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The atomic motion in liquid argon at 94'K has been investigated by inelastic scattering of 4.1L neu-
trons. Special attention was paid to the collective aspects of the motion, and the observations were there-
fore confined to momentum transfers ~ in the region 1.3&~&3.3 A, which includes the main peak of the
liquid structure factor. The results are compared with various models. These comparisons give strong
evidence of col]ective modes, and an extreme polycrystalline model, in which even the polarization of the
phonons is retained, gives the best description of the data. There is also definite evidence of a second Brillouin
zone in liquid argon. A dispersion relation is obtained with a slope close to the measured velocity of sound and
in good agreement with earlier neutron results. The frequency spectrum has been determined and is com-
pared with the results of a computer calculation by Rahman.

I. INTRODUCTION

UCH effort is at present devoted to studies of.. ., . the fundamental properties of the liquid state,
and considerable progress has been made over the past
ten years. Most of the information has been obtained
from neutron-scattering experiments from which, in
principle, all space- and time-dependent properties can
be derived. Neutron experiments have given evidence
of damped vibrations, and the frequency distribution
of these has been derived for some hydrogen-containing
molecular liquids. ' ' No such experimental information
is yet available for a simple monatomic liquid. Evidence
has also been obtained of collective modes in the liquid
state, and dispersion relations have been determined
in a few cases. ' ' Some qualitative similarities between
the solid and liquid states are thus established, and
these have been used as guides in constructing models
for the scattering cross section. A model due to Egel-
staff, ' in which reciprocal lattice vectors are assumed,
is in reasonable agreement with experiments on several
liquids, ' "but a recent model put forward by Singwi, "

' P. A. EgelstaG, in Proceedings of the Chalk River Symposium
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3V. V, Goilkov, I. Zukowska, I'. L. Shapiro, A. Szkatula, and

J. Janik, in Proceedings of the Bombay Symposium on Inelastic
Scattering of Neutrons in Solids and Liquids (International
Atomic Energy Agency, Vienna, 1965), Vol. II, p. 201.

4N. Kroo, G. Borgonovi, K. Skold, and K. E. Larsson, in
Proceedings of the Bombay Symposium on Inelastic Scattering of
'Neutrons in Solids and Liquids (International Atomic Energy
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in which no such assumption is made, seems to have
comparable success. ' " Both theories suppose that, in
accordance with the viscoelastic theory, " the liquid
will propagate high-frequency (co&10t2 sec ') vibra-
tions in a way similar to a solid.

Liquid argon is probably the liquid that is easiest
to understand theoretically, as it is monatomic and
has a rather well-known interatomic potential. A corn-
puter experiment by Rahman" also shows that a con-
siderable amount of relevant physical information can
be obtained even without actually formulating a liquid
theory. Several neutron studies of liquid argon have
been reported. Dasannacharya et ajt." interpreted the
absence of structure in the inelastic region as an indi-
cation of a simple diffusive behavior of the atoms.
This was consistent with their observation that the
experimentally determined mean-square displacement
was in good agreement with the predictions of Pick's
law for diffusion. Chen et al.,' on the other hand, ob-
served pronounced structure in the spectra from liquid
argon and interpreted this as strong evidence of
phonons. No structure was observed in the spectra
observed by Kroo et al. ,

4 but the existence of phonons
was made evident by comparing the data with the
polycrystalline theory suggested by Egelsta6', and a
dispersion relation was derived. A possible explanation
of the discrepancies described above is that Chen et al.
used 5.3 X neutrons, while the other experiments
were made with 4.1 X incident neutrons. The observed
spectra, in which both energy and wave vector change
simultaneously, are therefore not directly comparable,
and the spectra are, for the same reason, not easily
interpreted in terms of dynamical properties. It was

"K.S. Singwi and G. Feldmann, in Proceedings of the Bombay
Symposium on Inelastic Scattering of Neutrons in Solids and
Liquids (International Atomic Energy Agency, Vienna, 1965),
Vol. II, p. 85.

'3 J. Frenkel, Einetic Theory of Liquids (Oxford University
Press, Oxford, England, 1946).

"A. Rahman, Phys. Rev. 136, A405 (1964).' B. A. Dasannacharya and K. R. Rao, Phys. Rev. 137, A417
(1965).
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shown by Rahman" that the frequency spectrum of
the velocity autocorrelation function is very sensitive
to the exact shape of the mean-square disp1acement
as a function of time, and that even a small deviation
from the simple diffusion result will have a drastic
influence on the frequency spectrum. The observation
of Dasannacharya that the mean-square displacement
is, within experimental errors, consistent with simple
diGusive behavior should therefore not be taken as
serious evidence against the phonon picture.

We have carried out a detailed study of the scattering
from liquid argon at 94'K with special attention paid
to the wave-vector dependence of the intensity at
constant energy transfer. This representation, which
clearly displays the interference part of the cross
section, is convenient when discussing the collective
aspects of the motion. Section II of this report con-
tains a brief review of relevant theories, experimental
details are described in Sec. III, and the experimental
results are presented in Sec. IV. The data are discussed
in Sec. V, where the details of the analysis and the
comparison of the experimental data with various
models are also described. The results are summarized
and conclusions are drawn in Sec. VI. Only inelastic
scattering is considered in this report. Small-energy-
transfer scattering will be discussed in a second paper.

II. THEORY

A review of theoretical models that are being cur-
rently used in the analysis of neutron-scattering results
on liquids has recently been given by Sjolander. "
We shall give a brief outline of those models of which
use is made in this paper, and the reader is referred
to the article cited above for details.

