
PHYSICAL REVIEW VOLUME 161, NUMBER 5 2& SEPT EM BER 1967

New Interpretation of the ~N ~ ~N Scattering Data and the
Charge-Independence Hypothesis

NII,s A. TdmqvrsT
Research Institute for Theoretical Physics, Unieersity of IIelsinhi, IIelsinhi, Finland

(Received 11 April 196'/)

The isospin dependence and the charge independence of the mlV —+ mE differential cross sections is studied
by a graphical method reported previously. An interesting and not well-known observation is made, namely,
that for the non-spin-Qip and the spin-Rip cross section separately the triangular inequalities are accurately
satis6ed as equalities at low energies (below 200 MeV), and in backward scattering also at higher energies.
This observation, which is believed to be of a fundamental nature, does not have a trivial explanation in the
usual formalism. A suggestion is made as to how the formalism could be modi6ed so that the observation
would have a simple interpretation as a new kind of unitarity condition.

I. INTRODUCTION'

HIS paper is a continuation of a previous one, '
in which we used a graphical method to study

relations and inequalitites following from charge in-
dependence (CI). We then applied the method to
~S —+ xS total cross sections and were able to describe
graphically the well-known isospin effects in the total
cross sections.

However, the charge-independence hypothesis ap-
plies just as well to differential cross sections. In fact,
here the problem is more interesting because of the
large number of data available, and because of the pos-
sibility that some effect that might exist for diBerential
cross sections may well be "smoothed out" in the total
cross sections. It is therefore natural to proceed to
analyze the branching ratios, which are obtained from
differential cross sections. Our analysis reveals indeed
an interesting and not well-known effect, to which v e
have not been able to find any simple explanation using
the usual formalism. This effect is simply that the tri-
angular inequalities reduce to equalities for a large
region of energy and momentum transfer.

In the following we first describe briefly the graphical
method and its properties (Sec. II). In Sec. III we dis-

cuss the results obtained from the analysis of the experi-
mental data. In Sec. IV we define certain linear com-
binations of the isospin amplitudes which have simple
transformation properties under crossing. We then
suggest a modification of the isospin formalism which
could explain the observations. The new formalism in-
volves a unitarity condition on the S matrix in charge
space.

II. THE DIAGRAM

We shall here briefly recapitulate the most important
properties of the graphical method. "The diagram is
a barycentric (triangular) coordinate system for three
branching ratios. In ~E~ xE there are three charge
channels for which the cross sections can easily be
measured

sr+p —+sr+p, sr
—p~sr p, sr p —+srsn.

( N. porn vist, Phys. Rev. 148, 1418 (1966); Nuovo Cimento
43, 255 (1966 .

2 N. Tornqvist, Phys. Rev. , this issue, 161, 1581 (1967)
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We define the branching ratios for these as

y(&) = o (&)/(r (2)

where (r = o (+)1o ( )+o &' ) and i=+, —,and ex. Then
we have trivially

y \+)+y (-)+y (ex) —1 (3)

which makes the two-dimensional diag am possible
The triangle inequalities or equivalently the inequality

)(((r(+) &(—) 2&(ex)) (0 (4)
where

)((*,y z) =*'+y'+z' —»y —2'—2yz,

which follows from CI, defines an elliptic physical re-
gion in the diagram. This is made circular by a special
choice of the triangle and by a "scale factor" i.5 for
y~'"&. The boundary curve corresponds to the condition

l
cos(c

l
= 1, where 22 is the phase angle between the two

isospin amplitudes A ~~2 and 33~2.
Using elementary algebra one can find the following

interesting and useful interpretation of the diagram.
Namely, if we define the complex number'

(A 1/2+A2A 2/2) (A 1/2 A2A 2/2)

I
A 2/2 I'+2

I As/2 I'

the diagram can be interpreted simply as the complex
z plane, with z=0 corresponding to the center of the
circle and lz l

= 1 to the circle itself. The real axis (Rez
is proportional to lA(/sl' —2lA2/2 l') passes through the
points It/t/2 and 1V2/2 (see the figures below). The imagi-
nary axis (Imz is proportional to the interference term
ReA(/2A2/2*) is perpendicular to it. The quantity z is
useful when one wishes to study the isospin dependence
and interpret points in the diagram in terms of the iso-
spin amplitudes.

