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We consider the process =N — pN. The high-energy behavior of the invariant amplitudes following from
the exchange of Regge trajectories allows us to write down three consistent superconvergent sum rules.
Five other sum rules, obtained by equating to zero the coefficients of higher powers of ¢, lead to incon-
sistencies. In the degenerate-mass limit, partial consistency with the U (6,6) theory is obtained.

I. INTRODUCTION

ECENTLY de Alfaro, Fubini, Rossetti and
Furlan! have obtained strong interaction sum
rules at fixed ¢ from the consideration of the high-energy
behavior of scattering amplitudes. If a particular ampli-
tude falls off fast enough with increasing energy at
fixed momentum transfer, then the integral over energy
of the imaginary part of the amplitude vanishes. Such
expressions have come to be known as superconvergent
relations. The saturation of the superconvergent
relations with one-particle intermediate states gives
rise to sum rules relating the coupling constants and
masses of the particles involved. By considering mp
scattering, de Alfaro ef al.,! obtained in this way sum
rules connecting the coupling constants g,rr, Zuprs
Zsor and the masses of the ¢, p, w and, = mesons.
Subsequently, this technique has been applied to
meson-baryon scattering,*3 Compton scattering,* and
photoproduction processes.?

Here we consider the process #N— pN and obtain
three nontrivial superconvergent relations. By satur-
ating these with nucleon and N* resonance, we obtain a
set of consistent sum rules. In the degenerate-mass case
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(m,=mr, my=my+) we find partial consistency with
the U(6,6) theory.®” Additional sum rules may be
obtained by equating to zero the coefficients of ¢ and #
(¢ is the momentum transfer squared). When these are
combined with the original sum rules, we find in-
consistent results.

In Sec. IT we determine the asymptotic behavior of
the amplitudes describing #N — pN by considering
exchange of Regge trajectories in the ¢ channel. The
sum rules are obtained in Sec. ITI.

II. ASYMPTOTIC BEHAVIOR OF THE
INVARIANT AMPLITUDES

The process N — pN can be described in terms of
six invariant amplitudes. These are taken to be the
following :

T=ieU (p')[Pu(A1 P4y -QB1P)ys
+Qu (A2 +v- QB D) ys+y,y54 ;&
+iaquV7533(i):] U(P) (21)

P=5(p'+p), Q=3(¢+9)

with p(p’) as the incoming (outgoing) nucleon mo-
mentum and ¢ (¢') as the pion (p meson) momentum.
The polarization vector for the p meson is denoted by e.
The superscript (=) labels the isotopic spin channels
defined by

where,

Aiaﬂr‘6aBAi(+)+%[TmTﬁ]A'i(—) ’ (22)

with a similar expression for B;. Here a(8) is the isotopic
spin index of the pion (p meson).
We can define the scalar invariants, s=(p-+q)?
u=(p—q')*, t=(¢—¢')* and
v=P-Q=%(s—u).

The invariant amplitudes are written as 4;(»,f), B:(v,).
The transformation » — —v can be achieved by inter-
changing the two nucleons. Then making use of the
invariance property of the scattering amplitude under
G conjugation we obtain the following crossing-

6 A. Salam, R. Delbourgo, and J. Strathdee, Proc. Roy. Soc.
(London) 284A, 146 (1965); A. Salam, R. Delbourgo, M. Rashid,
and J. Strathdee, ¢bid. 285A, 312 (1965).

7 Jones and Scadron (Ref. 3) considering the process 7V — = N*
find sum rules which are in complete agreement with the U (6,6)
theory.
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symmetry relations:

AP (V:t) =+4,® (_ vy t) ’
Bi® (5,) = B® (=, 1)

R. H. GRAHAM AND M. HUQ

AP () =FA,F (=, 1),
By (y,)=FBy&) (—v, 1)
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AsB () =FA;B (=, 1),

(2.3)
B;® (v,f)=£BsE (—, ).

