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Contributions to the Theory of the Anomalous Hall EKect in
Ferro- and Antiferromagnetic Materials
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An interaction mechanism is proposed that can account for the anomalous Hall eBect in diBerent magnetic
materials. In particular, the sign and the temperature dependence of the anomalous Hall resistivity are ob-
tained for ferromagnetic metals. Moreover, a partial explanation is provided for the anomalies in the para-
magnetic region of antiferromagnets. The di%culties of the present theory are discussed.

I. INTRODUCTION

r 1HE present paper contributes to the theory of the..Hall effect in magnetic materials. The Introduction
briefly reviews the pertinent experimental evidence
and the existing theories and presents an outline of
the paper.

Anomalies of the Hall effect were observed long ago
in ferromagnetic metals and more recently in anti-
ferromagnetic metals and semiconductors. The behavior
of the Hall resistivity as a function of temperature and
type of conduction in representatives of each of these
types of materials will be discussed. Iron and nickel
are typical ferromagnetic metals. Jan, ' among many
other authors, reports that in these materials a strongly
temperature-dependent effect is superimposed on the
normal Hall effect. It is apparently possible' to sub-
divide the observed Hall resistivity into a normal and
an anomalous contribution, by measurements of the
Hall effect as a function of the external magnetic Geld
at temperatures that are low with respect to the Curie
point. Indications of the type of conduction can be
derived then from the normal Hall effect: Iron shows
p-type conduction, nickel rt-type conduction. At the
same time, the anomalous contribution shows the same
sign as the normal contribution, i.e., the effect is larger
both in Fe and Ni than one would expect if only the
Lorentz force were effective. The anomalous contribu-
tion is phenomenologically written as the magnetization
times a coe%cient. This anomalous Hall resistivity has
experimentally the following temperature dependence:
It tends to zero as T tends to zero in perfect lattices,
and it increases with temperature up to a maximum
occurring just below the Curie temperature. This was
observed in Ni by Jan. '

Chromium is known to be an antiferromagnetic
metal. 4 The Hall constant as a function of temperature
decreases rather abruptly at about the Neel tem-
perature for increasing temperatures. s The sign of the
Hall constant is found to be positive.

' J. P. Jan, Helv. Phys. Acta 25, 677 (1952); J. P. Jan and
H. M. Gijsman, Physica 18, 339 (1952).

~ See, for example, M. Pugh, N. Rostoker, and A. Schindler,
Phys. Rev. 80, 688 (1950).

3 This is not true in general for alloys.
4 See, for example, G. E. Bacon, Acta Cryst. 14, 823 (1961),
5 G. de Vries and G. W. Rathenau, J. Phys. Chem. Solids 2,

339 (1957).
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Finally, MnTe and NiO are known to be anti-
ferromagnetic semiconductors. MnTe appears to be a
broad-band semiconductor, ' whereas the other corn-
pound is likely to be a narrow-band semi-conductor. 7

The type of conduction in these materials is determined
by the valence of the impurities incorporated into the
lattice and/or by deviations from stoichiornetry. The
sign of the Seebeck coeKcient' ~ is positive, as expected.
The Hall coefBcient of MnTe ' and NiO in the anti-
ferromagnetic phase has the same sign as the Seebeck
coefficient. However, the Hall coeflicient of MnTe
single crystals drops to zero in the vicinity of the Noel
point and changes sign if it is measured with the mag-
netic Geld parallel to the crystallographic c axis; if the
measurement is performed with the magnetic Geld
perpendicular to the c axis, the Hall constant of MnTe
decreases sharply but remains positive. ' In NiO' too
a sign reversal of the Hall coefBcient is found in the
vicinity of the Neel temperature. Above this transition
point the Hall and Seebeck coeKcients have opposite
signs. The law of the inverse proportionality of the Hall
constant to the charge-carrier concentration has been
verified' in NiO in the paramagnetic region too. Dis-
regarding the anomalous sign of the Hall coefBcient,
the proportionality constant for NiO is two orders of
magnitude smaller than the normal value. Further
interesting evidence of anomalies of the type mentioned
can be found in measurements" on n-Fe203. O.-Fe203 is
weakly ferromagnetic in a temperature region lying
between the so-called Morin temperature and the
transition temperature to the paramagnetic region.
Below the Morin temperature, n-Fe203 is antiferro-
magnetic. The sign of the observed Seebeck coeKcient
is negative, as expected, in all temperature regions.

6 J. D. Wasscher, A. M. J. H. Seuter, and C. Haas, in Proceed-
ings of the 7th International Conference on the Physics of Sernicon
ductors, Paris, 1964 (Academic Press Inc. , New York, 1964).

r A. J. Bosman and C. Crevecoeur, Phys. Rev. 144, 763 (1966).
The existence of magnon drag in MnTe (Ref. 6) does not

prevent conclusions from being drawn regarding the sign of the
ordinary Seebeck coefBcient.

~ A. J. Bosman, H. J. van Baal, and G. F. Knuvers, Phys.
Letters 19, 372 (1965).

'0 The remarkable behavior of the Hall eBect in MnTe as a
function of temperature and of the direction of the magnetic Geld
was the Grst clear-cut indication of the presence of anomalies in
the Hall e8ect of antiferromagnetic semiconductors

"H. J. van Daal and A. J. Bosman, Phys. Rev. 158, 736
(1967).
42 j.
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Notwithstanding this, the sign of the Hall effect is
positive in the paramagnetic region. u-Fe203 provides
an example of a material with expected e-type con-
ductivity that shows a positive Hall effect, while all
semiconductors mentioned previously showed p-type
conduction. The law of the inverse proportionality of
the Hall eGect to the carrier concentration is verified
also in the paramagnetic region of n-Fe203. The propor-
tionality constant is in this case a factor of 4 too small,
and, of course, it has the unexpected sign.

