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The (He?,pp) stripping reaction is studied in the distorted-wave Born approximation, with simplifying
assumptions which allow a two-body formulation of the problem. Two limiting cases are investigated.
(1) The emerging protons are closely correlated; their final-state interaction with each other is treated
appropriately, but those with the nucleus are approximated by one with the center of mass of the pair. (2) The
protons interact individually with the residual nucleus but their mutual interaction is neglected. It is found
that for a given relative momentum q of the two protons the angular distribution for the recoiling residual
nucleus is essentially the same for the two cases. However, the differential cross section depends only on the
magnitude of q in case (1), whereas it depends on both the magnitude axnd direction of q for case (2). Thus,
an experimental distinction between the limiting cases should be possible.

I. INTRODUCTION

TRIPPING reactions have been widely employed in
the study of nuclear spectroscopy. Most of the reac-
tions studied so far have a single emergent particle in
the final state, so that there is no degree of freedom in
the kinematics, given the scattering angle and the state
of the residual nucleus.

In this work we investigate the (He? pp) reaction,
which is the simplest stripping reaction with multiple
(unbound) emergent particles in the final state. From
such reactions one could hope to learn more about the
mode of nuclear excitation in the stripping process, by
a measurement of the correlation between the two
emergent protons. The (He3,pp) reaction is also of in-
terest because it allows excitation of isospin states in
the residual nucleus which cannot be reached by an
analogous reaction in which only one particle emerges,
such as (d,p) stripping. In the latter case, if a deuteron
is incident on a target of isospin zero, and if isospin is
conserved, then the residual nucleus must be in a state
with isospin equal to §. For a (He?,pp) reaction with the
same target, the residual nucleus may have isospin equal
to § or 3. The simple stripping model, with no core exci-
tation, predicts that only isospin- states are populated.
This assertion is clearly amenable to experimental
investigation.

In this paper we do not consider core excitation. With
this simplification we treat (He3,pp) stripping for two
limiting cases: (1) The emerging protons are closely
correlated and their final-state interaction with each
other is treated appropriately, but those with the nu-
cleus are approximated by one with the pp center of
mass, and (2) the protons interact individually with the
residual nucleus but their mutual interaction is ne-
glected. There has been some discussion whether final-
state effects are measurable!; our results suggest that
a (He? pp) experiment can be used to detect such final-
state rescattering.

* Supported in part by the U. S. Atomic Energy Commission
under Contract No. RLO-1388B.
1C. Zupan&i&, Rev. Mod. Phys. 37, 330 (1965).
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In Sec. IT we formulate the problem, for the two
limiting cases mentioned above, in the distorted-wave
Born approximation using optical potentials in the in-
coming and outgoing channels determined from elastic
scattering (Sec. IIT). The results of the calculations are
presented in Sec. IV and discussed in Sec. V.

In the present paper we restrict ourselves to a two-
body formulation; this necessarily involves some ap-
proximations (Sec. II). A more exact analysis of the
(He3,pp) reaction would involve a correct treatment of
a four-body problem, viz., the target nucleus (taken as
one particle), the captured neutron, and the two emer-
gent protons. This can be done, at least in principle, by
an extension of the Faddeev formalism.? This aspect of
the problem is currently being investigated.

II. THEORETICAL DEVELOPMENT
A. Introduction

The theory of direct nuclear reactions in a distorted-
wave Born-approximation (DWBA) framework has
been treated extensively in the literature?® so that only
the matrix is given here,

m%Q{f—l Vot Vn2|X.'+>- (1)

We assume the following: (a) The initial nucleus, or
“core,” acts merely as a spectator and is unaffected by
the reaction. (b) The residual nucleus is left in a single-
particle state of well-defined total and orbital angular
momenta; for simplicity, we assume that this corre-
sponds to the ground state. (c) The j-j coupling scheme
is applicable. (d) The captured nucleon is bound in a
finite Saxon well. (¢) The interaction potentials re-
sponsible for the reaction [ V,1 and Vas in Eq. (1)] are
spin-isospin-independent central potentials. Although
these assumptions are not essential, they are physically
reasonable and simplify the calculation considerably.
For a target of 4 nucleons, the center-of-mass system

2V. A. Alessandrini, J. Math. Phys. 7, 215 (1966).
3 See, e.g., W. Tobocman, Theory of Direct Nuclear Reactions
(Oxford University Press, New York, 1961).
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F1c. 1. Pictorial representation of
the relation between the vectors 1y,
I2, 1, R, r, and €. The heavy arrows
indicate the coordinates used in the
R, r formulation [Sec. IIB7J; the light
arrows indicate the coordinates used
in the ry, rs formulation [Sec. IIC],

TARGET

optical-model wave functions for the initial and final
states are (the notation of Henley and Yu is used,* with
fi=c=1)

Xi+= XK+(R+%§)(I)1(1 PR )A)d’ﬂ e( E)r)
X[$1/2#(He)ps 2 2(He)], (2)

Xf~= Xk’nk"_(rlaré)q’f(ly ) A+ 1).((1;2)1)(172) ) (3)

where R, 11, 1y, and r, are measured relative to the
initial nuclear center; R is the position of the pp center
of mass, r; is that of proton 1, r, that of proton 2, and
1, that of the neutron. We have introduced the vectors
r=r;—r; and {=r,—R. The relations between 1, 1o,
I, R, r and £ are shown in Fig. 1. The subscript K is the
momentum of the incident He?® particle, and the pair of
momenta k’, k” refer to the final pp system; their choice
depends on the formulation of the problem [see Secs.
IIB and IIC].

