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we obtain gBH;~4X102 cm™, so that these two
estimates of the strain splitting agree.

A more exacting test of our proposed model would be
provided by a precise determination of the quadrupole
splitting in the presence of an applied magnetic field.
As we found in Sec. VI, when H is along [100] the
splitting of the Jy=21 spectrum equals -+ () c;, while
for H along [111] it equals +2¢;, so that these param-
eters, including their signs, may be determined in-
dependently. Since ¢; is given by the crystal-field model
to be negative and ¢s positive (for Q positive??), the

22 A, Abragam and F. Bouton, Compt. Rend. 252, 2404 (1961);
G. Burns, Phys. Rev. 124, 524 (1961).
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sign of the splitting should change as H is rotated from
[100] to [111]. Any departure in the ratio ¢;/cs from
that given by Eq. (3) would give a measure of the
importance of departures from the crystal-field model,
such as those that may arise from Jahn-Teller effects.
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Nuclear Magnetic Resonance and Nonexponential Spin-Lattice
Relaxation in Ferroelectric Ammonium Fluoroberyllate*
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Nuclear spin-lattice relaxation times 7} and relaxation times along the rf field (773,) have been measured
for H! and F¥ in (NH,),BeF;. Below 250°K the relaxation is due to reorientation of NH4* ions; proton
T: versus T has two minima due to two inequivalent NH4" ions in the unit cell. Above the transition tem-
perature T (176°K) and below 130°K, the logarithm of the correlation time 7. is a linear function of 71!
with normal values of pre-exponential factors. Immediately below 7%, the time 7. is anomalously short, as
found previously in (NH,).SOs. Above 250°K, both proton and F¥ relaxation become nonexponential
and may be characterized by the same pair of relaxation times 7" and 7%”. The shorter component (7%’)
is ascribed to H-F dipolar interactions, and the longer component (7%"") to H-F, H-H, and Be-F dipolar
interactions. On deuteration, only the longer component remains; also, 71’ and 71/’ depend only on the rate of
reorientation of BeF, tetrahedra. Deuteron-resonance results indicate that the dipole moment per NH+
ion in (NH,).BeF; is about half that in (NH,)2SOs, in agreement with spontaneous-polarization measure-
ments. The phase transition in (NH,).BeF, is not as abrupt as in (NHy)sSO4, and may be described by a

10 AUGUST 1967

weaker dependence of the interaction parameter on the spontaneous polarization.

I. INTRODUCTION

HE crystal structures of ammonium fluoroberyllate
and ammonium sulfate are very similar, and both
are known to be ferroelectric; but many differences
between those two crystals have also been found.!:?
By precise x-ray studies, it was found that the crystal
symmetries are different in both their room- and low-
temperature phases. The axes of polarization in the
ferroelectric phases are not in the same crystallo-
graphic direction. The phase transition in (NH,)2SO4
is first-order and very abrupt, while the transition in
(NH,).BeF4 is more gradual.
In view of the similarities and also the differences
of these two crystals, both the deuteron magnetic
resonance and nuclear magnetic relaxation of H' and

* Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

1S. Hoshino, K. Vedam, Y. Okaya, and R. Pepinsky, Phys.
Rev. 112, 405 (1958).
(129;(8') Okaya, K. Vedam, and R. Pepinsky, Acta Cryst. 11, 307

F¥ in (NH,).BeF; have been studied in some detail.
The natures of the ferroelectricity and molecular
motions will be compared with previous results® on
(NH,) 2S04 deduced from magnetic resonance studies.
In addition, molecular motions of BeF, ions can be
deduced from FY nuclear resonance studies; whereas,
similar studies on sulfate ions would be very difficult.
By measuring both spin-lattice relaxation time 7 and
the relaxation time 74, in the rotating coordinate
system, it is possible to observe the molecular motions
over wide ranges of correlation times.

In the present work, it was also found experimentally
that the nuclear spin-lattice relaxation becomes mark-
edly nonexponential over certain temperature ranges;
the relaxation processes have been studied and inter-
preted in some detail in Sec. IIIB. Although deviations
from exponential behavior have been observed and
predicted* for certain systems, the deviations are very

3D. E. O’'Reilly and T. Tsang, J. Chem. Phys. 46, 1291 (1967)

41. Solomon, Phys. Rev. 99, 559 (1955); P. S. Hubbard, 7bid.
109, 1153 (1938).
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slight. For (NH,),SO4, which contains protons at two
chemically inequivalent sites at which relaxation proc-
esses are different, only exponential relaxation is ob-
served because of spin-exchange processes.?

II. EXPERIMENTAL PROCEDURE

Proton and fluorine spin-lattice relaxation times (74)
were measured by the 180°-90° pulse sequence®® at
42 Mc/sec using a NMR Specialties (New Kensington,
Pennsylvania) model PS-60A pulsed spectrometer,
Varian Associates 12-in. electromagnet and variable
temperature apparatus. Relaxation times along the rf
field (741,) were measured by a 90° pulse followed by a
pulse shifted 90° in phase and of variable time duration.®

Deuteron magnetic resonance was observed near
5 Mc/sec using a conventional Varian Associates
V4200B nuclear induction spectrometer, 12-in. electro-
magnet, and variable-temperature apparatus; the mag-
netic field was monitored by the proton resonance on a
Harvey-Wells NMR gaussmeter. The crystals were
rotated about the twofold axes! ¢, b, ¢; and the quad-
rupolar coupling tensor was determined by the Volkoff
method.’