The present state of the theory of the Hall effect in
magnetic materials will now be reviewed by referring
only to authors who have proposed new interaction
mechanisms to which the anomalous Hall effect could
be attributed. No mention is made of later refinements
within these models concerning, for instance, detailed
band structure, etc. All available calculations refer
exclusively to the case of ferromagnetic metals.

Karplus and Luttinger" constructed the following
model: A gas of charge carriers is free to move in the
periodic potential of magnetically inert ions; the
carriers with spin up are more numerous than the
carriers with spin down. This temperature-dependent
difference in the occupation of spin states is the cause
of the spontaneous magnetization of the ferromagnet.
In this model the very same itinerant particles are
responsible for the electrical and magnetic properties of
the solid. The carriers are subject to the interaction of
their spin with their orbital angular momentum which
produces, in the opinion of Karplus and Luttinger, a
stationary current of the right order of magnitude with
the symmetry of a Hall current. Smit" criticized the
theory of Karplus and Luttinger on the grounds that a
periodic potential, such as the spin-orbit interaction,
cannot cause scattering, nor consequently a current
perpendicular to the external electric field. Only the
presence of impurities disturbs the periodicity of the
spin-orbit field. In the vicinity of the impurities a force
acts on the charge carriers, and the charge carrier is
scattered asymmetrically with respect to a plane
defined by the carrier's incoming direction and the
direction of its spin. This scattering process, skew
scattering in Smit's terms, provides a mechanism by
which a Hall current is produced of the right order of
magnitude. Even though Luttinger, in a succeeding
paper, "would not accept many of Smit's objections, he
also obtained a cancelling of the effect he had previously
considered, at least in the effective-mass approximation.
Smit's calculation itself is open to criticism: His equa-
tion for the anomalous Hall angle changes sign accord-
ing to whether the perturbing potential of the impurity
is attractive or repulsive. This prediction is disproved
by Smit's experiments with different impurities in Ni:

Whether the impurities had higher or lower atomic
numbers than Ni (Al or Si on one side, Sn or W on the
other), the anomalous Hall eRect remained negative.
It should also be observed that the role of impurities is
fundamental in Smit's calculation, while Lavine's
measurements" on different Ni specimens indicate no
essential change in the effect at temperatures near the
transition point. Only a residual anomalous contribu-
tion to the Hall effect at low temperatures seems to be
dependent upon the impurity concentration.

A different model has been considered by Kondo":
The charge carriers (which will also be called "s" elec-
trons) are equally distributed between states of opposite
spin. The ions then have a nonvanishing total spin,
which accounts for the magnetic properties of the
material. This is due to the spin of the d electrons, which
are localized on the ions. The spins of the magnetic
ions are disordered by temperature and the charge
carriers are scattered by the nonperiodic potential
which is thus generated and which acts on their spins.
In this model periodicity is destroyed by the disorder
of the ionic magnetic moments, rather than by the
introduction of impurities. The mechanism described is

the s-d spin-spin interaction (Ruderman a.nd Kittel.
and Kasuya") which accounts in principle for the
resistivity of magnetic materials in terms of scattering
of s electrons by d electrons. The s-d interaction provides
no skew scattering by itself, even though Kondo shows
that it is anisotropic, if the orbital ground state of the
d electrons is degenera, te. (Skew scattering is, in this
model, a scattering which produces a wave function of
the scattered charge carrier which is not invariant with
respect to mirroring along a plane defined by the
incoming direction of the s electron and the direction of
the spin of the scattering ion. ) This anisotropy of the
s-d interaction disappears in fact if the ground state
mentioned is nondegenerate. If, however, the spin-
orbit interaction of the d electrons within the magnetic
ions (not the s charge carriers) is added, skew scattering
takes place and a Hall current appears. It must be
stressed at this point that in Kondo's opinion the skew
scattering is caused by an anisotropy of the s-d inter-
action. The function of the spin-orbit interaction of
the d electrons within the ions is to permit an odd
power of the s-d interaction proper to a degenerate
ground state to appear in the transition probabilities.
Kondo's calculation provides the correct temperature
dependence of the anomalous Hall effect in metals.
The right order of magnitude and the sign of the effect
is obtained by determining ad hoc the value of an
available parameter. With reference to Kondo's calcula-
tion, it should be observed that the anisotropy of the
s-d interaction and the spin-orbit interaction within an

' R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954)."J.Smit, Physica 21, 877 (1955) 24, 39 (1958);thesis, Univer-
sity of Leiden, 1956 (unpublished).

'4 J. M. Lnttinger, Phys. Rev. 112, 739 (1958).

"J.M. Lavine, Phys. Rev. 123, 1273 (1961)."J.Kondo, Progr. Theoret. Phys. (Kyoto) 27, 772 (1962).
"M. A. Ruderman and C. Kittel, Phys. Rev. 90, 99 (1955)."T.Kasuya, Progr. Theoret. Phys. (Kyoto) 22, 227 (1959).
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ion can exist only if the orbital angular momentum of
the electrons within the ions is not quenched. This
momentum appears to be quenched in the transition
metals and in gadolinium, where the eRect found
experimentally is nonetheless particularly large. This
remark is due to Kondo himself.