In Egs. (2) and (3), X+ and X~ are the distorted waves
representing the incoming and outgoing particles, re-
spectively, with the -4(—) sign denoting outgoing
(incoming) boundary conditions. ®; is a completely
antisymmetric space-spin-isospin internal nuclear wave
function of total angular momentum J; and isospin #;,
having third components M ; and »;; ®; is defined analog-
ously for the final nucleus. ¢ue(£,r) is the space part of
the He ® internal wave function. { is a spin state and p an
isospin-state function, with the square bracket in Eq.
(2) denoting the completely antisymmetric spin-isospin
state function for He?.*

We expand the wave function for the (4+1) particles
of the residual nucleus in terms of the wave function for
the 4 particles of the initial nucleus and the possible
neutron states:

q)f(l’ :A+1)= Z

Ji Mt i

B(tilytf; ]:]ilyjf)

Xt 5vd =5t ) (T/TMIM | T M)
Xéi’(lx e :A)d’JM(rn) . (4)

In Eq. (4) the expansion coefficients B(t/,ts; J,J:,'J ;)
are related? to the usual spectroscopic factors; the sym-

4E. M. Henley and D. U. L. Yu, Phys. Rev. 133, 1445 (1964).
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bols (jijamums| jm) are Clebsch-Gordan coefficients,
and the subscript ¢’ on @ indicates quantum numbers
Ji, M/, t/, and v/. The ¢s¥ is the bound-state wave
function for the captured particle, and can be written as

&M (en) =2 (Gms | TM)Ru(rn)

XY ™(#n)S12°(m)p1ys™%(n) ,  (5)

where Ri(r,) is the radial part of the wave function for
the captured nucleon in a finite Saxon well, and ¥ ;(#,)
is a spherical harmonic of the angle defined by the unit
vector 7.

At this point we introduce some specific assump-
tions regarding the form of the pp wave function
Xier i~ (r1,12). We consider two limiting cases, viz.: (1)
The protons come off close together as an unbound
“diproton” with low relative energy ey, so that for the
small distances relevant in this problem we may take
the relative orbital angular momentum and total spin
of the pp wave function to be zero. In this case it is
convenient to use the coordinates R and r. We refer to
this as the “R, r formulation”. (2) The protons come off
with considerable relative energy ey, i.e., in quite di-
vergent directions, so that their final-state interaction
with each other is negligible, 2(r)~0. We refer to this
as the “ry, r, formulation”. Although these are but two
possible options, they describe limiting situations, which
we believe to apply in the present problem.

B. R, r Formulation

In this formulation we approximate the interaction
of the nucleus with the individual protons in the final
state by one with the center of mass of the pp pair as
though it were a single particle.4® The Hamiltonian for
the pp pair then separates:

H(1,2)=—V=?*/2M+V(R)—V.2/2u+0(x)
=H(R")+n(r). (6)
In Eq. (6), the masses M and p are M =my+ms,
p=mms/(mi-+ms,), and the vector R’ is the position of
the center of mass of the pp pair relative to the residual

nucleus. With the above assumption the pp distorted
wave function is a product,

X+ ,k"“(rler) = Xk,q_(R’;l?

A 1
()
+1 441

qu_(l')g'oo(l,Z)pll(l,Z) ) (7)

where k is the total momentum operator of the pp pair

® E. M. Henley, in Preludes in Theoretical Physics in Honor of
V. F. Weisskopf, edited by A. de-Shalit, H. Feshbach, and L. van
Hove (North-Holland Publishing Company, Amsterdam, 1966),
p- 89.
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and q is that for their relative momentum,
q= (ki—ky)/2.
Inserting Egs. (4), (5), and (7) into Eq. (3) we have for
X i
X;= B(ti\tr; J,Ji\T 1)

Ji Myt vilm,8
X (t'5vi =5t ) (JITMIM | T M 5)

A
X(l%msl]M)X;(A_i_l

1
R———& JX—
A+1E> <@

X®i(1,- - ,A)Ri(ra) Vi (7a)
X¢12™(m)pys (1) °(1,2)p1(1,2) . (8)

In terms of the matrix element I, the differential
cross section is given by

d% wi dPp —
=2r— = m, ©)
de;ko

K défdﬂk

where u; is the reduced mass of the He? particle and the
initial nucleus, Q; denotes the solid angle for k, and
d?p/desdQy, is the density of available final states. The
bar over the summation sign symbolizes the usual
average and sum over initial- and final-state magnetic
quantum numbers, respectively. After integrating over
the coordinates of the 4 nucleons, averaging over M,
summing over My, and doing the spin-isospin sums we
find (for the fixed orbital angular momentum / of the
captured nucleon)

d* w, d» 1 1 27,41
=2r— - B(titr; J\J iy 1)