Van Hove' expressed the cross sections as I'ourier
transforms of certain correlation functions:

do' k

dQdo) ko
=a/ — expLi(x r gGt) 5G, (r, t—) drdt, (1)

d'0; k

dQAo kp
=a,' — exp/i(x r G)t) 5G(r, t) d—rdt, (2)

where all notations have their usual meanings.
Vineyard" derived an expression for the coherent

cross section on the assumption that the motion of the
other atoms is not influenced by the conditioned
presence of an atom at the origin at t=0. Making
this assumption he could express G(r, t) as

G(r, t) =G,(r, t)+fG (r—r', t)glr')gr. ', (g)

~eA. Sjolander, Thermal Neutron Scattering, edited by P. A.
EgelstafF (Academic Press Inc. , New York, 1965),p. 291.

'7 L. Van Hove, Phys. Rev. 95, 249 (1954) .
'tt G. H. Vineyard, Phys. Rev. 110g 999 (1958).
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FIG. 1. Vector diagram for a coherent one-phonon process in
a polycrystal and the resulting polarization factors.

where g(r) is the pair distribution function. This
"convolution approximation" is probably not too bad
except for atoms in the nearest-neighbor shells at
small times. The most serious formal objections against
it have been that it violates the moment relations
derived by Placzek" and others and that it gives the
wrong hydrodynamic limit for small momentum
transfer.

Rahman solved numerically the equations of motion
for 864 argon atoms with a density corresponding to
the liquid state and assumed to interact according to
a Lennard-Jones potential. From these calculations he
obtained G, and Gq separately, and he also evaluated
Gz from Eq. (3) using the computed G, and g(r) =
Gz(r, 0). It was observed that Vineyard's approxima-
tion gave a too rapid decay of the initial structure,
given by g(r), and that it could be improved by delay-
ing the convolution. By matching G& from the delayed
convolution with the directly computed Gq he obtained
a relation between the actual I, and the delayed $ at
which G, in the convolution integral should be taken.
The delay varies with t and is, for example, 0.6){,'j.0—"
sec when t is 1.6&&10 "sec.

Singwi" assumed that all terms in the intermtediate
scattering function that contain position vectors of
atoms more than a certain distance R apart could be
treated according to the convolution approximation.
Correlated motions of atoms closer than this distance
to each other were treated as if the liquid were a
quasiharmonic solid. The region within which )he

gs G. Placzekr Phys. Rev. 86, 377 (1952).
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harmonic approximation is applied is limited by in-
troducing a smooth exponential damping of the cor-
relation between equilibrium positions of pairs of atoms.
The size of the region is determined by the parameter R.
The formula obtained for the one-phonon scattering

cross section is

where

%co )=a.s —exp —
~
S~(«, ni),

k, 2kT&

g.2 igni ) q'
Sii(K, ni) =S,'(K, ni) —'

+S(»)+sech
~

—L(R, K, g)g2 2kT) 6

fib) SK
S,i(K, n~) =exp( —a«') coth

2kT 4%or
f(~),

3E.
L(R, «, q) =, „, k)S(«) —1)dk(2g) '

g K7l p

{expL —(R /4) («—k+x) s]—expr —(R'/4) (K+0+x) ']—exp) —(R'/4) (»—k) '$ —expL —{R'/4) (K+k)' I }de.

In writing down this, it has been assumed that the
dispersion relation is linear.

It is seen from Eq. (4) that the cross section for a
certain co and a may be calculated only if the following
quantities are known: (a) the scattering lengths u,
and a„(b) the Debye-Wailer exponent a, (c) the
structure factor S(«), (d) the correlation range R,
(e) the magnitude g of the phonon wave vector,
(f) the frequency spectrum f(ni) .

It was shown by Weinstock" that one-phonon co-
herent scattering from a polycrystal can occur only
if z fulfills the condition

27' g& «&2sr—+g,

where q is the wave number corresponding to the
phonon in question and 7. is an arbitrary reciprocal
lattice vector. EgelstaP suggested the one-phonon
coherent scattering in a liquid can be described in the
same way as the scattering from a polycrystal if the
discrete reciprocal-lattice distances are replaced by the
liquid structure factor. S(«) is thus interpreted as the
distribution of magnitudes of reciprocal-lattice vectors.
Phonon wave vectors can in this case have their origin
at any point in reciprocal space, and the scattering
picture is obtained after folding S(») with the phonon
distributions described by Eq. (5) . The expression for
the scattering cross section, including both coherent
and incoherent one-phonon scattering, is

(dsg/daddle) =g,s expL —(Ani/2kT) gS"(«, co), (6)

S,' is defined in Eq. (4), and the polarization factor

P&(x, q, «) is

p~(x, q) «) =(x nl. )s/«s

Pr(x, g, K) = (x. nr)'/Ks

where 0,1. and O.p are unit vectors parallel and at right
angles, respectively, to the phonon wave vector. It is
assumed that the transverse branches are degenerate,
P& is in the general case the sum of P~ and P~. The
polarization factors have some features of interest. P~
gives a contribution which has a minimum where
S(K) has a peak, while Pr is peaked at the maxima
of S(K). Together they add up to a smooth peak with-
out structure. The vector diagram which must be ful-
filled by x, q, and ~ is shown in Fig. 1, where the result-
ing polarization factors are also shown. Figure 1 refers
to the polycrystalline case where the v vectors have
discrete values but are randomly oriented.

Independent of all models, the cross section may be
written in terms of the scattering law S(K, ni) as

d'o/dDdni =a'(k/ks) S(«, n&) . (8)
General expressions for the energy moments of S(«, n&)

were derived by Placzek" and later for classical systems
by de Gennes. "The eth moment is defined as

{GP)= cv S(K~ co)dM.