Summarizing, it can be concluded that the mechanism
responsible for the anomalies of the Hall eRect in
magnetic materials is not completely understood. This
applies in particular to antiferromagnetic solids for
which no theory exists.

An interaction mechanism is proposed in the following
as a possible cause of the anomalous Hall effect. ' The
model adopted by Kondo is utilized here: The ions
possess a nonvanishing magnetic moment due to
localized d electrons, which accounts for the magnetic
properties of the solid; the charge carriers (s electrons)
are equally distributed between states with spin up a,nd
spin down, and they are scattered by the disorder
induced by temperature in the system of magnetic
ions. In addition to an isotropic s-d interaction, which
is responsible for the resistivity of the material, an
interaction is considered here which, in combination
with the s-d interaction, gives rise to skew scattering.
This interaction describes the force acting on the
moving electrons as a consequence of the magnetic field
produced by the presence of the magnetic moment of
the ions. This interaction could be called a d-spin-
s-orbit interaction. Such an interaction is of necessity
present in all magnetic materials, and in the model of
the localized moments it describes the same interaction
between moving charges and magnetization that is
written in terms of the spin-orbit interaction in the
models proposed by Karplus and Luttinger and by
Smit. It will be shown in the following that this inter-
action mechanism produces the following results:

(a) The temperature dependence of the anomalous
Hall resistivity agrees with experiment in the case of
ferromagnetic metals (iron and nickel); the anomalous
Hall resistivity has a maximum below the Curie tem-
perature and drops rapidly to very low values; the
anomalous Hall coefhcient does not.

(b) The difference in the sign of the anomalous Hall
effect in Fe and Ni is attributed to the fact that Fe
shows p-type conduction and Ni e-type conduction.
In general, the anomalous Hall eRect in ferromagnetic
metals has the same sign as the normal Hall eRect
within the limitations of this theory.

(c) An abrupt decrease in the Hall coefficient is
predicted in antiferromagnets near the Noel point, when
the external field is parallel to the axis of easy mag-

netization (the complementary case, H normal to the
axis of easy magnetization cannot be treated simply) .

(d) In the paramagnetic region of antiferromagnets
an extraordinary Hall eRect is subtracted from the
ordinary Hall eRect. This applies to both orientations of
the magnetic 6eld mentioned in (c). For antiferro-
magnetic semiconductors this extraordinary eRect
is almost temperature-independent above the Noel
temperature.

(e) The Hall coefficient remains inversely propor-
tional to the carrier concentration in the paramagnetic
region of antiferromagnetic semiconductors.

On the basis of these results it would appear that a
unified explanation may be provided for the experi-
mental observations on materials of varied magnetic
and electrical properties. Some caution must be exer-
cised, nevertheless, when judging the general applica, -

bility of the theory. It appears, first of all, from the
measurements of Foner'0 on cobalt at room temperature
that the anomalous and the normal Hall e6'ect in this
metal have opposite signs. These observations are at
variance with the present theory, which is incapable of
explaining them. More recent measurements" of the
Hall eRect in Co show that the mentioned diRerence in
signs is temperature-dependent. The explanation of the
Hall eRect in Co obviously requires further study. The
sign of the effect in alloys, on the contrary, can be
understood within the present theory.

There remains moreover a dubious point relating to
the s-d interaction. The description of this interaction
in terms of a spin-dependent potential $Eq. (6) of this

paper, for instance) can be a questionable procedure. A
rigorous treatment of the electron-electron Coulomb
interaction should make use of electron eigenfunctions
antisymmetrized with respect to all coordinates of the
carrier electron and of the electrons residing on localized
orbitals of the ion. In this way the Coulomb interaction
between pairs of electrons wou1d be explicitly taken into
account. However, it seems probable that the standard
procedure, followed also in this paper, is adequate.

Special attention had to be devoted to order-of-mag-
nitude considerations: The present eRect is approxi-
mately two orders of magnitude too small both for
ferromagnets and antiferromagnets. The origin of this
serious discrepancy is discussed in the third section of
this paper.

The interaction to be considered in the following
along with the s-d interaction will now be derived. "
Gaussian units are utilized throughout this paper. A
magnetic moment M situated at the origin of coordi-
nates generates a magnetic field whose vector potential

'~ The same interaction mechanism has been considered indepen-
dently by A. N. Voloshinskiy {Fiz. Metal. Metalloved. 18, 492
(1964) LEnglish transl. : Phys. Metals Metallog. (USSR) 18, 13
(1964))I for the case of ferromagnetic metals. See also the refer-
ences included in the cited article.

' S. Foner and E. M. Pugh, Phys. Rev. 91, 20 {1.953).
~' N. V. Volkenshtein and G. V. Fedorov, Zh. Eksperim. i Teor.

Fiz. 38, 64 (1960) )English transl. : Soviet Phys. —JEPT 11,
48 (1960)j.

"A, Messiah, Mecuniqle QNantiqle (Dunod Cie. , Paris, 1964),
p. 809.
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A is
A=M)&r/r'= curl(M/r). (I)

This vector potential introduces a new term in the
Hamiltonian describing the motion of a charge carrier
(e, m, p; carrier's charge, mass, and momentum,
respectively):

e e
(p.A+A p) = ——(p A);

2fÃc tÃC
(divA=O).

