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we obtain gBH1 4&10 2 cm ', so that these two
estimates of the strain splitting agree.

A more exacting test of our proposed model would be
provided by a precise determination of the quadrupole
splitting in the presence of an applied magnetic field.
As we found in Sec. VI, when H is along L100$ the
splitting of the Jr=+1 spectrum equals + (z) cs, while
for H along L111$ it equals +2cs, so that these param-
eters, including their signs, may be determined in-
dependently. Since c3 is given by the crystal-field model
to be negative and cs positive (for Q positive"), the

"A. Abragam and F. Bouton, Compt. Rend. 252, 2404 (1961);
G. Burns, Phys. Rev. 124, 524 (1961).

sign of the splitting should change as H is rotated from

t 100$ to [111$.Any departure in the ratio cs/cs from
that given by Eq. (3) would give a measure of the
importance of departures from the crystal-field model,
such as those that may arise from Jahn-Teller effects.
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Nuclear spin-lattice relaxation times T& and relaxation times along the rf Geld (T~,) have been measured
for H and F~ in (NH4)qBeF4. Below 250'I the relaxation is due to reorientation of NH4+ ions; proton
T& versus T has two minima due to two inequivalent NH4+ ions in the unit cell. Above the transition tern-
perature T, (176'K) and below 130'K, the logarithm of the correlation time 7., is a linear function of T
with normal values of pre-exponential factors. Immediately below T„ the time r, is anomalously short, as
found previously in (NH4)2SO4. Above 250'K, both proton and F" relaxation become nonexponential
and may be characterized by the same pair of relaxation times T&' and T&". The shorter component (T&')
is ascribed to H-F dipolar interactions, and the longer component (T1") to H-F, H-H, and Be-F dipolar
interactions. On deuteration, only the longer component remains; also, T1' and T1"depend only on the rate of
reorientation of BeF4 tetrahedra. Deuteron-resonance results indicate that the dipole moment per NH4+
ion in (NH~) sBeF4 is about half that in (NH4) sSO4, in agreement with spontaneous-polarization measure-
ments. The phase transition in (NH4) 2BeF4 is not as abrupt as in (NHq)sSO4, and may be described by a
weaker dependence of the interaction parameter on the spontaneous polarization.

I. INTRODUCTION

t 4HZ crystal structures of ammonium Ruoroberyllate..and ammonium sulfate are very similar, and both
are known to be ferroelectric; but many differences
between those two crystals have also been found. ''
By precise x-ray studies, it was found that the crystal
syinmetries are different in both their room- and low-
temperature phases. The axes of polarization in the
ferroelectric phases are not in the same crystallo-
graphic direction. The phase transition in (NH4)sSO4
is first-order and very abrupt, while the transition in
(NH4) sBeF4 is more gradual.

In view of the similarities and also the differences
of these two crystals, both the deuteron magnetic
resonance and nuclear magnetic relaxation of H' and

*Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

' S. Hoshino, K. Vedam, Y. Okaya, and R. Pepinsky, Phys.
Rev. 112, 405 (1958).' Y. Okaya, K. Vedam, and R. Pepinsky, Acta Cryst. 11, 307
(1958).

F" in (NH4)sBeF4 have been studied in some detail.
The natures of the ferroelectricity and molecular
motions will be compared with previous results' on
(NH4)sS04 deduced from magnetic resonance studies.
In addition, molecular motions of BeF4 ions can. be
deduced from F" nuclear resonance studies; whereas,
similar studies on sulfate ions would be very dificult.
By measuring both spin-lattice relaxation time T1 and
the relaxation time T~, in the rotating coordinate
system, it is possible to observe the molecular motions
over wide ranges of correlation times.

In the present work. , it was also found experimentally
that the nuclear spin-lattice relaxation becomes mark-
edly nonexponential over certain temperature ranges;
the relaxation processes have been studied and inter-
preted in some detail in Sec. IIIB. Although deviations
from exponential behavior have been observed and
predicted4 for certain systems, the deviations are very

' D. E. O'Reilly and T. Tsang, J. Chem. Phys. 46, 1291 (1967)
4 I. Solomon, Phys. Rev. 99, 559 (1955);P. S. Hubbard, ~bid.

1O9, 1153 (1958).
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FIG. 1. Ty and Tl~ data
for I' and F'9 in poly-
crystalline (NH4) sBeF4 at
42 Mc/sec and H& ——16 G,
versus inverse temperature.
Protons: TI, Q; T1» H.
T~ for P9: Q, )&. The solid
curves are calculated from
correlation times/'given in
Fig. 3.
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slight. For (NH4)sSO4, which contains protons at two
chemically inequivalent sites at which relaxation proc-
esses are dMerent, only exponential relaxation is ob-
served because of spin-exchange processes. '

II. EXPERIMENTAL PROCEDURE

Proton and fluorine spin-lattice relaxation times (Ti)
were measured by the 180'—90' pulse sequence" at
42 Mc/sec using a NMR Specialties (New Kensington,
Pennsylvania) model PS-60A pulsed spectrometer,
Varian Associates 12-in. electromagnet and variable
temperature apparatus. Relaxation times along the rf
field (T&,) were measured by a 90' pulse followed by a
pulse shifted 90' in phase and of variable time duration. '