The high-energy behavior of the invariant amplitudes in the s channel are determined by the exchange of
the leading Regge trajectories in the ¢ channel. To find out the contributions of various Regge trajectories to the
six invariant amplitudes we follow the helicity formalism of Jacob and Wick.® We find

A=tA1— (p*—u2){mB1— B3} =3 (2J+1)P (cosb)s”,
7

B=yB+A4;= - 22T+ D{[P (cos8)+cosbP ;" (cosb) Jy?— Py (cos®)a’} ,
p 7

m
C=p*B1+mBy=—73_ (2J4+1){—[P; (cos8)+cosdP ;"' (cosh) Ja’+P ;' (cosb)y’} ,
q J

D=B;=3" (2J+1)P/ (cosh)d'7,
7

Hp*—u?

4m

| (=) [t —4)

t—-3p2—-u2
1 f
44

E=y{— Bl|
4m

?w t1/2 2
=220 a2
m

Ba=2_(2J+1)P (cost)y'7,
7

2m

where m, p and, p are the nucleon, p meson and pion
masses, respectively. And

L= G T =]
1 4t
or= (@, e ()1,

The amplitudes with definite total angular mo-
mentum and definite parity are defined as follows:

1 <%7 ___%ll)J_(%, _%l_1>.’

Pzzit_mz’

al=—— ,
3 J(J+1)
oL m A3
I =—
V2gE  [JU+1]
G AV HE, L —1)
ﬁJz_\[Z_m\/ GEI+G 2' ) , (2.5)

? J+1)]~
B7=q(3,510),
LG, —30)+G 31—

'YJ=—— )
V2 J(J+1)
& =0y
o+

8 M. Jacob and G. C. Wick, Ann. Phys. (N.Y.) 7, 404 (1959).

g

H| e

t 2,2

Byt+Asp =2 (2J+1)P;(cosb)g'’ ,
J

(2.4)

We have used the shorthand notation (Ag,\2|A3)7 to
denote the scattering amplitude 7V with definite total
angular momentum J, and we have evaluated this
amplitude between the helicity states Ay, Ag, and A; for
the nucleon, antinucleon, and p meson, respectively.

The right-hand sides in Eq. (2.4) are in suitable
forms for Reggeization.® The G parity of the initial
state is —1. The fact that the NN system must also
have G=—1 leads to selection rules. We display the
allowed channels in Table I. The last column of the
table shows the experimentally known Regge trajec-
tories with G=—1 which can be exchanged.

The intercepts at =0 for the trajectories w, ¢, 41,
and A4, are taken to be positive while for the pion
trajectory and for channels with no trajectories we take
the intercepts to be negative.

Tasie I. Allowed channels and Regge trajectories.

Allowed I
(isotopic Known Regge
Amplitudes Parity J spin) trajectories
o/, eV (=17 even I=1 A,
odd I=0 w, ¢
67, 87 (=11 even I=1 T
odd I=0 None
¥,y (=11 even I=0 None
odd I=1 Ay

9S. C. Frautschi, M. Gell-Mann, and F. Zachariasen, Phys.

Rev. 126, 2204 (1962).
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If we go through the usual Reggeization procedure
for the right-hand sides of Eq. (2.4), we find the follow-
ing asymptotic behavior at large s for the amplitudes
on the left-hand sides:

A= b1
B=as7®O- 14 psa2
Cra s O-1fp/ sy (-2 ,
D= sx(®-1,

E=~sf®

Frsv-1

(2.6)

where @, b, o/, and b’ are arbitrary functions of £ The
trajectory parameters a, 8, and v refer to the amplitudes
(@’,a’7), (87,8'7), and (v7,¥'7), respectively.

In the next section we shall show that some of the
above amplitudes satisfy superconvergent relations.
These relations are assumed to be saturated by N and
N* states and coupling-constant sum rules result.

III. SUPERCONVERGENT RELATIONS
AND THEIR SATURATIONS

If a particular invariant amplitude 4 (»,f) falls off
faster than v for » — o at fixed ¢, it follows that

0

/ dv ImA (»,£)=0. 3.1)

In the following, we will assume that ¢ is small. From
Egs. (2.4), (2.6) and our assumptions about the inter-
cepts of the exchanged Regge trajectories, we see that
the amplitudes 4@V (v,f), BO(y,t), and B;@(p,f) are
superconvergent ;1

/ dv{t ImA D (»,t)

— (= H)m ImB1® (v,) —ImB;® (5,1) } =0 (3.2)

SUPERCONVERGENT RELATIONS
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/ dv{y ImB1©@ (»,))+ImA ;@ (»,H)} =0 (3.3)
/ dv ImB,©@ (»,1)=0. (3.4)

We will attempt to saturate our superconvergent
relations Eqgs. (3.2)-(3.4) with N and N* intermediate
states. Notice that the validity of Eq. (3.2) depends
on the pion trajectory having a negative intercept at
t=0. Experimentally it seems that this intercept is
negative, but quite close to the origin. Therefore the
sum rules resulting from Eq. (3.2) by saturation with
only a small number of intermediate states could be
badly violated.