XUdvi—5tw)? 2 |92, (10)

where

A 1
Sty (xk—<A R———E)Xr(r)ﬂ?z(rn) vm(r)|
+1 A+1

X(Vnrl-Vnz)|XK"'(R+%§)¢He(§,f)>- (11)

For simplicity we assume a symmetric Gaussian for
the He? internal wave function,*

¢He(§,1’) = NHe
Xexp{— 37 (11— 12)>+ (12— 1)+ (1, —11) 7]}
= N, exp{—37v(3r*4-2£)}, (12)

where Ny, is a normalization constant,
NHe=,y333/47r~3/2 ,

and*y=0.36 F~!'as determined from electron scattering.
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The interaction potential is also taken to be a Gaussian,

Vn1tVae= Vol exp{—B2(r,—r1)?}
“+exp{—B*(rn—12)*} 1= Vo[ exp{—B*(E—31)%}
+exp{—p2(&+3)% ], (13)

with? Vo=70 MeV and ?~04 F~2% to obtain an ap-
proximate match to the nucleon-nucleon low-energy
elastic scattering.

For purposes of computing the overlap of the neutron
wave functions in the matrix element, we neglect & rela-
tive to R. We justify this roughly by considering the
behavior of the He? internal wave function and the in-
teraction potential; both of these are exponentially
decreasing functions of £2. Since the optical potentials
used in calculating Xg* and X, give rise to strong ab-
sorption, the main contribution to the overlap integrals
in 9™ comes from a region close to the nuclear surface,
R~ Ryuelear=1.25418. For sufficiently large 4, there-
fore, the above-mentioned exponential factors will be
small for & comparable in magnitude to the nuclear
radius. We therefore approximate as follows:

A 1 A
R——f~— R, (14a)
A+1 A+1  A41
r,=R+£=R, (14b)
R+3¢=R. (14c)

Thus, we find for 917;™:

A
M= <Xk_(
A41

><(Vn1+vn2>lxx+<R>¢He<z,r>>. (15)

R)Xq‘(r)ﬂ?z(R) vir(R)|

We expand the incoming and outgoing wave functions
in partial waves, taking the initial momentum K as the
axis of quantization:

1
Xxt(R)=2 —i¥[4r(2L'+1) ]/
L’ KR

XUt H(R)Y °(R), (16)
A A+1 4x A
Xk"'(A R)= Z —_— Ly, L_<A R)
+1 Ly A kR +1
XYLYNR)Y N (R). (A7)

Inserting Egs. (16) and (17) into Eq. (11) we can do the
integration over the internal variable £ and the angular
integrations for R and r. 9, thus reduces to

4r A+1

Mym=——— T ((2L+1)(2+1)) 2
EK A L,

X (LI—mm|L'0)(LI00| L'0)Y ,~(k)i¥'~LDd, (18)
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where d and D are
8wy33B1V, >

=[x
(IBZ+,Y2)3/2 Jo

B2y240.75y4
Xexp’ ———————72] r¥dr, (19)
B2+7?
w 4
D= / UkL+(A R)UKL,+(R>m,(R)dR. (20)
0 +1

We have used the relation

A A
o))
+1 +1

to obtain D in the form given by Eq. (20).
The integration over R is part of a numerical program
which computes a quantity ¢(®) given by

1672

kK?

o(0)= (21-{—1)2”;] Z’ (2L+1)Y2(Ll—mm|L'0)

X (LI00| L'0)V ;~™(©,0)D|2. (21)

The partial-wave amplitudes U+ are obtained from
MSCAT-4 (a modified form of the UCLA scat-4 code®)
which gives normalized wave functions as output. In-
serting the density-of-states factor we have finally

Mifhs k <A+1>21 1 2Jf+1

d*
=———(my%)'? =
desdQy, 16wt K A 621412741

XB(ts,tr; I, T i, J 1) tgvi—% | 1ws)?| d|%0(0) ,

(22)

where mpy is the nucleon mass and uy is the reduced
mass of the pp system and the residual nucleus.

C. ry, ry Formulation

In this formulation we assume that the protons inter-
act individually with the nucleus, and we effectively
neglect their interaction with each other. The Hamil-
tonian is then given by

H(I,Z) = — V12/2m1-[— V(I'1) -_ V22/2’WL2+ V(I’z)
=H(1)+H(2), (23)

where V(r;) includes only the interaction of proton 1
with the residual nucleus, and similarly for V(r;). Al-
though, in the spirit of Sec. ITA, we could consider the
interactions V(r;) and V(rz) to include an average in-
teraction of the two protons with each other, we do not
do this here; rather we assume that V(r1) and V(rp) are
determined by elastic proton scattering. With Eq. (23)

