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A technique is presented for treating a general type of three-body bound-state problem for situations
where the interaction may be written as the sum of three pair potentials. The method is based on the work
of Eyges and consists of writing the total wave function for the three-body problem in a special form, i.e.,
as the sum of three different parts or “orbitals” defined in a natural way from the integral equation by
using the appropriate symmetrized or antisymmetrized Green’s function. A set of three integral equations
for the three orbitals is derived: first for the situation where each particle is distinguishable, and then for
situations where two or all of the three particles are identical. It is found that, when some of the particles
are identical and the Pauli principle is incorporated into the formulation, the number of independent
orbitals can be reduced. Some simple one-dimensional applications involving é-function pair potentials
are examined. The helium atom is discussed from a three-body point of view in order to illustrate our
general apporach to the above-mentioned set of coupled integral equations. Each orbital is expanded into
a complete set of two-body Sturmian functions for the Coulomb potential. For states in atomic helium
of the form L=0, the equations assume a simplified form. For these states, the infinite set of integral equa-
tions in one variable generated by the expansion is truncated at several orders and solved numerically.
Rapid convergence is demonstrated for low-lying states of the helium-like atoms using this method. In
particular, results are reported for the 151515, 152s'S, and 25251 states of He, Li*, and H™. The technique
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is not based upon a perturbation expansion or a variational principle.

1. INTRODUCTION

T would be impractical to review adequately all of

the literature on the three-body problem here.
However, we will mention the most important papers
which relate to our method for treating the bound-
state three-body problem in a general way. Eyges has
shown the advantages of writing the wavefunction for
the three-body problem as a sum of three parts or
“orbitals” defined in a natural way from the Green’s
function and resulting integral equation.! Faddeev
picked up this idea and wrote a 7' matrix for the
three-body scattering problem which was free from the
difficulties encountered by a Lippmann-Schwinger
approach to the problem.? There have been a number
of other treatments of special three-body scattering
problems in nuclear physics (usually for separable
potentials) either using the Faddeev equations or
working with the ordinary integral equations for
scattering in momentum space.? Rotenberg pointed
out the fact that the Sturmian set for the analogous
two-body problem forms a natural basis for three-body
expansions.* There have also been several attempts to

* Results were presented at American Physical Society Meeting
held in Mexico City, August 29-31, 1966.
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set up a general technique for dealing with three-body,
bound-state problems.®
" The plan of our paper is as follows. In Sec. IT we

derive a set of three coupled integral equations for the

bound-state solutions of three distinguishable particles
interacting with each other through pair potentials.
In Sec. ITI we re-examine the three-body problem when
two or all of the particles become identical and intro-
duce appropriately symmetrized Green’s functions to
take this into account. This gives a generalized set of
coupled integral equations for the three-body problem
where correlation and exchange effects are properly
treated. In Sec. IV we examine the angular-momentum
properties of the wave function when written in this
special form and show how to construct an eigen-
function for any total L and M. We also examine the
parity of these solutions and show that for each set of
quantum numbers for L=1 we have both an even- and
an odd-parity state. In Sec. V we treat several prob-
lems involving §-function potentials in one dimension
which give us some insight into problems of more
general interest. In Sec. VI we discuss the helium-like
atom from a three-body point of view. Here we demon-
strate the general technique for treating the coupled
set of integral equations by applying the method to
this problem. The method consists of an expansion of
each orbital into the Sturmian set for the analogous
two-body problem. The explicit appearance of the pair
potentials may be eliminated and the resulting set of
infinite coupled integral equations is then truncated at
some order and solved by numerical methods. The
energies and wave functions for some states of the
8 W. Zickendraht, Ann. Phys. (N.Y.) 35, 18 (1965).
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form L=0 in the helium-like atom are calculated, and
rapid convergence is demonstrated.

II. FORMULATION OF THE THREE-BODY PROB-
LEM FOR DISTINGUISHABLE PARTICLES

A. Jacobi Coordinates and the Associated Green’s
Functions for the Problem

Three-body problems governed by the following
Hamiltonian are investigated:

H=3 2o + 2 V(| 1—1; ).

= 2m; <5

€

It has been shown by Eyges! that it is convenient to
use Jacobi coordinates in dealing with three-body

where K2=m | E |/#2, vij=mV;/%? and the choice of
m fixes the mass scale. We now imagine a six-dimen-
sional configuration space defined by any one of the
three sets of Jacobi coordinates. Let us represent a
general point in this six-dimensional space by the
vector P so that ¥, in general, will be a function of P.
Each of the three relations embodied in Eq. (2) may
be converted to an integral equation for ¥ of the
following form:
¥(P)=— / P’ ¥ (P (PYG(P—P), (3)
where v, is the total potential and G, the Green’s
function, is the solution to the following differential
equation:

LiiGi= (aijVei BV p2— K*) Gij (15— Tif, e —or')
=—08(rij—r;)0(0r—0x') -

The subscripts on G refer to the Green’s function
expressed in a particular set of Jacobi coordinates.
G may be represented in integral form as

1 exp[ike- (rij—1:) +ixe (oe—or') ]
= — [ [dk )
Gy (2,,)sf dke dx B+ K

4)
Each of the three Green’s functions will have a similar
form, i.e., that of Eq. (4), and the constants a;; and S
may be read off from Eqs. (2). It is easy to show that
all the G’s are identical by considering the proper trans-
formations of the variables of integration k and x.
Since the three Green’s functions are identical, one is
to regard the subscripts as referring to G expressed in a
particular Jacobi frame.

B. The Form of the Wave Function

Eyges has shown that it is advantageous to write
the wave function for a three-body problem as a sum
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problems where all three particles have identical masses.
For the same reasons given by him it is also convenient
to use the full Jacobi coordinates when the three masses
are not equal. The three sets of Jacobi coordinates are
given by

R = (mit-mit;+myty) / (mrl'mj‘l-mk) ’
Ly=1—T1;,  @=—(mxitmt;)/(mitm;),

where the different sets are generated by i, j, and %
assuming the values 1, 2, and 3 in cyclical permutation.
We note, of course, that these representations are not
independent and linear relations between them can be
found. In any one of the three frames the Schrodinger
equation with the center-of-mass motion separated out
is

m

1fm m 1 m
{5 (;I:‘ + ;;"]) Vt,‘,'2+ 5 (m1+m] + "_') VPI:2'— <v€j+vjk+vki)} \I/=K2\I,’

(2)

.

of three “orbitals” when all the particles have the same
mass.! Faddeev has also used a similar form in writing
a T matrix for three-body scattering problems.?

Following Eyges, let us write ¥ as a sum of three
parts where each part, or orbital, is associated with
one term of the three-body potential:

¥ (P) =¢12(P) +¥as(P) +¥a (P), (3)

where the individual orbitals are defined with regard to
each part of the three-body potential

¥s(P)=— [PW ()0 (P) Gy (P—P).  (6)

We may easily verify that the form of ¥(P) given in
Eq. (5) satisfies the differential equation by sub-
stituting Eq. (5) into Eq. (3) and operating on both
sides by L. The Green’s functions in Egs. (6) are each
expressed in terms of the natural variables of the
particular orbital. For example, when i=1 and j=2,
Y1 is the orbital associated with the potential 71, and
G2 would be written as

G12= 1 / K dx exp[zk- (1'12—1'12,) +1:K' (93“93’)]
(2m)* ak?+Bs’+ K2
since the natural variable of vy is Iyo.