The relevant couplings in momentum space are
taken as

aNN: gennUnystiUnt, (3.5
1 - - .
TNN*: —;g,rNN*q“eablll,‘de(T’)d“Uﬂr’, (36)
m
-t o
pNN: g onnUytriUp,i+—gmonnUc*1iUp,,, (3.7)
m
_ 1
pNN*: e“bU“{ gpNN*g,‘H-——;g'pNN*'y,,qx
m

1 .
+2—"*2g"pNN*PM9)\} Y5(t)aWrearp™*, (3.8)
m

where P=p'+p and g=p'—p, with p (p) being the
momentum of the incoming (outgoing) baryon. The
masses of V and N* are denoted by 7 and m*, respec-
tively. The resulting sum rules are polynomials in £
We set the coefficients of the various powers of ¢ equal
to zero and from Eq. (3.2) we obtain

2 m b
F 3g°pNNg«NN——ngN*{l:—(—2m*2+m2—mm*—u2)+—]gpNN*
3m* 2

e m*
a 3m? m m ymg” pnn+
| —— b |¢' e a—3m—b [ ———[=0, (3.9)
m* o 2wt 2m* m*2
1 2 3 *2__ 021 2 ¢ 3m* 2m*—m '
. ¢ —_— — * } *
$: 3g°,NNg-NN Sm*ngN*lzm*(m m* ) g, NN +|:m* o o b:lg PNN

m

2 genweLg onws—g" pwn+]=0.

1 m
+——|:3m*m2-—c+—b]
k2 2

3 m
8" ovave— (p*— 2)_[g'pNN*+—*g”pNN*:l} =0, (3.10)
m

2m™

(3.11)

10 Note that the eigenamplitudes for total isotopic spin are A;=(y/6)A4;", 4;00=24," and similarly for the B;. The super-
convergent relation for {#4;— (o*—p2)[mB:1— B3]} with I =0 is trivially satisfied by crossing symmetry [Eq. (2.3)].



1424 R. H. GRAHAM AND M. HUQ 160

From Eq. (3.3), we obtain

3(p*u?) 4 (2m*2—2m2— p*— u®) (= 2m*2+-m2—mm*—p?) m*—m
TgmpNNngN'l‘%ngN* ll: p— -+ - ]gpNN*
3m2(m+m*)  (m4+m*)  2m2+ 2mm*— p*
+ a— g,pNN*
m* m* dop*2
2m*2— 22— gt ”2|_ m
-+ e L—3m2+d+5—*bj|g”pzv1v*] =0, (312)
m m
3 4 — 22 m2— mm* — 2 b 3(m*+m) ,
. ——g™,NNgxNN "rNN*[ ZoNN+ [ :l NN*
ng PNNErNNT 3m*5 4m*? ° 4m*? 2m* g e
1 m
+4m*2|:-—3m2+a+—2——;b-|—% (2m*2— 2’m2-—'p2—;42)}g"p1v1v*} =0, (3.13)
m
2: genwxg ony+=0. (3.14)
From Eq. (3.4) /
3 2 Am*2— mm*++m2— p? b ,
0 . —_——pm —_— * g * *
0: mg oNNEx=NN+ 3m*g1rNN [ g ZoNN +m*2g oNN
1 m
+‘*—Z["— 3m2+d+5—'—*bi|g"p1v1v*} =0 ) (3. 15)
m m
L genneg onw==0, (3.16)
where
(m*2+m2_ p2) (m*2+m2_ mm*._#2) (m*2+m2_ pZ) (Zm*2+ 2m2+mm*_ 2“2)
a= , b=m*2mm*mi—p2, c= .
2m*2 2m*

We have also made use of the following results. In the s channel
A B =L[A,09424,67, A, =1[4,00— 4,627,

Similar results hold for B;. The N and N* pole terms have isotopic spin projections <3>and (0) respectively for the
0 2
£\ states. The sum rules obtained by equating the coefficients of £, to zero corresponds to the derivative sum
3

2
rule at £=0. We notice that only N* contributes to the sum rules (3.11), (3.14), and (3.16). We, therefore, expect
these sum rules are not as well saturated as others.

