
order (m /M'u) but including terms of order m /Msr. The calculated cross section is consistent with ex-
perimental results for charged-pion photoproduction near threshold.

I. INTRODUCTION

A S was first shown by Kroll and Ruderman, ' the
pion-photoproduction amplitude at threshold is

given, to all orders in the pion-nucleon coupling con-
stant g, simply by the Born-approximation amplitude in
the limit as the pion-nucleon mass ratio m /Mtwr ap-
proaches zero. For positive-pion production from
protons, y+p —+ rt+sr+, the calculated cross section in
the c.m. system gives at threshold

lkl idaho
g2 g2

h+P ~ n+~+) =—— =23.1t b/sr,
I ql Edn/. 4~ 4n- 2M~2

where Ikl and lql are the photon and pion c.m. mo-
menta, respectively, es/4s=r1 /13 7is the fine-structure
constant, and g'/4sr = 14.4.

However, the experimental result' is

lkl /day
(&+P~ I+~+)= (15.6&0.5) t b/sr

I ql &dn/. .-.
at threshold, which suggests that corrections to the
Kroll-Ruderman theorem of order rm /M& may not be
neglected.

The proof of Kroll and Rud. erman is based essentially
on the gauge invariance of the photoproduction ampli-
tude. Their result can also be obtained by relating the
pion field to the divergence of the weak axial current
through the hypothesis of partially conserved axial
current' (PCAC). We wish to point out here that by
using both gauge invariance and PCAC, the first-order
terms in an expansion of the threshold amplitude in
powers of m /Miv may also be calculated. The agree-
ment with the experimental results is then considerably
improved.

II. THE LOW-ENERGY THEOREM

where OR+=—(rt„.
l j +(0) Iy&Pv in) and j +(x) is the

source of the pion Geld p +(x), i.e., (g+m ')p, +(x)
=j +(x). According to the PCAC hypothesis, including
electromagnetic interactions to first order in e,

a (n, I j.+(0) ly&P, in)
m~ —q'

= —q"(nv l~.+(0) IvsP. in)

+e(rt„ I e„(0)A+ (0)
I ysP„ in). (2)

In the first term on the right side of Eq. (2), we
separate out the pion pole contribution to the axial-
current matrix element

q&(n, . I—A„+(0)I»P„in)=
q' &2MF~(0)

m '—q' g(0)

&& (std I j +(0)
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I
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where the prime on the second term indicates that the
pion pole term has been subtracted. Inserting this in
Eq. (2), we then obtain

&„&+o(x)+see„(x)A,+o(x) =i~. (+)x,

where A+&(x) is the positive-charged component of the
weak axial current, 8„(x) is the electromagnetic po-
tential, and

ct=%2Mtvm. 'F~ (0)/g(0) .
F~(0)=1.18 is the weak axial coupling constant and
g(0) is the off-mass-shell pion-nucleon coupling constant
Lg'(m. ')/4sr = 14.4j.

Taking matrix elements of this expression between
states (n ~

I
and Iyt,P„in), we have

= —qo(n„ l~„+(0)l»P, in)

+e(n; I &.(0)~+"(o) I»P~ in) (3)

Consider the Process 7+PioN+sr+. The S-matrix (rt& I jr+(0)Iy&Pain)
m2amplitude has the form

(sr,+N„out
I YsP„ in) = s(2sr)'5&'& (p+0—p' —q)O)t'+,
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To lowest order in e, 8„(x)= 8„' (x), so that

e(n„ I 8„(0)A+&(0)I yi P~ in) = ee„(k)(e„ I A+&(0) I Fi,)+O(e~) = ee„(k)U(p') y"ysFg((q —k)2)+ (q—k)"

2MNFg(0) ((q—k)Q 2M~q e
—

((q—k)X,»+oI, I U(p)+o(~) =eF~(0)U(p') v ~5+» U(p)+oI I+o(e') (4)
(q—k)' —m ' 5 M~' / —2q" k kMgP)

assuming F~((q—k)') =Fg (0)+0((q—k)'/M~'). Here e„(k) is the polarization vector of the photon (k e =0).
Also,. by isolating the Born contribution to the first term on the right in Eq. (3), we may write

p+k+M~
q (n, 'IA+„(0)l»P, in)'=eU(p') q»- y e—— y e

I

— — y e q~. U(p)F. (q)
(p+k)' M—N~ 2MN / 2M~ (p' —k)' —M~s

g'6 8
+e V2gL(q —k)']U(p')ynU(p)+q&eN„„, (5)

m~' —(q—k)' m~'

where Kg and x„are the proton and neutron anomalous moments, respectively. The non-Born amplitude E„
is finite as q, k ~ 0 (with m '= q' —+ 0), so we have

q&iV„„=q&N„„(q2=tn 2=0,q&=O, kl'= 0)+0(q 2/M~ mq k/M 's).

