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Twn/(g—1)2J(J+1) with the ¢/a ratio in the rare-
earth elements that possess antiferromagnetic be-
havior.

Table IV presents the value of Tw/(g—1)2J(J4+1)
versus ¢/a ratio for the rare-earth elements Tb through
Tm. These results are also presented in Fig. 12 versus
¢/a ratio. It is seen from Fig. 11 that if the ¢/a ratio in
terbium is increased, the function Tw/(g—1)%/(J+1)
decreases. McWhan ef al. reported that the ¢/a ratio in
terbium increases approximately 2.39, at a pressure of
about 60 kbars. Jamieson® also reports that the volume
and the lattice constants of some rare-earth elements
vary linearly with pressure to about 100 kbar. There-
fore, in view of the lack of detailed data, we shall assume
at present that the ¢/a ratio in terbium also varies
linearly with pressure. The increase in ¢/a in terbium at
a pressure P kbar is thus estimated at (P/60) 2.3%.
This expression is used to determine the ¢/a ratio in
terbium at the various pressures employed in the
present experiment. The results are included in Table
V. The values of Tx/(g—1)2J(J+1) in terbium at
the various pressures, that is as a function of ¢/a
ratio, are also included in Fig. 11. The results are seen
to be in excellent agreement with the variation of
Tw/(g—1)2J(J+1) with ¢/a for the elements Tm
through Tb. Therefore, it is not unreasonable at this

15 J. C. Jamieson, Science 145, 572 (1964).
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time to assume that the variation of the Rudermann-
Kittel interaction or Tw/(g—1)2J(J+1) in the rare
earths with pressure is due to the variation of the
number of states and the density of states per energy
level in the B.Z. with pressure, which is directly related
to the variation of the ¢/a ratio with pressure.

CONCLUSIONS

1. The antiferromagnetic region in terbium appears
to be present to at least 14.22 kbar.

2. The present results indicate that Robinson et al.
and McWhan et al. measured the pressure-coefficient
of the Néel temperature and not the Curie temperature.

3. The present results on the pressure-coefficient of
the Néel temperature are in good agreement, within the
accuracy of the experimental technique, with the results
obtained using the transformer method.

4. As with the Néel temperature, the Curie tem-
perature decreases with increasing pressure.

5. The function T/ (g—1)2J(J+1) is a function of
the ¢/a ratio.

6. The effect of the pressure upon the Rudermann-
Kittel interaction or upon Tx/(g—1)2J (J+1) appears
to be largely due to the effect of pressure upon the
number of states and the density of states per energy
level in the B.Z. which is directly related to the effect
of pressure upon the ¢/a ratio.
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A technique for deriving the sublattice magnetization in antiferromagnets from parallel-magnetic-
susceptibility measurements is proposed. The relation between these quantities is derived by means of a mo-
lecular-field formalism. However, it is pointed out that the results should have a greater range of validity
than the molecular-field theory itself. The theory is applied to the antiferromagnets MnFz, CuCly-2H,0,
and FeF; and the results are compared to those available for these materials from nuclear-magnetic-resonance
and Mossbauer-effect measurements as well as the usual molecular-field results. It is found that the sus-
ceptibility-derived results are in excellent agreement with those obtained by direct measurements. A re-
duction of an order of magnitude in the error between calculated and observed magnetization curves is
obtained by using the susceptibility-derived results instead of the usual molecular-field results.

INTRODUCTION

N order to calculate such statistical  quantities as
anisotropy, magnetostriction, magnetoelectric sus-
ceptibility, etc., in antiferromagnets, it is generally
necessary to know the sublattice magnetization as a
function of temperature. While by means of such

* Research sponsored in part by the U.S. Air Force Materials
Laboratory Research and Technology Division AFSC through
the European Office of Aerospace Research, U.S. Air Force under
Contract No. AF 61(052)-654, and was performed in partial ful-
fillment of the Ph.D. requirements of one of the authors (R.M.H.).

1 On leave of absence from Laboratory for Electronics, In-
corporated, Boston, Massachusetts.

techniques as the Mdossbauer effect, nuclear magnetic
resonance (NMR), and neutron diffraction, a direct
measurement of the sublattice magnetization may be
made, the first two methods are useful only for special
types of materials, while the latter, aside from requiring
special equipment not commonly available, does not
have high precision.