C. The General Set of Coupled Equations for
Three Distinguishable Particles

In the first two sections we have introduced the three
sets of Jacobi coordinates as possible representations
of the three-body problem, and also discussed a special
form for ¥(P) which arises naturally when we recast
the differential equation for the three-body problem
into an integral form. We are now in a position to
derive a general set of coupled integral equations which,
if solved analytically, would give the complete solution
to the three-body problem. If Eq. (5) is substituted in
the right-hand side of Egs. (6) and the natural variables
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for each orbital and its associated Green’s function are used, we obtain in mixed notation

Yio(Ta2, 03) = — / f dry'des’ [Yie(rrd, 05') +as(ras’, 01) o (rar’, 02') Joue (1) Gro(re— 110/, 0s—es’),  (7a)
\[/23(1'23, o) =— / / drys'dey [l//m(flz', 03') e (e, @1) +ar (1, 92’) ]vzs(l'za/) Gos(Ts—1o3', 1—01), (7b)

Ya(ra, 02) = — / / drsi'dey [Ya(11, 03) +as(re’, o) +¥s (1, 02)) Jos(r31”) Gar(rs1—131, g2—07'). (7¢)

The constants a;; and B occurring in the G;; may be written down by inspection from Egs. (2) as
1/m m 1/m m 1/m m
B 1 T 1 )
2\m  me 2\ms  ms 2\m1 = mg

1 m m 1 m m 1 m m
B= 5 (’m1+7n2 + ;It—s> ’ A= E (mz-l—m;; + 7_’;1) ’ Br= 5 (m1+m3 + 77;2) )

Several remarks are in order about Egs. (7a), (7b), and (7c). They are a coupled set of three integral equations
where each orbital is coupled to itself and the other two. We also observed that, in each equation, the natural
coordinates of the two-body potential are used. For example, in Eq. (7a), the terms inside the brackets on the
right-hand side are evaluated in terms of the Jacobi coordinates 11’ and g;'. In other words, when it comes to
simplifying the right-hand side of Eq. (7a), the orbitals y»; and ys: are written as functions of 13’ and g;’ by using
the relationships between the different Jacobi coordinate systems

my mims ms3
Lod 7 — — T1o — 0 1— Iy — ———— o/
Va(r's o) =¥ { mtmy % ’[ (ma+ms) (m;—i—mz)] 2 atmy 93} ’

e Mzt s
rl I= —_ rl U _l]rl______ /}.
Ya(rst, 02) =y { . +o04/, [(ml-{—ma) T 9

A similar procedure is used when we evaluate the right-hand sides of Egs. (7b) and (7c). An advantageous way
to simplify the set of integral equations, where some of the functions appear evaluated at transformed arguments,
is to work with the Fourier transforms of the orbitals and re-express the three-body problem in a six-dimensional
momentum space. Accordingly, we define the Fourier transform pair for each orbital by the standard relations

1 . .
Yii(Tij, or) = ¢ [ / dkdx ¢:;(k, x) exp(ik-ri+ix- o),
1 . .
¢ii(k, x)= @ f driidow ii(Tij, ox) exp(—ik-1;—ix- o).

We are now able to Fourier-transform the set of three coupled equations in coordinate space to an analogous
set of three coupled equations for the “momentum orbitals” in momentum space. If the integral representations
of the appropriate Green’s functions and the Fourier transforms of the coordinate orbitals are substituted in the
right-hand side of Egs. (7a), (7b), and (7c), and the whole set is then Fourier-transformed, we will obtain equa-
tions for the momentum orbitals on the left-hand side in terms of an eightfold integration on the right-hand side.
Upon simplification the resulting equations are

i, ) =~ (2) ab-+00+-K2) T [ drad a1 ()

X {¢12(k/; k) expily’+ (K'—K) +¢o (— " K, k'— mytms x) expinz’-[k’-—k__ (M2+7n3 o m )x]

mgt+ms m3 ms my+m

+¢31( s k' k'— mtmg
my+ms mg

‘K) expil'm"[—k'—-k—}— (M1+m3 _ ma K]} ,

ms m+ (82)
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¢23(k, K) = —[(2#)3(0(23k2+61K2+K2) :l_l//drzsldk, 1123(1'23’)

m
m+ms

X {¢23(k’, ) expitay’- (k' —k) ¢ (—

M myt+mo
b
ma—+ms m

+ e (

K, k— kg x) expirgs’-[k’——k— (ml+m3 .

‘K) expir23’-[—k’—k+ (

w1 m2+mg> K]

my

m1t+me ms

m m2+ma> K]} ’

(8b)

ok, ) = — [ (2) b9+ K T [ et e a(r)

ma

s

% {¢31(k', ) expita (B~ )+~

ma
+ s (m2 e

Equations (8a), (8b), and (8c) are the basic set of
coupled integral equations for three distinguishable
particles interacting with each other by two-body forces.

III. GENERALIZATION TO INCLUDE
IDENTICAL PARTICLES

A. Two Identical Fermions and One Different Particle

Now we wish to discuss the problem of two identical
fermions and a third particle which is different. The
Jacobi coordinates satisfy the following relations upon
exchange of the two identical particles:

R—R,
Ip—— 1Ty, To3— — I, Iy——1Is,
0501, 0r—>03, 002

Since we have chosen particles one and three as the
identical pair, we may write the three-body potential as

=01 (f12) +01(—125) +22(131),, 9)

where v, must be an even function of its argument. We
note that no restriction need be placed on the form of
v, which is the pair potential between the second
particle and either one of the two identical particles.
The Hamiltonian operators defined from Egs. (2)
and the L operators corresponding to the differential
equations for the Green’s functions expressed in each
Jacobi frame, have the following properties upon ex-

kl’ kl_ M ‘IC) expil‘d-[k'-k—— <M1+M2 _ ms

K, k- (%‘l‘ms) x) expil‘sll'[—k"‘
me

My ﬂu-l-ms) KJ

ma

ma+m; mi

s m1+ma> “]} '

change of the two identical particles:
le'—>H23, H23">H12, H31—>H31,
Liy—Ly, Lyy—Ly, Ls—Ls.

Here, the subscripts refer to the operators expressed in
a particular set of coordinates. All of the H’s and all
of the L’s are, of course, identical.

Rather than satisfy the Pauli principle by explicitly
symmetrizing the wave function, we choose to work
with a symmetrized and antisymmetrized Green’s func-
tion. The symmetrized Green’s function in the Jacobi
frame defined by (11, g;) satisfies

(a12V1-122—|-B3V,,32 —-K 2) G54
= —3[8(r—11")6(03—0s") 6 ( —ras—11") 6 (01— ') ].

Similar relations hold for G expressed in the other two
Jacobi frames. It is easy to show that there is only one
GS and one G4 for the problem. In the Jacobi frame
(112, g3) the two functions are

k4 ( (8¢)

Gr¥ 4 =3Gu(re—r1, g3—0s')

£3Gu(—Is—1, o—e), (10)
where the Gy, is the previous unsymmetrized Green’s
function given by Eq. (4). Again, similar relations
hold for G expressed in the other two center-of-mass

frames. We may now write three new equations for the
orbitals in terms of the symmetrized Green’s functions:

V12(T1e, 03) = — / / dry'dos {Yre(11e, 05) +as(ras’, o) +¥m(1sr, 02') }

Xo1(r1) [3Gre(re—11, gs— o) £3Gu(—Ts—11, —pes) ], (11a)
Yas(Tas, 01) = — _/ / drys'doy {Yia(ree, 05") Hes(r2s’, o) Hom(rad', 02) 1}
Xo1(—To') [3Gos(Tos—1o5, o1— 1) £3Gos(—Te—1o5', gs—p1') ], (11b)

¥ai(Ts, @2) = — _/ / dry/'dey {Ya(11d, 03) Has(tas’, )+ (st 00) }

Xva(rsr) [3Ga(rs1—131, 02— @) £3Gs1(—ta—131', ga—02') 1. (11c)
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In Eq. (11a) we make the coordinate transformation 11— —ry’; g5’ to obtain

Yoo, 03) = — / / dty'dey (Yo — 125, 01) Fes(—11d, 08') Far(—131, 02) }

Xy (—15") [3Gra(riet12, 05— 1) £3Gre(—Tas+12, 01— 1) .