6 M. A. Melkanoff, J. S. Nodvik, D. S. Saxon, and D. G. Cantor,
A Fortran Program for Elastic Scattering Analyses with the Nuclear
Optical Model (University of California Press, Berkeley, California,
1961).
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the final-state wave function becomes
X=X (r)X5 ()5 (1,2)p(1,2) 8,1, - -+, A+1), (24)

where the subscripts 1 and 2 denote momenta k; and
ke, respectively. We take the undetermined variables
in the differential cross section to be E;, @1, and Q,,
where E; is the kinetic energy of proton 1, Q; is the
associated solid angle, and s, is the corresponding solid
angle for proton 2. These variables are most accessible
experimentally; any other choice can be obtained by a
suitable transformation. Substituting Eq. (24) into Eq.
(9), we integrate over the 4 nuclear coordinates, do the
implied average and sum over M ; and M, respectively,
and carry out the spin-isospin sums to obtain

d 1 1 2741
= 7"— —
dE1dQ2.dQs K dEddQs 6 2141 2741
X B¥tits; T o ) (tigvi—5 i)t 20 | Mm|2,  (25)

d’o Mi

where now

Mim= (X (1) X5~ (12 )Ru(r) Vi (7) |
X Vn1+ VnZ { XK+(§R)¢H9> ’

N=1%(r1+1r2+1,), and the primes on r;’ and r,’ mean that
they are relative to the center of mass of the residual
nucleus, rather than the initial nucleus.

In order to make the nine-dimensional integral of Eq.
(26) tractable we introduce a simplification which has
been widely employed in deuteron stripping calcula-
tions, viz., we assume that capture takes place at a point,
with

(26)

%iir; Ve B — w32V 3-%%(r) , 27)
where
VoB~3=constant="70 MeV X (0.4)~3/2 F3
=277 MeV F3. (28)
Introducing the coordinates
o=%r1+3r,, (29a)
r=r;—7rs, (29b)

and inserting the delta-function interaction potentials
we have for the matrix M ;™:

A
Mym=278"N eV /x—*(—— +lr)
: B3 NueVo | X1 y 1[9 31

4 2 1
o (L Gr2))
A+1 3 4
XXt *(ot+3n)e""dpd%r

o-3r >
lot+ir|/

(30)
where

V(o0 =(| 9+-13-rrmm*<



160 (He3,pp) REACTION 839

The 7 integration can be performed in the following obtain for f(r?),
way”8: Define ¢ '’= f(r?). Introduce the Fourier

transform f®) — i 7r3/27"3—1—<—vr—2>"63(r). (33)

) n=0 nI\4y?
fO)= | e*f(r?)d*, (31)
L. Recalling the property of delta functions,
and its inverse

f@?)=(2m)= / et f(NdN. (32) / §m(x) f(x)da= (=)™ f(0), (34)

—

If we expand f(\2?) in a Taylor series about \2=0 we and substituting Eq. (33) in Eq. (30), we find for M ;™

o 1 Vl‘2 n
Mim=2x38"3y"3NueV, / X;{‘“(g){ > "("_>

n=0 721 \4dy2

4

><[xr*<74—:£_—1[9+(1/3)r]>xz—*(A—_H[o—<(2/3)+*;~>r])¢*(9+(1/3)1')]}r=0d3p=27r36‘37“3NmVo JES0

1
X [GXP[Z—Z«U9)V12+(9/16) Vo +(1/9)Va2—(1/2) V1 Va+(2/9) V1 Va—(1/2) Vo Vn)]
24

x[xl—*(ﬁ—lg)xz—*%e)w*@)]}d%, (35)

where V; operates only on X, *[4e/(4-+1)], V2 only on Xs=*[49/(4+1)], and V, only on ¢*(p). We can write

(1/9)(V124-(81/16) Vo2+V,.2— (9/2)V1- Vo+2V1-V,— (9/2)V5- V)
=(1/36)(4V:2+ (81/4) V5244V ,2— 18V V248V V,—18V3:V,)
=(1/36)(13V:24(117/4) V2 +13V,24-26V1- V,—9V?),  (36)
where V=V;+4V,+V, operates on the product

A A
Xl"*( u>xz~*< v>\1’*(9) .
A+1 A+1

We have investigated the magnitude of the contribution from the 26 V-V, terms for the case of plane waves, i.e.,
e’ reika-ml¥(9) and, at the energies utilized in this work, found it to be small compared to the contributions from
the other terms in Eq. (36). We assume that this will be true for the DWBA case also. Then, by repeated applica-
tion of Green’s theorem Eq. (35) becomes

4
Mm= 2135_37—3NH3V0/[e_(gv2“4“2)XK+(9)][6(13V12/144"2)?(1**(;‘—_{—_—1 >]

4
X [e 117y 22/57672)x2_*(7_ )][8(13V n2/l44‘72)¢*(9)]d3p . (37)
+1
If we also assume that the gradients of the potentials are negligible in comparison with the gradients of the wave
functions, so that we can write (V2)»~[2m(V—E)]", then Eq. (37) becomes®
9K 2— (144/169) X 13k:2— (144/169) X (117/4) s>+ 13a2:|
144~2

x [ g<p>xr*<Ai f’)xf*(Ai 19)¢*<9>xx+<o>d3p, (38)

Mm=271%3"3y"3Ng.V, epr:

7 Gy. Bencze and J. Zimanyi, Phys. Letters 9, 246 (1964).
8 F. G. Perey and D. S. Saxon, Phys. Letters 10, 107 (1964).
¢ Gy. Bencze and J. Zimanyi, Nucl. Phys. 81, 76 (1966).
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where a?/2m is the binding energy of the captured nucleon, and

glp)= eXp[

—ISmHeVHe'I-(144/169)X26m1V1+(144/169)}((117/2)m2V2-|—26mnVn] (39)