One further point is of interest. Namely, in any proc-
ess with a given configuration of intermediate states
with definite isospins, 4 the phases of the two isospin

Strictly this expression holds only for diBerential cross section
with definite polarizations. In other cases there should be a sum-
mation over spins and integration over momenta both in the nu-
merator and the denominator in (5).

4 This can be visualized by a Feynman diagram &p wp&h @Q ljtnes
have definite isospin. See Ref. 2.
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FxG. 1. The curves for the differential cross sections, summed
over polarizations, (~ f('+~g '), obtained from the phase-shift
analysis of Roper et al. (0 to 200 MeV).

amplitudes are either equal or opposite. This follows
from the reality of the Clebsch-Gordan coefficients.
Thus, if such a process dominates, the branching ratios
will lie on the boundary curve. The points E&12 and
F3~2 marked in the diagrams, are obtained from the sim-
ple special cases where the scattering is dominated by
a process with de6nite isospin in the direct channel
(i.e., Arts or Arts dominates). Similarly the points Pr
and M& are obtained from a baryon and meson ex-
change process (with definite exchanged isospin 1),
respectively.

For a general and detailed description of the diagram
see Ref. 2.

III. THE CURVES OBTAINED FROM
EXPERIMENTAL DATA

There exists a large body of experimental data for
the 7i-Ã ~ 7i.S de'erentia1 cross sections. Furthermore,
polarization measurements have been done at several
energies. The data we have put in the diagrams fall
into three categories:

(1) Phase-shift analysis up to 700 MeV (primarily
that of Roper et al.);

(2) the dispersion-relation calculation by Hohler et al.
for the forward scattering;

FIG. 3. The curves for the direct ((f(') process
(Roper et al.) (0 to 200 MeV).

(3) direct measurements of do &"/dQ fitted to a cosine
or Legendre polynomial expansion (300-1500 MeV).

A computer program was prepared for the calcula-
tions and the plottings.

A. Phase-Shift Analysis

The data given in the form of an energy-dependent
phase-shift analysis' are well suited to our purpose. The
phase-shift analysis contains only a few physical as-
sumptions (including CI). Even if the underlying prin-
ciples are not exactly correct, this is a good way to
parametrize the existing data and to interpolate be-
tween di6erent experiments.

We have for the di8erential cross section

(6)

where f&'& and gb& are the direct and spin-fEp amplitude,
respectively. They are given by

f"&=(1/k)P ot;rf(1+1)at+~+la& ~)P&(cose), (7)

~72 450

4. As in Fig. 2 but for higher energies (200 to 650 MeV).
Nva

~ L. D. Roper, R. M. %right, and B.T. FeM, Phys. Rev. 138,
Fio. 2. As in Fig. I but for higher energies (200 to 650 MeV). 3190 (1965).
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where 0;~ have the following values:

0

and
v2/3

uter ——
I rt t~r exp(2ibt~~) 1—j/2i

The plots were drawn for the diGerential cross sections
(6), and for the direct (I fI') and the spin-Rip (IgI')
process separately. The results are shown in Figs. 1—5,
where the phase-shift analysis of Roper et al. ' has been
used. Every curve corresponds to a constant pion lab-
oratory energy while the scattering angle 8 is varied.
Points with the same cos8 are connected by a dotted
line. When the sum of the cross sections is very small
(less than 10%of the peak value) the curves are dashed;
when this sum is large, the curves are drawn with a
thicker line. Since the errors are roughly proportional to
this sum, the curves are more reliable in the regions
where they are thicker, i.e., usually in the forward and
backward directions.

In Figs. 1 and 2 the curves are drawn for the sum of
the direct and the spin-Rip process. At very small en-
ergies the curves are close to the point Mt (T= 1 meson
exchange), and around 200 MeV they are close to the
Point 1Vsts (T= es dominates), as should be exPected.

But w'e also make the interesting observation that the
curves are oe the circle both in the forward and the
backward direction (cos8= +1)for a wide energy region.
In the forward direction this is true up to 200 MeV and
in the backward direction up to at least 450 MeV, '
where the phase-shift analysis becomes less reliable. We
shall return to this observation several times below.