The symmetrized Green’s function now requires that each orbital be either symmetric or antisymmetric upon
exchange of the two identical particles. Therefore, we have

Y12(Tya, 03) = — / / dry'ded (£) {Y1e(11d’, 03") +es(red, 91’) P (rs, 92')}

Xoi(—1%") [3Gu(re+1, 0s—01) £3Gu( —1u+12, p1—er') ]
Invoking the property that the G;; depend only on the magnitude of their arguments gives

Yo —Tm, 01) = — () f / dl’zs'd@l'{tlfm(flz', 03) +¢23(1'23', o) Hai(ral, 02) }

X (—12") [3Gu(ta—1y', o1—01') £5G(—Te—1/, gs—o1') .
Since my=m; we note that the form of Gy, is identical with that of Gz Comparing the above equation to Eq.

(11b), we see that
Y1a( —To3, 01) =3T3, 01) .

This relation, together with the fact that each orbital is itself either symmetric or antisymmetric upon exchange
of the identical particles allows us to write the space part of the total wave function as

US4 =100 (Lo, 03) +12"(T23, 01) s (T, 02), (12)

where the superscript ¢ means an even function of the r;; argument and corresponds to the symmetric solution
(¥5) and the superscript 0 means an odd function of the r;; argument and corresponds to the antisymmetric
solution (¥4). The even and odd orbitals are now given by the following coupled equations:

YT, 03) =— / f dry'des’ {¥1°°(11e, 08') H¥n*o(ras', 01) +eo (151, 02) Jua (1) Gro(tre— 112, 03—gs'), (13a)

a0 (Lo, g2) = — f / drsi'dey {Ya>(1re', @4) +¥n®° (1, @) Hut (13, 02') Joa(re) Gaa(t— 131, @2—2'), (13b)

where we define y1°°=y1.*° and y»*°=ys*°. The G;; here are the unsymmetrized functions given by Eq. (4).
Equations (13a) and (13b) include all effects due to correlation and exchange which are often treated approxi-
mately by perturbation theory or by variational techniques. For example, the 1s2s states of the helium atom
divide into two classes. One has a symmetric space part and the other antisymmetric with a different energy.

In momentum space we may write Egs. (13a) and (13b) as

&o(k, x) = —[(27) 3 (cuok®+Bsx*+K?) ]‘1/ dk'dr v (r) {pro(K, ) expir- (k'—k)
+¢1#o(—bk’, k'— (x/b) ) expir-[k'—k— (b71—b) x ]+¢o"°(3k', k' —2x) expir-[—k'—k+(2—a)x]}, (14a)
¢k, x) = —[(27)3(ask? B+ K?) ] / dk'dr vy(r) {¢pe*(K', %) expir- (k'—k)

+ér(ak, & — (x/a) ) expir- [~ k'~ K+ (a7~ }) x]+er0*(—ak', K'— (x/a) ) expir- [k —k— (a-—3)x]}.
(14b)

The constants appearing in these equations are given by  pair of particles, i.e.,
an=}a,  Bo=3(1+Y), an=1, f=H(a?=}),  F(L2I=V(13,2)=¥(1,3)=v(3,21).
F h i
o= M/ (M), b=m/(mtI). or an exchange of particles one and two,

q Tpe>—TIy, T31¢—>—Ty3,
H h =mg=1m.a =M.
ere, we have set my=mz=m. and me=M 00, or01;
B. Three Identical Spinless Particles and for an exchange of particles two and three,
For the case of three identical bosons the total wave Ig>—Ios, T —Iy,

function must be symmetric under an exchange of any - 0101, 05602
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Using arguments similar to those of Sec. IIT A we may show that ¢12=¢=¢z. Thus we have

¢ (k, x) = —[(27r)3(k2+%K2+K2)]‘1ffdrdk' o(1) {¢* (K, ) expir- (K'—K)

We have used the fact that when all the masses become
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+¢oo(3K/, k' —2x) expire (—k'—k+43x) +¢>°(—3K', k'—2x) expir- (kK'—k—3«)}. (15)
vectors may be written as

i (K, %) = 2 anin(x) S () Y"(),  (16)

equal:
1= 03 =031 =~ 1,

Bs=Pr=PB=1%.

Equation (15) is the same as the one derived by
Eyges! whose starting point was a three-body system
of particles with the same mass.

IV. ANGULAR MOMENTUM AND PARITY
CONSIDERATIONS

A. Angular Momentum and the General
Expansion for ¢;;

The general expression for the angular momentum
operator for three particles of arbitrary mass in a
Cartesian coordinate system is L= (L,, Ly, L.), where

3 4 ]
L, mg_‘;l <y,. P Zn ay,.) .
The other two components of L are given by cyclical
permutations of x, y, and z. It can be shown that the
expression for the angular-momentum operator for
three particles of different mass in each Jacobi frame
is given by L= (L,, L,, L.), where

d d

L,=—1# {R R,—
zﬁ{ 3R,

Ua-i'—

J d 0 i}
Fyi;— =i — o — — z“"}
i 0z Oy Py Oprz P Opry

and where the components of R, r;;, and g; are given by

R=(R;, Ry, R.), Tij=(%ij, Yisy 5i5) s 0= (Phsy Prys Piz) -
Similar expressions hold for L, and L,. We note that
the form of L is the same in each Jacobi frame and is
also the same as L expressed in Cartesian coordinates.
If we require that ¥(r;, gx) is an eigenstate of both
the total angular momentum and the total Z component
of angular momentum, we may then deduce that each
orbital is also an eigenstate of L and M. Let L. denote
L expressed in a particular Jacobi frame, then L=
Lji=Ly. Since the most general form of the total
wave function is that given by Eq. (5), we may write

LV =Lijbs; (Tij, 0x) +LieiWin Ty 06) +Lailrs(Tri, 05) -

We see that for particles of arbitrary mass each orbital
must be an eigenstate of L and M.
The most general expansion for a function of two

nlm

where Sn.m(k) form a complete set of functions and
the coefficients @um(x) are unknown functions of the
vector . If we impose the condition that each orbital
must be an eigenstate of L and M, then

di M (K, %) =D, rar fr () Smi(k)

nll/

XZ,CW(L, M, m, m") Yo' (Q) Yim(Q), (17)
where Cu (L, M, m, m’) is the Clebsch—Gordan co-
efficient. This is the most general expansion for an
arbitrary orbital where the fi"!(x) are regarded as
unknown functions of k. For L=0 and M =0 the
Clebsch-Gordan coefficients vanish for /54! and for
m#~—m'. The remaining coefficients are just (—1)™.
For these states we have

¢ii(k, x) = El:('—l)’"fnz(lf) Sa(B) Yim(Q) Vim ().
For these ¥;»(Q),

yim*(Q) = (—=1)"Yi™(Q),
we obtain

¢i;(k, ®) = ;fnz(x) Sut(R) Vi () Yim() . (18)

Or, in more compact notation,

¢ij(k; K) = ;fnlm*(x) Snin(K).

B. Parity Considerations

Under a parity transformation all the coordinates
are inverted through the origin. In Cartesian coordi-
nates this transformation for three particles is

I——I, Is— —1Xy, Iy—>—1I;.

In each of our Jacobi coordinate frames the parity
transformation is written as

R——R,

Now we wish to examine the properties of our solutions
under this transformation.

For solutions with L=0 we see that, for two identical
particles and a third different particle, the equations
for the orbitals divide into two classes. They are the
symmetric space solutions where the ¢;;(k, x) are even
in k and the antisymmetric space solutions where the
¢.i(Kk, x) are odd in k. Since these solutions are ex-
panded into complete sets with terms containing

Iyj——1, 0k — Ok-
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Y (Q) Y*(Q), they will have the parity of (—1)%
and will always be even.