1442

Expanding the distorted waves in partial waves as before we find

d3o w  d3 1 1 2741

=8 Bz(tiytf; ])Ji'Jf)

= 87— —
dEddQ, K dEd0dQ, 6 2141 27 -1

Xtdvi—5|tw)m By SNulV o 2

m

A-+1\2
L (=)
LU lemi\ A

X ((2l1+ 1) (212‘{‘ 1) (Zl+ 1))1I2il’—ll—l2(l1lz— mimi+m I )\m) (111200 I >\0)

X (IN—mm | LO)(IN0O | LO) (1/ K E1ko) Vi, (y) ¥ iyt (k)

X/UKL

+(P) Uklll+(
A+

A A
lp) U kzlz+<A n 1p>9?z(p)g(p)p“‘dp 2. (40)

Equation (40) is evaluated numerically by a program which computes the quantity o(01,0,) given by

0(01,0:)=2|

Z ]2 (41)

m L\, l1,lg,m

III. DETERMINATION OF OPTICAL
PARAMETERS

If the incident energy of the He? projectiles is suffi-
ciently high and the final-state pp relative energy e
is sufficiently small, then it is possible to relate the
A(He3,pp)A’ differential cross section directly to that
measured for the A (He?,d)A" reaction.51° This relation
requires (1) that the R, r formulation is valid; (2) that
the binding energy of the deuteron e; and e; are both
much smaller than the incident energy (the e; depend-
ence of the cross section is not neglected); (3) that the
difference between the Coulomb interaction of the two
protons with the final nucleus A’ and that of the deu-
teron with 4" can be neglected; (4) that the nuclear
optical potential of the pp center of mass with A’ is
identical to that of the deuteron with the nucleus 4.
This last requirement assumes that the spin and isospin
dependences of the optical potentials are small. For
instance, spin-orbit effects must be neglected, since the
spin of the deuteron and that of the pp system are dif-
ferent; such a comparison is thus probably valid only
in the forward hemisphere of the emitted particle. The
kinematical differences and the e; dependence can be
taken into account, and one obtains

d*s(He?, pp) ((mzv%f)”z ) <2>
ded  \  dn? 3

‘f due(€,1)X " (r)d3¢d% |2 do(He?,d)
S bu(E,DYa*(r)d3Ed>r aQ

10 E. M. Henley, F. Richards, and D. U. L. Yu, Phys. Letters
15, 331 (1965).

, (42)

where the factor in the first parentheses on the right
side of Eq. (42) is the ratio of the density of available
final states for the (He?pp) reaction to that for the
(He?,d) reaction, and the factor in the second paren-
theses is the corresponding ratio for the spin-isospin
sums.

At low or medium energies conditions (2) and (3)
cannot be met. Despite this shortcoming, it is possible
to relate the cross section for the (He?3,pp) reaction to
that for the (He?d) process by an optical-model
“extrapolation”, if condition (1) is valid. If, in addition,
condition (4) holds, then the nuclear part of the optical
potential for the pp center-of-mass interaction with the
final nucleus is identical to that of a deuteron of the
same energy. However, even if there is a spin- and
isospin-dependent part of the optical potential, the
difference between the deuteron and pp potentials can
be taken into account if the dependence is known. Since
this is not the case, we have neglected these differences
in our work. However, we have relaxed conditions (2)
and (3) and have taken into account the Coulomb and
energetic differences between the pp center of mass and
the deuterons produced in a (He? d) reaction by means
of the optical model. The nuclear potential used was of
the Woods-Saxon form with volume absorption. The
parameters for He® and for d were obtained from elastic
scattering,*!! although small variations were made to
obtain an adequate fit to the (He?d) measured differ-
ential cross section in the forward hemisphere. The pa-
rameters actually used are listed in Table I. With these

117, Testoni, S. Mayo, and P. E. Hodgson, Nucl. Phys. 50,
479 (1964).
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TasLE I. Optical-potential parameters.

Helium 3
V=—(U+iW){1+exp[(r—R)/a]}?
R=rA13, 7=150F, @¢=0.6F,
U=55 MeV, W=60 MeV.

Deuteron

=—(U~+iW){1+exp[(r—R)/a]}™*
R=7r4Y3, 7=150F, a=06F,
U=56.9 MeV, W=12.0 MeV

Proton
._R 2
V=—U{1+4exp[(r—R)/a]} 1 —iW exp{—(r ; ) ]»

R=r A3, 7r=125F, a=0.6F, =098 F
U=(58—0.3Einc)MeV, W =3Ep!? MeV
Eine=1Incident energy of proton

parameters, the differential cross section for the (He3,d)
reaction, given by

do(He’d) s Pr1 1 2],+1/A+1>2
4@ 4z P; 22041 2741\ 4

XB¥tity; J,JiJ ) tisvas | 1s)?]d’|20(O©),  (43)
with
87rVo'y333/ ¢
/ V()
(B2+ 2) 3/2
B2y240.75v4
Xexp { —? } ridr, (44)
B2+~?

and Y4(r)=space part of the deuteron internal wave
function, is compared with experiment in Fig. 2.12 The
choice of C!? as target was determined by (1) the
availability of experimental data, and (2) the fact that
it is a light nucleus for which the assumptions (a)-(e)
of Sec. IT are expected to be valid. The comparison made
in Fig. 2 shows that good agreement can be obtained in
the forward hemisphere; it should be noted that this is
so for the magnitude as well as for the angular distribu-
tion. The lack of agreement in the backward hemisphere
is ascribed, at least in part, to our neglect of spin-orbit
effects.

