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Ferromagnetic Curie Temperatures of the Heisenberg Model
with Next-Nearest-Neighbor Interactions
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The Curie temperatures of the Heisenberg ferromagnet with nearest-neighbor interactions —2JIB; S; and
next-nearest-neighbor interactions —2 J28g, Si are calculated for the bcc, sc, and fcc lattices on the basis
of exact high-temperatures series expansions of the zero-field susceptibility xo. The dependence of T,(a, S)
(a= J2jJI) on 0. is examined, and it is found that T,{n)/T, {0) is well represented by T,(a)/T, (0) =
1+mi {5)o. for values of o. between 0 and 1. The Curie points are also examined for a &0, where J2 is anti-
ferromagnetic in sign.

I. INTRODUCTION

F lHE experimental data presently available on the..critical-point behavior of insulating ferromagnets' ~

have recently provided opportunities for examining
in detail the predictions of statistical theories of the
ideal Heisenberg ferromagnet. (For a recent review on
the subject see Bomb and Miedema. )' In making such
comparisons between theory and experiment, it has
become clear that both nearest-neighbor and next-
nea, rest-neighbor exchange interactions (—2Jis; S;
and —2J,Se S~, respectively) must often be included
in the theory if an accurate interpretation of experi-
mental work is to be obtained. Attempts have been
made by several authors~" to estimate the exchange
constants Ji/k and J,/k on the basis of the critical
and thermodynamic properties of these compounds.
Values of the two exchange constants which ensure
close agreement between theory and experiment for
a wide variety of thermal and magnetic properties can
be found by comparing the following theoretical and
experimental quantities;

(a) the critical point kT, (cr)/Ji(n=A/Jr), the
critical energy [L~ Z, (n)]/kT, —(cr), the critical en-
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tropy LS —5,(n)g/k, the high-temperature specific
llea't coilstall t Cr T, tile Curie-Welss collstaii't 8 (&x) ~

and
(b) the low-temperature (T(&T,) specific heat

C„(a, T) and Magnetisation M(a, T) curves.

The most reliable theoretical estimates of properties
(a) are determined by extrapolating high-temperature
(T& T,) series expansions for the thermodynamic func-
tions"; low-temperature spin-wave expansions form an
adequate basis for (b) in the region T(0.5T,.'""
Ke have previously calculated the critical properties
(a) for the case S=-';," and performed the comparison

(a) and (b), for the two ferromagnetic salts Cu(NH4) s.
C14 2H20, and CuK2 C14 2H2O. " Unlike the latter
compounds the appropriate spin values in the majority
of cases are 5& ~ and it is therefore desirable to have
reliable theoretical estimates of the critical points
kT. (rr, 5)/Ji. In this paper we report the calculation
of the Curie points of cubic lattices for various spin
values and relative interaction strengths.

The calculations of Dalton and Wood" for the case
5=—, have recently been extended by Dalton'5 to in-

clude an arbitrary spin value for both the Heisenberg
and Ising models. The zero-field susceptibility expan-
sion is in the form

where E; =J,/25'kT and x=S(5+1), and has been

expanded up to the fith power in reciprocal temper-
ature. "Ke have examined both the Pade approximants
to (d/der) (lnxs) and the ratios of successive terms in

the expansion to obtain estimates of the Curie temper-
atures for the bcc, fcc, and sc lattices.
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TABLE I. Estimates of the Curie points J&S'/kT, (n) for the fcc lattice. In the case S= ~ the values recorded are A/kTg(a)

S=2

385

0
0.1
0.2

0.3
0.4
0.5
0.6
0.7
0.8
0.9
1 ' 0

0.0616
0.0573
0.053'?