For the most general situation, where L0 and the
individual orbitals are expanded by Eq. (17), we see
that each term in the ¢ will contain factors like
Y (Q) V() and will have the parity (—1)H7.
Since ! and ! may assume all integral values, the
parity of each term in the expansion may be either
even or odd. The parity operator P commutes with the
Hamiltonian; therefore we may require that each
eigenstate be constructed with a definite parity. For
states where L0 we may have eigenstates with either
even or odd parity. For example, for L=1 we know
from the addition of angular momenta that

|1—1 | SLSIHY

and we may form L=1 with terms like I=1, I'=1;
I=2, I'=2; etc. or with terms like /=1, /'=0; [=0,
I'=1; I=2, I'=1; I=1, I'=2; etc. The first set will
form an orbital with even parity and the second set
will give an orbital with odd parity. The complete set
of commuting operators is then H, L, M, P, O, Og, S,
and Mg, where S and Mg are included separately in
nonrelativistic mechanics as the spin parts. The opera-
tors O and Og are the space-exchange and the spin-
exchange operators. OQur set of eigenvectors may be
written as

| ELMPOOsSMs)=¥gruro(tsj, o) | SMs),

where it is understood that the antisymmetric combina-

S © © ,
# )= G [_ ) f_ ¥ dn3(a)

He-LIKE ATOM

75

tion of the space part and the spin part is taken. The
total space part of the wave function is

Yeruro(Tsj, ok)

=vyisLmro (Tijy on) FVinersuro (Tik, 0:) F¥kiraro(Triy 05)-

V. SOME ONE-DIMENSIONAL APPLICATIONS
INVOLVING DELTA-FUNCTION POTENTIALS

In Sec. III we have seen how identical particles can
be treated in this formulation of the three-body
problem. In Sec. IV we found that each orbital must
have the same angular momentum properties as the
total wave function. The general equations for distin-
guishable particles simplify to Egs. (14a) and (14b)
for two identical particles, and to Eq. (15) for three
identical particles. Now we wish to examine some
artificial one-dimensional problems in order to gain
insight into problems of more general interest.

We first consider the ground state of three identical
spinless particles which attract each other with one-
dimensional §-function potentials. The total potential is

vp= —.S8(x1—x2) — S8 (wa—23) —S8(x3—x1),

where .S is the strength of the § function. This problem
was studied by McGuire® using ray-tracing techniques
and by Eyges! working with Eq. (15). For complete-
ness, we wish to summarize Eyges’s results. The ground
state of this system is represented by the one-dimen-
sional analog of Eq. (15):

X{¢¢(%, ) expix(k'—k)+o¢°(5k', k' —2«) [expia(k’' —k—35k) + expix(—k' —k+3«)]}.

Performing the integral on x and dropping the superscript e gives

S
(2m) (B+-1+K?)

o (k, k) =

7w tow, 020G, ¥ =20},

We note that the right-hand side is only a function of « and so we make the following substitution:

o (k, k) =g(x) /(F+i+K?).

The resulting integral equation for g() is

g(k')

[t g =S
89 2Getrey] T 7 ) Hera iR

If we substitute

g(k) =1/(k*+a’)

the integral on &' may be done by extending the integration to the complex plane. This satisfies the above integral
equation for g(x) if a=K=.5. The exact total wave function in momentum space (unnormalized) may then be

written as

Bk, 1) =4 (, 1) +(— 31, —E—1e) +o(—bh—1x, k1),
B(k, ¥) = (B K2 (B K[ (30 KT L (b= 40 KT,

6 J. B. McGuire, J. Math. Phys. 5, 622 (1963).
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TasrLE I. One-dimensional §-function potentials (s =m;<Kmy).

Potential (v;) Energy (—K?2) g1(x) approx. g2(x) approx.
—8(212) — 8 (xe3) — 8 (ws1) —1.66440.002 +2.25/(x242.25)+0.05 +0.680[5.05/ («k2+5.05) ]+£0.05
— 8 (212) — 8 (2x23) +6 (w31) —0.648+0.001 +0.55/ («2+0.55) £0.05 —0.310[2.80/ (x2+2.80) J=0.05
— 8 (212) — 8 (v25) +36 (war) —0.78940.001 +0.575/(k2+0.575)£0.05 © —0.200[3.35/(x243.35) ]4=0.05

In coordinate space we may also show that the total unnormalized wave function is
W (212, y5) = exp{ —3K[| w2 | + | 3wtys | + | 3on—ys |1},
W (1, %, %) = exp{ —3K[| m—a2 | + | 22— | + [ ws—a1 [}

We now turn to a more general case where two of the particles are identical and the third particle is different.
We may also imagine that two identical particles (one and three) repel each other as long as the total system
remains bound. Therefore, we consider a one-dimensional, three-body problem where the potential is given by

V= —515(901—962) —515(962—%3) :FSga(xs—xl),

where we may consider either an attractive or repulsive interaction between particles one and three. The motive
for studying an artificial three-body problem like this is to learn about the effect of a repulsive part of the total
potential on the total solution, provided that the system remains bound. Substituting these two types of poten-
tials into the one-dimensional analogs of Egs. (14a) and (14b) and performing the integrations over the §-function
potentials we obtain

_ S ® ’ 1L B 15 B
d’l(k) K)"" (211_) (a12k2+B3K2+K2) _/:_mdk {¢1(k ) K) +¢1( bk ) k "/b) +¢2(2k ) k ZK) };
£S5, Ty ’ ;o b Bl
¢a(k, ") = (27!') (kB K2) /_wdk {¢’2(k ’ ")+¢1(dk R "/a) +¢1( ak', k "/a) }

Making the following substitutions for ¢; and ¢,:
o1k, k) =gi(k) /(ak®+Bu®+K2),  ¢a(k, k) =ga(k) / (aark®+Ba*+K?),

and simplifying the resulting equations for gi(x) and gs(x) gives

o 7 (= (y) £(y) }
8:(x) [sl (a1263K2+a12K2)”2] =["as {alz(by+x)2+ﬁsy2+K2 anCy b0y i] 0 (1%

T ” (" a(y)
ga(x) [i S z(aslﬁ2f<2+a311<2)m] “[_mdy an(ayt+ ) B+ K2 (19b)

An exact solution for this set of coupled integral and Egs. (19a) and (19b) become
equations for gi(x) and ga(x) would solve the problem o o

of two identical particles and a third particle interacting  gi(«) [—— - ——2——2—1/—2]
through é-function pair potentials. At present, we have S1 (@+2K?)
not been able to find exact solutions to Egs. (19a) and ™ a(y) 2(9)
(19b). We have been able to solve them on the IBM = f { TSl n R 2} ,
7044 computer and obtain an approximate eigenvalue —o ~ 3K (Gy+) iy +HK

and eigenvector for the ground state of the system. - T
We are particularly interested in examining the numeri- ~ ga(«) [i — - _z———?ﬂé]
cal solutions when the masses of the two identical Sy (k+4K?)
particles are much smaller than the mass of the third -
X &(y)
particle. In that case Y1 1 .
) o R
a—1, -0,

We found one eigenvalue and the associated eigen-
ap—t, Bi=1, an=1, B=1, function representing the ground state of the system
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for each of several combinations of values for .S; and S,.
The results for the ground-state energy and approxi-
mate functions for g1(x) and go(«) are shown in Table I.
The approximate functions for gi(x) and g(x) in
Table I are included only to give the reader a feeling
for the numerical results. In order to obtain more
accurate functions, more complicated terms would have
to be included in a curve-fitting procedure. The machine
results for gi(x) and g(x) are plotted in Figs. 1(a),
1(b), and 1(c) and have about the same accuracy as
the computed values for the energy listed in Table I.
Since gi(x) and gz(«) are even functions, only the values
for positive x are shown. We may write the total
unnormalized wave function in momentum space by
recalling that

q)(k, K) == (21)‘1[/dx12dy3 ‘I’(xlz, yg) exp(ikxlz—l—i:cya) .