Deuteron magnetic resonance was observed near
5 Mc/sec using a conventional Varian Associates
V42008 nuclear induction spectrometer, 12-in. electro-
magnet, and variable-temperature apparatus; the rnag-
netic held was monitored by the proton resonance on a
Harvey —Wells NMR gaussmeter. The crystals were
rotated about the twofold axes' u, b, c; and the quad-
rupolar coupling tensor was determined by the Volkoff
method. '

Crystals of (ND4) ~BeF4 were grown after multiple
recrystallization from 99.8% D~O by slow cooling and
evaporation of seeded solutions. The crystal orienta-
tions were determined by x-ray diffraction and dielectric
constant measurements. A sample of polycrystalline
(ND4)sBeF4 for Frs relaxation-time measurements was
prepared by dissolving the solid in D20 and evaporating
to dryness. This procedure was repeated four times and

SA. Abragam, The Principles of nuclear 3fagnetism (Oxford
University Press, New York, 1961); (a) p. 64, (b) p. 123, (c)
pp. 270—296, (d) p. 456 LEqs. (68) and (68') j, and (e) p. 518.

6 D. C. Look, I. J. Lowe, and J. A. Northby, J. Chem. Phys.
44, 3441 (1966);P. S. Hubbard, Rev. Mod. Phys. 33, 249 (1961).' G. M. Volko8, H. E. Petch, and D. W. L. Smellie, Can. J.
Phys. 30, 270 (1952).

the sample was then dried in vacuum. The proton
Bloch decay signal from the deuterated sample was a
factor of fifty weaker than the corresponding signal
from (NH4) sBeF4.

III. PROTON AND FLUORINE RELAXATION-
TIME RESULTS

The experimental proton and fluorine relaxation times
of polycrystalline (NH4) sBeF4 are summarized in Fig. 1

as a semilogarithm plot versus inverse temperature.
The spin-lattice relaxation times Tj show a rather

unusual temperature dependence and are only in ap-
proximate agreement with the limited data of Miller,
Blinc, Brenman, and Waugh. ' Above —20'C, the spin-
lattice relaxations of both F" and H' become strongly
nonexponential and are characterized by two relaxation
times; a typical sernilogarithm plot of (Mp M)/Mp
versus time is given in Fig. 2 for both H' and P' at
25'C, where M is the nuclear magnetization along the

magnetic held direction and Mo is the equilibrium
value of 3f. The nonexponential behavior is not an
anisotropic effect, since two relaxation times were also
observed for a (NH4)sBeF4 single crystal with H

~~
b

The second moment (Ms) of protons' in polycrystal-
line (NH4)sBeF4 indicates that all ammonium tetra-
hedra are reorienting rapidly, with a correlation time
r, less than 10 5 sec, even at —180'C, the lowest
experimental temperature. No linewidth transition was
observed between 25 and —180 C. On the other hand,
a sharp transition occurred for the F" second moment"
near —60'C because of the reorientation of BeF4
tetrahedra; 7.. is approximately 10 ' sec at that tern-
perature. The BeF4 tetrahedra are therefore much less
mobile than the ammonium ions.

8 S. R. Miller, R. Blinc, M. Brenman, and J. S. Waugh, Phys.
Rev. 126, 528 (1962)~

'R. Blinc and L Levstek, J.Phys. Chem. Solids 12, 295 (1960).
"G.Burns, Phys. Rev. 123, 64 (1961).
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FIG. 2. Semilogarithm plot -- of
(Mo —M) /Mo versus time (sec)
for F" (circles) and protons (crosses)
in polycrystalline (NH4) oBeF4 at
42 Mc/sec and 25'C. The solid
curves are calculated from Eqs.
(18) and (19), using T&'=0.20 and
TI"——4.5 sec.
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It is well known" that T» minima occur when cov-,

is approximately unity, ~ being the rf frequency. The
high-temperature (near 10'/T =3 deg ') and low-

temperature (near 10'/T=9 deg ') Ti minima can
therefore be associated with the BeF4' and NH4+ ion
reorientations, respectively. The broad proton T»

minima between 10'/T=7 and 11 can be interpreted
as due to two types of NH4 tetrahedra rotating at dif-

ferent frequencies and coupled to each other via the
dipole —dipole interaction; the situation is quite similar'

to (NH4)sSO4, and will be discussed in Sec. IIIA.
Spin-lattice relaxation associated with BeF4 reorienta-
tion is discussed in Sec. IIIS, where an explanation
for nonexponential relaxation is proposed. In Sec. IIIC,
we show that the T»„data are consistent with our
interpretation of the T» results. Additional measure-
ments on (ND4) sBeF4 are given in Sec. IIID.

A. Low-Temperature Tr Data for (NH4)sBeF4

For 10s/T) 4, the proton spin-lattice relaxation time
T»H is determined mainly by the mnmonium-ion re-

orientation mechanism; the contribution from H-F
dipole interactions is quite small. Here we may use
the (NHo) sSOo results directly" for TiH:

VN 4rN

2(Ti.b ) '=(Tr, r ) '+(Ti,rP)

where riv(@ =I or II) stands for the correlation thnes

z, of ammonium ions of either type I or II, or»
——yH»,

obs stands for observed, and the correlation times are
de6ned as before. ' Following the conventions for

(NH4) sSO4, type-II ammonium ions are more mobile

than those of type I.

"D. E. O'Reilly and T. Tsang, J. Chem. Phys. 46, 1291 (1967);
Sec. IV, Eris. (11), (14), (16),&and (17).

