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Roles of the Van Vleck Orbit-Lattice Interaction in an 8-State Ion
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Using the Van Vleck orbit-lattice interaction, we show that the phonon-induced shift of a spectral line is
proportional to the Debye-Wailer factor. Based on this result, we propose a convenient method of measuring
the Debye temperature. We show also that the orbit-lattice interaction is not the mechanism to account for
the discrepancy between the theoretical and experimental g values of the ground state. Within our approxi-
mation, we have found the phonon-induced ground-state splitting of Gd'+ in CaF2 at T=293'K to be
3.6)&10 3 cm ' with a correct sign. This is smaller than the experimental value by a factor of 40, and is
smaller than the theoretical estimate by a factor of 4.

where' t = 1480 cm ' was used in the last computation.
We can now express the g value of the 'Svf2 ground
state as

I. INTRODUCTIOÃ

~~OR many years, the investigation on the physical
properties of the 5-state ions has been a major

subject of study in physics. The difhculties incurred in
these ions were recently reviewed by Wybourne, ' and
the reader is referred to his paper for a complete cover-
age of the references pertinent to this subject.

Even though the theory we shall present in this paper
is applicable to any paramagnetic ions, for simplicity
we shall restrict ourselves to Gd'+ in CaF2. The lowest
electronic configuration of Gd'+ is (4f')" and the ground-
state multiplet is sS7/s. Assuming the 4f wave functions
to be hydrogenic and taking into account the spin-orbit
interaction, Wybourne found the following wave
functions:

g= (1—a')g('S7/s)+a'g('~~/s) =1994, (4)

where g('S7/s) —2.0023 and g('I'r/s) = 1.7159 were used.
Wybourne carried out the calculation to the second
order and found g= j..99454. This value is high com-

paredd

to 1.991 foI' gadollniuITl ethyl sulphatc deter-
mined experimentally by Hutchison et at. ' In Sec, III,
we shall use Eqs. (2) and (4) to calculate the phonon-
induccd g shift, wishing to account for the discrepancy
between theory and experiment.

According to McCumber and Sturge, ' the tempera-
ture-dependent shift of a spectral line is caused by the
two-phonon Raman process involving virtual transi-
tions. The CRective interaction of this process can be
explicitly written as

I s„,M) =o.9866I s„,M)+0.1618I v „,M)+",
I
'I'r/sM) =0.8514

I
'-P7/sM) —0.1503

I
'S7/sM)

—0.4038
I Dr/sM)+

Ds/sM) =0.9604I Ds/sM)+

I'Dr/sM) = —0.8696I sD»sM)+ ",
Ds/sM) =0.8755

I Ds/sM)+ '

I'D / M) =o 9287I'D / M)+

(5)

where s and p denote the initial and intermediate states,
respectively, and V,l is the Van Vleck orbit-lattice

(1) interaction. ' lt can be expressed as

where I) and
I ) denote the perturbed and unperturbed

wave functions, respectively. The energies associated
with these wave functions are' ' 0, 32105, 39562, 40574,
40901, and 40754 cm—', respectively. We shall use these
wave functions and energies for our later calculations.
I.et (I„,IAI s„,)

&('~7/s) &('S&/s)
(2)

where A. is the spin-orbit interaction. Evaluating the
matrix element, we can rewrite Eq. (2) as' '

a= (14)' t /2//1 3050 1725, .
' B. G. Wybourne, Phys. Rev. 148, 31'7 (1966).' K. H. Hellwege, S. Hufner, and H. Schmidt, Z. Physik 172,

460 (1963).' Roger Lacroix, Helv. Phys. Acta 30, 3/4 (1957).
4 +, A, Runciman, J. Chem, Phys. M, 1481 (1962).

v.g
——Qp, Q, ,

in which v; and Q, are the jth electronic operator and
the jth normal coordinate, respectively. Inoues also
used this eRective interaction to calculate the phonon-
induced g shifts of Tm'+ and Ho'+ in CaF2. In Sec. II,
we shall use Eq. (5) to calculate the phonon-induced
shift of the 'I'~~2 state. Since the lattice vibrations in a
crystal will distort the crystal symmetry, the dynamic
crystalline Beld potential will remove the degeneracy
of the electronic state. In view of this, we shall calculate
the phonon-induced splitting of the ground state in
Sec. IV.

' C. A. Hutchison, Jr. , B. R. Judd, and D. F. D. Pope, Proc.
Phys. Soc. (London) 870, 514 (1957).