We here present a method for deriving the sublattice
magnetization of a two-sublattice antiferromagnet
from the experimental results for x,;, the susceptibility
parallel to the material’s antiferromagnetic axis. In
doing this, we make use of the suggestion of Callen and
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Shtrikman! that the functional relationship between
the moments ((.5;%)*) of the spin operator for ion j
which follows from molecular-field theory has a greater
range of validity than molecular-field theory itself.
Thus we may derive the relation between the sublattice
magnetization M and x;; using molecular-field theory
without being unduly restricted by its inherent limita-
tions.

As a check on the suggested method, we apply
the above technique to the antiferromagnets
MnF,, CuCly-2H;0, and FeF,. For MnF,2% and
CuClp-2H,0,57® the sublattice magnetization has been
measured directly by NMR, while in the case of
FeF,,5? the sublattice magnetization has been measured
directly by a combination of NMR and Méssbhauer
techniques. We find that the susceptibility-derived
sublattice magnetization is in good agreement with its
directly measured counterpart. We also show the usual
molecular-field result for these three materials in order
to emphasize the quantitative improvement obtainable
by means of the susceptibility method presented here
over the molecular-field-theory result.

THEORY

Consider a two-sublattice antiferromagnet with each
sublattice containing 3V identical magnetic ions. For
each sublattice we introduce a seperate Cartesian
coordinate system #, ¥, z and we also define an external
Cartesian coordinate system &, g, { such that { is parallel
to the positive z direction of one sublattice (denoted +)
and antiparallel to the positive z axis of the second
sublattice (denoted —). The magnetization of each
sublattice lies in the positive z direction of its own
coordinate system, and this will be taken to be the axis
of quantization. There is an external magnetic field H;
in the positive ¢ direction.
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To each magnetic ion we assign the spin Hamiltonian'
Jot= — gBS,I M — RS H 2430, (1)

Here we have a Zeeman term due to the effective
magnetic field H= a Van Vleck term, and a term
independent of the external field (such as crystal
anisotropy) 3C.. The symbols g, 8, and S, represent,
respectively, the spectroscopic splitting factor, the Bohr
magneton, and the z component of the electron-spin
operator. The constant § fixes the magnitude of the
Van Vleck term.

Using the method of “thermodynamic perturbation
theory,” it may be shown! that Eq. (1) leads, in the
the molecular-field formalism, to the following results
for the sublattice magnetization M and the parallel
susceptibility x|;:

_ (NgeS/RI)BS (¥)
1+(A44T) (Vg6 S*/2kT) B' (%)

Here 4 and I' are the molecular-field coefficients
representing the inter- and intra-sublattice exchange
interactions, % is Boltzmann’s constant, 7" is the tem-
perature, Bg(x) is the Brillouin function, and
Bs’(x) =aBs(x)/c')x

We now can, in principle, eliminate x between Egs.
(2) and (3), thus expressing the sublattice magnetiza-
tion M as a function of x|, the parallel susceptibility.
Since, as shown by Rado,!® we may write

(m)= SB;(x) , (4a)
(m?)—(my*= S*Bg' (), (4b)

we see that this elimination of ¥ amounts to writing
(m?) as a function of (m). (Here ( ) denotes an average
over a canonical ensemble and m the S, quantum
number.) From the results of Callen and Shtrikman! it
thus seems reasonable that the relation between M and
x11 should have a greater range of validity than the
molecular-field equations from which it was derived.

(2)
+2NB%. (3)

Xl

APPLICATIONS

We have used the method of the preceeding section
to calculate the sublattice magnetization of the anti-
ferromagnets MnF,, CuCly-2H0, and FeF,.

10 G. T. Rado, Phys. Rev., 128, 2546 (1962).
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For the case of MnF,, we have calculated M from the
measured x;; of Foner!® The combined Van Vleck-
diamagnetic contribution at 7'=0°K of about!? 2)X10~7
emu/g is negligible. Taking the Néel point at the tem-
perature at which x|, is maximum gives Tw=72°K
and A=109°K, where

A=Ngp*S(S+1) (A+T)/6k, (5)

with, for Mnt+, S=% and g=2.0. The results for the
x;-derived sublattice magnetization are shown in Fig.
1, together with the NMR results?=% and the molecular-
field curve for S=3. All results have been normalized
to the same T. It is clear from Fig. 1 that the suscepti-
bility-derived results are in excellent agreement with
the direct NMR measurements. The maximum devia-
tion of the x| -derived magnetization from the NMR
curve in the range 0<7/Tn<0.9 is 2% of My, while
that of the molecular-field magnetization is 9%,.