Crystals of (ND,).BeF, were grown after multiple
recrystallization from 99.89, D;O by slow cooling and
evaporation of seeded solutions. The crystal orienta-
tions were determined by x-ray diffraction and dielectric
constant measurements. A sample of polycrystalline
(ND,).BeF, for F¥ relaxation-time measurements was
prepared by dissolving the solid in D;O and evaporating
to dryness. This procedure was repeated four times and

5 A. Abragam, The Principles of Nuclear Magnetism (Oxford
University Press, New York, 1961); (a) p. 64, (b) p. 123, (c¢)
pp 270-296, (d) p. 456 [Eqs (68) "and (68’)] and (e) p. 518.

sD. C. ook I. J. Lowe, and J. A. Northby, J. Chem. Phys.
44 3441 (1966) P. S. Hubbard, Rev. Mod. Phys 33, 249 (1961).

7G. M. Volkoff H. E. Petch and D. W. L Smelhe, Can. J.
Phys. 30, 270 (1952).

the sample was then dried in vacuum. The proton
Bloch decay signal from the deuterated sample was a
factor of fifty weaker than the corresponding signal
from (NH,),BeF4.

III. PROTON AND FLUORINE RELAXATION-
TIME RESULTS

The experimental proton and fluorine relaxation times
of polycrystalline (NH,),BeF, are summarized in Fig. 1
as a semilogarithm plot versus inverse temperature.

The spin-lattice relaxation times 7 show a rather
unusual temperature dependence and are only in ap-
proximate agreement with the limited data of Miller,
Blinc, Brenman, and Waugh.® Above —20°C, the spin-
lattice relaxations of both F° and H' become strongly
nonexponential and are characterized by two relaxation
times; a typical semilogarithm plot of (My—M)/M,
versus time is given in Fig. 2 for both H! and F¥ at
25°C, where M is the nuclear magnetization along the
magnetic field direction and M, is the equilibrium
value of M. The nonexponential behavior is not an
anisotropic effect, since two relaxation times were also
observed for a (NH,),BeF; single crystal with H [| 5.

The second moment (M.) of protons’ in polycrystal-
line (NH,),BeF, indicates that all ammonium tetra-
hedra are reorienting rapidly, with a correlation time
7¢ less than 107% sec, even at —180°C, the lowest
experimental temperature. No linewidth transition was
observed between 25 and —180°C. On the other hand,
a sharp transition occurred for the F¥ second moment'
near —60°C because of the reorientation of BeF,
tetrahedra; 7, is approximately 1075 sec at that tem-
perature. The BeF, tetrahedra are therefore much less
mobile than the ammonium ions.

8S. R. Miller, R. Blinc, M. Brenman, and J. S. Waugh, Phys.
Rev. 126, 528 (1962).

9 R. Blinc and I. Levstek, J. Phys. Chem. Solids 12, 295 (1960).

10 G. Burns, Phys. Rev. 123, 64 (1961).
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2

F1c. 2. Semilogarithm™ plot ¥ of
(Mo—M)/M, versus time (sec) 05
for F*® (circles) and protons (crosses) T2
in polycrystalline (NH,):BeF; at =
42 Mc/sec and 25°C. The solid
curves are calculated from Egs.

(18) and (19), using 7%'=0.20 and
Ty''=4.5 sec. 02

0.

It is well known®® that 77 minima occur when wr,
is approximately unity, » being the rf frequency. The
high-temperature (near 10°/7'=3 deg™) and low-
temperature (near 103/7'=9 deg™) 7 minima can
therefore be associated with the BeFZ~ and NH,*" ion
reorientations, respectively. The broad proton T3
minima between 103/7=7 and 11 can be interpreted
as due to two types of NH, tetrahedra rotating at dif-
ferent frequencies and coupled to each other via the
dipole—dipole interaction; the situation is quite similar®
to (INH.)2:SOs and will be discussed in Sec. IIIA.
Spin-lattice relaxation associated with BeF; reorienta-
tion is discussed in Sec. ITIB, where an explanation
for nonexponential relaxation is proposed. In Sec. IIIC,
we show that the Tj, data are consistent with our
interpretation of the T4 results. Additional measure-
ments on (ND,).BeF; are given in Sec. IIID.

A. Low-Temperature T; Data for (NH4);BeF;

For 103/T> 4, the proton spin-lattice relaxation time
T:® is determined mainly by the ammonium-ion re-
orientation mechanism; the contribution from H-F
dipole interactions is quite small. Here we may use
the (NH,)2SO; results directly™ for 742:

™ dry
(T1.4™) 1= (1.3X109) [1+wgmz 1_,_4szsz| (1)
2(T1,0068) 1= (T1,) 4 (T1,11%) 7, (2)

where 7y (V=1 or II) stands for the correlation times
7. of ammonium ions of either type I or II, wy=vHj,
obs stands for observed, and the correlation times are
defined as before? Following the convention® for
(NH,),SOs, type-II ammonium ions are more mobile
than those of type I.