From Egs. (3.11), (3.14), and (3.16), we find that either g,yx+=0 or ¢ ,yx+=g" ,wnx=0. The first alternative
leads to g™, nng-vn=gnngxny=0. The second alternative, when used in Egs. (3.9), (3.10), (3.12), (3.13), and
(3.15), leads to inconsistent results. So, we disregard these sum rules.

We now consider the case where m*=m, and p=pu. Then our sum rules become

#2 dm—
0: g, NNE~NN= ——;ngN*{3gpNN*+ " Eg,pNN*"I'g”pNN*:I} s (3.17)
m ™
2 w2
g™ NNExNN= — — BN+ { (2mP4-u?) g, wnst (477’1'2_#2)[2g’pNN*+E‘_2‘g,’pNN*] } , (3.18)
w "

2 u?
9g”‘pNNg1rNN=—;ngN*{ (4m*—u)g,nnst (4m2—#2)|:g'pNN*— 2 g"pNN*:H . (3.19)
m

m2
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2
1 9 NNErNN=—FrNN* { 3g,nn*t
m2

2
g™ NNExNN= ——;ngN*{ Cm2+p2) gon vt @mi+-p2) g oy vt
m

Comparing Egs. (3.18) and (3.19), we obtain

Am2— 2 ,
8 pNN*-

(3.22)

goNN*= —
2m?

In the Appendix we write down the relevant vector
currents of the U(6,6) theory and express them in
suitable forms. From Eq. (A6) we note that Eq. (3.22)
is a result of the U(6,6) theory. To determine whether
our sum rules are completely consistent with the U (6,6)
theory, we will assume the additional U (6,6) relation
g onns=g",wx+ [see Eq. (A6)]. Then Eqs. (3.17)-
(3.19) become

u?
9g°pNNg TNN= —-;g TNN*§pNN*, (3-23)
™
Og™ o NNE+NN=4LrNN+goNN*. (3.24)
These equations lead to the ratio
gmoNn/ 8o o =4m?/p?. (3.25)

In the U(6,6) theory the charge and the magnetic
coupling of pNN vertex is written as

_ 13 _ Vdad .
pNN: g'e,nnU—7Up,i+g'm ynU—7Up,. (3.7')
2m 4m?
Then Egs. (3.23) and (3.24) become
u u
9(g,cpNN+_glmpNN>g7rNN=—ngN*gpNN* (3.26)
4m? m?
(g onnt g o) gy = —8g-nnsgonns. (3.27)
These equations yield the ratio
8mP+p?
gmonn/g onn=— . (3.28)
3u?
From Eq. (A1) we see that the U(6,6) result is
5 2m
gmonn/g Sonn=—=—. (3.29)
3 u

So our ratio of the magnetic to charge coupling for the
pyn vertex differs from that predicted by the U(6,6)
theory. However, it is amusing to note that if we
assume an average mass of 2.4 u for the N and N* (u is
the average mass of p meson and pion), we find that

SUPERCONVERGENT RELATIONS
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Am2—p2

[—g¢ ownwt2g" ownweli s (3.20)

m2

2 L1072 — g s -
Y

(3.21)

the right-hand sides of Egs. (3.28) and (3.29) become
~—16 and = —8, respectively. This is not a very
large discrepancy considering the crudeness of our
approximation.

It is important to notice that the above disagree-
ment with U(6,6) depends ultimately on our use of
Eq. (3.2). As was remarked earlier Eq. (3.2) may not
lead to reliable sum rules. However, we will now show
that Eq. (3.27), which does not depend on Eq. (3.2),
by itself contradicts U (6,6). Using the U (6,6) relations

> a 3.30
gxNN= —g<1—';ﬁ>ng\m*, ( . )
3u
g'onn= —l—g""pNN, (3.31)
we find
, 15 10m u2 330
8onn+/g pNN=§(1“*§;—>(1—Z;n‘;> , (3.32)
while the U (6,6) result (See Appendix)
4m u?
gonnx/g oy = —‘(1—"—> (3.33)
u 4m?

is considerably different.