0.0506
0.0478
0.0454
0.0433
0.0414
0.0397
0.0381
0.0367

0.0843
0.0789
0.0742
0.0700
0.0664
0.0632
0.0603
0.0578
0.0554
0.0533
0.0513

0.0980
0.0917
0.0864
0.0817
0.0776
0.0740
0.0707
0.0677
0.0650
0.0625
0.0602

0.107
0.101
0.0948
0.0897
0.0853
0.0813
0.0777
0, 0744
0.0715
0.068/
0.0662

0.114
0.107
0.101
0.0955
0.0908
0.0866
0.0828
0.0793
0.0761
0.0732
0.0706

0.119
0.112
0.105
0.0999
0.0950
0.0906
0.0866
0.0830
0.0797
0.0/67
0.0739

0.15'?

0.148
0.139
0.132
0.125
0.120
0.114
0.110
0.105
0.101
0.0977

The values of J'tS'/kT, (n) obtained for these lattices
are listed in Tables I, II, and III for values of 0. in the
range 0 (nearest-neighbor model) to 1 (equivalent-
neighbor model), " and for spin values 5=-'„1, ss, 2,
~, 3, and ~. In the latter case the values recorded are
Jt/kT, (n). The convergence of the singularities in the
sequence of Pade approximants to (d/dEt) (lnxp), and
of the ratios of successive terms in po is very good for
S&1, and particularly so for n& 4. We expect that the
errors in the estimates recorded in Tables I, II, and III
will not exceed 1%.

In Fig. 1 we plot the variation of T, (n)/2;(0) for
the extreme cases S=-', and S=~; the curves for inter-
mediate spin values fall in between the two shown for
a given lattice. The variation of T,(n)/T, (0) with n
for 0&0.&1 is almost linear for all spin values, and the
linear approximation

T,(n)/T, (0) =1+m, (5)n (2)

ensures agreement to within 1% for 0(n&0.7, and to

within 2% for values of n between 0.7 and 1, with the
results in Tables I, II, and III. The values of mt(5)
for the three lattices are listed in Table IV.

We have also examined the behavior of T, (n, 5) for
0.&0, where the second-neighbor exchange integral
J~ is antiferromagnetic in sign. This region has been
extensively studied using molecular-6eld theory, " "
spin-wave theory, '0 and first-order Green's-function
treatments 2' " Smart'8 has examined the four cases
arising from both positive and negative J~ and J2 using
a molecular-Geld treatment for the fcc and bcc lattices,
and has obtained the stable low-temperature spin
con6gurations in each case. To overcome the inade-
quacy of mean 6eld theory in the computation of the
free energy, Smart proposed that the spin conhgura-
tion relating to the largest critical point has the lowest
free energy, thus obtaining the stable configurations
and the variation of the critical temperature with n
for each of the four cases. In the present case (Jt) 0,
Js(0) a changeover in the spin configuration occurs

TAsr. E II. Estimates of the Curie points J&S'/AT, (n) for the bcc lattice. In case of the S= ~, the values recorded are J&/k T,(a)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0978
0.0890
0.0817
0.0757
0.0705
0.0661
0.0623
0.0589
0.0559
0.0532
0.0508

0.132
0.121
0.112
0.104
0.0968
0.0909
0.0857
0.0812
0.07/1
0.0734
0.0701

3

0.152
0.140
0.129
0.120
0.112
0.106
0.0996
0.0944
0.0897
0.0854
0.0816

0.166
0.153
0.141
0.131
0.123
0.116
0.109
0.103
0.0983
0.0937
0.0895

S=-'

0.176
0.162
0.150
0.139
0.131
0.123
0.116
0.110
0.105
0.0997
0.0952

0.183
0.168
0.156
0.145
0.136
0.128
0.122
0.116
0.110
0.105
0.100

0.241
0.222
0.205
0.191
0.179
0.168
0.159
0.152
0.145
0.138
0.133
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Tauzz III. Estimates of the Curie points J&S'/kT, (n) for the sc lattice. Iu the case of S= ~ the values recorded are jq/AT. (n).