The Quorine spin-lattice relaxation time T» is deter-
mined mainly by the random modulation of the H-F
dipole —dipole interactions due to ammonium-ion re-
orientations. The H-F interactions are much weaker
than H-H interactions because of longer interatomic
distances, hence T» is much longer than T» . The time
T»F can be calculated by the same method previously
used" for methylammonium ions. Let the subscripts I,
i and S, k be used for F and H respectively, then":

(Ti ) '=vz vssjP$($+1)

X Q~gP g,"' (oor ios) +18&—rs'" (d'or) +91;s"'(Nr+cos) ].
(3)

In Kq. (3), Abragam's notations" are used. Suppose
there is only one type of ammonium ion, with four
possible proton positions k=1, 2, 3, 4. On neglecting
time-independent terms, one 6nds'

g (F;s ' (t)F,s ' *(t+r) )= Lexp( —r/r, )]
XL3+ I

F' '" I' —g'F;.'"*F '&]/4 (4)

where the prime on the sum over k and j indicates
that k&j. The autocorrelation function of Kq. (4) may
be evaluated if the detailed structure of the substance
is known. Unfortunately the detailed structure of
(NH4) sBeFo is not known and we shall be required to
find an approximate expression for Kq. (4). In the
limiting case that one proton is much closer to the
fluorine than any of the others, the second summation
inside the brackets may be dropped. In the limit that
all the protons are far from the fluorine (and thus
effectively at the same position) the two sums cancel
each other, and the result is zero. Our approximation
consists in replacing Kq. (4) by the average of these

"D. E. O'Reilly and T. Tsar, Phys. Rev. 15'7, 417 (1967).
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For powder samples, the spatial averages of
I

F;I,«) I'

may be used; therefore

(F' (t)F'* (t+ ))=—:.L-p(- /. )5Z,.—,

(F'.")(t)F"*")(t+))=-:—.
I p( —/")5Z;.-',

(F "' (t) F '"'(t+ r) ) =-,'I exp( r/r—p) 5 gr g,
'

The sum QI,r;~ ' can be related to M2F, the contribu-
tion to fluorine second moment due to H-F dipole-dipole
interactions. For powders, ' 3f2 = —,

' (yH')))2 P),r,~ '),
where the sum is over all neighboring protons. Taking
the Fourier transform and including all neighboring
tetrahedra, we get

TF
3 67,

1+4oPr, '

where &a' =
I

err —&as
I
=0.063~, and ~r+~s was appr«i-

ma, ted by 2ar. In (NH4)&BeF4, we have two types of
ammonium ions. Assuming each type contributes half
of the second moment, then:

two limiting cases. Equation (4) then becomes as
follows:

g(P,.~(a) (t)P,.„(a)*(t+r))

= s exp( —r/ ) 2 I
F'I'" I' (5)

and
Ti,.bs =3.1X10 "/(rr+rrr)

TH=2.4X10 "/(rr+rrr),

which gives Ti =STi,,b,H in reasonable agreement with
experimental results in Fig. 1.

For 4&10'/T&7, the reorientation of type-I am-
monium ions is the dominating proton spin-lattice
relaxation mechanism, and 7-& is calculated directly
from T)H data using Eqs. (1) and (2). Similarly, rr
can be calculated directly from T» data for 7&
10'/T&9 (see Sec. IIIC), and rrr from TP data for
10'/T)11. The results are summarized in Fig. 3.

From rI and 7iz given in Fig. 3, we have calculated
TP from Eq. (7), and also T) for 7(10'/T(10,

shown that the F" and H' spin-lattice relaxations are
very close to being exponential, with observed values
of T& very close to Tj and T& themselves; and it is
not necessary to evaluate T& and T& . On the other
hand, at higher temperatures (10'/T(4), the rela-
tive magnitudes of all the above matrix elements are
comparable to each other; and nonexponential be-
havior is expected. The details are given in Sec. B.

3f2~ is the F" second moment due to the dipolar
interaction between fixed BeF4 and fixed NH4 ions. Un-
fortunately, the proton positions in (NH4) 2BeF4 have
not been determined. If we assume that (NH4)2BeF4
and (NH4)2SO4 are isomorphic, then 3I2 7G'——from
Schlemper and Hamilton's structure" for (NH4)2SO4.
For 4.5(10'/T(6.5, both a&rr«1 and orrrr«1; Eqs.
(1), (2), and (7) can be written as

1 3 rr 3Tr

T) 32 1+(0 rr 1+& rr

67'
1+Au'rr2 IO

TII 3TII 6TII

1+~ Trr 1+~ rrr 1+4~ Trr

For spin-lattice relaxation due to dipolar interactions
between unlike spins I and S (for F" and protons,
respectively), it is well known~' that the spins are
coupled:

d(I.)/«= —(T ")-'(I*—I )—(T ")-'(S.-S.)
d(S.)/«= (T" ) &I. I.) (T-" ) (S-. S.-), (-g)--
where (I,) and (S,) are the thermal average values
of the s component magnetizations; Ip and Sp are the
equilibrium values of (I,) and (S,). In Appendix A,
it is shown that the observed T~ ' values are the eigen-
values of the matrix:
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Ty T] and Ty are related to H-F dipolar inter-

actions, and are of comparable magnitude. On the
other hand, T&8~ is much shorter. lt can readily be

Fzo. 3. Correlation times of NH4 (7z Tzz) and BeF4 (~p) ions
versus inverse temperature on semilogarithrn scale. (For vz, the
circles and crosses are correlation times derived from proton TI
and T» measurements, respectively, and the solid line is drawn
assuming that the potential-barrier height is a linear function of
the square of spontaneous polarization. )

"E.O. Schlemper and W. C. Hamilton, J. Chem. Phys. 44,
4498 (1966).
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where both types I and II ammonium-ion reorienta-
tions contribute to proton relaxation. The calculated
results are given in Fig. 1, and agree well with experi-
mental data. Evidently the averaging approximation
made in the simplification of Eq. (4) is a reasonable
estimate.