The first three moments are

where

G~~

S~(«, te) =S;i —' +(2«q)
~c2

K+q

xS(x)P&'(x, g, K)dh
K—q

(n~,') =S(K),

(n~ ') = (n& ') = —fi,«'/2M,

(n~,s)= (ni,s) =«'kT/2M,
ss R. Weinstock, Phys. Rev. i15, 1 (1954). "P.D. De Gennes, Physics 25, 825 (1959).
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where in the last line a quantum. correction, which
should be small for liquid argon, has been neglected.
De Gennes obtained the following classical expressions
for the 4th moments:

He Ar

where, if V(r) is the pair potential,

82
Qo' ——M ' drg(r) — V(r),

8$
(12)

VACUUM
PUMP

Ii

( 1—cosKX t9 V0'= —342'
I

1— + drg(r)
M ( S(~) K BX

(13)

Qo' is a constant, while 0' is, in general, a function of K.

Argon scatters neutrons both coherently and in-
coherently, so we de6ne the eth moment of the scatter-
ing law as

MR Qp
6 Q) (14)

where the coefFicients are obtained by assuming that
u, '/a, 2=2, which is the ratio obtained by Henshaw. 2'

Combining Eqs. (11) and (14), we obtain a relation
between 0, Qo, and the observed moments:

RNXXX4

l~, &/fDID&y/j

N2

~~I/y

zarzauair i~ &7D'D'rlAlAl//

~ wxwA

This combination of the squares of the characteristic
frequencies is all one can determine experimentally
unless the coherent and incoherent contributions to the
scattering law are separated.

III. EXPERIMENTAL DETAILS

NEUTRON

BEAM
Ar

FA\'AXMWXG%X%NX

THERMOCOUPLE

HEATER

The experiment was carried out using the cold-
neutron time-of-Qight spectrometer at the R2 reactor
in Studsvik. A detailed description of this instrument
is given elsewhere" and we shall therefore give an
account of the most important features only.

The reactor beam is filtered through 20 cm of Bi
and 50 cm of Be, both cooled to liquid-nitrogen tem-
perature, before it is chopped by a semimonochromating
chopper placed in front of the sample. This filter-
chopper combination produces an incident spectrum
with an average energy of 4.9 meV and a full width at
half-maximum of 0.9 meV. Spectra are recorded at two
angles simultaneously on a 1024-channel time analyzer
provided with a four-detector input unit. Each of the
two detector banks now in use consists of 18 BF3
counters arranged in one layer. The detector tubes
are 30 mm in diameter and filled with BF3 gas, en-
riched to 90.5% in 8", to a pressure of 1500 mm Hg.
Both Bight paths, 460 cm long, are evacuated over

"D. G. Henshaw, Phys. Rev. 105, 976 {1957)."S.Holmryd, K. Skold, E. Pilcher, and K. E. Larsson, Nucl.
Instr. Methods 27, 61 {1964).

FIG. 2. Samp1e arrangement.

most of their lengths, leaving only 1.4 m of air be-
tween the sample and the detector. The angular spread
of the scattered beam is about 4', while the collimation
before the sample is about 1'. The energy resolution
of the scattered spectrum is better than 3% every-
where between 3 and 12 meV, which is the energy
range of interest in this study. The uncertainties in
the energy transfers are thus essentially due to the
width of the incident spectrum, while the uncertainties
in the wave-vector transfers are due to the combined
effect of the angular spread of the scattered beam and
the width of the incident spectrum.

A drawing of the cryostat in which the sample was
contained is shown in Fig. 2. The argon container is
made of aluminum in the form of a cylinder with
diameter 6 cm and wall thickness 0.1 cm. The cryostat
was cooled with liquid nitrogen. The heating required
to reach the appropriate temperatures for measure-
ments on liquid argon was supplied by an electric
heater attached to the bottom of the scattering cham-
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—Empty container

« I~ & «gl « + Cd

(b)

Full container + Cd

I

50 100 150
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FIG. 3. Examples of spectra used to determine
the total background.

ber. Temperatures below the normal boiling point of
nitrogen, necessary for some of the measurements on
solid argon, were reached by pumping on the coolant.
The temperature of the sample was measured with
three thermocouples placed at the bottom, at the top,
and above the container, respectively. It was assumed
that the temperature gradient over the sample could
be obtained from the difference of the readings of the
thermocouples at the bottom and at the top of the
argon chamber and that the average temperature of
the sample was equal to the average of these readings.
Ke believe that the temperature of the active part of
the sample is safely within the limits obtained in this

way. Fluctuations in temperature were much smaller
than the gradients and are therefore neglected when

quoting the errors.
The liquid was kept under its own vapor pressure,

which was always higher than 1 atm. In this way we

avoided contamination with air, which could otherwise
leak in to the sample and accumulate there over
long periods. No difference was observed between
spectra taken with a fresh sample and with one that
had been kept in the cryostat for 3 weeks, which is
about the longest time one sample was used. When
measuring on solid argon we used He gas at a pressure
of 1.2 atm as a cover above the solid surface.