(2)

If the orbital angular momentum L of the charge
carrier around the origin is introduced, this final result
is obtained:

@= —(e/mc) M.L/r' (3)

In the case under consideration, M is the magnetic
moment proportional to the sum of the spins of the d
electrons. M equals gp, S, where S is the total spin of
the ion, g is the Landb factor, and p, is the Bohr mag-
neton. As indicated previously, (3) is a d spin, "s"orbit
interaction. It is apparent that (3) changes sign if the
coordinate r is changed into its specular image by
mirroring along a plane containing M and p. This
implies that the matrix elements of (3) between quasi-
free-electron states of wave vectors k and k' are anti-
symmetric under an"„., exchange of k and k'. If an odd
power of such a matrix element appears in a transition
probability, skew scattering results.

In the following section a perturbation calculation of
the skew scattering'„'due to Hamiltonian (3) in com-
bination with the s-d Hamiltonian and a transport
calculation are carried out to obtain an expression for
the anomalous Hall resistivity. The third section dis-
cusses the equations obtained with reference to experi-
mental evidence. Finally, the fourth section emphasizes
the limitations of the theory.

II. CALCULATION QF THE HALI RESISTIVITY

A. Transition Probabilities

The transition probabilities between quasi-free-
electron states will be obtained by the application of
the methods of S-matrix theory. " The first-order
S-matrix element will be considered to obtain an
expression for the isotropic transition probability
leading to resistivity, the second-order S-matrix
element will be considered in combination with the
first-order matrix element to obtain an expression for
the transition probability leading to skew scattering
and to a contribution to the Hall effect. Higher-order
S-matrix elements will be disregarded. This is per-
missible only if the interaction energies under con-

sideration, namely the energies related to the s-d.

Hamiltonian and Hamiltonian (3), are small with
respect to the kinetic energy of the scattered charge
carriers. The results of the calculation sketched will
then be utilized. to calculate the Hall resistivity for
metals and semiconductors by introducing them into
the transport equation. This calculation follows rather
closely the method used by Kondo. " The essential
difference between the two calculations resides in the
fact that the perturbation Hamiltonians are diGerent
in the two cases. Expressed in equation form, the
following first- and second-order S-matrix elements
shall be computed:

(a'
I

S'"
I u&= 2i7rb(E— E) (n'—

I g)i+@2 I a&, (4)

(n'
I

S&»
I
~&= —2i~s(E..—E.)

&& Z &~ I I i+82 I
~"

&

where

@i———Q J(r—R„)d8„

@2——( —egg/mc) Q (S„L„)/Ir —R„I' (7)

represent the interaction terms. @i is a formal repre-
sentation of the s-d interaction between the spin d of
the carrier and the spins S„ofthe X magnetic ions
present in the solid. J(r—R„),the exchange integral,
is assumed to be isotropic. '4 In Eq. (7) L„is the angular
momentum of the charge carrier with respect to the
nth ion, m is the effective mass of the carrier, and R„is
the position coordinate of the carrier. The interaction
Hamiltonians (6) and (7) cause transitions between
states that are the products of a quasi-free-electron
eigenfunction V 'I' exp(ik r) (V is the volume of the
specimen), of an eigenfunction

01.

of the s component of the spin d, and of eigenfunctions
of the operators S„'relative to each ion. The spins of
all ions have modulus equal to LS(S+1)ji12. These un-
perturbed states are labeled Ia&= I k, 0, mi, - ~ ~, m~&,
where m„is the magnetic quantum number relative to
the nth ion. The direction of quantization of angular
momentum is chosen to coincide with the direction
( of the external magnetic field H. The spin 0. can take

"See, for example, A. S. Davydov, Quantum M echanics
(Pergamon Press, Inc. , Neer York, 1965), p. 330.

~'The difBculties relative to this exchange integral have been
mentioned in the Introduction.
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values &1. The transition probabilities obtained from (4) and (5) are

Wi(k', k) = (2~/fz) t'(E~ —E~ ) I
(~'

( 0i+I z I ~) )') (8)

Wz(k', k) = (2zr/&) &(E~—E') I (~'
I Zi+Oz I ~) 2 L&~ I Zi+Oz I

~")(~"
I ei+ez I n')/(E& Eq"+izt)]+ c.c.I.

The matrix elements (n'
~
@i+@,~

a) are easily calculated; it appears that the only nonvanishing ones are

(k', +, zzzi, ~ ~ ~, zizz
~ Q, ( k, +, zzzi, ~ ~ ~, zizz) = + (J(k, k')/V)g expLi(k —k') R„]zzz„, (10a)

&k ) W q zzziq ' '
q

zzz~& 1
p

' ' '
p zizz

~
@1 t ky & ) zzziy ' ' '

) zzznp ' '
p zNN)

= —(J(k, k')/2V) expLi(k —k') R„]LS(S+1)—zzz„(zzz &1)]'I' for every I, (10b)

(k', ~, zzzi, "., zzz& ) Qz ~
k, ~, mi, ",zzz+) = (4—zrzegzz5/zzz~V) (kX k')r

t
k—k'

~

'g expt i(k —k') .R„]zzz„,

(k', ~, ~,, ~ ~ ~, zzz„&1, ~ ~ ~, m~ j @z ~
k, &, nz, , ~ ~ ~, zzz„, ~ ~, zizz )

= —(2zriegzzS/euV) exp| i(k k—) ~'R„]LS($+1) zzz„—(zzz„&1)]'' )
k—k'

~

'(kXk') Lg~izz]

(10c)

for every 'J'E.