Substituting the orbitals in coordinate space for
W (21, v3) and transforming to the appropriate Jacobi
frame for each term of the integral gives

®(k, «) = / / Y1(%1s, 3) exp (thasgtixys) dxrndys
+ f f Y1 (a3, 1) explikyr+in(—w2) Jdwmdy

+ / / Ya(wa1, ) explik(—3xs—y2) +ix(3xa—y2) Jdwadye,

B(k, k) =¢1(k, k) +d1(—k, k) +da( —3k+3x, —k—x).
For this problem the orbitals are given by

d1(k, ) =g (x) / (3H*+3+K?)

b2(k, &) =ga(x) / (B*+12+K?).

Several comments are in order about these results.
We recall that when all three particles are identical and
interact through attractive §-function potentials the
exact energy of the ground state was —K?= —S§?=—1,
We see that when two of the particles are identical and
much lighter than the third, the binding energy in-
creases. We also find that if the light pair of particles
repel one another the binding energy decreases from
that of the previous case as expected. Another feature
which appears is a negative sign in the second term of
the total wave function for the orbital representing the
repulsive pair of particles. In addition, a decrease in
the relative strength of the repulsive interaction is seen
to increase the binding energy as expected.

VI. THE HELIUM-LIKE ATOM

A. Formulation for States of the Form L=0

In previous sections we have seen how the three-body
problem for particles of arbitrary mass may be formu-
lated in momentum space. We also have shown how to
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AMPLITUDE

0 1 I L | 1 1 1 | L 1
05 1O L5 20 25 30 35 40 45 50
WAVENUMBER (k)

(a)

AMPLITUDE

-0.2 - gz(k)
-0.4 & L o
05 10 1.5 20 05 30 35 4.0 45 5.0
WAVENUMBER (k)
(b)

AMPLITUDE
o o
» o

o
~

» 0 w
-0.2 qék)

-0.4 L

05 1.0 L5 20 -25 30 35 40 4.5 50

WAVENUMBER (k)
(0

F1c. 1. (a) The functions g and g, for vy= —5 (%) — 5 (5) —
8(xy) and mu=meKmz; (b) the functions g and g for v,=
—38(%12) —8(wm) +8(wn) and mu=myKmy; (c) the functions g
and g; for v,= —& (%12) —8 (%es) +35 (wa1) and 70 =mzKma.

deal with situations where some or all of the particles
are identical and obey either Fermi-Dirac or Einstein—
Bose statistics. We have examined the angular momen-
tum and parity properties of these solutions and seen
how to expand the orbitals for states of arbitrary L
and M. Now we turn to a realistic problem and demon-
strate our general method by treating the ground state
and some excited states of the helium-like atom. From
our discussion in Sec. IIT and IV we note that solutions
to Egs. (14a) and (14b) are divided into two
classes for states of the form L=0. In our derivation
we will carry both the even and odd 7 so that both
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solutions to these equations can be examined. For
states of this type, we may expand the two orbitals
o1(k, x) and ¢o(k, x) in the following way, where the
sum on / is restricted to either both even / or both odd I:

¢1<k, K) = ;fnla('() ym* (Qx) Snla(k) Ylm(ﬂk) ’ (203')
po(k, x) = Zl:fntﬁ (0) ¥ (Qe) Sn (k) Yi"(Q) . (20b)

The total potential for the helium atom is

v¢=Slu(r1—r2) +S1u(r2—r3) +Szu(r3—'r1),

159

where
S1=2¢m,/ 12,
S2= —e2me/ﬁ2,

We note that the third term in the potential is the
electron-electron repulsion and is positive. The func-
tions S.#(k) and S,# (k) will be chosen as the Sturmian
set of strength o? and $? for the analogous two-body
problem. Some of the properties of the Sturmian set
for the Coulomb potential are discussed in Appendix A.
Substituting the expansion (20a) in Eq. (14a) and
rearranging slightly gives

u(ri—rj) = -—1/1 I;—r; I

—S1 3,7 73
2 (27,.)3//dkdr”(r)
XU futn® (1) S (&) expirs (K — k) -+ 3 fun* (' —2%) Suinl (BI) expir-[— ' — k- (2—a) ]

(a1k2+[5‘1K2+K2) anlma*(K) Snlma(k) =

nlm

nim

D frtm®* (B —%/) Spim®(—bK') expir-[k'—k— (1/0—b)x]}.

nlm

Here, we have written the expansion of ¢1(k, k) in more compact notation. For the second integral equation we

may also write

l (2_75: f f P& u(r)
XA finf* (5) SutnB () expit (K =)+ 3 fum (K —1/a) Saim®( —ak’) expir-[k'—k—(a=1—3)«]

(a2k2+62K2+K2) anlmﬁ* (K) Snlmﬁ(k) =

nlm nlm

+ D fum®* (K —x/a) Suim*(ak’) expir-[—k'—k+(a'—3)x]}.

nlm

We may now multiply the first equation by Supm* (k) V™ (Q), the second by Surim#* (k) V™ (Q), and inte-

grate with respect to k to obtain

2 favrme ™ (€) Vo™ () [(BM—}-K?) / dk k2 S () Suv®(k

—_ _Sl
 (2m)®

)bos [k B0 &.w(k)]

f ¥ {ff &hdr w(£) Swim* (k) Yz,m'<szx>t>l:fuma*<u> Sam?(K') expir- (k' —k)

+ D farnf* (K —2%) Suinf (3K') expirs (—k'—k+(2—a)x)
nlm

+§l: Fatm® (K —%/b) Spim®(—bK’) expir+ (k' —k— (b“——b)x)]} .

For the second equation we have

anl'm’ﬁ* (K) Yzlm, (9,‘) [(ﬂgl{z—'-KZ) /dk k2SﬂIVﬁ(k) Snllﬁ(k) +0[2 (lk k4S,.rz/ﬁ(k) S,.zlﬂ(k)]

p— —SZ
T (2m)3

J# {f/ BBy (5) S v (B) Ve Q)L fata* (x) Sin? (K') expir- (k' — )

+ D fom® (&' —%/a) Suin®(—ak’) expir- (k'—k—(a71—3%)x)

nlm

+Zl:f»zm“*(k'—u/a) Snim®(ak’) expire (—k’'—k-+ (a“-—-%)u)]} .
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From our discussion in Appendix A we see that the Sturmian set in momentum space obeys the following double
integral equation:
— 20\,

Sunt*(K) = s f f Frr 1(x) Sun (k) expir- (K —k),

where o is the two-body energy, or strength, of the set and the {\,} are just the positive integers. We may also
write

—2a\,
(2m) (=K' +(2—a)x)*+a”]

Using this property of the Sturmian set, we may eliminate the integration over the potential on the right-hand
side of each of the two equations. This gives

Z fnl’m'u* (“) Yl’m, (Qx) [(BIK2+K2) €n'l"nl’e"'*‘0‘1’)’11,’l’nl'a]

Sun™ (— X/ +(2—0)x)= [ty () Sume* (1) expir- (—K+(2—a)x—K).

Swrvrm ™ (K')

nlm 20\

k’2 a2
=i [@¥ 77 (@) {Zf..m«*w) Sume() L)

(—K'+(2—0)x)+a?