Combining Eqs. (3), (4), and (5), we obtain

p+ k+3IIN (
75—f75
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g(0) 2M~q e
~=(N, ,

I J.+(0) lv,F„sin)=e U(P') &.~,—
@AM~

p ekl
2M~
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&ow, writing 5K+= e„M+&, gauge invariance of the S-matrix amplitude requires that k&M„+=0. Since the 6rst term
in Eq. (6) is separately gauge invariant, we must have

k" N„,( 'q= 0, q~= k~ = 0) = 0,

which implies N „(q'=0 q&=k&=0) =0.
Thus, we have shown tha. t neglecting terms of order q'/M~' and q k/M~', the S-matrix amplitude OR+, for

y+ p —+ I+a+, is given by the first term in Eq. (6), which can be rewritten in the form

"r'ek (p'e q'e) Ky q'r'ek K 'r'ekq K~+K
V2geU—(p') —

I

—
I
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wherewehaveassumedthatg(0) =g(m ')+O(m '/M~2).
The factor in square brackets is just the usual Born am-

plitude. The additional term is of order (e„+e„)m /MN,
which may be neglected since (a„+e„)m, /M~
((m /M~)'. The anomalous moment terms in the
Born amplitude also contribute to the cross section a
term of order (e~+x„)m /MN, and hence they may be
ignored.

' The last of the Born terms in Eq. (5) involves the ~-y axial-
vector vertex. This is evaluated by using PCAC.

GI. COMPARISON WITH EXPERIMENTAL
RESULTS

A. m+ Production

The di6erential cross section in the c.m. system
obtained from Eq. P) gives

lkl (do) e' g'
(7+p~ I+~+)=——

Igloo/. , 4 4 2(p,+k,)&

x +'.ql
p k &p. k q. k)
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which agrees with our result, whereas the Kroll-
Ruderman limit gives E= i.

lO

l4—

C. ~ Production

For x' photoproduction the amplitude vanishes in
zeroth order (the Kroll-Ruderman limit). Calculation
of the first-order terms gives

I~It~ &s—

IO

II
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=0.24 ttb/sr (9)
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FIG. 1.The differential cross section in the c.m. system (times
a kinematical factor

I kI/I qI) for photoproduction of s+ mesons
from protons near threshold. The momentum transfer is held
fixed at its value at threshold as the photon energy is varied. The
experimental points are taken from Ref. 2.

B. m Production

A calculation for x photoproduction from neutrons
similar to the one in Sec. II gives the result

(tlo/dQ). (y+rt ~ p+sr —
)E=

(da/dQ). (y+ p ~ st+sr+)

= (p h/p'. k)'=1.3 at threshold.

A recent experimental value' is

E=1.265+0.0"l5,

e M. J. Bazin and J. Pine, Phys. Rev. 132, 830 (1963).

Figure 1 shows the experimental data' for (IkI/IqI)-
(d&r/dQ), near threshold for the momentum transfer
6xed at its value at threshold, together with the
theoretical curve predicted by Eq. (8). At threshold

( I qI =0), we Gnd from Eq. (8)

IkI (do.
(y+p ~ rt+z+) =15.5 ttb/sr.

IqI EdQ .
This value is consistent with the experimental result' of
(15.6+0.5) ttb/sr.

We see from Fig. 1 that Eq. (8) correctly predicts the
slope of the cross section near threshold. The angular
distribution has been observed experimentally' in the
region just above threshold and it does not agree with
Eq. (8).However, since the angular variations are small,
this discrepancy is not surprising, because of the approxi-
mate nature of the PCAC relation. The observed dis-
tribution is presumably due to the tail of the N*(1236)
resonance.

at threshold. Furthermore (IkI/IqI)(dtr/dQ), should
be approximately constant as a function of photon
energy just above threshold. Experimentally' this is
not the case. (IkI/IqI)(do/dQ), increases quadrati-
cally with

I qI, and at 160 MeV is still over twice as
large as Eq. (9). Also the angular distribution disagrees
with the calculated result. Clearly then, for x produc-
tion near threshold, the E* resonance may not be
ignored because of the vanishing of the Born amplitude
in the limit as rrt /MN -+ 0.

IV. CON'CLUSIO5'

We have shown~ that, by using gauge invariance and
the PCAC hypothesis, one is justi6ed in using the Born
approximation for pion photoproduction near threshold
if we neglect terms of order m '/Mtv' and (tto+tc„)-
m„/&tv in the amplitude, and if the E*(1236)resonance
can be ignored. For charged. -pion production the agree-
ment with experiment is good, showing our assumptions
are justi6ed. For neutral pions, due to the smallness
of the Born amplitude, the E* resonance apparently
dominates near threshold.
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