All of the above description refers to the R, r formula-
tion. In the ry, r, formulation, the optical potential in the
initial state is identical to that of the R, r formulation.
The optical-potential parameters for the interaction of
the protons with C!? were determined from elastic-scat-
tering data, as given by Hodgson.?

In the calculation of the ry, rs cross sections, there is

12H. E. Wegner and W. S. Hall, Phys. Rev. 119, 1654 (1960).

13 P. E. Hodgson, in Direct Interactions and Nuclear Reaction
Mechanisms (Gordon and Breach, Science Publishers, Inc., New
York, 1962), p. 103.
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F16. 2. Comparison between theory and experiment for the
C12(He?®,d)N3 differential cross section. The laboratory energy of
the incident He? particle is 25 MeV.

an ambiguity regarding the momenta k; and ks to be
used in calculating X;~ and Xy~. This is because MscaT-4,
which calculates these wave functions, assumes there is
just one particle impinging on the target in the incident
channel. Several schemes which might plausibly be sug-
gested were tested by simulating plane waves for Xg*,
X;~, and X;~; this is achieved by putting in zero for all
optical potentials, as well as for the Coulomb interac-
tion, in mMscar-4. The results of this simulated plane-
wave Born approximation were compared with the re-
sults of the actual plane-wave Born approximation
(PWBA) [see Egs. (49) and (50) and Fig. 9. Best re-
sults were obtained by putting in the actual value of
k; and ks wherever they appear explicitly in Eq. (38),
but calculating X;~ from the relative momentum
given by
K+(d+1)k

K y=————,

A2

where K’ is the recoil momentum of the residual nu-
cleus; the analogous procedure was employed for cal-
culating X5~

IV. RESULTS

The differential cross section for the C!2(He3,pp)C!3
reaction was calculated with the formalism described in
Sec.II and with the optical-potential parameters (except
for Coulomb energy changes) discussed in Sec. III. The
results for 25 MeV incident He® particles in the R, r
formulation are presented in Figs. 3 and 5. In Fig. 3 the
differential cross section is shown as a function of the
pp center-of-mass angle for e;=1 MeV. The choice of
target and incident energy was determined by available
C!2(He?,d)N*? data; although the use of the optical
model allows extrapolations to other energies, a “direct”
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comparison [see Eq. (42)] can only be made at this
energy, and is shown in Fig. 4. In Fig. 5 the ¢; depend-
ence is plotted for a pp center-of-mass angle of 0°. The
choice of ¢,=1 MeV in Fig. 3 was determined by its
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closeness to the peak of the final-state pp interaction
effect.’® The enhancement in the cross section due to
the pp rescattering can be described by the factor
F (e f) :

Cross section with final-state interaction included

Fep)=

This factor is independent of the scattering angle 6; and
depends only on the ratio

ie)=| [ x0) ] TSy s
= X (r) exp{ ———————r rr/
=], P
0 6272_}_0'7574 2
/ efr exp{—-—————ﬂ}ﬂdr . (45b)
0 B*+E

This equation also demonstrates that only the S-wave
part of X4 (r) is relevant; all other angular momenta do
not contribute because of the form we have chosen for
the He? internal wave function. The dependence of
F(es) on s is shown in Fig. 6. Comparison of this figure
with Fig. 5 demonstrates that the primary ¢; depend-
ence of the differential cross section in the R, r formula-
tion arises from the final-state factor. The matrix ele-
ment is a slowly varying function of the energy transfer.
This slowness is also partially responsible for the simi-
larity of the (He?3,d) and (He?,pp) angular distributions,
as can be noted from a comparison of Figs. 2 and 3.

The R, r and the r;, r, formulations differ only
through the manner in which the final-state effects are
approximated. From Egs. (6) and (23) we see that if we
take the final-state distorting potentials V(R’), o(r),

Sl 2311

(mb/sr MeV)
5

d?r
de,dQ2,

o
T

1
0 30 60 90 120 150 180

6, (degrees)

Fi1c. 3. Differential cross section for the C12(He3,pp)C!3 reaction
in the R, r formulation, for ¢,=1 MeV. The laboratory energy of
the incident He3 particle is 25 MeV.