We now examine the “derivative” sum rules (3.20)
and (3.21). We find that Eq. (3.20) when combined
with Egs. (3.17)-(3.19) forms a consistent set leading
to the full U (6,6) result for the pNN* vertex:

2m?
(3.34)

— — !
A 2gnNN*—g pNN*=Eg pNN*.
M

However, the inclusion of Eq. (3.21) leads to in-
consistent results. For example, comparing Egs. (3.21)
and (3.18), we find g’ ,wx+=—g"’ pnw*, which contradicts
Eq. (3.30). Finally, we note that one of our rejected
sum rules, Eq. (3.11) agrees with (3.30).

IV. CONCLUSIONS

We have seen that certain combinations of the
invariant amplitudes describing =N — pN scattering
satisfy superconvergent relations. By assuming that
these relations are saturated by N and N* intermediate
states, we obtain coupling-constant sum rules of both
the derivative and nonderivative types. Someof the deri-
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vative-type sum rules receive contributions only from
the N* state and yield inconsistent results. We have
rejected these sum rules on the ground that they are not
as well saturated as the sum rules which receive
contributions from both NV and N* states.

In the degenerate mass case (m*=m, p=u) the three
nonderivative-type sum rules are consistent with each
other and are in partial agreement with the U(6,6)
theory. There are two derivative sum rules which
receive contributions from both N and N* states. One
of these [Eq. (3.20)7], when combined with the non-
derivative sum rules improves the agreement with
U(6,6). The other [Eq. (3.21)] leads to a result which
disagrees with U (6,6). Hence these two derivative sum
rules contradict each other. Since there is no a prior:
way of choosing one derivative sum rule over the other
and since derivative sum rules are expected to require
saturation by higher-spin intermediate states, we should
not take Eq. (3.34) [obtained by using Eq. (3.20) too
seriously .

In contrast to Jones and Scadron,® who find super-
convergent sum rules for the process 7N — wN* which
are in full agreement with U(6,6), our results show
partial agreement. It should be noticed that Eq.
(3.22) which is an U(6,6) result depends only on the
superconvergent relations Eqgs. (3.3) and (3.4). The
disagreement with U(6,6) expressed in Eq. (3.28)
depends ultimately on Eq. (3.2), which is a consequence
of our assumption that the intercept of the pion
trajectory is negative. Since the intercept is very close
to the origin, the resulting sum rule may be badly
violated. We have shown however that disagreement
with U(6,6) may be obtained without making use of
Eq. (3.2). We are therefore led to believe that super-
convergent sum rules of this type should not lead in
general to the results of a higher symmetry.
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APPENDIX

In the U(6,6) theory the NN part of the vector
current is

JH(NN)= g{ <1+—#—>(7£iU

2m/  2m

5 2m\ _ r*
——(H——) ——U} , (A1)
3 o 4m?

where

rh=e" P geynys, Wwith €'®=1,

Note that our definition of ¢ differs from that of Ref. 6
by a sign. We have the identity

_px - 1
U—U=Uy*U——Uoc"Uy,. (A2)
2m 2m
Next using
e Mynys= gyt — gy ity
we find
_rH _( M i ]
—U= U[-———'y"— o, U. (A3)
4m? 4m? 2m J

Equation (A2) and (A3) allow us to go back and
forth between the forms (A1) and (3.7).
The N*N part of the vector current is

_ 1 2m ~
JH(N*N)= g—~<1+—> e PqU¢r.  (A4)
2m? 7

Using the identity

E,u,vx)\ —_ {i[guxa.v)\_*_gv)\o.yx_ g'“)‘O'”— gvxo.u)\]

+gwtgu)\_guxgu)\+a.uvax)\},y5’ (As)
we obtain
_ 2m\ _ (4m2—pu?
J“(N*N)=g<1+——)U{ gk
U 2m?
¢ gpe
——yk— ys¥r.  (A6)
m 2m?

In all of the above equations we have omitted the
isotopic spin part of the couplings. They are the same as
chosen in Egs. (3.5)-(3.8).