For the case of CuCly-2H,0, we have calculated M
from the measured x;; of Van der Marcel et al.*® Here
again, the combined Van Vleck-diamagnetic contribu-
tion is negligible. We find, from the single-crystal
measurements of Van der Marcel ef al.,”® that the Néel
point is at Txy=4.65°K. Using Eq. (5) with S=3 for
Cu*+ and g=2.2, we find A=8.65°K. The results for
the x-derived sublattice magnetization are shown in
Fig. 2, together with the NMR results®® and the
molecular-field curve for S=3. Again, all results have
been normalized to the same Ty. As in the case of
MnF,, the susceptibility-derived magnetization of
CuCly-2H,0 is in excellent agreement with the results
obtained by direct NMR measurements. The maximum
deviation of the yx;-derived magnetization from the
NMR curve, in the range 0< T/ Ty <0.9, is 29, of My,
while that of the molecular-field magnetization is 13%.

For the case of FeF,, we have calculated M from the

11§, Foner (unpublished). See J. B. Goodenough, Magnetism
and the Chemical Bond (Interscience Publishers, Inc., New York,
1963), p. 111; also see S. Foner, in Magnetism, edited by G.T.
Rado and H. Suhl (Academic Press Inc., New York, 1963),Vol I,
. 387.
P 12 C, Trapp and J. W. Stout, Phys. Rev. Letters 10, 157 (1963).
13T, C. Van der Marel, J. Van den Brock, J. D. Wasscher, and
C. J. Gorter, Physica 21, 685 (1955).
1], Ttoh, M. Fujimoto, and H. Ibamoto, Phys. Rev. 83, 852
(1951).

R. HORNREICH AND S.

SHTRIKMAN 159
measured x|, of Foner.® Here there is a significant Van
Vleck contribution of approximately 12.5X 10~% emu/g,
including a small diamagnetic contribution of about
0.5X107% emu/g. The Néel temperature is taken to be
Tx=80.5°K. Using S=2 for Fet+ and g=2.221
we find, from Eq. (5), that A=111°K. The results for
the xj-derived magnetization are shown in Fig. 3,
together with a combination of NMR® and Mossbauer-
effect’ measurements of the sublattice magnetization
and the molecular-field curve for S=2. The NMR
results are shown in Fig. 3 for the temperature range
0<T/Tx<0.75 and the Méssbauer results for the
temperature range 0.9 < 7"/ Ty <1.0. We have joined the
two curves since Wertheim has reported?® that his results
are in agreement with the NMR measurements at
lower temperatures. As previously, we have normalized
all results to the same Ty and, as previously, we find
excellent agreement between the x;-derived M and the
directly measured M. The maximum deviation of the
x1-derived magnetization, in the range 0< T/ Tx<0.9,
is 1.5%, while that of the molecular-field magnetization
is 149,.

DISCUSSION

We have shown, in the previous section, that excellent
results for the sublattice magnetization of the anti-
ferromagnets MnF,, CuCly-2H,O, and FeF, may be
obtained from the experimentally measured parallel
susceptibility. The reason for using the parallel suscepti-
bility for this purpose, rather than, for example, the
perpendicular susceptibility or powder measurements,
is that there would then appear other terms in Egs.
(2) and (3) and our resulting expression for the sus-
ceptibilities would have a greater dependence on the
exact form of H,. This dependence is shown, in the
molecular-field approximation, by the results of
Honma.!6:V

We have applied the methods discussed here to
derive the sublattice magnetism for Crt++ in Cr,Os
from the x;; measurements of Foner.® Using this
result, we have examined the magnetoelectric effect in
Cry03"® and have been able to make a more accurate
assessment of the extent of the contributions of various
mechanisms to the magnetoelectric susceptibility than
has been possible using the molecular-field theory.!
In making this assessment, the technique of deriving
the sublattice magnetization from available x| measure-
ments has proved extremely useful. The results shown
here for MnF,, CuCly-2H,0, and FeF, indicate that
this method provides accurate results for the sublattice
magnetization within the spin-Hamiltonian formalism.
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