(10d)

Here J(k, k') =I expLi(k —k') .r]J(r) dr. The expres-
sion (kXk')r indicates the component of kXk' in
the direction (. g and n are unit vectors normal to g.

In the following calculation only those matrix ele-

ments which induce no transitions in the system of
magnetic ions Lnamely matrix elements (10a) and

(10c)] shall be retained. This approximation was also

adopted by Kondo. Furthermore, only @i shall be
retained in Eq. (8) because it is argued that the square
of the matrix element of Qz is but a small correction to
the square of the matrix element of @i,. The cross
products cancel in (8), as it is apparent from Eqs.
(10a) and (10c).

The transition probability of Eq. (9) is the sum of

eight terms containing diferent combinations of three
matrix elements of either @i or g)z. All the terms con-

taining the square of the matrix element of @z are not
relevant because they cannot cause skew scattering.
Only three terms contain linearly the matrix element

of Qz. Two of them contain a matrix element of @z
which must be surrnned over 0.", one term contains
&n'

~
g)z

~
a). Only this last-mentioned term shall be

retained in the calculation. The two other terms linear
in the matrix element of @z are believed to be smaller

than the one to be retained. The term containing the
third power of the matrix element of Qz is neglected
because it is small with respect to terms containing
linearly the matrix element of O&. The calculation of
the transition probabilities can now proceed. Substitu-
tion of (10a) into (8) gives, if J'(k, k') is real,

Wi(k', k) =(2zr/5) B(E& —Ez) (J(k k') J(k' k)/V')

„zmezzzpt ix(k k )—~ (R'„—R„)]. (11)

If correlations among diferent magnetic momenta are
disregarded, with the exception of the cumulative

influence on one momentum of all the others as de-
scribed by a molecular field, then the sum in (11) can
be computed; it equals

N((zzz (zzz)) z)+—1P(zN)'P(k —k') for a ferromagnet,

(12a)
—,'X(((zzzi —&zzzi)) ')y ((mz —(zizz)) '))

+(-,'X) za (k—k') L(m, )z+(~)'+ &~,)&~)]
for an antiferromagnet. (12b)

In the case of a ferromagnet, (zzz") is defined as the
average value of the nth power of the magnetic quan-
tum number of an ion. This is calculated within the
molecular-6eld approximation and it is the same for
all the ions. ((zzz —(zzz))-') is defined in terms of (zzz")

by the algebraic relation ((zzz —(zzz))')=&zl') —&zzz)'.

The antiferromagnet to be considered here is made up
of two sublattices. All the ions belonging to the 6rst
sublattice have an average magnetic quantum number
equal to &zmi); all the ions belonging to the second sub-
lattice have an average magnetic quantum number
equal to (zizz). Within each sublattice the same defini-
tions given for ferromagnets apply.

The terms containing b's in Eqs. (12) do not describe
a scattering process. They rather describe the modifica-
tion of the carrier band as a consequence of the presence
of the interaction terms (6) and (7) . Such a modifica-
tion is considered small and it is neglected. The transi-
tion probability Wi(k', k) then equals

Wi(k', k) = (2zr/5) 5(Ei,.—Eg)

X (J(k, k') J(k', k)/Vz)IP„(13)
where Kz ——X((zzz —(zzz)) z) for a ferromagnet and
gPz ——gX(&(zzzi —&zli))')+((zizz —(zizz))')) for an anti-
ferromagnet.
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Substitution of (10c) and (10a) into (5) gives the second-order S-matrix element:

(cr'
I

S&'&
I
cr)= —(2mi/V)b(E E—) pe„e„I(k, k') expLi(k R —k' R„)j, (14)

wherej„„,(k, k') =(2~) 'fdk" J(k, k") J(k", k') expLik" (R„—R„)]/(Ez—Ez"+i') =R„„(k,k')+i3„„.(k, k').

(15)
Then the transition probability (9) equals

Ws(k', k) =(2x/A)B(Eg —Eg)iQ(kxk')r
I
k —k'

I

' g m.m;m. -
nnfnll

X I E„„(k,k') Lexp(in) —exp( —icr) 1/V+i3„„(k,k')
I exp(in) + exp( —in) ]/VI, (16)

where

Q=47regpfi/mcV, cr=(k' —k) R. —k' R +k R .

P„„.(k, k') and/„„(k,k') are now substituted by the
values of R(k, k') and ~~(k, k') that they have when

e and n' label ions that are nearest neighbors. This
approximation eases the progress of calculation and it
does not change the order of magnitude of the effect.
This approximation is essential to let Ks appear in
the following equation. Then Eq. (16) reduces to

Ws(k', k) = (2s/fi) 5(E~ —Ej,)

x(-N(kxk'), Ik-k'I-'g(k, k')K/v, (»)
where Ks ——N((m —(m))') for ferromagnets, Ks=
—,'N( (zmr —(mr )ss )+ (sos —(ms )s' )) for antiferromag-
nets. Also in the case of Ws(k', k) the molecular-field

approximation has been adopted and the 6's which
should appear in Ks have been neglected for the reasons
given above Eq. (13).