S=-,' S=-,' S=-,' 5=3

0.1

0.2
0.3
0.4
0.5
0.6
0.7

0, 8

0.9
1.0

0.138

0.108

0.0882

0.0744

0.0645

0.0571

0.0513

0.0466

0.0427

0.0395

0.0367

0.188

0.147

0.121

0.103

0.0895

0.0793

0.0715

0.0650

0.0597

0.0552

0.0514

0.214

0.169

0.140

0.119

0.104

0.0921

0.0828

0.0753

0.0691

0.0639

0.0594

0.237

0.185

0, 154

0.132

0.115

0.102

0.0919

0.0837

0.0769

0.0712

0, 0663

0.251

0.197

0.164

0.140

0.122

0.109

0.0979

0 ' 0892

0.0820

0.0759

0 ' 0706

0.261

0.206

0, 171

0 ' 146

0.128

0.114

0.102

0.0934

0.0858

0.0794

0.0739

0 ~ 342

0.270

0.225

0.194

0, 169

0.150

0.136

0.124

0.114

0.106

0.0998

TABLE IV. Estimates of mI(S) in (2).

S=-,' S=1 S=-' 5=2 S=-', S=3 5= ~

fcc 0.690 0.655 0.640 0.630 0.625 0.620 0.615

bcc 0.940 0.900 0.880 0.870 0.860 0.845 0.835

sc 2.80 2.70 2.65 2.62 2.58 2.56 2.49

S=1 S=-,' S=2 S=-', S=3 S= ~

—0.1

—0.2

—0.3
—0.4
—0.5

—0.6
—0.7

—0.8

0.0843

0.0906

0.0979

0.106

0.116

0.0980

0.104

0.113

0.123

0.135

0.148

0.107

0.116

0.123

0.134

0.147

0.162

0.179

0.114

0.123

0.130

0.142

0.155

0.172

0.119

0.129

0.135

0.148

0.162

0.179

0.190 0.199

0.157

0.169

0.174

0.193

0.212

0.233

0.259

0.292

0.330

TAN&, E V. Estimates of the Curie points JIS'/kT, (a) for the
fcc lattice with o.&0. In the case S= ~, the values recorded
are Jq/kT, (a).

between ferromagnetic ordering and antiferromagnetic
ordering of the second kind at a value of n=n*, which
is spin-independent, and at nonzero values of T, (n*) =
Ts (n*).

Tahir-Kheli and Jarret" have computed the T, (n, S)—
versus-n curves for the bcc and fcc ferromagnets using
a first-order Green's-function treatment, and 6nd that
T, (n) —&0 with an in6nite slope as n~n*. The low-

temperature phases of the fcc antiferromagnet have also
been examined by Lines" using the random-phase ap-
proximation (RPA), and this has been extended to
the bcc and sc lattices by Tahir Kheli et al.23 These
authors again adopt the T, criterion to obtain the stable
spin configurations a,nd proceed to calculate the Tsi(n)
and T, (n)-versus-n curves for the various phases, ob-
taining the same n* as molecular-field theory, but with
T, (n*) =Tiv(n") =0, and both functions having an
infinite slope at n*. The values of n* obtained in this
approximation are —I, —0.68, and —0.25 for the fcc,
bcc, and sc lattices, respectively.

Following Smart's interpretation of molecular-field

S~l/2

TAaLz VI. Estimates of the Curie points J~S'/kT, (a) for
the bcc lattice with a&0. In the case of S= ~, the values re-
corded are JI/kT, (u).

T(&)

Tc(')

s=vg
S=m
s=va
s=co

5=1 S=-' 5=2 5=—', S=3 5= ~

—0.1

0.132

0.146
—0.2 0.163
—0.3 0.185
—0.4 0.212
—0.5

0.152

0, 168

0.187

0.212

0.243

0.287

0.166

0.183

0.203

0.229

0.263

0.309

0.176

0.194

0.215

0.242

0.277

0,325

0.183 0.241

0.201 0.265

0.249 0.293

0.283 0.329

0.329 0.383

0.529

;6 -.4 -.2 0,2 .4 .6 .8

Fro. 1. Variation of the Curie points of the sc, bcc, and fcc
lattices with the strength of the second-neighbor interaction. The
curves L, 3f, and Ã correspond to the fcc, bcc, and sc lattices,
respectively, for the case 5= ~.
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theory and the RPA results, we expect that for a given
lattice and spin value, T, (n, S) as derived from series
expansions will have a singular point on the negative
n axis where T, (n*, S)—+0 as n—+n*(S) .