B. Tj Data at High Temyeratures

lium spin system is relatively weak in the temperature
range under consideration, because ~I;—~~. is not small
compared to 40F (whereas,

~
00F —(AH

~
&(40F); and the

off-diagonal elements (TP'F) ' and (T H') do not
become large as does (TlpH) ' and. (TP ) ' In Eq.
(12b), ~p+00H0 and ~p —40H, have been approximated
by s&p ——40. Combining Eqs. (9) and (12), and including
the eGect of NH4+ ion reorientation in 1"~HH, we obtain

For 2")250'K, a new relaxation mechanism for the
protons and F"nuclei becomes important. This mecha-
nism (denoted by the subscript HF) is associated with
the modulation of the H—F dipolar interactions by the
reorientation of the BeF4' groups, the correlation
time of which will be denoted as vp. As shown in Ap-
pendix B, Eq. (3) may also be expressed in terms of the
quantity M~ .
(Tl ) Hp

' ———,'-2yp'3f2

(T FH) —) —2(T Hp) —l

42+(XC21

1+' ' 1+4' ')

(TPH) '= (n/2)+(3. 2X10M) (Tr+rr, )

= (n/2) +n42,

(13)

(14)

2F 32F 6rp (Tlpp) —l-1l+(16X102)
1+00"r ' 1+sPr ' 1+40&2r ' 1+-"" 1+4-".)

By reference to Fig. 1, it may be seen that the
relaxation produced by the reorientation of the NH4+
tetrahedra is quite negligible above 250'K, and only
the contribution of the rej.atively slow reorientation
of the BeF42 groups has been included in Eq. (9).
Since there are twice as many protons as fluorine nuclei,
(Tl ) Hp —2 (Tl ) Hp . In a similar manner we may
calculate the off-diagonal relaxation times T~HF and
Tz H. As derived by Abragam 5'

(T FH) —l —2(T HF) l

= (Vp'VH'&'/16) ZI —~'3"'(~')+9~ "'( ~) I.

(10)

(Tl H) ' is twice as large as (TPF) ' since there are
twice as many protons as fluorine nuclei. By the method
of Appendix B, Eq. (10) may also be written in terms
of M2~.

(T FH) —l —2(T Hp) —l

67-p

As before, we have approximated 40F+40H by 200.

In addition, the F-F and Be-F dipolar interactions
contribute to T&~,. and these contributions may be cal-
culated by methods' used for (NH4) 2SO4. Using 1.61 A

for the Be-F distance, we obtain

+ (3.0X10') ( , ,)
=42+420l

( vp 37F
~ = &'»F2~2P I, +

)11+a&"rp2 1+~2rp2

(15)
67p

1+4d' F') '

where e~, e2, and e3 are dined as above.
The observed spin-lattice relaxation times are ob-

tained by diagonalizing the relaxation matrix (Sa),
using lnatrix elements given by Eqs. (13) through (15) .

From the second-moment transition' near —60'C,
wp is estimated'~ to be approximately 10 5 sec at that
temperature; and both Mv-F and ~'7-p are much larger
than unity. We therefore expect the co' terms to be the
dominating terms. This means that the matrix ele-
ments of the relaxation matrix are either 0, or —',0. plus
small correction terms in e;0|, e; being much less than
unity. On diagonalization of the relaxation matrix, the
observed spin-relaxa, tion times Tl' and Tl" (Tl'(&Tl")
are given by the following two eigenvalues:

(Tl') '=2~,

(Tl") ' 3~(~2+222+2~8) (17)
In the measurement of Quorine spin-lattice relaxation

times with the 180 —90' pulse sequence, an initial
magnetization (I,) = —I0 is created at t=0 Neglecting.
terms of the order of e, the solution of Eq. (8) is as
follows (see Appendix A):

I:10—(1.)7/1.= ' exp( —t/T ')+-', e p( —t/T, "). (1g)(Tl )p '=1.6X10' — +, (12a)
1+402rp2 1+4402rp2

Similarly, the proton spin-lattice relaxation is given by

LS0—(S,)7/S0 ——
2 exp( —t/Tl') +F exp( —t/Tl") . (19)1p

(Tlp) H. '=3.0X10'
GO 7

(12b)+ F
For both F" and H', the recovery of the nuclear

Coupling of the fluorine spin system with the beryl- magnetization contains two components of comparable
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crystalline (ND4)&BeF4 at 42 Mc/sec
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lated from correlation times given
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intensity, but quite different time constants. A typical
experimental result is shown in Fig. 2, along with the
results calculated from Eqs. (13) to (19) with values
of rF obtained as described below.

When op'rp))1, but 10'/T)3. 5, n=1.5X10 '/rp,
el =0.059, eg =0.024, e3&0.10, and Tl' =4.4g 10 rF,
hence, Tr"= s Tt'/(er+2es+2es) )15 Tt'. At 10'/T=3,
T~"~~25 Tj' from Fig. 1 in reasonable agreement with
the calculated value. From Eq. (15) it may be seen
that Tj' attains a minimum value of 0.06 sec when
co'rF=1 or rF=6.0&10 ' sec. The experimental mini-
mum value of T~' from Fig. 1 is 0.08&0.02 sec.