1 D. E. O’Reilly and T. Tsang, J. Chem. Phys. 46, 1291 (1967) ;
Sec. IV, Egs. (11), (14), (16) fand (17).

TIME (sec)

The fluorine spin-lattice relaxation time 74F is deter-
mined mainly by the random modulation of the H-F
dipole-dipole interactions due to ammonium-ion re-
orientations. The H-F interactions are much weaker
than H-H interactions because of longer interatomic
distances, hence 74F is much longer than 71®. The time
T+F can be calculated by the same method previously
used®? for methylammonium ions. Let the subscripts 7,
i and S, & be used for F and H respectively, then®:

(TF) P =yrvsh2S(S+1)
X Zﬁ[]ik(o) (wz—w,g) +18],'k(1) (wz) +9]ik(2) (wI-!—ws) :|
k

(3)

In Eq. (3), Abragam’s notations® are used. Suppose
there is only one type of ammonium ion, with four
possible proton positions =1, 2, 3, 4. On neglecting
time-independent terms, one finds?

;(Fik‘” (O Fa2*(t+7) y=[exp(—7/7.)]

X320 | Fa® 2= 3 Fuld*F@7/4,  (4)
A i

where the prime on the sum over %2 and j indicates
that k=%j. The autocorrelation function of Eq. (4) may
be evaluated if the detailed structure of the substance
is known. Unfortunately the detailed structure of
(NH,)sBeF, is not known and we shall be required to
find an approximate expression for Eq. (4). In the
limiting case that one proton is much closer to the
fluorine than any of the others, the second summation
inside the brackets may be dropped. In the limit that
all the protons are far from the fluorine (and thus
effectively at the same position) the two sums cancel
each other, and the result is zero. Our approximation
consists in replacing Eq. (4) by the average of these

12D, E. O'Reilly and T. Tsang, Phys. Rev. 157, 417 (1967).
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two limiting cases. Equation (4) then becomes as
follows:

ST{F @ (8) F@* (¢47) )

k
=§ exp(—7/r.) Ek: | Fa@ 2. (8)

For powder samples, the spatial averages of | F(@ |2
may be used; therefore

(Fa® () Fa*@ (t+7) ) =15 Lexp(—7/7c) ] ;”afﬁ,
(Fa® () Fu*® (t+47) ) =o' [exp(—7/70) ] ;’ w,
Fa® () Fu*® (1)) =3 [eXP(—T/Tc)J;Hk_G-

The sum Y 74~ can be related to M,F, the contribu-
tion to fluorine second moment due to H-F dipole-dipole
interactions. For powders® M.F=21(yu?h2) wra®),
where the sum is over all neighboring protons. Taking
the Fourier transform and including all neighboring
tetrahedra, we get

1 3 Te 37e 67
= = N2 F
v =16 [1—{—03/2102 t et 1+4w27'02]’
(6)
where o' =| wr—wg | =0.063w, and w;+ws was approxi-
mated by 20. In (NH,).BeFs, we have two types of

ammonium ions. Assuming each type contributes half
of the second moment, then:

671
1440?12

1 3 TI 371
Y ¥/
T =~ 3 M [1+w'2712 T e T

T11 37'II 67'II ] (7)
1—|—w'27112 1+w27112 1-|-4w2'rn2 ’

For spin-lattice relaxation due to dipolar interactions
between unlike spins I and S (for F and protons,
respectively), it is well known® that the spins are
coupled:

d(I.)/dt=— (T (L= Io) — (T175) (S~ So)
d(S:)/dt=—(T157) (L~ Io)— (T1%%)7(S:—So), (8)

where (I,) and {S,) are the thermal average values
of the z component magnetizations; I, and S, are the
equilibrium values of (Z,) and (S.). In Appendix A,
it is shown that the observed 77! values are the eigen-

values of the matrix:
(T ()™
((Tlso-l <TlsS>—l> '
111, T+57 and TS are related to H-F dipolar inter-

actions, and are of comparable magnitude. On the
other hand, 7155 is much shorter. It can readily be

+

(8"
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shown that the F® and H' spin-lattice relaxations are
very close to being exponential, with observed values
of Ty very close to 7477 and 7755 themselves; and it is
not necessary to evaluate 7757 and 7175, On the other
hand, at higher temperatures (103/7'<4), the rela-
tive magnitudes of all the above matrix elements are
comparable to each other; and nonexponential be-
havior is expected. The details are given in Sec. B.

M,F is the F second moment due to the dipolar
interaction between fixed BeF, and fixed NH, ions. Un-
fortunately, the proton positions in (NH,),BeF; have
not been determined. If we assume that (NH,).BeF,
and (NH,)SO4 are isomorphic, then M;=7 G? from
Schlemper and Hamilton’s structure®® for (INHj)2SO4.
For 4.5<103/T<6.5, both wrik1 and wrik1; Egs.
(1), (2), and (7) can be written as

T1,008=3.1X 1071/ (714711)
and

Thf=24X 10_10/(7'1+‘rn),

which gives 71" =871 " in reasonable agreement with
experimental results in Fig. 1.

For 4<10%/T<7, the reorientation of type-I am-
monium jons is the dominating proton spin-lattice
relaxation mechanism, and 71 is calculated directly
from 74" data using Egs. (1) and (2). Similarly, 71
can be calculated directly from 7',® data for 7<
103/T<9 (see Sec. IIIC), and 711 from T1® data for
10°/T>11. The results are summarized in Fig. 3.