Unfortunately at low spin values the series expan-
sions quickly become erratic as ~ increases negatively
and it has not been possible to obtain reliable estimates
of the critical points in the neighborhood of n*. In this
region the convergence of the Pade approximant sin-

gularities rapidly breaks down. This behavior sets in
usually at values of T,(n)/T, (0) which are too high
for the curves to be extrapolated to n*(S). The situ-
ation with regard to convergence improves steadily for
large spin values, and in the limiting case S=~, we
have been able to construct the T,(n)/T. (0) versus
e curves close to a* for the bcc and sc lattices. The
values of n*(S= ~) obtained from Fig. I are —0.58&
0.01 and —0.33+0.01 for the bcc and sc lattices, re-
spectively.

Evidently the series expansions are locating the same
0.* as mean field theory and RPA corresponding to

ordering of the same kind for n(0.*, and these results
are obtained without the ad koc T, criterion. Also the
same behavior of T, (n) near n* as the RPA is given
and with T, (n) =0 (points on the curves very close
to the n axis have been found) .

It is not possible to say at this stage whether n*
is spin-independent or not, however, the results shown
in Fig. I do suggest that n*(S))n*(S=~) . In Tables
V and VI we have recorded the critical points for the
bcc and fcc lattices with values of n(0, and over a range
of values for which the approximants to (d/dE&) (lnxo)
locate consistent singularities on the positive real axis.

Further work relating to a review of comparisons
(a) and (b) above (see Sec. I) for a number of ferro-
magnetic insulators is in progress and will be published
elsewhere.
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State of UP'

B. A. Scorr|1 K. A. GINGERICII, t AND R. A. BERNHEIM

Department of Chemistry, Whitmore Laboratory, The Pennsytvania State University,

University Park, Pennsylvania

(Received 10 February 1967)

The 3'P nuclear magnetic resonance was observed in the paramagnetic state of the metallic antiferro-
magnet, uranium monophosphide (T~——123'K) . The "PKnight shift measured over the temperature region
125—300'K was found to be positive, varying from K=2 to O'P&. Linearity of the E(T)-versus-y(T) rela-
tionship permitted the assignment of a "P hyperfine field as +21.6 kOe/(Bohr magneton). Using the
Mott-Goodenough theory, the magnetic and electrical properties of UP are interpreted from a model in
which the Fermi level lies in overlapping bands composed of phosphorus s, P states and metal 6d-t2, states.

I. INTRODUCTION

"RANIUM monophosphide crystallizes in the 81-
type NaCl structure with lattice parameter

ao ——5.590 A.' Magnetic susceptibility data obtained by
Trzebiatowski and Troc' indicate an antiferromagnetic
transition at 123'K and normal Curie-gneiss behavior
above that temperature. From neutron diffraction
patterns at 78'K, Sidhu, Vogelsgang, and Anderson
deduced the ordering as ferromagnetic within each
(001) basal plane but oppositely aligned in successive
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alternating layers. ' These authors also found reason-
ably good agreement between theoretical and experi-
mental magnetic form factors assuming a U'+ 5f'
electron configuration. Kanter and Kazmierowicz have
reported a large positive maximum in the Hall effect
at the Neel temperature, and an electrical resistivity
which increases to a value of 300 pQ cm up to T~, but
which remains essentially constant in the paramagnetic
region. 4 In the present investigation we have examined
the "P nuclear magnetic resonance in UP above the
Neel point. The temperature dependence of the reso-
nance shift combined with susceptibility data makes
possible a determination of the sign and magnitude of
the net hyperfine field at the phosphorus sites. The
origin of the shift is then discussed within the context
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