Values of rF were calculated from the T~' data of
Fig. 1 and then values of T~" were calculated from the
values of rF. Calculated curves of Tl' and Tj" are given
in Fig. 1, and the corresponding values of rF are given
in Fig. 3. The calculated curves 6t the data well. The
7F values are also consistent with the reduction in
fluorine second moment near —50'C, as observed by
Burns, "for which we calculate rF ——2)&10 sec.

C. T&, Data for (NH4)sBeF4

We will now show that the NH4- and BeF4-ion cor-
relation times are consistent with Ty, data given in
Fig. 1. T~, for dipolar relaxation between both like and
unlike spins has been derived in Appendix C.

A maximum in T~pH was observed (see Fig. 1) near
10'/T=6. At lower temperatures, TrpH is determined

by the reorientation of NH4 tetrahedra and can be
readily calculated. ' In Fig. 1, we have shown the
calculated T&,H values using rz and rzz given in Fig. 3.
The agreement with experimental data is good.

In the high-temperature range (10'/T(6), TtpH is
determined by the reorientation of BeF4 tetrahedra and
the dipolar interaction between H and F nuclei. Using
Ts given by Abragams' for unlike spins, we get (see
Appendix C)

(T ") '=yr'ys'ft—'S(S+1)

X$4Ps' (~i) +J&'& (~') +54&&'& (~) +9Ps' (24') j/24.

Relating the J's to the second moment 3f2F as dis-
cussed in Sec, A, we get

3yp'3IsP 4rp
Tlp

64 1+(at'rp'
rF

1+co re

97F 6rF
201+~'rp' 1+440'rp'

Choosing 3f2F=7 6' as in Sec. IIIB, we get the
minima Ty, =1&(10 ' sec at r, =2.5)(10 ' sec for the
experimental III ——16 G, in good agreement with the
experimental minima 9)(10 4 sec. From rF given in
Fig. 3, we have calculated and plotted Trpn versus 10'/T
in Fig. 1. The calculated curve follows the general
behavior of the observed values, but the experimental
values are noticeably shorter at intermediate tem-
peratures.

D. F"Tr Data in (ND4)sBeF4

To verify the mechanism proposed for the non-
exponential relaxation discussed in Sec. IIIB, Tj for
Fr' in Polycrystalline (ND4) sBeF4 has also been meas-
ured. The results are summarized in Fig. 4. The relaxa-
tion is exponential and for 10'/T(4, T& is not greatly
different from Tl" in Fig. 1.In Sec. IIIB, it is postulated
that the nonexponential behavior of spin-lattice relaxa-
tion in (NH4) sBeF4 is due to the presence of two types
of dipole —dipole interactions: the H-F interaction is
related to the shorter component with characteristic
time T~', and the F-F and Be-F interactions are re-
lated to the longer component Tl". The Tl data for
(ND4) sBeF4 give further evidence for this mechanism,
the substitution of deuterons for protons being the
cause of the disappearance of the Tl' component.

In Fig. 4, values of T~ calculated from correlation
times given in Fig. 3 are also shown. For 10'/T(4,
Tr ' is calculated by adding (12a) and (12b) since
we expect the main F" spin-lattice relaxation mecha-
nism to be via the F-F and Be-F dipolar interactions;
whereas, the contribution from the D-F interaction
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is quite negligible since there is no longer any term
involving a small zo'. For 10s/T)4, it was shown in
Sec. IIIA that F' spin-lattice relaxation is mainly
due to reorientation of NH4+ tetrahedra. The D-F
dipolar interaction is a factor of 16 weaker than H-F
interaction. rz and rzz for (ND4) sBeF4 are also expected
to be a factor of V2 longer than that for (NH4) sBeF4,
based on the classical rotator approximation. ' Ti~ is
obtained from Eq. (7) with co'=&aF —a&n zoz+zon zo.

Ion and temperature range

BeF42 .. T&7;
NH4+, I.

T&110'K
NH+ II T&110'K

7.3
2. 7

3.3
2.3

3X10 "
3X10 '4

3X10 14

3&&10 '4 (estimated)

TABLE I. Activation energies (AE, kcal/mole) and
pre-exponential factors (r,', sec) for (NH4) sBeF4.

TI &II

1 4Prz 1 co Tzz

where M2 is I'6 as large as the Quorine second mo-
ment used in Sec. IlIA, and rz and rzx are W2 tixnes
as long as the values in Fig. 3. The solid curve on the
right side of Fig. 4 is calculated from Eq. (21) .

The over-all agreement between calculation and ex-
periment is good except for the region TzF (calc) &30 sec.
In this region, the relaxation can be dominated by
other mechanisms, such as the presence of traces of
paramagnetic impurities.