From 71 and 711 given in Fig. 3, we have calculated
T\ from Eq. (7), and also 74® for 7<103/T<10,

[

i0®

ool

CORRELATION TIME, sec

l°~|2

0" + 3 5 § i i 4
10T, K™
F16. 3. Correlation times of NH; (71, 711) and BeFy (rx) ions

versus inverse temperature on semilogarithm scale. (For 7y, the
circles and crosses are correlation times derived from proton T3
and Tj, measurements, respectively, and the solid line is drawn
assuming that the potential-barrier height is a linear function of
the square of spontaneous polarization.)

B E. O. Schlemper and W. C. Hamilton, J. Chem. Phys. 44,
4498 (1966).
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where both types I and IT ammonium-ion reorienta-
tions contribute to proton relaxation. The calculated
results are given in Fig. 1, and agree well with experi-
mental data. Evidently the averaging approximation
made in the simplification of Eq. (4) is a reasonable
estimate.

B. T Data at High Temperatures

For T>250°K, a new relaxation mechanism for the
protons and FY nuclei becomes important. This mecha-
nism (denoted by the subscript HF) is associated with
the modulation of the H-F dipolar interactions by the
reorientation of the BeFg£~ groups, the correlation
time of which will be denoted as 7y. As shown in Ap-
pendix B, Eq. (3) may also be expressed in terms of the

3rF 67r

quantity M,":
. (9
[1+w'2TF 1+w’rg? + 1+4w2TF2] ®)

(TF) ar =%

By reference to Fig. 1, it may be seen that the
relaxation produced by the reorientation of the NH *
tetrahedra is quite negligible above 250°K, and only
the contribution of the relatively slow reorientation
of the BeF#~ groups has been included in Eq. (9).
Since there are twice as many protons as fluorine nuclei,
(T g =3 (T1F) ur . In a similar manner we may
calculate the off-diagonal relaxation times 77#¥ and
T8, As derived by Abragam 5

(T1FH) -1=79 (TlHF)_l
= (yetyh?/16) 2 { =T @ () +97 5@ (20) }.
(10)

(7)1 is twice as large as (7/2F)~! since there are
twice as many protons as fluorine nuclei. By the method
of Appendix B, Eq. (10) may also be written in terms
of M,F:

(T{FH)—1=2(THF) 1

ZAJ2

TF n Orr
14022 1440’ rs?

As before, we have approximated wp—wg by 2w.

In addition, the F-F and Be-F dipolar interactions
contribute to 77%; and these contributions may be cal-
culated by methods?® used for (NHy);SOs. Using 1.61 A
for the Be-F distance, we obtain

= et |- | ay

Py —1_ 9 TF 4TF } 12
(1)5=16X10 {1+w21F2+ Tratrg » (129
T
(T4F) 51 =3.0X 10° {1+j2m2} . (12b)

Coupling of the fluorine spin system with the beryl-
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lium spin system is relatively weak in the temperature
range under consideration, because wr—wg. is not small
compared to wp (whereas, | wp—owg | Kwr); and the
off-diagonal elements (7'12°F)~! and (7:F®°) do not
become large as does (74y*™)! and (7\F)-L In Eq.
(12b), wp+ws. and wr—ws. have been approximated
by wr=w. Combining Eqgs. (9) and (12), and including
the effect of NH4* ion reorientation in 74%¥, we obtain

(TlFH)—l =2 ( TlHF) -1

- 9 ., o ¥ TF 4TF
a+33vr’ My (1 Tt + 1+ 4w2TF2)
= —a-tae, (13)
(TlHH)_lz (OZ/Z) + (32X 1010) (TI+TII)
= (a/Z) +a63) (14)
4rp
TyFF) 1= 1.6X10°
(L) 7 =at (16X107) (1+w2TF + 1—-|—4w2‘rF2)
9
+(3.0X107 <1+wﬂrF>
=atag (15)
. &szF( TF n 3rp n Ory )
s 14w'2rp? 1+w?rp? 1442/’

where €, €, and e; are defined as above.

The observed spin-lattice relaxation times are ob-
tained by diagonalizing the relaxation matrix (8a),
using matrix elements given by Egs. (13) through (15).

From the second-moment transition® near —60°C,
7r is estimated®® to be approximately 10~ sec at that
temperature; and both wrp and w'rr are much larger
than unity. We therefore expect the ' terms to be the
dominating terms. This means that the matrix ele-
ments of the relaxation matrix are either « or i« plus
small correction terms in e, ¢; being much less than
unity. On diagonalization of the relaxation matrix, the
observed spin-relaxation times 7y and Ty (Tv<<Ty")
are given by the following two eigenvalues:

(1Y) =1, (16
(T1") " =3a(at2a+2). (17)

In the measurement of fluorine spin-lattice relaxation
times with the 180°-90° pulse sequence, an initial
magnetization (I.)=—I, is created at {=0. Neglecting
terms of the order of ¢, the solution of Eq. (8) is as
follows (see Appendix A):

LLo—I:)1/To=% exp(—¢/TY) +3 exp(—t/Ty").
Similarly, the proton spin-lattice relaxation is given by
[So—{S:)1/So=% exp(—t/Ty) +4% exp(—t/TY"). (19)

For both F® and H!, the recovery of the nuclear
magnetization contains two components of comparable

(18)
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Fi1c. 4. Ty data for F¥ in poly-
crystalline (ND,):BeF; at 42 Mc/sec
versus inverse temperature (semi-
logarithmic scale). The curve is calcu-
lated from correlation times given
in Fig. 3.

ol ! '
2 4 6

10%T1,°K™!

intensity, but quite different time constants. A typical
experimental result is shown in Fig. 2, along with the
results calculated from Eqs. (13) to (19) with values
of 7 obtained as described below.