6 D. E. McCumber and M. D. Sturge, J. Appl. Phys. 34, 1682
(1963).

7 J. H. Van Vleck, Phys. Rev, 57, 426 (1940).
8 M. Inoue, Phys, Rev, t,etters 11, 196 (1963).
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II. PHOHON-INDUCED SHIFT OF 6I»,

In the f' con6guration, there are 327 SIJ states. As
R result, calculations including all these states are not
possible. However, we could still estimate our theo-
retical value with some accuracy. From the table
compiled by Nielson and Koster, ' for the f' configura-
tion the nonvanishing reduced matrix dement in the
lowest order connecting the 'P state is ('PIIU'II'D)
= (3/14)'I', where U' is related to the spherical har-
rnonlcs by

U n L4~/(2rs+1)frfslr m

In consequence of this, the intermediate states are then
osc DJ- stRtcs with J= 2 to 2, Rnd only thc clcctI'onlc

operators e, to second order are needed to be considered
in the following calculations. We can now write the
phonon-lnduccd shift of thc %7~2 stRtc as

coordinates q; associated. with the phonolls. Hence,

8%

Q =Z ~s'V*.

Here S is the total number of atoms in the crystal, and
u;; are the appropriate coefIIcicnts. Above the liquid-
nitrogen temperatures, the phonons with large wave
vectors k are well excited. Pecause the phonon density
of states witIl lRI'gcx' values of k ls higher the phonons
of large k are more important in the spectral line shift,
Hence, a;; should be computed for the phonons of large
k. We thus find""

+jc~j'c')sv 8Bsy—'Bip

for all j, j', i, and F.
Following the standard procedure, wc can now reduce

Eq. (7) to the following form:

B&('P M)= Z7=-'M=—J j j
where

BE( PrysM) =A (M)B(T),

(sP,sMIe;Q;I'D M')('Ds M'Is; Q;. I'P, sM)
x (7)

P('P»s) &('Ds )—
where, for convenience, we oInit the phonon wave
functions. For Gd'+ in CaF2, the Gd'+ ion sits at the
center of a cube with eight fluorine ions occupying the
eight corners of the cubic XI"8 molecular cluster. The
electronic operators for this case have been computed.

'0

Following the argument presented earlier, only the first
terms of the electronic operators given in Eq. (10) of
Ref. 10 are needed in our theoretical estimate of the
spectral shift. In order to estimate the matrix elements
ln Eq. (7), the standard forxIlula by Eihott ef gl. Will

be used. It is

(sLJM I
U "Is'I, 'J'M')

s
= (—1)"+'+'L(»+1)(»'+ 1)j'" —M M' rsvp/

J 5
(sI.II

U-I Is'I.'}B(s,s'), (8)
yI

where (. . .) and ( ) denote the 3-j and 6-j symbols,
respectively. The 3-j and 6-j symbols can be obtained
from the tables prepared by Rotenberg et a1."

According to Van Vleck, the normal coordinate Q;
cRn bc regarded Rs llncRl functloIls of thc normal

' C. W. Nielson and G. F. Koster, Speciroscopcc Coejficsemfs for
the p", d", meed f" ConfBgeratioes (Massachusetts Institute of
Technology Press, Cambridge, Massachusetts, 1963), p. 192.

"Chao-Yuan Huang, Phys. Rev. 139, A241 (1965)."J.P. Klliott, 8. R. Judd, and W. A. Runciman, Proc. Roy.
Soc. (I ondon) A240, 509 (1957}.

"M. Rotenberg, R. Sivins, N. Metropolis, and J. K. %ooten,
Jr., The 3 jond 6 jSymbols (-Mass-achusetts fnstitute of Tech-
nology Press, Cambridge, Massachusetts, 1959),pp. 47—57.

('P7, sM
I c;I 'Dg M') ('Dg M'

I s;
I
'Pr(sM)

X
~( P.~.)—~('D')

h 8N

&(T)= — 2 I:1+2N(')j/'
12/M '=I

(13)

Bz(0)= A (M)B(0),

BZ(T) =A(M)B(T),

(15)

(16)

h 3x

&(0)= 2 1/~*. ,
12m2JI/I '-j

h 3x
b(T) = Q N(o;)/v, .

6m'M s=&

In thc Dcbyc RppI'oxlIllatlon, wc CRn IcplRcc thc sum-

mation by the integration as

g =9N(h/fsnO'g))s

"Chao-Yuan Huang, Phys. Rev. 154, 215 (1967).
'4 Chao-Yuan Huang, Phys, Rev. (to be published).
"See, for instance, C. Kittel, QNaatmm Theory of SoHds (John

Wiley Bt Sons, Inc., ¹wYork, 1963), p. 379,

in which v; is the frequency of the ith phonon mode,
N(o;) is the Bose-Einstein factor evaluated at Z=ho;,
and 3I is the mass of the crystal. It is interesting to note
that Eq. (13) is proport. ional to the Debye-Wailer
factoI'. For thc coIlvcnlcncc o'f thc latcI' discussions)
wc sha]l separate thc 7cro-point phonon contribution
from the tempcrature-d. ependent contribution. Hence
Eq. (11) can be written as