Cross section with final-state interaction neglected )

(45a)

V(r1), and V (r2) equal to zero, then the two formulations
are identical. Inclusion of the potential »(r) introduces
the final-state factor F'(q)=F'(|q|)=F(e;). We can in-
troduce analogous factors for the effects of the other
final-state optical potentials; thus, if G(k) is that due to
V(R’), then the cross section in the R, r formulation is
| F(es)G(k)|? times that for plane waves in the final
state. In the ry, ry formulation we have factors f;(k;)
and fa(ke) which arise from V(r;) and V (rz). [This does
not imply that the factors G(k), fi(ky), and fa(k,) are
independent of the incident momentum K.] We note
that these two interactions are equivalent to the inclu-
sion of V(R’) and the omission of v(r) [or F(e;)] in the
R,r formulation, for |R’|>>|r|. Since the major contri-
bution to F(es) comes from r~Ru.~~~! [see Eq. (45)]
and that to G(k) arises from R’ R¢w, the above condi-
tion is satisfied approximately. If this argument is realis-
tic, then in order to compare the results of the ry, r,
and R, r formulations we should neglect o(r) [i.e., set
F(es)=1in the R, r formulation], and should find

G(k) 1
Al fuls)

This relation implies that the differential cross sections
in the ry, 15, and R, r formulations are approximately

(46)

€= MeV

T T TTTT

o

T

(mb/sr MeV)

d’c
dedQ,

4

L1111
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F1c. 4" Differential cross section for the C12(He?,pp)C!3 reaction
predicted by a “direct” comparison with the C!2(He3,d)N1#
reaction.
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Fic. 5. Dependence on e of the C!2(He3,pp)C13 reaction in

the R, r formulation for 6;=0°. The laboratory energy of the in-
cident He? particle is 25 MeV.

related by
d%’(R,l‘) 4:71'F(€f) d3(7(l‘1 1'2) ’
~ —, 47)
desd H dEd4dQ;,
where H is the final-state ratio given by
desddw g
H=e—++. (48)
dE1ddQs

In Eq. (48) the variable w, refers to the angular variables
for the relative momentum q.

The factor H depends on ¢, Ei, and the angle 6y,
between k; and k, (see Fig. 8). We have taken e;=1
MeV as in the R, r calculation. In the ri, r2 calculation
the reference point for E; is chosen so that Ei=E, at
6;=0;=0°. The 6:» dependence of H gives rise to an in-
crease of ~139, as 61, goes from 0° to 90°, or, stated

~)
o}
of
<]

0 1z 5456
€(MeV)

F1c. 6. “Enhancement” factor F(es).
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Fi1c. 7. Comparison of the differential cross section for the
C12(He?,pp)C18 reaction in the ry, rs formulation, with that for the
R, r formulation.

more precisely, keeping 6, fixed at 0° and letting 6, go
from 0° to 90° as described below.

In order to make the comparison suggested by Eq.
(47) we must have comparable physical situations. In
the R, r formulation the scattering angle 6, refers to the
polar angle for k, the momentum of the pp center of
mass. In the ry, re calculation we fix k; at 6;=0°, its
magnitude being determined by the reference point E;
as described above, and vary the direction 8, of k; from
0° to 90°. Under these conditions ke (and hence k) is
determined by energy-momentum conservation. As 6,
goes from 0° to 90° the magnitude of k, increases by
~17%, introducing an error of ~149, due to the 1/k,?
factor in the cross section. However, the 139, error in-
troduced by neglecting the 6,1, dependence of H is in the
opposite direction, so that the over-all error is only a few
percent. We have therefore simplified the ry, ra calcu-
lation by neglecting the 61, dependence of H and by
taking |ki|=|ke|=constant=2myE;. Taking 6;=0°
and |k;|= |ke| implies 6= 305.

F1c. 8. Relation between the incident mo-
mentum K of the He? particle, the momentum
k of the center of mass of the pp pair, the
momentum k; of proton 1, and the momen-
tum k; of proton 2.
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The results of the r;, r» formulation, calculated from
the right side of Eq. (47) under the conditions just de-
scribed, are shown in Fig. 7. The results from the R, r
calculation are included in Fig. 7 for comparison. Both
curves are normalized absolutely and have not been
multiplied by any arbitrary constants. The ry, r; calcula-
tion was carried out for only ten angles because of the
large amount of computer time required for evaluating
the r;, rs matrix element.

V. DISCUSSION

The two formulations that have been used in this
paper to approximate the description of the (He? pp)
reaction are complementary ones. In the R, r formula-
tion the interaction between the two protons is properly
taken into account, and the interactions of the two pro-
tons with the daughter nucleus are approximated by one
with the pp center of mass. This formulation is thus one
which approximates the two-proton system by a
‘“‘virtual bound-like” state. In the r;, rs formulation the
interactions of the two protons with the nucleus are re-
placed by optical potentials (which can be thought to
approximately include the force of one proton on the
other) but the interaction between the protons is not in-
cluded specifically. Despite this difference, Fig. 7 shows
that the angular distribution of the center of mass of the
two protons is essentially the same for the two formula-
tions. Although the magnitudes of the differential cross
sections differ by a factor of approximately 3, this dif-
ference is not sufficiently large to constitute an experi-
mentally determinable distinction, since both Egs. (22)
and (24) contain parameters which are not fully deter-
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F16. 9. Dependence of the C12(He3,pp)C!3 reaction on e for
q perpendicular to k, 6;=0° and incident He? energy of 25 MeV.
The PWBA result is included for comparison but is arbitrarily
normalized, whereas the r;, r» DWBA result is absolutely normal-
ized according to Eq. (47).
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mined experimentally. Thus, as might have been ex-
pected, the angular distribution of the recoiling nucleus
is primarily determined by the angular and linear mo-
mentum transfers.