+ 2 Famf* (I —=2%) Suinf (3K') [ ] Snrm* (—k'+(2—a)x)

nlm 20{)\"'
kl__ b1—p 2 2 .
3 i (0 /) () [ I = iy
nlm n’
and for the second equation
2 Farm® (1) Yo' (D) [ (Ber®+K?) enrvrmrP+-cymr ]
k’2 2
=S| &% V™ (Q) {Efnzm‘**(K) Snim?* (K') ( 25-:\_6) Snrrm?(K')
nlm n'

+Efnlma*(k,_'</a’) Sﬂlma( ——dk’)

nlm

[(k’--(l/a—%)rc)hl—ﬁ2

1yt PE ! — —1
AN St = (1/a=B0)

+ 2 fam®™* (K’ —x/a) Suim*(ak’) SnrrmP* (=K' +(1/a—3%) x)} .

nlm

[(-—k’-i-(l/a—%)k)z-!-ﬂz]
28\ar

The following constants have been defined:

- f 0k BSyr = (B) S (R);  YwimpP= / dk FASy =B (k) SurB (k).

These integrals are all trivial and may be easily computed. Utilizing the orthogonality relation in momentum
space derived in Appendix A gives

Z fnl’m'a* (K) I’l’m, (Qx) [(61K2+K2) en’l'nl’a'l'al'Yn’l'nl’a“'% ( SlOt) an»']

25)\1 . / & Vo™ () { 22 fuin™ (K —25) Suin® K [(K'— (2= ) k) +02](—1) ¥ Snrirm* (K — (2—a) &)

nlm

+§l:fnlma*(k’_“/ 8) (—1)"Snim*(0k") [ (&' — (1/6—) %)*+0*1Sn m* (K — (1/6—0) x)}.

The second equation for_the electron—electron orbital is

S:
5 fre (9 Ve @)L+ K et Fasrif =3 (S8)bmr] = 2= [ Vi (@)

28
X{ in:;[(—l) (= 1)V Ifum™* (K —x/a) Suin* (oK) [ (K" = (1/6—3) k)*+4*]Sprvrm™ (&' — (1/a—%) )}
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The quantity (—1)¥ may be factored out since ! and I’ are either both even or both odd. Making the appropriate
transformation of variables on the right-hand side of these two equations leads to a more simplified result:

Z fnl’m'a* (K) I/l'm’ (Qx) [(ﬂle'l—KZ) en'l’nl’a_l_al’Yn’l’nl’a_% (Sla) 67;'1:.]

(1)1 [ 7 (9 [ funf® (3) Suaal (359 [ (X080 +0 ]S (x4 0x)

2(1)\1.' nlm
D7 Faim® (%) Snim® (bx+%) [ (X+b%) 2402 Snr1rmr®™ (x+0%) } .
nlm

For the second equation

2 fnl’m'ﬂ* (K) Yl’m’ (Qx) [(ﬂ2K2+K2) fn’l’nl'ﬁ+a27n'l’nl’ﬁ—”SZBan n:l

_/ & Vo () { 2 form™ (%) Swm® (ax+3) [ (x+3%) 6] Swim ™ (x+310) §

nlm

These two equations are a set of coupled integral equations, where the two different kinds of particles have arbi-
trary masses. The equations simplify if we let the mass ratio of the electron to the nucleus go to zero. The error
introduced by this approximation is of the order of 1 part in 8000 for the helium atom. There is really no loss of
generality in doing this since the equations are still tractable if this approximation is not made. However, it does
simplify the computational aspects of the problem. In this limit the constants appearing in these equations are

al_)%: 51‘_)%7 Qo= 1; :32_’i1 Il—)l, —0.
Substituting, we obtain

anl’m'a*(K) I/vl’ml (Qx) [(%KZ_I_Kz) Gn'l’nl’a_l_%‘Yn’l’nl'a——(Sla) 671 n]

zax (- 1>"/ st Efmﬂ*<x>snzmﬂ<2x+«>[<x+«>2+a2]S e (X )

+ Z fnlma* (X) Snlma(“) (x2+a2) S 1™ (X) } .

nlm

For the second equation

> farm* () Vi () [ (G634K?) enrvmt? +¥nrvrar® —5 (S28) 6nrn ]

_ 1S
B)\n'

(=¥ / Fx¥ e (%) { lzfnzm“*(X) Suim®(X+%) [(x+31) 2+ Snrvm P (x+3%) }.

Now we may sum both sides of these two equations on =’ and integrate with respect to &:

D Far(0) [(K24-362) €nrmv 3 ®—5 (S10t) nrn ]

n,m’

20{)\"' (-1) l’fdx x2//d9 A { D fur(®) S (x) Vi Q) Vim () (22402) Surv() Vo * () Yo' ()

n tmm/

+ 22 falf (@) Saf (] 3212 ) Y (Qx) Vi (@) [(x+1) 24021 Snr*(| 23 ) Vo™ (Qug) Vo' (R -

nlmm/

For the second equation we also obtain
+S: ‘
anz'”(lc) LK 562 enrvrmiP Yo vrnrP — 5 (S98) bune ] = —2 (1) l’fdx ﬁ/fd&zxdg,‘

X{ 20 fuit (@) Su(| X% |) Vi (2 )ylm(ﬂx+x)|:(x+2“)2+ﬁ2]s (| x5 DV (Qpnd Yo' (Q) §.

nlmm
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The additional theorem for spherical harmonics is
4 2141
20 V(@) Vim(Q) = —4 Dileosy),
m=—1

where v is the angle between the directions Q; and Q. Using this theorem and the fact that the cosine of the angle
between any two vectors A and B is A«B/| A | | B |, we may simplify our equations to give

222U 4+1) far(6) (K243 enrvrnr ™ +3Vnrvmi*—3 (S1t) Sura ]

(2+1) l+1) (21’+ )

Py(cosy) —— Py (cosy)

= i (0 e [ 000 {2 o2 ) 5+ ) 02

1 1 2 +1
+ 2 @ S8 brbw DL G el e ) 2D p ( ) e e ()

4 | 3x+x | 4 | x4+ |
For the second equation

S
22U +1) furP () [ (K222 enrvrarP+Vnrvmr P — 3 (S28) bwn] =+ EX“‘Z' (——1)”fdx ﬁ/fdﬂxdﬂx

5 {Zlfnl"‘(x) Sut(| x4 [ (x38)*H6]Suv?(| x-+3x | (2l+1) P, (x+x cosv) (2U41) P, (x cos'y+7x)}

| x+x | 4 | x+3x% |
We may now choose the z axis to be along the vector x and do some of the integrals over the angles to obtain

S
2 fr (1) [(K 3 enrvar®+ 3 nvar®—3 (S10) 8w )= 4a>\1

0 1
X / dx 22 {ZZf,,,,a(x) Sar®(k) (224a2) Sprv®(®) + | dz 2, fuif (%) Snif[ (a2 2 +wxz) V2| [ a2+ k24 2akz-+0?]
0 n -1 =l

1xt-kz k+xz

For the second equation we have

Z fnl'ﬂ(") [(K2+4 KZ) en’l'nl’ﬁ"l"Yn’l'nl’ (523) 8n’n]

(=¥ f dx «? dzz Jui (%) Spi (224k24-22x2) V2| 02 4§ > +-akz4-57]

-1 nl

2/3),.,

1
XSn'l'ﬁ[(xz-l-%xz-l—xxz)1/2](2l+1)vPl[ oz ] ,[( 2xtaz

(a2 2+22xz) 112 P x2+%x2+xi<z)1/2]’ (21b)

where z has been substituted for cosy. We note that all the integrals over z can be done because of the special
form of the P; and the associated Sa;. These integrals will just be sums of polynomials in « and « multlphed by
integrals of the type

1 zk
Kk — ————
8i /_ldz (a540)(cz+d) 7’

where @, b, ¢, and d are simply polynomials in the x and « and the 4, 7, and % take on integral values.” We define
the following two symbols:

1
Huypu=22| dz [22+ 2+ 2xxz+0]

) o e B (Lo " Latxz

1 X SarveL (i Qo) PSP (Gt bs) WP | e o | P
Hn'l'nlﬂaE x2 dZ [x2+%K2+sz+62]

-1

o x+«z Ttz
XS L (@b o) 1Sl (@4 ) 1P, [(x2+x2+2xxz) l/"-] P [(x2+ix2+xxz) 1/2] )

?W. Grébner and N. Hofreiter, Integraltafel Erster Teil Unbestimmie Integrale (Springer-Verlag, Wien, 1965), Vol. I, p. 10,

k+xz ]
(24 k2 4-2xkz) 12 )’




82 7. R.