Figures 3 and 4 show the curves for the direct process

I f I
' and Fig. 5, the curves for the spin-flip process

I g I
'.

We can interpret a point in Fig. 1 or 2 as the average of
the points for

I
fI'and IgI'separately at the same en-

ergy and cos8. We see from these curves that the ob-
servation made above for

I f I
'+

I g I

' at cos8= &1 holds
for much larger intervals of cos8 for

I
1'I ', i.e., the curves

move alomg the circle at cos8~&1. At low energies (be-
low 200 MeV) IgI' contains primarily P waves (no 5
wave can contribute). Therefore IgI' has the same an-
gular dependence (a cos'8) in all three charge channels,
and the curves reduce to points in the diagram. These
points are close to the point Esp, as expected, and oe
the circle. The curves for

I f I

s deviate from the circle
below 200 MeV only at values of cos8 where the cross
sections are very small. Thus, at 120 MeV, in the cos8
interval where the deviation from the circle is greater

6 A preliminary analysis using the phase-shift, analysis of A.
Donnachie /CERN Report No. TH-690 (unpublished)j shows
that in the backward direction the curves are on the circle up to
600 MeV. Above 600 up to 900 MeV the backward cross sections
are very small and the accuracy of the experiments and the phase-
shift analysis is much smaller.

FIG. 5. The diagram for the spin-Qip process
(~g(') (Roper et aL) (0-600 MeV).

than 1% of the diameter, the cross section

(Iy'+' I'+
I f 'I + I f ' 1)d(cos8)

interval d cos8

is less than 4% of the total non-spin-flip cross section. In
Figs. 6 and 7 the deviation from the circle in percent
of the diameter is shown for cos8=. +1, +0.6, —0.6, and—1.On the other hand, the experimental cross sections
have errors between 3 and 10%.This corresponds to an
uncertainty of a point in the diagram of about 5 to 15%
of the diameter. Comparing this to the small deviations
found above, we conclude that the data are consistent
with a hypothesis that the inequality (4) reduces to an
equality in the energy region below the thresold of in-
elastic processes. We believe that if one adds very small
phase shifts for the high angular momentum states one
could 6t the data with a phase-shift analysis in which
the constraint is imposed that (4) is satisfied with the
equality sign.

Another observation of interest is that the forward
and backward peaks are well separated in the diagram,
and that the curves for

I fI' often tend to reduce to a
point for values of cos8 close to +1 or —1, while for
cos8=0, where the cross sections are smaB, the curves
show a strong, almost discontinuous angular depen-
dence. This tendency towards constant branching ratios

3'/o"
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2'/»
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Fxc. 6. Deviation from the circle in percent of the
diameter in the forward direction (Roper et at.).



N ILS A. TORNQVIST

ik

"
DEVlaTlON

0-700Mev SOLUTlON

FIG. 7. Deviation from the circle
in percent of the diameter in the back-
ward direction (cf. Fig. 14).
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is particularly evident when the curves are close to the
boundary circle (see Figs. 3 and 4).

In Figs. 8—14 the curves for
~
fi' are shown when

cos8 is fixed and the energy is varied. These curves
show clearly that the boundary circle is favored by the
data. Between cos8=+0.4 and 0.0, where the cross
sections are extremely small, there is a sudden jump
from an anticlockwise to a clockwise behavior.

B.The Dispersion Relation Calculation by Hohler et al.

Hohler et al. ' have calculated the forward amplitudes
using the optical theorem for the imaginary part and a
dispersion relation for the real part. Thus the data put
in are the total s+p and vr p cross sections, while the
physical assumptions are the optical theorem, analytic-

ity, and CI. Putting their results into the diagram we
obtain the curves shown in Fig. 15.Here the scattering
angle is constant (cos8=+1) while the energy is varied
from 0 to 30 GeV. We see that this curve shows the
same results as obtained above from phase-shift analy-
sis: To a high degree of accuracy it follows the circle
below 200 MeV. This is thus an independent check of
the observation.