When o're>1, but 103/T>3.5, a=1.5X10"%/7y,
6=0.059, £=0.024, <0.10, and Ty=44X10° r5;
hence, T1”=% Tll/(€1+262+263) Z 15 Tll. At 103/T=3,
Ty'~25 Ty from Fig. 1 in reasonable agreement with
the calculated value. From Eq. (15) it may be seen
that 77 attains a minimum value of 0.06 sec when
w'rp=1 or 77=6.0X10"% sec. The experimental mini-
mum value of 7y from Fig. 1 is 0.084-0.02 sec.

Values of 77 were calculated from the 7' data of
Fig. 1 and then values of 77" were calculated from the
values of 7p. Calculated curves of 71 and T/ are given
in Fig. 1, and the corresponding values of 7 are given
in Fig. 3. The calculated curves fit the data well. The
7r values are also consistent with the reduction in
fluorine second moment near —50°C, as observed by
Burns,! for which we calculate 7 =2X1075 sec.

C. T, Data for (NH,);BeF,

We will now show that the NHy and BeFy-ion cor-
relation times are consistent with 73, data given in
Fig. 1. T, for dipolar relaxation between both like and
unlike spins has been derived in Appendix C.

A maximum in T3,® was observed (see Fig. 1) near
103/T=6. At lower temperatures, 71,% is determined
by the reorientation of NH, tetrahedra and can be
readily calculated® In Fig. 1, we have shown the
calculated 7,7 values using 71 and 711 given in Fig. 3.
The agreement with experimental data is good.

In the high-temperature range (103/7<6), T2 is
determined by the reorientation of BeF, tetrahedra and
the dipolar interaction between H and F nuclei. Using
T» given by Abragam® for unlike spins, we get (see
Appendix C)

(T3, =y 27525 (S+1)
X[AT@ (en) +7© (o) 547 () +97 (20) 1/ 24.

Relating the J’s to the second moment M,F as dis-
cussed in Sec. A, we get

(T, 1= Svet My [ dre + TB;
64 14wlre? 14?7y
Orp O67p
. (20
T 1+w?rp? + 1+4w2TF2:| (20)

Choosing M,F=7 G? as in Sec. IIIB, we get the
minima 7,2=1X1073 sec at r,=2.5X 10~ sec for the
experimental Hi=16 G, in good agreement with the
experimental minima 9X10™* sec. From 7 given in
Fig. 3, we have calculated and plotted 74,2 versus 103/T
in Fig. 1. The calculated curve follows the general
behavior of the observed values, but the experimental
values are noticeably shorter at intermediate tem-
peratures.

D. F¥ T; Data in (ND,),BeF,

To wverify the mechanism proposed for the non-
exponential relaxation discussed in Sec. IIIB, T for
F® in polycrystalline (ND,),BeF, has also been meas-
ured. The results are summarized in Fig. 4. The relaxa-
tion is exponential and for 103/7<4, T; is not greatly
different from 7" in Fig. 1. In Sec. IIIB, it is postulated
that the nonexponential behavior of spin-lattice relaxa-
tion in (NH,):BeF; is due to the presence of two types
of dipole-dipole interactions: the H-F interaction is
related to the shorter component with characteristic
time 74, and the F-F and Be-F interactions are re-
lated to the longer component Ty”. The T} data for
(NDs).BeF; give further evidence for this mechanism,
the substitution of deuterons for protons being the
cause of the disappearance of the 7%/ component.

In Fig. 4, values of T calculated from correlation
times given in Fig. 3 are also shown. For 103/7'<4,
T17' is calculated by adding (12a) and (12b) since
we expect the main F¥ spin-lattice relaxation mecha-
nism to be via the F-F and Be-F dipolar interactions;
whereas, the contribution from the D-F interaction
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is quite negligible since there is no longer any term
involving a small «'. For 103/T>4, it was shown in
Sec. IIIA that F® spin-lattice relaxation is mainly
due to reorientation of NH4t tetrahedra. The D-F
dipolar interaction is a factor of 16 weaker than H-F
interaction. 71 and 711 for (NDy),BeF are also expected
to be a factor of V2 longer than that for (NH,),BeF},
based on the classical rotator approximation.? T4F is
obtained from Eq. (7) with «'=wp—wpwr+wpw.
71 T1I

14w?re? T 1-|—w27-112) ’ (21)

where M, is 7 as large as the fluorine second mo-
ment used in Sec. IITA, and 71 and 71y are V2 times
as long as the values in Fig. 3. The solid curve on the
right side of Fig. 4 is calculated from Eq. (21).

The over-all agreement between calculation and ex-
periment is good except for the region 74 (calc) > 30 sec.
In this region, the relaxation can be dominated by
other mechanisms, such as the presence of traces of
paramagnetic impurities.