Equations (21a) and (21b) now may be written as
anl’a('f)[(K2+%K2) fn’l'nl'a-l'%'Yﬂ’l’nl'a—'%Slaan’n:l

4a)\,,r

Efnl’ﬁ(") [(K2+4 K2) en’l’nl‘p'l")’n'l’nl’ SZﬁan n]

2,3>\
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(=1 / " d( Y202 () S () (#240%) Sur(2) + 2 QDb () Harwni (3, )}, (220)
0 n n

0 [ B o () Bt (3,0} . (220)

We have examined the first, second, and fourth truncations of this system of equations for the helium-like
atom where / is restricted to the even integers. The truncations are generated by keeping the first, the first and
second, and the first four terms in the expansions for the two independent orbitals. For example, the first trunca-

tion for even ! is

16a4S 2 52 e
10“(K) [:2K2+a2-—251a+x2]= il {W/ dxfm (x) ( 2+ 2) (ﬁ> /; dxfmﬁ(x)lmm"‘ﬁ(x, K)} ’ (23&)
6434 52 roo
me(K) [4K2+4ﬁ2—4526+ K2_-_| = 6 52 (g) / dxflo"(x) Immﬂa(x, K) ’ (23b)
0
where the two I’s may be written out explicitly as
o 2 N 20 [(e0) o] (x—3) 4-57]
T (et g =) (et ] | et 2P | [(— 0 et Lk i) ]
2 1 -
Tof*= 4x x 1 [(x+34)2*+62][ (x—«)*+a?]

(=325 —a) [ (e ta) =

We note that these functions are well behaved for all
values of x and k. The second and fourth truncations
of the system were treated in the same fashion. They
will not be developed explicitly here since they are long
and involved, but the results (energies and wave
functions) are presented in the next section.

B. Results for Helium-Like Atoms

We will not attempt a detailed review of the litera-
ture on the helium atom here since there are several
excellent references on the subject.® There have been
some very accurate calculations for the ground state
and some excited states of the helium-like atom.
Pekeris and co-workers® have obtained accuracy up to
nine or ten significant figures in the energy eigenvalue
by applying the variational principle to a trial function
containing, in certain cases, as many as one thousand
terms. Our purpose in this paper is to present a general
method for three-body problems and show the validity
of the approach by considering only enough truncations
of the system to demonstrate rapid convergence.

The behavior of the three-body energy as a? and 32
are varied was studied for the first, second, and fourth

8 See, for example, H. A. Bethe and E. Salpeter, Quantum Me-
chancis of One- and Two-Electron Atoms (Academlc Press Inc.,
New York, 1957); E. A. Hylleraas, Advances in Quantum Chemis-
try (Academic Press Inc., New York, 1964); A. L. Stewart,
Advan. Phys. 12, 299 (1964).

9 B. Schiff, C. L. Pekeris, and H. Lifson, Phys. Rev. 137,
A1672 (1965); C. L. Pekeris, 4bid. 115, 1216 (1959).
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truncations of the system. Figure 2 shows the ground-
state energy in atomic units (—K?) for the second
truncation as a function of o? and (2, where o? is the
strength of the Sturmian set for the electron-nucleus
orbital expansion and 8% is the strength for the electron-
electron orbital expansion. The experimental energy in
atomic units for the ground state of the helium atom
is —2.9037 and is shown by the dotted line in Fig. 2.
For the first truncation, — K2 as a function of a? and (2,
forms a saddle surface, but for the second and higher
truncations an absolute minimum in the energy appears.

SECOND TRUNCATION

2.94

2.92 -

2.90 -

2.88 -

2.86 |-

THREE - BODY ENERGY (-K°)

| | | 1 | | !
I 2 3 4 5 6 7 8

TWO - BODY STRENGTH (o)

F1G. 2. The ground-state energy in helium for the second
truncation as a function of « and 8.
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TaBLe II. Three-body energies for helium-like atoms in atomic units.

Order of

Our energy Comparison energy AE AE AE
Atom truncation 152 152518 2s? 1s2 152518 252 1s2 152518 2s?
He 1st —3.00 —2.9037= +3.39% .
He 2nd —2.928 —2.094 —0.7581 —2.9037 —2.1460= —0.7788 +40.849, —2.49, —2.6%
He 4th —2.9001 —2.1335 —0.7756 —2.9037 —2.1460 —0.7788 —0.129, —0.589%, —0.419,
H- 4th —0.5320 —0.1722 —0.5278 ° ° +0.79%
Lit 4th —7.2646 —5.0535 —1.8660 —7.2799s —5.0409= ° —0.219% +40.259%, .

& A, L. Stewart, Advan. Phys. 12, 299 (1964) (variational calculations).
b A, K. Bhatia and A. Temkin, Bull. Am. Phys. Soc. 11, 722 (1966)
(variational calculation).

It should be noted here that this minimum in the energy
is not equivalent to a variational minimum, since no
variational principle has been employed in our treat-
ment. If we choose 52 such that —K? changes the least
when small changes are made in £ i.e., in regions where

of —K*(e?, §°) }/98°=0,

then the energy depends only on o2 Figure 3 shows
these results for the first, second, and fourth truncations
of the helium atom in the ground state. We note that
for any reasonable choice of the parameter o the
maximum difference between the calculated energy
and the experimental value is about one part in 30 for
the first truncation, one part in 125 for the second
truncation, and about one part in 850 for the fourth
truncation. From Figs. 2 and 3 we see that the depend-
ence of the energy on a? and 32 rapidly becomes smaller
as the order of truncation is increased. For example, in
the first truncation the energy changes by 3%, as o?
and f? are varied from 2 to 6.5, while in the fourth
truncation the energy varies by about =+0.209, for
approximately the same variation in o® and 8% This
method produces a rapidly convergent energy as more
functions are taken in the expansion of the orbitals,
and the energy is seen to converge toward the exact
value.

3.05~

3.00

" "
2,95 EXACT" ENERGY

O FIRST TRUNCATION
O SECOND TRUNCATION
A FOURTH TRUNCATION

THREE —-BODY ENERGY (-K?%)

2.80

2.75 1 ! L ! L L '
| 2 3 4 5 6 7 8

TWO - BOBY STRENGTH ()

Fi1c. 3. The ground-state energy in helium for the first, second,
and fourth truncations as a function of a.

°To the best of our knowledge there are no other calculations or ex-
perimental values for these states.

The unknown functions f,%(x) and f./f(x) are given
as functions of « for these three truncations in Figs. 4,
5(a) and 5(b), and 6(a), 6(b), 6(c), and 6(d). The
stability of the system is seen by noting that small
percentage changes in the wave function, produced by
taking higher-order terms in the orbital expansions,
results in smaller percentage changes in the energy of
the system. Each successive order of truncation repro-
duces the preceeding f.*(x) and f,#(x) to within a
small percentage, which is also to be expected. The
unnormalized wave function in momentum space may
be written down for the ground state of the helium
atom. We recall that

1
@(k, Ic) = —(?1;)—3./. drmdgg\lf(rlg, 93) exp ('Lk' r12+ik' 93) .