Two types of background runs were made. One
background was taken with the sample container filled

and with a sheet of Cd shielding the sample volume

away from the detector. Such a spectrum includes all

the background except the component consisting of
thermal neutrons scattered by extraneous material
around the sample. This latter component was deter-
mined by taking the difference between the spectrum

observed from the empty container and the spectrum
obtained with the empty container shielded by the Cd
sheet. Examples of the three types of spectra that
were used in the background correction are shown in
Fig. 3. The total background was obtained by adding
together the hatched areas in Figs. 3(a) and 3(b) . This
procedure includes the assumption that there are no
thermal background neutrons scattered by the sample
itself. As most of the beam path in the sample area
was lined with Cd, and the incident beam contains
very few thermal neutrons that have leaked past the
chopper, this assumption should be rather safe. The
disturbance from neutrons first scattered by the sample
and then by material around the sample was dimin-
ished by lining the inner wall of the vacuum container
with Cd, leaving only the necessary openings for the
incident and scattered beams. The reason why the
spectrum from the empty container was not considered
a good representation of the total background is that
the incident beam is contaminated with fast neutrons,
and these are scattered more efFiciently with the con-
tainer filled. The effect is most pronounced at small
scattering angles and not observable at all for the
larger angles, where in many cases only the empty-
container background was used. One reason to be
particularly careful with the fast-background correction
is that the intensity of fast neutrons coming through
the chopper is modulated. This modulation, which is
there because the rotor has diferent stopping power
in different orientations, is clearly visible in Fig. 3.
The relative importance of the background correction
can be seen from Fig. 4, where examples of backgrounds
are shown together with the intensities observed with a
full container at the corresponding angles. After sub-
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FIG. 4. Spectra obtained with full container shown together
with total backgrounds at small, medium, and large scattering
angles. Arrows show the limits within which data used in the
analysis were taken,
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tracting the background as described above, the data
were corrected for the energy-dependent loss of neutrons
by air scattering in those parts of the Qight path that
were not evacuated. The data were finally corrected
for the energy-dependent eKciency of the detectors
and converted from the time-of-Qight to the frequency
scale.

Most of the analysis of these data was concerned
with the variation of the intensity with wave-vector
transfer, and it was therefore important that runs
taken at diferent angles were properly normalized.
This was accomplished by using two detectors and
moving only one at a time. The runs were normalized

by ensuring that the ratio between the normalized
total intensities at two angles was the same as the
ratio between the intensities observed in simultaneous
runs at these angles. This method was considered
preferable to one based on monitoring the incident Qux

because it was dificult to check if the container were
filled to the same level all the time. The procedure
that was used is a normalization to the same incident
Qux and to the same number of scattering atoms.

No correction was applied for multiple-scattering
events, mainly because this correction should be rather
small, but also because we do not know any simple and
reliable way to perform it. The transmission of the
sample for 4 L neutrons was 93%, and the sample
had the form of a cylinder, which, we believe, is a
favorable shape in this connection.

IV. PRESENTATION OF DATA

Spectra scattered from liquid argon at (94&2)'K
were recorded at 17 scattering angles ranging from
50' to 130'. Examples of the raw data at small,
medium, and large scattering angles, respectively, are
given in Fig. 4, where the corresponding total back-
grounds are also shown (solid curves). The region of
the energy transfer within which data were used in
the analysis is marked by arrows in Fig. 4, where it is
seen that the background correction is rather im-

portant at the largest energy transfers considered. All
17 spectra are shown in Fig. 5 with backgrounds sub-
tracted and with all the other corrections that were
described above performed, but with no correction
for the width of the incident spectrum. The spectra
are shown as functions of ~&, which is the final neutron
frequency. The absolute value of the cross section was
obtained from a consideration of the energy moments
of the scattering law. This normalization is described
below.

The shape of the incident spectrum, which is shown
in the upper part of Fig. 5, is seen to have a width
comparable to the widths of the scattered spectra.
These are therefore not true representations of the
cross section unless the e6ect of the incident distribu-
tion is corrected for. This correction is important for
small energy transfers only, however.

A large part of the analysis is concerned with the
coherent scattering, and the most convenient repre-
sentation of the data is therefore one in which the
energy (or frequency) transfer is kept constant and
the wave-vector transfer is allowed to vary. The data
are shown in this way in Fig. 6 for the frequencies
marked by arrows in Fig. 5. The corresponding fre-
quency transfers are given in Fig. 6. Figures 7 and 8
show the result of measurements on solid and liquid
argon at various temperatures. These spectra are not
normalized to each other, but displayed in the most
convenient way for a comparison of the shapes. Spectra
observed at 60' scattering angle from liquid argon at
94 and 102'K and from solid argon at 68 and 78 K
are shown in Figs. 7(a) and 7(b), respectively. The
scattering from solid argon is compared with the
scattering from liquid argon in Fig. 8(a) for 0=60'
and in Fig. 8(b) for 0=102'. The data shown in Figs. 7
and 8 are corrected. for background only.

V. DISCUSSION

Analyses of neutron scattering results on liquids are
often made along lines that are well defined for solids
but are not easily based on first principles for liquids. In
cases where the scattering is very similar for the two
phases this procedure seems reasonable, and the modi-
fied polycrystalline theories described above have in
fact been successfully applied to several liquids. '"
Among the materials that have been studied aluminum"
is perhaps the one showing the most striking similarity
between the spectra scattered from the solid and the
liquid phase. From a first glance at the spectra from
liquid argon, shown in Fig. 5, where no sharp rises or
falls of the intensity are visible, one would be inclined
to believe that polycrystalline models are not adequate
in this case. This conclusion seems to find support in
Figs. 8(a) and 8(b) where examples of the scattering
from solid and liquid argon are shown. The spectra from
the individual phases aj,t various temperatures are com-
pared in Figs. 7(a) and 7(b), where it is seen that the
inelastic spectrum scattered from a single phase is
rather insensitive to variations of temperature. We
must therefore conclude that the most significant
change of the spectrum occurs at the phase transition.
It is, however, seen from Fig. 8 that spectra scattered
from the two phases, although very diGerent at small
energy transfers, are rather similar at large energies.
If it is assumed that the liquid spectrum can be sepa-
rated into a quasielastic part and an inelastic part,
and if the quasielastic contribution, assumed to be
Lorentzian in shape, is subtracted, we are left with an
inelastic spectrum which is not very diferent from
the one scattered from solid argon. This procedure in-
volves some rather arbitrary assumptions, and we are
therefore not making any quantitative use of it, but
only conclude that the main difference between the
scattering from solid and liquid argon can be qualita-
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tively explained by the presence of diffusion in the
1iquid. DiGusion wilI give rise to quasielastic scattering
but does not necessarily have a drastic infiuence on the
vibratory motion. We may therefore try to explain
the inelastic scattering from liquid argon in terms of

phonons as long as not-too-small energy transfers are
considered.