The ratio
I Ws/Wt I

is a measure of the Hall angle
g&' caused by skew scattering. Estimates of the order
of magnitude of the effect considered in this paper will

be based on a comparison of this ratio with the ordinary
Hall angle. The ratio

I
Ws/Wt I

is equal to

y '=
I w, /w, I

=2Q(ex'')
„ I

k —k' I-

X V~~(k k') J '(k k') J '(k' k)Ks/Ks (18)

An estimate of this ratio is possible if J(k, k') is
independent of k and k' and is equal to J. LJ(r) in

Eq. (6) is a delta function times J.g Then Q„„(k,k')
can be computed as

3„„.(k, k')

= —(J'm/2ir'fP) sin(k I
R„—R„I )/I R„—R„I. (19)

If
I
R —R

I
equals the nearest-neighbor distance

g, then

&Ir' ——(4egp/~cA, ) (sinka/a) (Ks/Ks) 2X 10-'Ks/K, .

(20)

The Hall angle due to the external magnetic field is
roughly ~ tan&=He/c, where p indicates in this

pa, rticular case the mobility of the carriers. p is of the
order of 10 for H=5 koe, p=1 cm'/V sec as it is

f~ f~ ggk (~f& /rid) ~ (21)

gu is the external electric field, and gq
——g~&»+g„&»,

where g~"' and g~&'& are the corrections relative to the
transition probabilities (13) and (17), respectively.
f~' is the Fermi-Dirac distribution. Then the equation
for g~(" is

Q W (k' k) (gg&'& —
gg &'&)+(tie/m)u. k=0. (22)

ki'

A solution is found for gq"' ——P(u k), where

7rfi,4e V/m'k J'NK—s.

The equation for gI,&') is

Z LWt(k', k) Ig~"' —g~ "'I

(23)

—Ws(k' k) Ig~"'+g~ '"
Ij=0 (24)

"Carriers with spin up and down are assumed to reside in the
same spherical band, with equal eRective mass m. This assumption,
amounting to the neg1ect of energy corrections due to Q&+Os,
has already been used to neglect the 8's in Eq. (12) . It is argued
in the usual way that the difference between the two bands is
small enough to be disregarded in the case at hand. Moreover,
the charge carriers are skew scattered in the same direction
whether they have spin up or spin down. The contributions of
the two bands then add up and the small difference between
the two bands does not appear in the calculation in a relevant
way.

observed experimentally in the magnetic materials of
interest. The following section contains an estimate of
the ratio of the average values appearing in (20) and
a study based on (20) of the relative magnitudes of the
normal and anomalous Hall effects.

B. Transport Calculations

The transition probabilities obtained in the pre-
ceding subsection will now be introduced in the trans-
port equatio~ in order to obtain an expression for the
Hall resistivity. From now on J(k, k') = J, independ-
ent of k and k'. The ordinary Hall effect will not be
calculated in this subsection. The equations that will
be obtained for the Hall resistivity will refer only to
the skew-scattering contribution. The procedure used
follows the article by Rondo. ' Attention will be devoted
6rst of all to metals for which all integrations are per-
formed on the Fermi surface. The carrier distribution
among states of wave vector @25 is approximated by
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A solution for g),(o) is found such that g),(') =p((X u) k,
where

f/p = —tr '(sinku/a) (eg)((/cA, )Ko/Ko. (25)

Such results lead simply to the calculation of the
current density:

j= (efi8/m V)g ((lf„o/rtE~) (g~(1)+g~(2) )

O, S,

0.3

0.2

= —(ekF'/67r'fi) (t)FG(u+ Q&/@r ) ((Xu) ). (26)

ftk& is the Fermi momentum; P); and pi equal P and p
at the Fermi surface. The Hall resistivity is dehned by

prr =Ei/5 )
——( —3/ec) (X/ V)

X (sinkqa/uE)&) (tt(/fP) J'gpKp. (27)

The Hall resistivity observed experimentally is of
opposite sign, because it refers to the electric 6eld that
compensates the field perpendicular to u that drives
j.Then

p)r = (3/ec) (iP)r/V) (sink);a/aE);) (tN/fP) J'gpKo. (28)

A discussion of this result will follow in the next section.
A similar formula for semiconductors is now derived.
If it is assumed that

f), = (16'/V) (7rfP/2t)ikey T) "o exp( L~),/ksT), —

where n is the total number of carriers present in the
solid and k& is Boltzmann constant, then, by the same
calculation performed for metals, the following Hall
resistivity is obtained for semiconductors:

ply = (45/16)r) (eec) 'X exp( tria'ks T/2fi')—

X (1 tla'ka—T/65') (eP/fP) J'gpKp4T (29)

III. DISCUSSIGN OF THE RESULTS

It will now be shown that Eqs. (28) and (29) ob-
tained for the anomalous Hall resistivities in metals
and semiconductors have the features listed in the
introduction.

A. Results (a) and (b)

From Eq. (28) it appears that for metals the tem-
perature dependence of the anomalous contribution to
the Hall resistivity is contained in Ko. It will be shown
that this quantity is positive at all temperatures for a
ferromagnet in a molecular-field approximation. Then
pIr anomalous has the sign of the charge carriers Ltu being
negative in Eq. (28)) if sink) a(0. A ferromagnetic
crystal is considered consisting of one domain. Inter-
actions among nearest neighbors are considered. The
reduced magnetization a (which is negative, ranging
from zero to minus one) is given in a molecular-field
approximation by a=Be (y), whe. re

0.$

0
0 02 0.4 O. |. O.a=T

Tc

Fro. 1. The temperature dependence ofK&/P.

spontaneous and induced magnetizations:

Kp = S'LBs"(yo) +Be"'(yp) (y —yo) )
=S't B,"( y)+(B,"'(y,)/B, '(y, ))S )
=S'5(B "(y)/B (y)) +(B "'(y)/B '(yo))~ )

a =a'p+8(r; yp=(3S/(S+1) )(Tc/T) ao. (30)

Of the two terms that are present in K,, the former
is proportional to the spontaneous magnetization and
the latter is proportional to the induced magnetization.
The proportionality constants are not equal. The sign
of the two contributions to Ko mentioned is the same
near T„butis opposite below 0.88T., for 5= ~, because
of the signs of 88" and Bq"'. The diagram of Fig. 1

displays the temperature dependence of Ko/S' for
5=—', and H=O; Bs"(y) is positive for all negative y.
The appearance of a maximum below T, is due to the
presence of two factors in Ko. the spontaneous mag-
netization, which is zero at T„and the coeKcient of
ap in (30), which is zero at T=0, and which takes care
that, when the magnetic system is ordered, no scat-
tering takes place. It must be remarked that the
spontaneous Hall resistivity vanishes for T=T, be-
cause of O-o, while the spontaneous Hall coeKcient,
which was mentioned in the Introduction, remains
finite. The temperature dependence of Ko should be
compared with the data of Ref. 1 for the anomalous
Hall resistivity. The agreement is satisfactory. The
same temperature dependence was obtained by Kondo";
moreover, this author compares his result with that of
Karplus and t.uttinger. "

B. Results (c), (d), and (e)

In the case of antiferromagnets the measured
quantity XII equals the normal Hall coeKcient plus pII
of Eq. (29) divided by H, the magnitude of the external
magnetic field:

y =$3$/(S+1) )(T,/T) a+aSH/ke T. Rrr ——(toec) '(1+n), (31)

Bz is a Brillouin function. It is easy to see that
Ko= S Bs"(y). Ko is easily expressed in terms of the n = (45/16n ) fir(m'/fio) J'gyKokr) T/H. (32)
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Then

00+= —00

(36)

80. is expressed in terms of the susceptibility:

ha =x((H/EgpS.
Then

Equation (31) is the transcription for antiferro-
magnetic semiconductors of the phenomenological
formula mentioned in the Introduction for ferro-
magnets. It will be shown that a is independent of H.
The expression exp( —mk~ Ta'/fP) (1—ma'k~ T/6'') has
been dropped from (32) because it is practically one in
the temperature regions of interest.

The fact that the anomalous contribution to the Hall
eGect in semiconductors is inversely proportional to
the carrier concentration is apparent from Eq. (31).
The temperature dependence of Ks, which determines
the temperature dependence of n, is now investigated
for an antiferromagnet, for the case of H parallel to
the axis of easy magnetization A."The simplest anti-
ferromagnet is considered, consisting of two sublattices
such that all neighbors of an ion in one sublattice reside
on the other sublattice. Nearest-neighbor interactions
only are considered. The following equations apply to
the two sublattices (the index + refers to the sublattice
whose total magnetic moment is parallel to the external
magnetic Geld; the index —refers to the sublattice
whose total magnetic moment is antiparallel to the
external magnetic Geld):

~+=&s(y~), (33)

y~=f 3S/(S+1)](&~/&)~+~0 S&/&s» (34)

K3~ ——S'If&s"(yo) /&s(yo) $~~

+L&s'"(yo)/&s'(yo)»~~E. (35)

The equations apply

It is, however, possible to say that a is negative'~
in the paramagnetic region, after changing sign rather
abruptly in the vicinity of the Noel temperature. This
is in remarkable qualitative agreement with experiments
in MnTe and NiO, provided 0. is very close to —1 in
the paramagnetic region. It should be emphasized
here that Fig. 2 shows the temperature dependence of
a quantity proportional to o,, and that the appearance
of —1 in Fig. 2 does not mean that 0.= —1. ce is very
insensitive to changes in temperature above the Neel
temperature. This is also in striking agreement with
experiment in the mentioned materials.

The anisotropy of the eGect in MnTe cannot be
explained because it is not possible to treat the case H
perpendicular to 6 within the present theory. The
presence of the maximum below the Noel temperature
in Fig. 2 is not very disturbing: This means that the
Hall eGect in that temperature region contains an
added term which is 30% of the effect that is sub-
tracted in the paramagnetic region. If n equals —1 in
the paramagnetic region, then the extra eGect below
the Neel temperature may be included in the meas-
uring errors with some good will. Moreover, it may be
argued that the maximum falls into a region in which
the molecular-Geld theory cannot be applied. On the
other hand, it should be mentioned that in the case of
chromium Lwhich is a metal; consequently Eq. (28)
would apply if the model proposed here could be used
for chromium) there are indications of the presence of
a maximum.

. Some attention should be paid to the order of mag-
nitude of the eGect just calculated. It has been ob-

$.0
Bs(~0)

05 Jl

0.0

(2S'Cp&/&s &)&s"'(yo)
' t1+I3S/(S+1)E(z'Nlr)~8'(yo) j (38) -0.5

It is clear that a is independent of H. The temperature
dependence of

&s"'(yo)/t 1+I 3S/ (S+1)E
(2'~/2') &s'(yo) 3

is given in Fig. 2. These results are now compared with
the experimental evidence. It shall be observed Grst of
all that the equations derived above apply in general
only above the Noel temperature, where the spins of
the sublattices are parallel to H; also, the molecular-
Geld theory is certainly not appropriate much below
the Neel temperature.