The curve shows an interesting spiraling behavior in
which the "turning points" can be associated with reso-
nances. At slightly below 200 MeV the curve passes the
point 2V3~2 where the scattering is dominated by the
A(1236) resonance. Around 800 MeV there is a compli-
cated structure, due to several T= —,

' resonances and one
7= —,

' resonance'. 1V(1525), X(1570),1V(1670), 1V(1688),
1V(1700), and 6(1670).The next resonances, A(1920) at
1.35 GeV, iV(2190) at 1.94 GeV, A(2420) at 2.51 GeV,
and E(2650) at 3.12 GeV, coincide with the turning
points of the curve. Furthermore, the 7= 2 resonances
are to the left while the T'=

~ resonances are to the right.
If we compare Fig. 15 with the corresponding curve

for backward scattering (obtained from phase-shift
analysis), Fig. 14, we see that both show a similar
spiraling behavior, although in opposite directions.

C. Direct Measurements of de&'l/d cose

The experimental data~" are given as coefficients in
a cosine or Legendre polynomial expansion

do-~') dg I'.s)

-=P a cos"8 or — =P b„P„(cos8). (10)
d(cos8) ~ d(cos8) a

When the experiments had been done at slightly difer-
ent energies in the different charge channels, we used
linear interpolation between diQ'erent experiments in
order to get comparable cross sections. The curves
covering the energy region 300—1500 MeV are shown in
Figs. 16 to 19. The curves below 700 MeV and those
obtained from the phase-shift analysis show a similar
behavior.

MO

FIG. 8. The curve for forward scattering and
variable energy (Roper er al.).

7 G. Hohler, Q. Ebel, and J. Giesecke, Z. Physik 180, 430
(1964).

8 A. H. Rosenfeld, A. Barbaro-Galtieri, W. J."'Podolsky, L. R.
Price, Matts Roos, Paul Soding, W. J. Willis, and C. G. Wohl,
Rev. Mod. Phys. 39, 1 (1967).

9 D. L. Lind, B. C. Barish, R. J. Kurz, P. M. Ogden, and V.
Perez-Mendez, Phys. Rev. 138, 31509 (1965).

» P. M. Ogden, D. K. Hagge, J. A. Helland, M. Banner, J.-F.
Detoeuf, and J. Teiger, Phys. Rev. 137, 8115 (1965)."J. A. Helland, C. D. Wood, T. J. Devlin, D. E.Hagge, M. J.
Longo, B. J. Moyer, and V. Perez-Mendez, Phys. Rev. 134,
B1097 (1964)."J.A. Helland, T. J. Devlin, D. E. Hagge, M. J. Longo, B.J.
Moyer, and C. D. Wood, Phys. Rev. 134, B1064 (1964).'' L. Guerriero, Proc. Roy. Soc. (London) A289, 470 (1966)."P.J. Duke, D. P. Jones, M. A. R. Kemp, P G Mur hy., J..
D. Prentice, and J. J.Thresher, Phys. Rev.: 149, 1077 (1966 . I am
grateful to Dr. D. P. Jones for providing me with the original data,
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At higher energies the backward and forward peaks
are still well separated in the diagram, and in the back-
ward direction the curves are close to the boundary
curve. In fact, at energies around 500 MeV and around
1.3 GeV the curves are slightly outside the physical re-
gion, which is in contradiction to CI. However, the ex-
perimental errors are of the same order of magnitude as
the deviation. Around 550 MeV the largest deviation is
8% of the diameter of the circle. On the other hand the
experimental errors in the cross sections correspond to
an uncertainty of a point in the diagram of about 6% in
the direction of the radius of the circle. Around 1.3 GeV
the deviation is at most 6% while the errors are around
7%. Furthermore, if one looks at the measured cross
sections and not at the values obtained from the 6t to
Eq. (10), the deviations are smaller. This comparatively
large difference between the fitted and measured cross
sections can be understood from the fact that in the
backward direction the expansion (10) is a sum of large
terms with alternating signs. We therefore conclude that
the measured cross sections are up to 1.5 GeV consistent
with the inequality (4).

In the forward direction at energies above 1 GeV,
where the cross sections show a diffraction peak be-
havior, the curves (Figs. 18 and 19) tend to reduce to a
point close to 350.

IV. A POSSIBLE EXPLANATION

The results which were obtained above can be con-
sidered as experimental facts. The most important ob-
servation was that the triangle inequalities, which are
equivalent to Eq. (4), reduce to an equality in the elastic
region and in backward scattering. In terms of the iso-
spin amplitudes this means that these are parallel or
antiparallel in the complex plane.