The observed cross section is shown as a function of
~ for several values of the frequency transfer in Fig. 6,
from which some general conclusions may be drawn.



ATOMIC MOTION IN LIQUID Ar 109

~ ~ ~
100—

I

~0

~ 0.00~10~sec '

) a e ~

0 ~

~ ~

0

~ ~ ~

~ w a

%57~10

0gg

~ o ~0

10 „-

ti-phonon

F
O
0
Ua
Vi

Ca
00

N

C
0

~5

I

Cl

b~3
o Q'U

10—

10—

I I

2.35~10
~ ~ ~ ~

I I

I I

4.71M10 ~ ~ ~
~ ~ ~

~ ~ ~~ oo
~ ~

I I

I I

3.14~10

o~ & ~ ~ ~ ~
~ y ~ ~

y ~

I I

I I

I I

I
I

5.28~10'

I

I I

3,9301012

~ 0
~ ~ '~ yy ~ ~

~ 0 0

~ ~

10 = 7.8 9.42%10 ~ ~ = = 11.00~1012

I I

LS 3.0

FIG. 6. The cross section at various frequency transfers shown as a function of ~. Full lines show the multiphonon term calculated
from Sjolander's formula.

The structure is very similar to that of S(~) for small
values of the frequency transfer. Most of the data
are in the region of the first peak of S(~), and it is
seen how this peak. broadens as co increases and how
for large values of or a minimum develops where S(z)
has its most pronounced maximum. This behavior is
completely inconsistent with the convolution approxi-
rnation, which predicts that the first diffraction peak
should persist as the energy transfer increases. The
decay of the initial structure is, on the other hand,
predicted by the models of Singwi and Egelstaff. These
models will be given detailed consideration below.

The theoretical cross sections LEqs. (4) and (6)j
contain one-phonon terms only, and we must therefore
correct our data for multiphonon contributions before
they are compared with the formulas. Higher phonon

terms were computed from Sjolander's multiphonon
expansion. "The correctness of the incoherent approxi-
mation for the multiphonon terms for a coherent scat-
terer has been experimentally proved for the case of a
single crystal of aluminum. " The frequency-distribu-
tion function f(or), which is needed in this calculation,
was assumed to be a Debye spectrum with 0'z ——50'K,
which is the Debye temperature for liquid argon
evaluated from the known value for the solid" (81'K)
and Mott's relation. '7 The use of a more realistic ex-

24 A. Sjolander, Arkiv Physik 14, 315 (1958}.
25 K. E. Larsson, S. Holmryd, and U. Dahlborg, in Proceed-

ings of the Vienna SymPosium on Inelastic Scattering of Neutrons
in Solids and Liquids (International Atomic Energy Agency,
Vienna, 1961),p. 587.

'6 N. Bernardes, Phys. Rev. 112, 1534 (1958).
mr N. F. Mott, Proc. Roy. Soc. (London) 146, 465 (1934).
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pression for f(ot), for example the function obtained
by Rahman, '4 would not signi6cantly improve these
computations, as the multiphonon cross section is
rather insensitive to the exact shape of f(ot). The
absolute value of the computed multiphonon intensity
depends critically on 0'z, which is obtained in a rather
indirect way, and the normalization was therefore
made by assuming that all the intensity at the largest
frequency transfer (~=1.1&&10") arises from multi-
phonon events. This normalization, which probably
slightly overestimates the multiphonon intensity, is

approx. 60% larger than the one calculated with
0'rt ——50'K. The normalized curves are shown by the
solid lines in Fig. 6, where it is seen that the multi-
phonon term fits the experimental points rather well

at co = i.iX10"sec ', the normalization frequency.
The cross section including one-phonon terms only

is shown in Fig. 9 for various values of the frequency
transfer. The error Rags show the counting statistics
and the triangles show the resolution in ~. Also shown
in this 6gure are the cross sections calculated from
Singwi's formula (full curves and dashed curves) for
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by arrows.
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FIG. 9. Experimental one-
phonon cross section versus
at various frequency transfers,
shown together with the cross
section calculated from Sin-
gwi's model. Error Gags show
the counting statistics, and tri-
angles show the resolution in ~.
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those values of R, g, and f(co) that gave the best fit.
In all these calculations the Debye-Wailer exponent
was equal to 0.136 L', the ratio u, sju, ' was equal to —,',
and S(s) was taken from Gingrich's x-ray work. "
The shape of the cross section depends on the values
chosen for R and q, while the variation of the intensity
with co, e.g., from spectrum to spectrum in Fig. 9,
is determined by the form of f(&o). The dependence of
the shape on R and q is demonstrated in Fig. 10,
where it is seen that the value of q is important, but
that the shape is rather insensitive to the value of E.

when R is larger than about 20 A. After trying various
combinations of R and q, we came to the conclusion
that Eshould be not. smaller than 10—20 L. This is
all the information we can obtain from the present
data about the value of R. A similar conclusion was
earlier drawn from a it of Singwi's model to data on
liquid aluminum" and liquid lead. '

It may be observed from Fig. 9 that when iv in-
creases, a dip develops on the top of the experimental
peak at ~ =2 A '. This structure is not reproduced by
the theoretical curves, which in fact have maxima
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FxG. 10. Kffects of varying the
parameters E and q on the cross
section calculated from Singwi's
model.