BZ( PrpsM) =BE(0)+BE(T)~
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b (0) = 3h'm/87r2//, k//0'g),

3h2+ P 2 eD/T

b(T) =
,..., , (,.) . )

to Z

(20)

(21)

Here On is the Debye temperature and k~ is Bolz-
mann's constant; Kq. (18) becomes

T'K

Total temperature
shift (cm ')
Temperature shift
by optical phonons
(cm

—')

77 293 500 700 1000 1300

0.1 13.2 26.3 39.5 59.7 79.8

0.07 2.2 5.1 8.1 12.2 17.7

TABLE I. Temperature shift of the 'P7~2 state of Gd'+ in CaF2.

N/n

Q/=Z. Z o/', C', . (22)

As pointed out by the author" and others, "the optical
phonons with large values of k are the most important.
In view of this, we also have"

2
~Jig /av —3 p (23)

for all j and r. By the same procedure used earlier, we
find the spectral line shift of the 'P'»2 state induced by
the optical phonons to be

where p is the mass of the atoms in a unit cell, and w is
the number of atoms per unit cell.

I et us now try to derive an expression for the spectral
line shift contributed by the optical phonons in a
crystal. In this case, we have to express Q; in terms of
the normal coordinate q;„associated with the ith optical-
phonon mode in the rth optical. branch as" "

For CaF., the lattice constant" is 5.75&&10—' cm, the
effective charge of a corner ion of the cubic molecular
cluster is e, r/= 3, and" 0&——474'K. Hence, using Eqs.
(12), (15), and (20), the zero-point phonon contribution
to the shift of the 'P~~2 state is

bE(0) =16.8 cm ' (31)

8E,~(0)~4.5 cm '. (32)

This is only 0.05% of E('P7/2) E('S~/2). —In order to
calculate the optical-phonon contribution, we shall
assume the solid to be elastically isotropic, and hence
the optical-phonon frequencies at the symmetry point
X calculated by Ganesan and Srinivasan" will be used.
They are vl~ =4.48)&10", vl~ =6.67)&10", v2~ = 11.9
)&10, and v2&=10.5)&10' cps. Using these and Eqs.
(12), (25), and (29), we find the zero-point optical-
phonon contribution to the shift of

~
'Pq/2) to be

with
bE,p ('Pg/2M) =bE,p (0)+bE,p (T),

bE.p(0) =A(M)b. p(0),

bE.,(T) =A (M)b.,(&),

N/n

b.,(0)= P, P 1/v, „,
12m 235

Comparing Eq. (32) with Eq. (31), we And that about
27% of the zero-point phonon-induced shift is con-
tributed by the optical phonons. In Table I, we tabu-
late the temperature-dependent shifts of j'Pq/2) based

(26) on Eqs. (12), (16), (21), (26), and (30) from 77 to
1300'K.

Let us now concentrate our attention to the phonon-
induced shift of the ground 'Sy/~ state. To the lowest
order, we have

b"(I') =
h

2 2 &(~*,)/~*, .
6m2M

(28)
9//2 +J' 9

bE('S»2M) = 2
J'=g M' J' j=2

Because only those optical phonons with large values
of k are important, we may further approximate v;„by
the optical-phonon frequency of the rth optical branch
at the Brillouin-zone boundary v„&. This is essentially
the Einstein approximation weighted with the optical-
phonon frequency at the Brillouin-zone boundary. With
this approximation, Eqs. (27) and (28) become

b.,(0) P, 1/v„~,
12K' p

h
b..(2')= Z. &('~)/ "~.

6+2'

(29)

(30)

"R. Orbach and E. Simanek, Phys. Rev. (to be published).

As in Ref. 13, for the very narrow optical branches, we
can further replace v„& by the optical-phonon frequency
of the rth branch at k=0.

('S»2M
I ed'~ I

'D'M ) ('D'M'i e~Q;I'S»2M)
X . (33)

E ('S7/2) E ('P7/2)

Because the Van Vleck orbit-lattice interaction connects
only

~

'P) and 1'D), bE('S7/2M) will be small compared
with bE('P//2M). Consequently, bE('Pq/~M) will repre-
sent the phonon-induced shift of the spectral line
connecting )'S,/2) and ~'P7/2). No data on the tem-
perature dependence of the spectral line shift of Gd'+
in CaF2 are available. However, Dieke and Leopold"
found that the shift of the Al component of 'P'~/2 of
GdC13 6820 from 1.7 to 273'K is 6.18 cm '. In want of
the electronic operators and normal coordinates

'7 Ralph W. G. Wycko8, The Structure of Crystals (The Chem-
ical Catalog Company, Inc. , New York, 1931),2nd ed. p. 236."M. Born and K. Huang, Dynamical Theory of Crystal Lattices
(Oxford University Press, Oxford, 1954), p. 44."S.Ganesan and R. Srinivasan, Can. J. Phys. 40, 74 (1962).