Substituting the orbitals in coordinate space for
W(r, g3) and transforming to the appropriate Jacobi
frame for each term of the integral gives

®(k, x)
=¢1(k, ©) +¢1(—x, k) +do(—Fk+3x, —k—x).
For symmetric states of the type L=0 we have
o(k, x) =¢1(k, ®) +¢1(x, K) +(3k—3%, k+x).

Energies and wave functions may also be calculated
for other helium-like atoms as well as for some excited

FIRST TRUNCATION
«<*=4 g% .45
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WAVENUMBER (k)

F16. 4. The functions fi¢ for the ground state of helium in the
first truncation.
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states of the helium atom itself. By changing the rela-
tive values of s, and s» occurring in the three-body
potential, we were able to calculate energies for the H~
atom and the Li* atom. These energies along with the
results for the helium atom are shown in Table II. The
values for our energy shown in the Table are chosen at
the absolute minimum of the energy versus o? and $?
surface for the second and fourth truncations of the
system of equations. The numbers quoted for “com-
parison energy” were taken from the literature and
represent values which have the accuracy of at least
the number of digits carried. In the fourth truncation
of the He, Li*, and H~ atoms as many as nine roots
were found for each atom. The problem of identifying
all of these is not an easy task since other calculated or
experimental energies do not exist for most of them.
Since these highly excited states have many nodes, the
numerical integrations give energies and wave functions
which are less accurate than those for lower states.
Because of these difficulties we confine our attention to
only a few of the lower-lying states. Again we empha-
size that it is not our purpose to obtain highly accurate
results in this paper, but to demonstrate the validity
of our method.

VII. CONCLUSIONS

We have presented a general method for treating
bound-state, three-body problems which does not de-
pend on perturbation theory or a variational principle.
We have considered some simple examples involving
one-dimensional §-function potentials. We have also
treated the helium-like atom from a three-body point
of view and demonstrated that rapid convergence is
achieved for bound states of the form L=0 when a
Sturmian two-body expansion is used. For three-body
problems where the two-body Sturmian set cannot be
found analytically, machine solutions for the two-body
functions can be used. For these situations several
expansion techniques may be investigated for perform-
ing the angular integration. With the general method
presented here, accurate wave functions and energies
can be constructed for the bound-state problem of
three particles interacting with one another through
pair potentials. There are, of course, limitations as to
how many excited states can be handled on the present
computers.
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APPENDIX: STURMIAN FUNCTIONS

The Sturm-Liouville equation is

d{k(x) (dy/dx)}/du+[Ng(x) —1(x) Iy=0, (Al)

where %, g, and ! are real, continuous functions of the
real variable x throughout the closed interval a<x=<5.
If >0 and g>0 then the Schrodinger equation for the
radial function R(7) in three-dimensional problems may
be written in this form. Here g(x) depends on the
potential, and the energy of the system appears in the
function I(x). The normal energy-eigenvalue problem
is to find solutions of equation (A1) for the set of values
of the energy such that the boundary conditions are
met. We may turn this problem around and examine
the eigenvalue—eigenvector solutions to this equation
when the energy of the system is fixed and the strength
of the potential is allowed to vary so that the boundary
conditions are met. It can be shown that there will be
an infinitely denumerable set of values {A\.} and their
associated eigensolutions, ¥,(x). It can also be shown
that this set of functions {y,} may be constructed so as
to form a complete set of orthonormal functions on the
interval a<x=<b with respect to the weighting function
g(x) 1 These functions have been called Sturmian
functions and form a set closely related to the eigen-
functions in the conventional quantum-mechanical
problem where the potential is specified and the energy
assumes a set of values.* The orthogonality condition
for the Sturmian functions may be written as
b
[ e@3t @yu@) =t (A2)
a

The two-body Schrédinger equation for a hydrogen-

like atom in three dimensions is

{—(#/20)V*+V (1) } ¥ (r) =E¥(1),

where V(1) is the attractive Coulomb potential between
the nucleus and the electron. Separating out the angular
parts and multiplying through by —2u/#? gives the
following equation for the radial part of ¢/(r):

1/72(d/dr)[2(d/dr)R]

—2au(r)R—[1(1+1) /r"X]R=K »°R,
where

K(2)2= (Z,u/ﬁ?) l E }; %(7’) = _1/7; Dt=62u/h2.

To find the Sturmian set for this equation we consider
the differential equation where the potential assumes a
set of decreasing values (increasing values of ) such
that the boundary conditions of the problem are
satisfied.

1d( dS, 5 D L -
- — <r"’ —l) —2ah it (7) Spi— G Sni=K 2Su1.
7 dr dr 7?

©E, L, Ince, Ordinary Differential Equations (Dover Publi-
cations, Inc., New York, 1926).



86 J. R. JASPERSE AND M. H.

The problem is to find the values of A,; and the functions
associated with these values. We choose the first value
of X to be 1 so that the first Sturmian function is a
physical ground-state wave function with energy K?.
With this choice of units, the constant K? is deter-
mined as a2. By choosing Ap=1, it is also easy to show
that the A,; are just the positive integers from 1 to eo.
The corresponding Sturmian functions may be found
and are given by *

a(n—Ii—1)!

Sulr) == [ 2ntl) B

1/2
] ( 2&) l+17,le—aan+ 12 +1 (20”,) ,

(A3)

where L,? are the associated Laguerre polynomials. A
related set of functions has been used by Schull and
Lowdin.* The S,; have the same form as the ordinary
Coulomb functions except that the energy eigenvalues
do not appear in the argument of the functions. We
also note that the orthogonality integral is different
for the Sturmian functions since the weighting function
g(r) in Eq. (A2) contains the potential

f cmdr 72 (—2-) Soi(r) 8u'1(r) = ctdpn.
0 r

This normalization has been chosen so that the
Sturmian set will have the conventional units of
probability amplitude. Thus, the complete set of
Sturmian functions for the problem in coordinate
space is
Shm (1) = Su(r) Yim ().

Taking in the Fourier transform of the differential
equation for Sum(r) gives a double integral equation

for the Fourier transform of Sy, (r). In our system of
units the integral equation is

—20\a1

Sne)= Gyt

X / f dKdr u(r) explirs (k' —K) 1Sum(K), (Ad)

1 H, Schull and P.-O. Léwdin, J. Chem. Phys. 30, 617 (1959).
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where Sum (k) is the Fourier transform of Sum(r):

1

Sutn(K) = (2r)202

f dt B (1) exp(—ik-1).

For our formulation of the three-body problem we
need the Sturmian set for the Coulomb potential in
momentum space. This may be calculated by taking
the Fourier transform of S,u,(r), where S,:(r) is given
by Eq. (A3):

-1 [a(n—-l——l)!
(2m)2| " 2(ntd) B

12
Snim(k) = ] (2a) 11

X f dr re L, 2 (2ar) exp(—iker) V().

Using the plane-wave expansion for exp(—ik-1),

exp(—ik-r) =4WZZ:Z(-¢') Ya(kr) Vi () Y i (o),

and invoking the orthogonality relation for spherical
harmonics gives an integral expression for Sni(%):
a(n—I—-1)!

Sul#) =~ [ w(nt)®

]1/2 (2a) 11

X f dr r't2e=or L, 2 (2ar) i (kr).

Arbitrary phases have been dropped since we are only
interested in the set of functions {S,;}. This integral
may be evaluated in general, giving

—_] 1/
Sua(k) = 22040 [aﬂ_l_lll] il

w(n+i)!
2 B

where Cp? is the standard Gegenbauer polynomial. The
orthogonality condition in momentum space for our
choice of units is

[ " dk 1S () (B4-02) Swrte (k) =8wrac®Narr
0