IV. DEUTERON RESONANCE RESULTS

Over the experimental temperature range (77 to
300'K), only motionally averaged deuteron resonance
lines were observed, with separations of 15 6 or less.
Measurements have been made at —85' (paraelectric),—110 and —150'C (ferroelectric) . There was no
abrupt temperature dependence of the rotation pat-
terns. Two sets of deuteron quadrupolar coupling
tensors were observed, one of them very close to zero;
the other one is tabulated as follows in kc/sec (un-
certainty about &0.5):

—85'
—110'
—150'
(ND4) sSO4
Type II

~3.5 ~3 ~ 5 0
~3.9 ~3.0 %0.9
&4.3 +4.3
~4.2 ~5.7 &1.5

2.0 0 0
3.0 0 0
3.6 0 0
2 6 0 2 3

The tensor, . components for (ND4) sSO4 are the
values3 for type-II ND4 ions at —60'C. The net
dipole moments for the two types of aIIUnoniurn ions
in (ND4)sBeF4 are estimated' to be 0 and 0.09 D;
the average of these values is somewhat smaller than
the value 0.11 D calculated for either type I or II
ammonium ion' in (ND4)sSO4. The x principal axis
is perpendicular to the ab plane and within experi-
mental uncertainties ( &10 in orientation) the prin-
cipal coordinate system does not alter in orientation
with temperature. This is in contrast to the abrupt
reorientation of the principal coordinate systems ob-
served in (ND4) sSO4 at the Curie point s

It should be noted that in the calculation of the
distortion of the NH4+ ion from the observed quad-
rupolar coupling tensor contributions to the Geld
gradient at a deuteron due to the remainder of the

lattice are not included. These contributions may, in
principle, be comparable due to the distortion of the
NH4+ ion from tetrahedral symmetry, but are diS.-
cult to calculate due to the hydrogen bonds that are
present.

V. MOLECULAR MOTION AND
FERROELECTRICITY

The deuteron resonance results in Sec. IV indicate
that the average dipole moment per ammonium ion in
(ND4) sBeF4 is about half of that in (ND4) sSO4. The
observed spontaneous polarization of (NH4)sBeF4 at
low temperature is about half of that for (NH4)sSO4.
This is in agreement with the results of recent magnetic
resonance studies on arnrnoniurn sulfate' and am-
monium alums, " which indicate that the ferroelec-
tricity in these substances arises from the distortion of
the arrnnonium ions.

Above T, and below 130'K the correlation time data
of Fig. 3 xnay be represented by r, =r,s exp(AZ/RT);
the activation energies AE and pre-exponential factors

are given in Table I. The pre-exponential factors
are in order of magnitude agreement with those cal-
culated from the classical rotator model' (r,'=6&& 10 "
and 4&&10 " sec for NH4+ and BeF4', respectively).
In a temperature range of about 35' below T. the cor-
relation time for type I NH4+ ion deviates signiGcantly
from the straight lines at higher and lower tempera-
tures in Fig. 3. This eGect is similar to that observed.
for (NH4), SO4 for which DE depends linearly on the
anomalous volume contraction of the crystal. This was
interpreted'4 as a dependence of AE on the number of
rnisoriented pairs of ions below T„or equivalently, in
the molecular Geld approximation, as a dependence, of
AE on the square of the spontaneous polarization.
With this assumption, v-I was calculated from the
experimental spontaneous polarization data' and is
plotted in Fig. 3.

The ferroelectric properties of (NH4) sBeF4 have been
studied by various workers. ' "" The transition is

14 D. E. O'Reilly and T. Tsang, J. Chem. Phys. 46, 1301 (1967).
'SH. Ohshima and E. Nakamura, J. Phys. Chem. Solids 27,

481 (1966).
'6 B.A. Strukov, N. D. Gavrilyuk, and V. A. Koptsik, Kristal-

lograhya 6, 780 (1961) LEnglish transl. : Soviet Phys. —Cryst.
6I 625 (1961)3.
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1

0.7 0.8

Tl Tc

I

0.9 I.O

Fxa 5. Spontaneous polarization P, pC/cm', versus reduced
temperature T/T, . Experimental data: circles —Strukov, Gavril-
yuk, and Koptsik (Ref. 15); crosses —Hoshino, Vedam, Okaya,
and Pepinsky (Ref. 1).Solid line, calculated by minimizing (22),
P0=0.22; dashed line, calculated from the Strukov and Koptsik
(Ref. 17) parameters using Devonshire's theory.

'YB. A. Strukov and V. A. Koptsik, Kristallogra6ya 7, 234
(1962) I English transl. : Soviet Phys. —Cryst. '7, 182 (1962)j.

' A. F. Devonshire, Advan. Phys. 3, 85 (1954).

gradual; and, although it is first order, it is very close
to being a second-order transition in contrast to the
transition in (NH4)sSO4, which is quite abrupt. The
transition in (NH4) sSO4 may be described by a modified
molecular field approximation. "In this model, a dipole
is restricted to a point along one of two directions with
probabilities rx~ and rx . The free energy AF(x), which

depends on x=e+—e, may be written as follows

(per molecule):

AF(x) = ——,'(Ax') ——,'(Bx4)+-', kT

X}(1+x) ln(1+x)+(1—x) In(1 —x) j. (22)

It may be shown" that if b=B/A) s, the transition
is first order; while, if 0&-„ it is second order. For
(NH4) sSO4, b =0.5. The parameter b xnay be calculated
from the experimental values of To and T„where To
is the Curie —Weiss constant. For (NH4) sBeF4, 'I