"T.Nagamiya, K. Yosida, and R. Kubo, Advan. Phys. 4, 1
(1955).

-1.0

-2.8
0 OA 08 1.6

~' m3 is positive, p is negative in (32) .

FrG. 2. The temperature dependence of

&s"'b'0) &+
&+& &

&s'bol
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served Dollowing Eq, (20)] that the ratio of ordinary
and anomalous Hall angles is of the order of Rs/Rs.
This quantity is of order one in ferromagnets, and of
order 10 in antiferromagnets. Experimentally, the
anomalous Hall eRect is about a hundred times larger
than the normal eRect" in Ni in the vicinity of the Curie
temperature. In antiferromagnets, normal and anoma-
lous Hall eGects should roughly be of the same order of
magnitude at the Noel temperature. The computed
eRect is, in all cases, two orders of magnitude too
small. ' The following provides a possible explanation
for the difBculty discussed.

Only interaction (7) is relevant in connection with
the estimate of the order of magnitude; in fact
Hamiltonian (6) cancels out in the expression for the
anomalous Hall angle. Interaction (7) describes the
eGect of the magnetic field caused by the current of the
s electrons on the total spin of the d electrons. With the
assumption that the s electrons reside in states described
by plane waves, this magnetic field is probably under-
estimated. Suppose in fact that the conduction elec-
trons orbited somewhat around the ions, as described,
for instance, by a tight-binding combination of proper
atomic orbitals. It appears irrnnediately that the
presence of such circular currents around the ions
would produce a much larger magnetic field on the ion
sites than the field generated by a current described by
a plane wave. A refinement of the model in the indicated
direction seems promising. It is not unlikely that the
difhculties in the order of magnitude are a consequence
of the limitations of the model rather than an indication
of the fact that the eRect considered is much too small
to be the cause of the anomalies of the Hall effect.

CONCLUSION

A number of objections are gathered in the following
conclusion; these indicate the drastic limitations of the
theory and permit a more objective evaluation of the
remarkable qualitative agreement of the predictions
made by the theory with experiment.

The treatment of a Hamiltonian as a perturbation is
always open to question when the scattering due to

"In the opinion of the present author, the ef'feet considered by
Kondo (Ref. 16) is also two orders of magnitude too small. H
the parameter appearing in Kondo's theory is estimated on the
basis of the rough knowledge of the order of magnitude of the
quantities appearing in it, the values obtained by Kondo by
adjusting the parameter to fit experiment are a hundred times
too large. Kondo's parameter is XFs(F0' xFOFi) I (EF —E—o) . X is
the spin-orbit constant; this is approximately 600 cm ' for Ni
and 400 cm ' for Fe. The difference EJ,—E0 is of the order of
10' cm '. F0, F&, and F2 are dered by Kondo as exchange inte-
grals in which a Sessel function and the radial part of a localized
wave function appear. It is diflIIcult to estimate such integrals
from the information available in the literature. One may attempt
to establish an upper limit by considering the average 4s-M
exchange integral for F0. In this case F0 is 0.16 eV. This agrees
with the estimates of Goodings LI. Appl. Phys. 34, 1370 (1963)g
obtained from optical spectra. FI and Fq should be smaller than
F0. If one takes F~——F~=F~=0.2 eV, and estimates Kondo's
parameter, a result is obtained of the order 1.6)&10 ' eV', while
the values cited by Kondo are 0.03 and 0.12 eV3 for Ni and Fe,
respectively.

this Hamiltonian limits the mean free path of the
charge carriers to distances comparable with the inter-
atomic distance; this is actually the case for all materials
considered here, for temperatures close to the transition
temperature. This fact follows immediately from the
knowledge of the mobility in magnetic materials at the
transition temperature.

Consequently, all results derived here suGer from the
possible consequences of the unjustified adoption of a
calculation technique which is in reality not applicable
to the physical situation at hand.

The major objection now mentioned applies to all
materials cited in the Introduction in the vicinity of
the transition point. Moreover, in the case of the
transition-metal oxides, the mobility is low at all tem-
peratures, so that the consideration of Hamiltonian (6)
as a perturbation is not allowed, in consideration of the
fact that the energy related to Hamiltonian (6) exceeds
the band width in such compounds. Even the formal
expression of Hamiltonian (6) is questionable in such a
physical situation: A diGerent model should be con-
sidered, one in which the interaction between the
spin of the carrier and the spin of the ion is most
relevent, while the kinetic energy of the carrier is
treated in its turn as a perturbation.

The conclusion is, of course, that the theory is by no
means adequate to give a detailed explanation of the
observed phenomena, especially in the case of transi-
tion-metal oxides.

A number of qualitative experimental features are
nevertheless reproduced by the theory, as listed above.
This fact is a clear indication that the mechanisms
described by Hamiltonians (6) and (7) are probably
responsible for the anomalous Hall eGect. This is the
only result the theory may claim at present. A diGerent
description of the mechanisms herc described by
Hamiltonians (6) and (7), and a different calculation
procedure are to be adopted in general, and in particular
for transition-metal oxides, to produce a more suitable
theory. This approach appears nevertheless extremely
diKcult at present.

One more drawback of the theory should be men-
tioned in conclusion: It is experimentally established
that n in Eq. (30) is very close to —1 for all the semi-
conducting compounds considered. In the theory, as it
stands in this paper, this can only be coincidental, while
there is evidence to indicate that, on the contrary, a
more fundamental reason for this interesting behavior
of 0. in diGerent materials must exist.
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