Fro. 10. The curve for ) f (
s with cos8 = +0.4 and

variable energy (Roper ef al).
One would of course expect to have a simple explana-

tion of a fundamental nature to a problem which is ex-
pressible in such simple terms. However, we have not
succeeded in obtaining this result from the well-known
principles by a simple argument. The isospin ampli-
tudes are generally considered to be independent, while
our analysis shows that they are coupled so that they
have -the same or opposite phase.

Below we suggest one possible way of modifying the
formalism. We And it appealing because of its simplicity.

Looking at the diagrams, especially Figs. 8 to 15,
one sees a certain graphical resemblance to the Argand
diagram for a partial-wave amplitude (rf,e"'~ 1)/2i

' —In.
the latter, probability conservation or unitarity requires

M()

Fro. 9. The curve for ( f ~

' with cosa=+0.g and
variable energy (Roper et of.).

0

Fzo. 11.The curve for ) f(' with cosa =0.0 and
variable energy (Roper et ol.).
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Mfi

FIG. 12. The curve for ( f ~

' with cos8 = —0.4 and
variable energy (Roper et of.).

that p;= 1 in the elastic region. Graphically this means
that the amplitude follows a circular path in the dia-
gram. When inelastic channels are open, we have g;&1
and points inside the circle are allowed. This would sug-
gest that the observed e6ect might be interpreted as due
to a unitarity condition in charge space.

In the usual formalism it is dBIjcult to de6ne for the
isospin amplitudes a concept similar to probability con-
servation for the amplitudes of definite angular momen-
tum. Ke also note that isospin is not conserved under
crossing. %hen the S matrix, which is diagonalized in
the isospin in the s channel, is transformed by the cross-
ing matrices (see below), it will contain off-diagonal ele-

ments in the I and t channels. Considering only the iso-

450 g 4)o

Fro. 14. The curve obtained for backward scattering
energy (Roper et al.). See also Ref. 6.

spin part of the interaction, we dehne below an S matrix
which remains diagonal under crossing.

I et us look at the following linear combinations of the
isospin amplitudes, which as we shall see have simple
transformation properties under crossing and in terms
of which the condition to be on the boundary circle
takes a simple form Lcf. Eq. (5) and Eq. (19) below]:

V2Dy= A t/s+iVZA s/s, (11a)

VZDy" =A r /s" +iV2A s/s", (11b)

V2D~' (Q ', )A s'a-(ig——gs)A t', (11c)

where At/s and As/s are the (direct) isospin amplitudes
in the s channel, and A~" and Az' are the isospin am-
plitudes in the I and t channels. We can also consider
Az" and A~' as amplitudes of de6nite exchanged iso-
spin in the s channel. These are related to A z by crossing
matrices

A»s"l f»l (A»sly

s/s"2 ( — -& Vs/sJ
(12a)

t') 4 --,' —,
' l &As/s)

(12b)

I or the amplitudes D above, these simply become
diagonal matrices with phase factors as elements:

Mp

D =e~'& D~"=e+'&'D ', (13)

Fro. 13.The curve for ( j(' with coss= —0.8 and
variable energy (Roper et ul. ).

where costo"=$, and cosy'=Q$. Similarly, if we denote
the initial isospin states as ~re, T), ~sN, T), ~rrrr, T) in
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the s, I, and t channels, respectively, the states

V2[»~)= I
»~)~ g ,'[ Z-r,a), (14)

v2[ N, +)=
i N, )aA/-',

i N, ), (14b)

@2[«,+)=@2[«,0)a&/-;in-n, 1), (14c)

diBer from each other only by a phase factor and are
thus "crossing independent. "

We noir denne a matrix

where

s= 1 (D+

y &0 D3' (15)

Ngg 5SO 533 85O

g= r'([D+I'+ ID-I') = rs(I ~ t/s I
'+2 [~s/s [')

cc gt+) 1g \ )+g (ex)

Then
p[~» —

)q 1 pD+[~» —)

E[~x, +)i v .N [~-x+&),
can be considered as one way of representing the 6nal
state, since using Eq. (11) we get

FIG. 16. The curves obtained from data on direct measurements
of the differential cross sections (3/0—700 MeV).