(2 = Hvstht

IV. DEUTERON RESONANCE RESULTS

Over the experimental temperature range (77 to
300°K), only motionally averaged deuteron resonance
lines were observed, with separations of 15 G or less.
Measurements have been made at —85° (paraelectric),
—110 and —150°C (ferroelectric). There was no
abrupt temperature dependence of the rotation pat-
terns. Two sets of deuteron quadrupolar coupling
tensors were observed, one of them very close to zero;
the other one is tabulated as follows in kc/sec (un-
certainty about +£0.5):

Vaa Vbb Vcc l Vab I I Vbc [ l Vca. I
—85° +3.5 F3.5 0 2.0 0 0
—110° +3.9 F3.0 F0.9 3.0 0 0
—150° +4.3 F4.3 0 3.6 0 0
(ND4)2S0, +4.2 F5.7 1.5 2.6 0 2.3
Type II

The tensor . components for (ND4);SOs are the
values® for type-II ND, ions at —60°C. The net
dipole moments for the two types of ammonium ions
in (NDy).BeFs are estimated® to be 0 and 0.09 D;
the average of these values is somewhat smaller than
the value 0.11 D calculated for either type I or II
ammonium jon® in (ND4)sSOs The x principal axis
is perpendicular to the ab plane and within experi-
mental uncertainties (~==10° in orientation) the prin-
cipal coordinate system does not alter in orientation
with temperature. This is in contrast to the abrupt
reorientation of the principal coordinate systems ob-
served in (NDy)2SO4 at the Curie point.?

It should be noted that in the calculation of the
distortion of the NH4* ion from the observed quad-
rupolar coupling tensor contributions to the field
gradient at a deuteron due to the remainder of the
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TABLE I. Activation energies (AE, kcal/mole) and
pre-exponential factors (72, sec) for (NH,):BeF,.

Ion and temperature range AE 7
BeF&: T>T, 7.3 3x10m
NH* It T>T. 2.7 3X10
T<110°K 3.3 3X10¢
NH,* II: T<110°K 2.3 3X10™ (estimated)

lattice are not included. These contributions may, in
principle, be comparable due to the distortion of the
NH4t jon from tetrahedral symmetry, but are diffi-
cult to calculate due to the hydrogen bonds that are
present.

V. MOLECULAR MOTION AND
FERROELECTRICITY

The deuteron resonance results in Sec. IV indicate
that the average dipole moment per ammonium ion in
(NDy):BeF, is about half of that in (ND,)sSOs The
observed spontaneous polarization of (NH,),BeF, at
low temperature is about half of that for (NH,).SO..
This is in agreement with the results of recent magnetic
resonance studies on ammonium sulfate? and am-
monium alums,® which indicate that the ferroelec-
tricity in these substances arises from the distortion of
the ammonium ions.

Above T, and below 130°K the correlation time data
of Fig. 3 may be represented by 7,=70 exp(AE/RT);
the activation energies AE and pre-exponential factors
70 are given in Table I. The pre-exponential factors
are in order of magnitude agreement with those cal-
culated from the classical rotator model® (r0=6 10—
and 4X107 sec for NHs" and BeF, respectively).
In a temperature range of about 35° below 7', the cor-
relation time for type I NH,* jon deviates significantly
from the straight lines at higher and lower tempera-
tures in Fig. 3. This effect is similar to that observed?
for (NH)2SO4 for which AE depends linearly on the
anomalous volume contraction of the crystal. This was
interpreted™ as a dependence of AE on the number of
misoriented pairs of ions below 7%, or equivalently, in
the molecular field approximation, as a dependence of
AE on the square of the spontaneous polarization.
With this assumption, 71 was calculated from the
experimental spontaneous polarization data! and is
plotted in Fig. 3.

The ferroelectric properties of (NH,).BeF; have been
studied by various workers.!'516 The transition is

14 D. E. O'Reilly and T. Tsang, J. Chem. Phys. 46, 1301 (1967).

5 H. Ohshima and E. Nakamura, J. Phys. Chem. Solids 27,
481 (1966).

18 B. A. Strukov, N. D. Gavrilyuk, and V. A. Koptsik, Kristal-
lografiya 6, 780 (1961) [English transl.: Soviet Phys.—Cryst.
6, 625 (1961) 7.
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F1c. 5. Spontaneous polarization P, uC/cm?, versus reduced
temperature 7/ 7,. Experimental data: circles—Strukov, Gavril-
yuk, and Koptsik (Ref. 15); crosses—Hoshino, Vedam, Okaya,
and Pepinsky (Ref. 1). Solid line, calculated by minimizing (22),
P,=0.22; dashed line, calculated from the Strukov and Koptsik
(Ref. 17) parameters using Devonshire’s theory.

gradual; and, although it is first order, it is very close
to being a second-order transition in contrast to the
transition in (NHi),SOs, which is quite abrupt. The
transition in (NH,)2SOs may be described by a modified
molecular field approximation.** In this model, a dipole
is restricted to a point along one of two directions with
probabilities %, and #_. The free energy AF(x), which
depends on x=ny—n_, may be written as follows
(per molecule) :

AF (2) = —3(4a%) —;(Bx*) +3kT
X[(142x) In(14=x)+(1—=) In(1—x)]. (22)