(T.—To)/T. 1.7X10 ' and b ——', =0.044. The spon-
taneous polarization I'=xI'0 is plotted as the solid
line in Fig. 5, where I'0 is the spontaneous polarization
at O'K which is taken to be 0.22 11C/cm'. The agreexnent
with the experimental data of Hoshino et aL' and
Strukov et u/. " is satisfactory. Strukov and Koptsik"
have applied the Devonshire phenomenological theory'
to (NH4)sSO4. The calculated spontaneous polariza-
tion (dashed curve in Fig. 5) also agrees fairly well

with the experimental data.
In analogy to (NH4) &SO4 one may expect that the

transition in (NH4)sBeF4 is due to a tilting of the

NH4+ ions either parallel or antiparallel to the ferro-
electric axis. However, in (NH4)sBeF4 this axis is the
crystal b axis in contrast to (NH4)sSO4 where the
ferroelectric axis is the c axis. Such tilting of the
NH4+ may be explained by the presence of a double
minimum potential energy surface with one minimum
above a plane perpendicular to the ferroelectric axis,
and the other equally displaced below this plane.
As shown by the studies of Hoshino et al. ,' on the
system (NH4) s(BeF4)1,(SO4)„ for 0.7&x&0.2 the
system shows no ferroelectric transition in the tem-
perature range —196'C to 25'C. Thus the double
minimum potential appears to be a very sensitive
function of the composition of the system and shifts
from along the c-axis direction to along the b-axis
direction as x changes from zero to one. Unfortunately
no detailed neutron diBraction study has been made
on (NH4) sBeF4, and little can be said concerning the
detailed mechanism of the ferroelectric transition.

where

y(0) +sf — (2'III) —xg (2' Is)—1p

—$(0)+sS=—(Tx ) 'Q —(Tx ) 'Q (A1)

3'(s) = s"a(f)dk,
-

0

and 8 are the Laplace transforms of 8 and $, respec-
tively, and d(0) is the value of 8 at t=0 Equation. s

(A1) may be solved for Q and 8; the initial conditions
of interest are d(0) = —2Io or $(0) = —2So. One obtains

2IoI (Txss) -I+s }3=
}—(2'") '—}I(2'") ' —}—(T") 'P'") '

(A2)

and a similar expression for S. The inverse transform
of 3' is now taken to yield

ka 2I I (I' ss) —1+s}sst
8= (2mi)

—' ds,
(s—sx) (s—ss)

(A3)

where —s~ and —s2 are the eigenvalues of the relaxation
matrix (Sa), and the integration extends along the
imaginary axis and over an infinite semicircle around

"See, for example, R. V. Churchill, Modern Operational
Mathematics in Engineering (McGraw-Hill Book Company, Inc..
New York, 1944 ), pp. 2, 6, 44, and 157.

APPENDIX A' SOLUTION OF THE COUPLED
SPIN-LATTICE RELAXATION EQUATIONS

Equations (8) may be conveniently solved by the
Laplace-transform xnethod. "Let us deine 8= (I —Io)
and $=(S,—So). The Laplace transform of Eq. (8)
may be written as follows:
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reason we shall approximate Eq. (B3) as follows:

—P(P;;(t)F;,(t+r) ) 4o exp( r/—rF)F; F; *, (B4)

the left half-plane. Performing the integrations we
obtain

((T sa) I+—g )ottt ((T 8$) I+—g )ettt
&=2Io +

$2 $1S1 $2

((T II)—1+@)oslt ((T II)—I+@ )ettt
&=2So +

$2 $1$1 $2

(A4)
where i' is the fluorine nucleus closest to the neighboring
NH+ tetrahedron. The product E; F; * averaged over a
sphere may be approximated as follows:

—P (p, (o) (t) p, (o)o (t+r) )
Placing the values of parameters into Eqs. (A4) and
(AS), the solutions given in Eqs. (18) and (19) are
obtained.

APPENDIX B: AUTOCORRELATION FUNCTION
FOR ROTATING TETRAHEDRA

= (o') (o) exp( —rlrF) (Z»' I '),
I Q(p. .(I) (t) p, ;(I)t'(t+r) )

=(')(') -p( —/")(Z '

= (~) (T'lr) exP( —rlrI) (g»" '). (BS)

In performing the sum over tetrahedra, it is to be
noted that each BeF4' is surrounded by 11 nearest-
neighbor NH4+ groups; but each NH4+ is surrounded,
on the average, by half this number of BeF4' groups,
and as a result (TIIs) '=2(TI )

F; (t+r) =[~+~ exp( r/rH) j[~+—~ exP( r/rr) jF;;—

+Zp'o[4 4exp—(—rlrH) j[4+4 exp( —rlrF) j

Let us consider the autocorrelation function of F;;(') ~~ p(p;;(»(t) p,.;(»*(t+r) )
for the case that both the NH4+ and BeF4' groups are
rotating. Consider 6rst a pair of tetrahedra and denote
the correlation times for tetrahedral reorientation by
7.H and 7-p, then by the same method of derivation of
Eq. (4)'we have

+QFt;[-,'+ ,' exp( —r/r -) j[-',——,
' exp( —r/r )]

+ Z F»[4 —:ex& (—r/«) j[4—l «p( —./rF) ],
kW~, LWi

(81)
where the superscript q has been omitted for simplicity.
Retaining only terms in exp( —r/rr) since rH((rF,

(F;;(t)F;;*(t+r))=exp( —r/rF)

X[~ I P;; I'+A+~;.*F,,

APPENDIX C: RELATIONSHIP BETWEEN
Typ AND T2

We will first consider relaxation by dipolar —dipolar
interactions between two like spins I, I'=2; and will
follow Abragam's notations. " ' By taking the density
matrix trace (denoted by ( )) of the operator I,+I,',
the master equation" may be written as

d(I.+I.')/dt = '(LX.(t)+X (t),-I*+I*'j). (C1)