20

v) 10

.CQ

7

6
R

3

= 40
~t.q *0.3

4.7& ~ 10' sec '

R= 20

q=0.s

~5

q *0.&

t R *15N J

~4.71 10 SQC 1

qsS 0.7

)R 15

I

1.5 2.0 2.5
I

3.0
I

3.5

g V
1.5

I

2.0
I

3,0
I

3.5

~ N. S. GmSrloh and C. W. Tompson, J. Chem. Phys. 3&, 2398 (1952}.
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FIG. 11. co-q relations obtained
by applying Singwi's model with
2=10 A. and A=20 A to the data
obtained in this experiment, and the
relations obtained by applying Egel-
staG's model to the data obtained in
this experiment and in the experiment
by Kroo. The dashed line shows a
linear dispersion curve with c=8.2&(
10' cm/sec.

instead of minima at this value of ~. We shall discuss
this eGect below and at this point only remark that
we believe that it has its origin in the polarization of
the vibrations. These were not given proper considera-
tion in Singwi s treatment, and when fitting his ex-
pression to the observations we omitted the region
around w =2.0 A ' and used only the wings of the peak.
In this way we evaluated the values of q that gave the
best fit at each & with R=10 A and E.=20 A., respec-
tively. The pairs of ~ and q that were obtained from
this analysis are shown in Fig. 11 (filled circles and
open circles) where the dashed line is a linear disper-
sion curve with a slope equal to the velocity of sound

in liquid argon at 90.3'K as observed by acoustic
methods. "The value of R is seen to have a slight in-
Ruence on the q values. With E and q known, f(oi)
was derived for each cu from the amplitude of the
cross section. Figure 12 shows the experimental f(cu)
together with the curve obtained by Rahman. The
absolute value of the experimental f(oi) is about 60%%u~

higher than the points shown in Fig. 12, which is
plotted in the most convenient way for a comparison
of the shapes. Singwi's cross section is probably not
adequate at small frequency transfers, and the dis-
crepancy at small frequencies may not be significant.
This region is also influenced by the spread in the

Rahmans calc.

0 o This exp. (Singwis model)

( Egelstaf fs model )

FIG. 12. Experimentally determined
f(co) compared with the theoretical
curve obtained by Rahman. The charac-
teristic frequency obtained by Sears is
marked by the arrow.

"A. Van Itterbeek, Physica 25, 640 (5959).
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FTG. 13. Experimen tal one-phonon
cross section versus ~ at various frequency
transfers shown together with the cross
section calculated from Egelstaff's model.
Dashed curves include both longitudinal
and transverse phon ons, while solid
curves show the cross section obtained
if only longitudinal phonons are assumed.
Error flags show counting statistics and
triangles show the resolution in ~.
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incident spectrum, which is not corrected for. It is un-

.fortunate that the data are not reliable in this region
of ~, as it would be of interest to know whether the dif-
fusive and vibratory parts of f(&u) are separated by a dip
or not. Such a separation would mean that the two
types of motion are not strongly coupled. "

EgelstaB's model is on the whole much more solid-
like. The thermal motion is described in terms of
phonons, and it is assumed that not only the phonons
but also the "lattice" can absorb momentum from the
neutron. Phonon wave vectors are therefore not neces-
sarily parallel to x, and polarization effects must be
considered. It is seen from Fig. 1 that a longitudinal
phonon gives a contribution which has the form of
double peak centered at the origin of the phonon
wave vector. Transverse phonons fill up the valley
between the peaks, but the resulting distribution will

show a dip at the center if the number of transverse
phonons is smaller than the number of longitudinal
phonons. Structure is also observed if the transverse
wave vector is much larger than the longitudinal wave
vector. The transverse intensity is in this case spread
over a wide region of ~ and the dip is not completely
filled up.

The observed one-phonon cross section is compared
with the cross section calculated from Egelstaff's
formula in Fig. 13 for various values of cv. Dashed
curves are obtained by assuming both longitudinal and
transverse phonons, while full curves show the cross
section assuming only longitudinal phonons. S(«), a,
and aP/a, 2 were the same as above. Uarious values of g,
in steps of 0.05 A ', were tried for each co, and the
values that gave the best fit are shown in Fig. 13. It
is clearly seen that the model in which only longi-
tudinal phonons are included is in much better agree-
ment with the observations than is the model in

which both types of phonons contribute. The structure
in the region of «=2 L ', as well as the whole set of

experimental points, are in good qualitative, and in

fact even quantitative, agreement with the theoretical
curve. It would probably be easy to improve this

agreement by trying various damping factors for the
transverse contribution and by using different wave

vectors for longitudinal and transverse phonons. Assum-

ing that the wave vectors at a given frequency are the

same, we find that the transverse phonons are almost

completely damped for ~&3)(10"sec '. The two com-

ponents give rather similar results for smaller values

of q, and therefore no conclusion can be drawn about
the existence of transverse vibrations for co&3X10"
sec ', which corresponds to q(0.25 L '.