It may be shown! that if b=B/A4>1%, the transition
is first order; while, if 5<%, it is second order. For
(NH4) 2S04, 5=0.5. The parameter b may be calculated
from the experimental values of 7 and T¢, where T
is the Curie-Weiss constant. For (NH,);BeF4,"
(Te—To)/T:~1.7X107% and b—3=0.044. The spon-
taneous polarization P=xP, is plotted as the solid
line in Fig. 5, where Py is the spontaneous polarization
at 0°K which is taken to be 0.22 uC/cm?. The agreement
with the experimental data of Hoshino ef al! and
Strukov ef al.’® is satisfactory. Strukov and Koptsik!
have applied the Devonshire phenomenological theory®
to (NH,)2S0s The calculated spontaneous polariza-
tion (dashed curve in Fig. 5) also agrees fairly well
with the experimental data. '

In analogy to (NH,),SOs one may expect that the
transition in (NH,).BeFs is due to a tilting of the

17 B, A. Strukov and V. A. Koptsik, Kristallografiya 7, 234
(1962) [English transl.: Soviet Phys.—Cryst. 7, 182 (1962) ].
18 A, F. Devonshire, Advan. Phys. 3, 85 (1954).
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NH,* ions either parallel or antiparallel to the ferro-
electric axis. However, in (NH,),BeF, this axis is the
crystal b axis in contrast to (NH,),SO, where the
ferroelectric axis is the ¢ axis. Such tilting of the
NH," may be explained by the presence of a double
minimum potential energy surface with one minimum
above a plane perpendicular to the ferroelectric axis,
and the other equally displaced below this plane.
As shown by the studies of Hoshino et al.,! on the
system (NHy)y(BeFs)1-4(S0s)s, for 0.72x20.2 the
system shows no ferroelectric transition in the tem-
perature range —196°C to 25°C. Thus the double
minimum potential appears to be a very sensitive
function of the composition of the system and shifts
from along the c-axis direction to along the b-axis
direction as x changes from zero to one. Unfortunately
no detailed neutron diffraction study has been made
on (NH,).BeFy, and little can be said concerning the
detailed mechanism of the ferroelectric transition.

APPENDIX A: SOLUTION OF THE COUPLED
SPIN-LATTICE RELAXATION EQUATIONS

Equations (8) may be conveniently solved by the
Laplace-transform method.”® Let us define 9= (I,—1I,)
and 8=(S,—S,). The Laplace transform of Eq. (8)
may be written as follows:

—9(0) +s3=— (71") "3 — (11¥) &

—8(0) +s&=—(T¥")~"J—(11*)7'S, (A1)

where
= ® 8, d
3(s) for 9(0)d,

and & are the Laplace transforms of 9 and 8, respec-
tively, and 9(0) is the value of g at {=0. Equations
(A1) may be solved for & and &; the initial conditions
of interest are 9(0) = —2I, or $(0) = —2.5,. One obtains
2]0{ (T1‘SS)—1+S}
(= (T =] (1) =] = (T4 ()
(A2)

and a similar expression for &. The inverse transform
of & is now taken to yield

2Lo{ (T'155) 145} et

(s—s51) (s—s52)

F=

1:00
9= (2mi)1 f s,  (A3)
—i
where —s; and —s; are the eigenvalues of the relaxation
matrix (8a), and the integration extends along the
imaginary axis and over an infinite semicircle around

19 See, for example, R. V. Churchill, Modern Operational
M athematics in Engineering (McGraw-Hill Book Company, Inc.,
New York, 1944 ), pp. 2, 6, 44, and 157.
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the left half-plane. Performing the integrations we
obtain

— 81 S8)—: 82
o [T et | (@
S1— 32 So— 81
IIy—1 81 -1 s2t
sas, [ATET st | (o) (g
S1— 382 So—381

Placing the values of parameters into Eqs. (A4) and
(AS), the solutions given in Egs. (18) and (19) are
obtained.

APPENDIX B: AUTOCORRELATION FUNCTION
FOR ROTATING TETRAHEDRA

Let us consider the autocorrelation function of F;;@
for the case that both the NH4+ and BeF¢#~ groups are
rotating. Consider first a pair of tetrahedra and denote
the correlation times for tetrahedral reorientation by
ra and 7r, then by the same method of derivation of
Eq. (4)® we have

Fij(t+7) =[1+4% exp(—7/u) Ik +3 exp(—r/78) JFs
+;Fik 1—1 exp(—7/ma) J[1+3% exp(—7/75)]

—l—;Fu[i-i—% exp(—7/ru) I[i—1 exp(—r/r¥) ]

+ 2 Fu[i—% exp(—7/ra) [3—1 exp(—7/7r) ],

k7,14
(B1)

where the superscript ¢ has been omitted for simplicity.
Retaining only terms in exp(—r/7r) since ru<<rr,

(Fii() Fi*(t+41) y=exp(—1/1¥)
X{i%‘ I Fii I2+T:%;Fik*F¢j

—t6 2 Fi*Fi— £ 2 Fu*Fy}, (B2)
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and further

12 (Fi(t) Fi* (t4r) y=texp(—r/rp)
X {32 FFx—3 FiF#, (B3)

1=

where F’;=4LZ,~F s is an average value of F;; for the ith
fluorine nucleus. The indices i, I refer to fluorine nuclei
and %, j refer to protons. As with the sums occurring
in Eq. (4), the sums which appear in Eq. (B3) depend
on the detailed structure of (NHy);BeFs For this

T2-1<Iz+lxl>= Z

¢=0,+1,+2 Yo

Ty =gy h2[J© (0) 41070 () +T® (2w) .
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reason we shall approximate Eq. (B3) as follows:
22 AF () Fi(i47) Yo} exp(—r/re) FoFo*, (B4)
i

where 7’ is the fluorine nucleus closest to the neighboring
NH,* tetrahedron. The product Fi-F* averaged over a
sphere may be approximated as follows:

1 (P50 () F 0% (t+4) )
’ = (%) (&) exp(—r/re) (Xrei),
1 2P0 () Py (t47) ) o
) = (&%) () exp(—r/7x) (Tre™),
I (F4® () Fy®* (t41)) J
’ = () (%) exp(=r/m) (Trei™). (B3)

In performing the sum over tetrahedra, it is to be
noted that each BeF¢~ is surrounded by 11 nearest-
neighbor NH,* groups; but each NHyt is surrounded,
on the average, by half this number of BeFs#~ groups,
and as a result (7'5)'=2(TS)1,

APPENDIX C: RELATIONSHIP BETWEEN
T, AND T,

We will first consider relaxation by dipolar-dipolar
interactions between two like spins 7, I’=1; and will
follow Abragam’s notations.®% By taking the density
matrix trace (denoted by ( )) of the operator I,+1./,
the master equation’® may be written as

ALAL)/dt=—i([30 (1) +50(8), L+1."]). (C1)

In the calculation of 7%, the spin Hamiltonian 3¢, is set
equal to w(Z,+I,') and

ALAL)/di= —i({wl 4wl +30(1), L+1.])
=—(I,+1.)/T.. (C2)

To solve an equation of the general form dB/di=
—i[3Co(£) +3C1(¢), BJ, 3¢; being the perturbation term,
it is convenient to introduce the interaction representa-
tion B¥*=UBU! and J¢,/*=U3C,U™; the function U
is chosen to be a solution of dU/dt=4iU3Co(¢). In the
interaction representation,

dB*/dt= —i[3C;* (), B*]. (C3)
To evaluate T, in the interaction representation,

U =exp(iwl,i+iwl,'t). By writing 50;= D_,F@A©@ with
A@*(t) =¢i9t 4@ Abragam® has shown that

(C4)

(C3S)
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The J©, J®, and J® terms in (C5) correspond to
the ¢=0, ==1, and =2 terms, respectively in (C4).
The relaxation time T, is defined in a similar manner,
except we have to include the effect of the strong rf
oscillating field % in the spin Hamiltonian 3Co:

d{I,+1.')/dt=—i(3C(t) +3C:(8), I.+1.")

= — (I +L.))/ Ty, (C6)

U = exp (iwL 441w ,'t) exp(iwl i+iwl,'t).

T4, is given by
T AL = 2.

¢=0,+1,+2

The * and ~ representations, which correspond to
the rotating coordinate system and doubly rotating
coordinate system,’ respectively, are related to each
other by
A@(§) =exp (il t+iond,'t) A 9*(2)

X exp(—ilt—iwnl,'t). (C10)

Now let us correlate 73,7 with T3 by comparing
(C9) with (C4). The only difference is that an extra
similarity transformation (C10) has been introduced
to transform from the * system to the ~ system in
addition to the original time dependence A @*(f)=
€i“'4 @, Since w>w;, the extra time dependences in-
troduced by (C10) for g==1 and =2 are quite small
and negligible compared to the original time de-
pendences e+t and e?«t, Hence the J® and J® terms
for T3, and 75! are identical.

It is then only necessary to evaluate the commutators
for ¢=0 in (C9). It is convenient to transform I,
I, I, to I, I, and I, where I =I,=+il,. Thus
L(t) =1.*@) and I.(¢) =exp(Fiwd)l *(¢). We may
write 4©* as
AO* =1 ([ ¥ 5 I FL) % — 21 *T /%) = Ay 0% 4,0%
A O* =3 (T ¥ %I ¥ %)

A0 =1a[I*1,"* exp(2ied) +1_*1_"* exp(—2iwt) ],
A% = Lo (AT ¥ % — T ¥ % — T *[,%) = 4,0,
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o=l ,+wl,'+uwi (I, coswt+I, coswt
+1, sinwi+4-I,/ sinwt). (C7)
The interaction representation for 7%,, which will be
denoted by 7, is defined as A (£) =U(f) AU-(f) where
the function U is a solution of dU/di=1U3Cy(¢), 3Co
being given by (C7); Abragam® has shown that

(C8)

(C9)

It can be readily shown that A,®* commutes
with I,+1I.; and, furthermore, the trace of [4.®%,
[4®  I,+1,7] is zero. The ¢=0 commutators for 75
and Ty, ! are therefore given by (C11) and (C12),
respectively.

[4©%(8), LAO*(t+7), L+1/]]
=[4:9%(¢), [419*(¢+7), I.+I/]] (C11)
[A0(), [AO(t+r), L+1]]
=[4:9(0), [A:O(1+7), L+1/]].

(C11) is time-independent. It is permissible to neglect
the difference between exp(2iwi) and exp(—2iwi)
because they give identical Fourier transforms;
hence,

[4,0@0), (A, (t41), L+L/]]
=exp(2iwr) [419%(), [419%* (t+7), [+ ]].

Therefore, T3, is given also by (CS5), except that
J©(0) must be replaced by J(2w;). This is the same
result as that derived by Hubbard.®

Similarly, for relaxation by dipolar coupling between
unlike spins, 73,7t are related to 757 by replacing J© (0)
with JO ().

(C12)

(C13)