In the calculation of T2, the spin Hamiltonian Xo is set
equal to o)(I.+I,') and

T'IIg~tt*p'I —1'6 g F»*p—;;,}, (B2)
k&j, l&i

d(I,+I,')/dt = i ([o)I,+o)I,'+—X,(t), I,+I,'$)

= —(I,+I,')/T, . (C2)

and further

-'Z(p' (t)P"(t+ ) )=lexp( —/. )

X f 3+F,F;*—gF F,*t}, (B3)

where F;=~~ g;F;, is an average value of F;I for the ith
Quorine nucleus. The indices i, 3 refer to fluorine nuclei
and k, j refer to protons. As with the sums occurring
in Eq. (4), the sums which appear in Eq. (B3) depend
on the detailed structure of (NHt)2BeF4. For this

To solve an equation of the general form dB/dt=—i[Xo(t) +XI(t), Bj, XI being the perturbation term,
it is convenient to introduce the interaction representa-
tion B*=UBU ' and BC1*=UX1U '; the function U
is chosen to be a solution of dU/dt=iUXo(t). In the
interaction representation,

dB~/dt = —i[X o(t), B*j. (C3)

To evaluate T2 in the interaction representation,
U =exp(t'o&I, t+t'o)I, 't) .By writing XI——g,p «&A «) with
A«&*(t) =e"~tA«), Abragam" has shown that

(F«& (t) F(-~) (t+r) [A «)*(t), [A(-o)*(t+r), I,+I.'j])dr,To '(I +I,')=
@=4,+1,+2 0

To '=Ay%'P(o) (0) +10J('&((o)+I(» (2(o)j. (CS)
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+I„sin&pt+I„' sin&pt) . (C7)

The interaction representation for T~„which will be
denoted by, is defined as A(t) = U(t) AU-'(t) where
the function U is a solution of dU/dt=iUXp(t), Xp
being given by (C7); Abragam" has shown that

The J«', J&'&, and j'&'& terms in (C5) correspond to Xp ppI——,+p&I,'+p&~(I, cosp&t+I, ' cos&dt

the q=0, +1, and +2 terms, respectively in (C4).
The relaxation time Tg is de6ned in a similar manner,

except we have to include the eGect of the strong rf
oscillating field "in the spin Hamiltonian Xo..

d(I,+I,')/dt = —i(Xp (t) +Xg(t), I,+I.')
= —(I.+I*')/T~ (C6)

T~, is given by

T„'(I,+I,') =

U = exp(i&p&I, t+i&p&I, 't) exp(i p&I,t+i&dI, 't) .

@=0,+j.,+2 0

(F«&F&-p&(t+r) LA«&(t), [A&-p&(t+r), I.+I.'$))dr.

(CS)

(C9)

The * and
™

representations, which correspond to
the rotating coordinate system and doubly rotating
coordinate system, " respectively, are related to each
other by
A«&(t) =exp(ipp&I t+ipprI, 't) A "&*(t)

X exp (—i&p&I,t—i&pgI, 't) . (C10)
Now let us correlate Tj„' with T2 ' by comparing

(C9) with (C4). The only difference is that an extra
similarity transformation (C10) has been introduced
to transform from the * system to the system in
addition to the original time dependence A«&*(t) =
e'&"'A«&. Since ~)&co~, the extra time dependences in-
troduced by (C10) for q=&1 and &2 are quite small
and negligible compared to the original time de-

pendenees e~'"' and e~'~'. Hence the J~'& and J&@ terms
for Tg ' and T2 ' are identical.

It is then only necessary to evaluate the commutators
for q=0 in (C9). It is convenient to transform I„
I„, I, to I„ I+, and I, where I+=I„&iI,. Thus
I,(t) =I,~(t) and I~(t) =exp(+i&p&t)I~*(t). We may
write A(o)* as

A &"*=-'n (I,*I,'*+I„*I„'*—2I,*I,'*) =A P&*+Ay&'&*,

Ag&P&*= ~n(I+*I+'*+I *I '*),
AP& =~nLI+*I~'* exp(2i&pqt) +I *I '* exp( —2i&pqt) j,

A2&'&*= —,',n(4I,*I,'*—I+*I '*—I *I+'*)=Ay&'&.

It can be readily shown that 32~0&* commutes
with I,+I,'; and, furthermore, the trace of [A2&p&*,

[A&p&, I,+I,']] is zero. The q=0 commutators for T2 '
snd T&~

& sre therefore given by (C11) and (C12),
respectively.

[A &P&*(t), LA &'&*(t+r), I.+I.'j]
=[A,&'&*(t),

t A&&'&*(t+r), I,+I,'j] (C11)

[A"'(t), LA"'(t+ ) I*+I.'jl
= [J&&P&(t), LA g&P& (t+r), I,+I,'j]. (C12)

(C11) is time-independent. It is permissible to neglect
the difference between exp(2ipp&t) and exp( —2ipp&t)

because they give identical Fourier transforms;
hence,

[Jg&'& (t), gg&'& (t+r), I,+I,'j]
=exp(2i &. )[A~'"*(t) LA&'"*(t+ ) I +I.'j] (C13)

Therefore, T&, ' is given also by (C5), except that
J«&(0) must be replaced by J&'&(2&p&) . This is the same
result as that derived by Hubbard. b

Similarly, for relaxation by dipolar coupling between
unlike spins, T&, ' are related to Tp ' by replacing J&p&(0)

with J& &(&p&).