1 (D+" 0—,. . ..) (17a)

under crossing the matrix S transforms into other
diagona/ matrices S"and S'.

s'=- (D+ 0 )
QoEO D')D, [~» —)+D [»+) (17b)

&I » -)& )I~&, -)& )I«, -)&
s[ [=s.

j
[=s~[ l. (18)

&[n» +)) k[rrÃ, +)2 4[«, +))
The advantage of working with linear combinations of
the type (11) is more apparent in a reaction E+p
+Per (whic—h from the point of view of isospin is

equivalent to n ~ Ejtr7r). We considered this reaction in
detail in Ref. 1.There we denoted the final states v ith
definite intermediate isospin in the Ãx system by
[Ã&/s) and [1Vs/s), and the corresponding amplitudes by
ag/2 and a3/Q On the other hand, for anal states with
de6nite isospin T in the Ee and EE systems vie used
the notations Ill. z), b& and [ Fz), cr, respectively. Since

At/s In» g)+As/sin» II') . (16)
We can represent the 6nal state simultaneously in any

This representation has the symmetric property that of the forms

1,S

21 as (25 1,3
¹ GcV Nag

WARO

I"&o. j.5. The curve obtained from the dispersion relation calcula-
tion of Hohler 4 al. for forward scattering with variable energy.

Fn. $7. The curves obtained from data on direct measurements
of differential cross sections (700-1000 MeV).
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matrix 5
SSt= i.

Nylon

Fxo. 18. The curves obtained from data on direct measurements
of the differential cross sections (1.0-1.45 GeV).

PgG. 19. The curves obtained from data on direct measurements
of the di8erential cross sections (1.0-1.45 GeV).

Dg+o =e"+.

Jut this is just the condition of unitarity fo«e

intermediate isospin is not a conserved quantity the
2 &(2 5 matrix for the isospin part of the interaction is
not diagonal. But if we impose the symmetry that the
S matrix should be diagonal in all three ways of
coupling the isospins of the three final particles, one
can do it using the linear combinations u~/2+ iaa/2,
b $ /2~ fb 3/2 or c0~ ic&, as diagonal elemen ts. Similarly
the states IEin)ar i&vs) l&ils)~sl&sn) and

I ~s)
Ail 7'&) diQer from each other only by a phase factor
and are thus independent of recoupling of the isospins.

Let us now turn to m.E —+ xE and the experimental
observation. In terms of the amplitudes D~, the condi-
tion that the two isospin amplitudes have the same or
opposite phase is simply that D~/gobe equal to a.
phase factor

(19)

Furthermore, the matrices S' and 5"are then also uni-
tary; thus this unitarity is "crossing independent. "

This model is at least qualitatively able to explain
why the curves deviate from the circle at energies above
the inelastic thresholds. Then, because of the possible
many-particle Anal states, we have to introduce an ab-
sorption coeKcient in Eq. (19). The question why at
higher energies the curves follow the circle in the back-
ward direction remains open. Maybe one can find argu-
ments for thresholds in momentum transfer since the
elastic process has a smaller t in the backward direction
(~= —4p, s) than in any inelastic process.

V. CON CLUMNG REMARKS

The most important result obtained here is that the
inequality (4) is in fact satisfied as an equality below
the threshold for inelastic processes and in the backward
direction up to at least 450 MeV. ' We wish to emphasize
that this condition puts very strong constraints on the
7rE ~~E cross sections. In terms of phase-shift analysis
such a condition gives a large number of relations be-
tween the phases. Already if we impose this constraint
only in forward and backward scattering, we obtain two
conditions on the phases which at low energies are very
few in number. We suggest that those who do phase-
shift analyses try to include constraints of this type. It
would also be interesting to have high-accuracy experi-
ments on all three charge channels in the low-energy re-
gion and in the backward direction at intermediate
energies (200—1000 MeV).

The difhculty in explaining the observation with the
present formalism suggests that the formalism may
have to be modified. In Sec, IV we suggested one way in
which this could be done. We And this model appealing
because of its simplicity and because it puts on an equal
footing the different ways of coupling the particles to
states of de6nite isospin.
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