The distinguishing feature of the two complementary
descriptions is the treatment of the relative motion of
the two protons. This suggests that measurements of
their correlation could serve as a distinguishing tool.
We therefore consider the dependence of the magnitude
of the cross section at a fixed recoil angle as a function
of the relative momentum of the two protons, q. We
have already seen that in the R, r formulation the cross
section depends only on e; or equivalently only on the
magnitude of q, but not its direction. This dependence
was shown in Fig. 5.

In the 1y, 1, formulation we therefore investigate the
q dependence of the cross section for two cases. In the
first of these we keep |ki| = | ka| = constant as described
in Sec. IV, and vary q by changing the angle 6, between
k; and k; so that the direction of the pp center-of-mass
momentum (i.e., k) is kept fixed at 0°. We see that for
this situation q is perpendicular to k. The results of the
11, 12 calculation for this situation are shown in Fig. 9.

To gain some insight into the behavior of the ri, r2
cross section in Fig. 9, we turn to the plane-wave Born
approximation. Inserting plane waves in the 1, r;
matrix element [Eq. (26)] we find that, under the con-
dition that q is perpendicular to k (see Fig. 8), the
PWBA overlap integral I, is given by

mNef+K2/36>

Io=constant X / F1OR)J(R) {GXI)(—
42
N (Zmn(Vn—En))} RMR, (49)
exp{ ———
P 1672 ’

where K is the momentum of the incident He?, Q=K
— (ky+ks) is the momentum transfer, V, is the potential
seen by the captured nucleon, and E, is the energy of
the captured nucleon. The momentum transfer Q is
related to the final relative energy e; by

A s4+1
0=K—2—(—m
A+1\4+43

1/2

N(E—e») g, (50)

where E is the center-of-mass energy of the entire system
in the final state. The PWBA cross section (arbitrarily
normalized) is included in Fig. 9; it passes through the
first zero at e;~17.2 MeV. The comparison of the
DWBA and PWBA shows that the effect of the optical
potentials on the e; dependence of the ry, r; formulation
is primarily to decrease the energy e; at which the first
Zero OCCurs.

For the second case q was varied by keeping k; and
k; fixed in the forward direction while changing their
magnitudes, so that q is parallel to k. The results of the
(DWBA) ry, r; calculation for this situation are shown
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F16. 10. Dependence of the C¥?(He3,pp)C!? reaction on e for
q parallel to k, 6;=0°, and incident He? energy of 25 MeV. The
analogous result for q perpendicular to k (see Fig. 9) is included
for comparison. In Fig. 10 both curves are absolutely normalized
according to Eq. (40). .

in Fig. 10, with the curve from Fig. 9 included for com-
parison. (Figure 10 exhibits the cross section d%s/
dE1ddQs, rather than d2%/de;dQ; [as computed from
Eq. (47)] which is shown in Figs. 7 and 9.) It is clear
that the latter decreases much more slowly with increas-
ing €. Thus, as might be expected, the cross sectionin the
11, Iy formulation depends on the direction of q, as well
as on its magnitude. This difference from the R, r formu-
lation serves as an experimentally distinguishable
feature.

Although the comparison of the two formulations for
similar conditions is of interest, it is not expected that
they are applicable in the same region of phase space.
For small values of the relative energy e, the ry, re
formulation is expected to be a poor approximation, and
the R, r formulation is clearly preferred. The reason is
that the two protons are closely correlated in the in-
cident He?, and they will therefore continue to interact
strongly with each other if the two protons in the final
state emerge in the same general direction with approxi-
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mately equal energies. In fact, as can be seen from Fig.
9, the cross section in the ry, r» formulation fails to go to
zero as e; approaches zero; that it should vanish in this
limit is due to the Coulomb repulsion between the two
protons, which has been neglected.

For large relative energy es, on the other hand, we
expect the R, r formulation to be poor. In this case, the
two protons emerge in quite different directions, so their
final-state rescattering would be expected to be small.
In other words, for large ¢;, the ‘“‘enhancement factor”
F(es)=1, and we expect the interaction of the two pro-
tons with the final nucleus to be more important than
that of the two protons with each other, which is strong
only in a relative .S state of angular momentum.

Thus, we see that there are two extremes, namely
small ¢, where the R, r formulation is expected to be
reasonable, and large e;, where the 1y, r; formulation is
preferable. In the intermediate region the extrapolation
of the two complementary pictures can serve as a guide.
However, it is quite possible that a more complicated
Faddeev-type four-body treatment is required; this
could even be true in the limiting situations of small and
large e;. Within the context of our development, the
most crucial difference between the various formulations
appears to be measurements of the correlations between
the two protons.

In the above discussion we have concentrated on the
reaction mechanisms for the (He?pp) reaction. How-
ever, as stated earlier there is another aspect of this
process which is of interest. It can be used, in conjunc-
tion with (d,p) reactions, for spectroscopic studies. In
both cases a neutron is captured by the initial nucleus;
however, differences can occur due to core excitation,
e.g., change of isospin of § in the (He? pp) reaction, as
well as due to the differences of the internal structure of
deuteron and He?. A further interest of the reaction is
thus to explore these differences, if they exist.
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