'0 G. H. Dieke and L. Leopold, J. Opt. Soc. Am. 47, 844 (1957)
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appropriate to this crystal, the direct comparison of
theory with experiment is not possible. Nevertheless,
this shift is in the same order of magnitude with the
shift for Gd'+ in CaF2 at 293'K given in Table I.
Therefore, we may conclude that theory and experi-
ment agree to within one order of magnitude.

These theoretical estimates show that I'7 is the lowest,
and I'6 the highest. This result is in agreement with the
conclusion made by Wakim" based on his experimental
data. From these estimates, the zero-point phonon
contribution to the ground-state splitting is

III. PHONON-INDUCED g SHIFT
5E(Pg) —6E(1'7)= 2.1X10 ' cm '. (42)

a(T) u(0) —5a,

where, from Eq. (3),

/7(0) =0.1725,
"r/a = a (0)//E('P7/2M)/E„(0) .

(35)

(36)

In terms of these notations, we can rewrite Eq. (4) in
the following form:

g(2') =g(0)+~g, (37)

in which g(0) is the g value neglecting the phonon
contribution, and

kg=0. 5725[a( 0)]'8 E(' P7 9/M) /Ep( 0). (38)

At room temperatures, //E('P7/, M) 30 cm ', and
hence

6g +1.5X10 ' (39)

which is far too small to be meaningful. It also does not
have the correct sign to account for the discrepancy
pointed out in Sec. I.

IV. PHONON-INDUCED SPLITTING OF THE
887(2 GROUND STATE

In a cubic field, the ground-state multiplet '57/2
splits into tw'o doublets 16, I"7 and a quartet I'8. The
zeroth-order wave functions of these states are"

IP.,1&= (5/»)'"IM=! &+(7/»)'"IM = —l&,

IP,1)=(-:)'"IM= —
l&

——;!M =-!),
I
r„1)= (7/12)'"

I

M= l&
—(5/12)'"

I

M= —l & (40&

Using Eqs. (1), (33), and (40), we can calculate the
phonon-induced shifts of these three states. After some
tedious computations, we find the zero-point shifts to be

8E(I'7) =0.0812 cm ',
6E(P~) =0.0823 cm ',
8E(P&)=0.0833 cm '.

"C. Kittel and J. M. Luttinger, Phys. Rev. 73, 162 (1948).

In view of the success in interpreting the g shifts of
Tm'+ and Ho'+ in CaF2 by Inoue ' we shall attempt to
calculate the phonon-induced g shift of Gd'+. In order
to do this, let us write

E( P7/7M) =EP (0)+RE( P7/2M), (34)

where Ep (0) is the energy of
I
'P7/2) calculated from the

Slater integrals. ' ' Hence, Eq. (2) can be written as

At T=293'K, we 6nd the phonon-induced splitting to
be 3.6X10 ' cm '. Note that this splitting is smaller
than Ryter's experimental value, " 0.149 cm ', by a
factor of 40, but it is only a factor of 4 smaller than the
theoretical value, 0.015 cm ', calculated by Lacroix, "
who used the standard sixth-order perturbation in-
volving the nearest-neighbor point-charge static-crystal-
line field potential and the spin-orbit interaction. There-
fore, we may conclude that phonons play an important
role in the zero-field splittings of the S-state ions.

V. DISCUSSION

In Sec. II, we showed that the phonon-induced shift
of a spectral line is proportional to the Debye-Wailer
factor. This result suggests to us a convenient method
of measuring the Debye temperature of some trans-
parent crystals. Because of the severe anharmonicity in
the crystal at high temperatures, the direct comparison
of theory with experiment will be difficult. However,
this de.culty can be overcome by using some crystals
doped with 5-state ions, such as alkali halides whose
Debye-Wailer factors are known. '5

In Sec. IV, we showed that lattice vibrations are
responsible for at least a part of the ground-state
splitting. We should be aware that this splitting van-
ishes if I'D~& with J=-', to —', are degenerate. This result
was first shown by Huber. "Hence, the splitting is very
sensitive to the spin-orbit interaction by which the
degeneracy in I'Dq& is removed. Furthermore, in this
calculation, we considered only 15 of the 327 SJJ
states. In consequence, we should like to emphasize that
the calculation made in Sec. IV is only an approxi-
mation to the truth.
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