The pairs of + and q that were obtained from this

analysis are shown by the filled squares in Fig. 11,
where the results of an earlier study by Kroo et u/. 4

are also shown (open squares). In the experiment by
Kroo, only the width of the first diffraction peak —or
in fact the width obtained by measuring the intensity
for ~&2 A. ' and assuming that the peak is symmetric
around «=2 L '—was used to determine the proper

q at a given ~. It will be observed that the frequency—
wave-vector relations that were obtained from these

two independent studies in which Egelsta6's model

was applied and the relation that was obtained by
applying Singwi's model agree within the experimental
accuracies. This gives strong support to the basic
assumption employed in both of these models, that
the motion can be described as collective vibrations
with well-defined frequencies and wave vectors. The
results are also in reasonable agreement with the dis-

persion curve that is obtained in the Debye model from

the measured velocity of sound (dashed line in Fig. 11).
The structure in S(«, ra) in the neighborhood of the
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FIG. 14. The cross section calculated by Besai and Nelkin from
the delayed-convolution approximation, together with experimen-
tal results from this study and from the study by Chen et at.

' R. C. Desai and M. Nelkin, Phys. Rev. Letters 10, 839
(i&66).

principal diGraction maximum was not discovered in
the earlier study of liquid argon, probably because data
were not taken close enough in I( and not over the
whole peak, and also because the counting statistics
were rather bad. However, a similar structure was
recently observed in liquid lead by Randolph and
Singwi' who concluded that it is qualitatively explained
by the Singwi model. This is not in accordance with
our explanation, where the existence of reciprocal-lat-
tice vectors and the damping of transverse phonons
are important ingredients.

The frequency spectrum that was obtained by apply-
ing Egelstaff's model is shown by the filled squares in
Fig. 12, together with the results obtained by applying
Singwi's model. The two results are seen to be in fair
agreement, although some minor differences are ob-
served.

Rahman's" delayed convolution model, together with
the directly computed 6 functions, was used by Desai
and Nelkin" to evaluate the scattering cross section,
which was compared to the experimental results on
liquid argon by Chen et a/. ' The calculations were
made for an incident wavelength A,o=5.3 A and scatter-
ing angles equal to 60' and 75', which are the condi-
tions under which the experiment by Chen was con-
ducted. The calculated spectra are shown in Fig. 14
(solid lines) together with the experimental results
by Chen (dashed lines) and the results of this experi-
ment (circles), converted so that they correspond to
the same ) o and scattering angles. It will be seen that
our data are in good qualitative agreement with the
delayed convolution results, but the comparison should
be made over a larger area of the I(:-~ plane before
definite conclusions can be drawn about the success
of the model. The diGerence between Chen's results
and ours is not understood. It could, at least partly,

be due to the fact that the experiments were made at
different temperatures (85 and 94'K, respectively),
although this would be in contradiction to our ob-
servation that the inelastic scattering is rather inde-
pendent of temperature (compare Fig. 7). Rahman's
computer experiment was performed at 94.4'K, which
is close to the temperature employed by us.

The reason why structure is observed with 5.3 A
incident neutrons but not with 4.1 X neutrons is
probably only that the wave vector is larger at the
same angle in the latter case, so that the diffusion
peak is broad enough to fill up the valley between the
inelastic and the quasielastic regions (compare observa-
tions at 60' in Figs. 8 and 14) .

The zeroth, first, second, and fourth moments were
obtained by numerical evaluation of the integral in
Eq. (9). S(K, cd) was determined for positive values
of cd, and S(», —cd) was then obtained from the law
of detailed balance:

S(K, —cd) =exp( —)rtcd/kT) S(cc, cd). (16)

The gas model was used to extrapolate the integral
beyond co=7.8Xyy~ sec—i for all values of z. Repre-
sentative integrands for small, medium, and large
values of K are shown in Fig. 15, where Sr(K, cd) =
S(K cd)+( —1)"S(K cd). Extrapolated curves are
shown by the dashed lines. The extrapolated fractions
of the moments are largest for the largest value of ~,
but are everywhere less than 3% for (cd' ), 10% for
(cd' ), 8% for (cd' ), and 40% for (cd' ). The gas model
should be better applicable as A: gets larger, and this
tends to diminish the error introduced by the extrap-
olation. The experimental (cd') is shown by the points
in Fig. 16, where the dashed line shows the neutron
diGraction results obtained by Henshaw" at T=84'K.
The solid line shows the x-ray data obtained by Ging-
rich" at the same temperature. It will be seen that
the two sets of neutron data are in rather good agree-
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FIG. 15. Representative examples of integrands used in the
evaluation of the moments. Sz(K, cd) =S(Kc cd)+( 1) S(K cd).
Dashed curves show the extrapolated integrands.
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ment, but that the x-ray and the neutron results are
significantly different. Such discrepancies between x-ray
and neutron data have been observed earlier. ' Absolute
values were known only for the x-ray data, and these
were therefore used to normalize our experimental
S(K, oi). This was done by normalizing (ro') to the
same are as —',+3S(K)„„~over the region 1.6 A.

—'&
K+ 2.6 A. '. In this way we obtained the cross section
as well as all the other moments in absolute values.
In Fig. 17 the experimentally determined moments
are compared with the calculated moments. (ohio)„i, is
equal to 3+3S(K) with S(K) taken from Gingrich's
work. The calculated first and second moments are
obtained from Eqs. (10) and (14), and (~4)osis is
taken equal to 3(rd2)' which is correct only for a Gauss-
ian scattering law. (&o'), o, is as much as a factor of 2

smal!e: than the calculated value in certain regions
of K while (~'), „and (cv'),„~& everywhere agrees within
50% with the calculations.

Henshow (orb. norm. )

V

I

1.5
r

2.5

FIG. 16. The zeroth moment obtained in this experiment (dots)
compared to the neutron result of Henshaw and the x-ray result
of Gingrich.

(Qo'+2Q') was evaluated for various values of K

by inserting the observed moments in Eq. (15). The
result is shown in Fig. 18, where it will be seen that
the function is constant, contrary to the expected K

dependence of Q. The quantity Q0 was calculated by
Sears" from the frequency spectrum obtained by
Rahman'4 and also from Eq. (12). In both cases a
value close to 4)&10"sec ' was obtained. It was pointed
out by Sears that Q& should correspond to the fre-
quency at maximum in f(&u), and this is seen to be
nearly the case from Fig. 12, where the frequency ob-
tained by Sears is shown by the arrow. When the
momentum transfer increases, the details of the atomic
motion are no longer seen in the scattering process,
and therefore the distinction between coherent and
incoherent scattering is lost. Therefore Q—+Qo when
K—)~, and as Q seems to be a constant, we may assume
that Q =Qo everywhere. From this and Qo'+2Q'=
4&10" sec ' we obtain Q=QO ——3.7)&10" sec ', which
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FIG. 17. Ratio of theoretical and experimental moments at
various values of a.
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FIG. 18.Experimentally determined Qo'+20' at various values of ~.

is in good agreement with the value derived by Sears.
Knowing the value of Q, it would be possible to evaluate
the value of the integral that appears in Eq. (13) as a
function of K and compare it with the result that is
obtained if the integral is solved numerically with an
experimentally determined g(r). This would give a
test of the expression for the potential, but the com-
putation is rather tedious and we have not attempted it.

The ratio of the observed first ~oment to the theo-
retical value was obtained by Randolph et u/. ' for
liquid lead. They found that it was as large as 5 in
certain regions of K if multiple scattering was not cor-
rected for. After making a rough correction for multiple
scattering they obtained a ratio that was everywhere
equal to 1 within 50%. The first-moment ratio ob-
tained for liquid sodium by Randolph" came closer
to 1 when multiple scattering was corrected for, but
was still larger than 2 in certain regions of K, and

3' V. F. Sears, Proc. Phys. Soc. (London) 86, 953 (1965). 32 P. D. Randolph, Phys. Rev. 134, A1238 (1964).
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furthermore showed a strong dependence on w and
on temperature.

It was concluded in both of these experiments that
the first moment is very sensitive to the presence of
multiple scattering, and this probably applies to the
other moments as well. The fact that the moments
obtained in the present experiment were in reasonable
agreement with the expected values is taken as a con-
firmation of our assumption that multiple scattering
was not very serious in this case. This lends some con-
fidence to the conclusions that were drawn from the
comparisons of the cross section with various models
and also to the values that were obtained for the
characteristic frequencies from a direct consideration
of the moments. It should be stressed, however, that
the results that were obtained from the moments are
significant in a qualitative sense only.

VI. CONCLUSIONS

Singwi's approach is shown to be a considerable im-
provement over the convolution approximation. A good
over-all agreement with the experimental results is
obtained with reasonable values of the parameters,
but the model fails to explain the structure in the first
di6raction peak. This structure, which is experi-
mentally well established, can be understood if it is
assumed that the liquid "lattice" can absorb momen-
tum and if the polarization of the vibrations is taken
into account. Egelstaff's model, which is based on these
ideas, is in good agreement with the observations if it
is assumed that the transverse phonons do not con-
tribute to the intensity, at least not for co) 3)&10"sec '.
The absence of transverse phonons at these frequencies
does not necessarily mean that they do not exist for
all values of q, but perhaps only that they have energies
considerably lower than the longitudinal phonons. In
the experiment on lead by Cocking, ' it was observed
that the transverse peak in the spectrum of the poly-
crystalline solid disappeared on melting. Larsson, " on
the other hand, found that the spectrum from poly-
crystalline aluminum, which was shown to consist
mainly of transverse phonons, remained almost un-
changed on melting. Evidence obtained so far is
thus controversial, and more work has to be done.
Perhaps we should not expect that all liquids behave
in a similar way in this respect, Some liquids may

propagate high-frequency transverse vibrations, while
other liquids do not.

The frequency spectrum was determined experi-
mentally and compared with the curve obtained by
Rahman. The results are in good qualitative agree-
ment, and both curves have maxima close to the fre-
quency that is predicted by the itinerant-oscillator
model of Sears. Almost the same value was obtained
for this characteristic frequency from a consideration
of the moments of the scattering law.

An important result of this study is the observation
of a dispersion law which is linear within the experi-
mental errors and has a slope close to the known ve-
locity of sound. The dispersion-law results are the
same whether Singwi's or EgelstaG's model is used,
and they are also in good agreement with an earlier
determination in which a different technique of analysis
was employed. Phonons were actually observed in the
second zone, which is centered at the first peak of S(~),
and we can therefore conclude that at least the first
two Brillouin zones are defined in liquid argon. The
same conclusion was earlier drawn from the studies on
liquid aluminum" and recently also from studies on
liquid lead. '

The delayed-convolution approximation was not sub-
jected to a serious test, but was in good qualitative
agreement with the observations in the region of co

and ~ where a comparison was made. The delay that
was used in this comparison was about 10 "sec, which
is the same as the value observed by Dasannacharya
et al." for the delay time before diffusion sets in. One
may interpret this delay time as the lifetime of the
initial configuration, which thus lives long enough to
allow vibrations of frequencies 10"—10" sec ' to de-
velop. If we consider the coherence parameter E.,
which we estimated to be approx. 15 A, as the spatial
extension of such more or less ordered atomic arrange-
ments, we find that the wave vectors of these vibra-
tions must also be expected to be well defined.
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