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This is the first of two papers in which the high-density charged Bose gas at zero temperature is treated
by two independent and self-contained methods. In this paper, we are concerned with the excitation spec-
trum of the system. An analysis of the formal and physical aspects of the theory is followed by a simple
numerical calculation. We apply the usual field-theoretic formulation for a Bose system. The Green’s
functions and other response functions, or propagators, are analyzed, emphasizing the role of the dielectric
constant. The general features of the excitation spectrum are described. To apply and to further illustrate
the formalism, the low-lying levels are numerically determined to the order of 7,34 in units of wy,, (the next
order beyond the Bogoliubov approximation). 7, is the ratio of the average interparticle distance to the

Bohr radius and wy, is the plasma frequency.

I. INTRODUCTION

HE theory of a high-density charged Bose gas was

first studied by Foldy! in the Bogoliubov approxi-
mation, which is the lowest-order approximation in
the expansion parameter 7,4, The next order approxi-
mation has been studied by Brueckner? and by Lee
and Feenberg,? who were only concerned with the
ground-state energy. Various aspects of the theory
have also been studied by other authors.?

The long-range force and the Bose-Einstein conden-
sation are the two outstanding features of the charged
Bose system. They give rise to divergent terms in the
usual perturbation calculation of the ground-state
energy. The difficulty was not resolved until Brueckner?
demonstrated that the divergent terms cancel and the
result is well behaved if one handles the perturbation
series consistently.

The appearance of canceling divergent terms implies
that an understanding of the formal structure and the
more qualitative aspects of the theory has been lacking.
While the Coulomb force has been studied extensively
for an electron gas, and the formal theory of a neutral
Bose system has also been investigated,*® the charged
Bose system has not received sufficient attention. This
paper is devoted to the exploration of the formal
structure of the theory in order to demonstrate the
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physical implications of the long-range Coulomb inter-
action and the Bose-Einstein condensation. We shall
employ the usual field-theory method and focus our
attention on the excitation spectrum. The formal and
qualitative analysis provides us with a perturbation
calculation involving no divergent term at all.

In Sec. II, we introduce the Green’s functions, the
density and current propagators, the dielectric constant,
and other related functions. By analyzing the structure
of the diagrams and through the conservation laws, we
derive exact relations among the functions and illustrate
the role of the dielectric constant. Following the formal
analysis, we give, in Sec. III, a qualitative description
of the excited states. The excitation spectrum, as a
function of the momentum £ of the system, is found to
have the following features. For % larger than a certain
culo ff momentum, there is a continuum of energy levels
starting from a finite threshold. For % less than the
cutoff momentum, there is, in addition, a discrete level
below the continuum (see Fig. 8). The relationship
between the discrete level and the threshold of the
continuum is discussed. The origin of the finite energy
gap and the absence of the low-lying transverse excit-
ations is also discussed. In Sec. IV, the perturbation
expansion in powers of 7,34 for the energy of the discrete
level is made. The zeroth-order approximation (i.e.,
the Bogoliubov approximation) and the first-order ap-
proximation are studied. The first-order term is then
determined by evaluating the relevant diagrams nu-
merically. The formalism enables us to have a simple
numerical procedure involving no divergence or ill-
defined integrals. Our results are thus exact to the
order 7}4. A few comments are given in Sec. V.

II. FORMAL STRUCTURE OF THE THEORY

In this section, we set up the formalism and derive
a few exact relations which display the simple and
important physical features of the theory. Some of
these exact relations will be the basis for later calcu-
lations.
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A. The Hamiltonian

The Hamiltonian (the free energy) of the charged
Bose system in a unit volume is

H=) m(a—w)+2 Viloput—n)/2, (2.1)
X io20

where
€= kz/ 2m,

nk=ak*ak,
—_ 2 /b2
Vi=4me /k y

= Z 'Oy (2.2)

1Y
u is the chemical potential and # is the total density,
which is a fixed constant. The zero-momentum oscillator
is treated classically, i.e.,

doT':a():\/no, (23)

and 7, is regarded as a ¢ number. 7 is determined by
the condition that the free energy shall be minimum
at the correct value of #,:

(8/0mo) (H )=0. (2.4)

The brackets (-« ) will always denote the ground-state
average. The chemical potential u is determined by

—(9/0p) (H)=n. (2.5)

The total number of particles not in the condensate
is denoted by »':
w =n—no.

(2.6)

Writing out @ and a,t explicitly, the density fluctu-
ation py has the form

pe= (/o) (axtax) +2 aptap. 2.7
P

Henceforth, the zero-momentum subscript will always

be excluded. The current operator Jy is defined as

= (&/2m) (v/no) (ax—ash) +m 22 (p+3K) @ apyae

(2.8)

Substituting (2.7) in (2.1), we see that there are
three kinds of interaction terms, proportional to ,
n0'/2, and #n¢’, respectively. The corresponding diagrams
are shown in Fig. 1. A wavy line represents the Coulomb
potential and each dotted line represents a factor 702
The unperturbed ground state is then formally a
vacuum. We now have a well-defined field-theory model.

B. The Propagators and the Dielectric Constant

The properties of the system of physical interest are
summarized in a few propagators; e.g., the singularities
of the Green’s functions, the density, and the current
propagators will give us the energies of some of the
excited states. The long-range character of the Coulomb
force is most effectively analyzed by introducing the
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dielectric constant. In the following we shall deduce,
from the structure of the diagrams, the connections
among the Green’s functions, the density, and the
current propagators and the dielectric constant.

An important notion in the dielectric constant ap-
proach is that of the “irreducible diagram.” In this
paper, we shall call a function érreducible, if every one
of the diagrams contributing to it is an irreducible
diagram, i.e., a diagram which is not made of two
parts connected only by a single interaction line. In
this paper, we shall use the word proper to denote the
fact that a proper diagram is not made of two parts
joined by a single one-particle line. For example, the
self-energy diagrams are proper but may be reducible.

In the following analysis we shall define quite a few
functions and derive many formulas (mainly through
the summation of various geometric series). In order
to clarify the motivation of such an analysis so that
the physical meaning of these functions and formulas
will be transparent, let us review briefly some of the
well-known characteristics of a low-density system with
a short-range interaction, and compare them to those
for a charged Bose system.

A dilute system with a short-range interaction is
conveniently characterized by two length parameters,
the range of the force and the mean free path. The
theory is usually concerned with the correlations or
the propagations of various fluctuations over a distance
comparable to or smaller than the mean free path
(for those over a distance much larger than the mean
free path, the macroscopic theory will take over).
These propagations of fluctuations are mainly due to
the motion of the particles; i.e., the energy and mo-
mentum generated by the source of fluctuations are
carried by one or more particles to other parts of the
system and give rise to the correlations. The interaction
does not play a part directly in the correlations of
fluctuations unless the distance involved is within the
force range. Thus, the Green’s function, which describes
the propagation of a particle through the medium,
plays the essential role in the theory. An analysis of
the structure of the Green’s function will reveal much
physical characteristics of the system. The first step
in analyzing the structure of the Green’s function G is
to express it in terms of the self-energy M by summing
the geometric series

G=Go+GoMGo+GoMGMGo++++
= (GO—‘I—M)WI; (29)

where Gy is the unperturbed Green’s function. From a
physical viewpoint, a great deal has been gained by

ol
(a) (b} (c)

Fi16. 1. The three types of interactions.
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summing the geometric series, because, with formula
(2.9), one does not have to know much about M to
have a fairly clear picture of the single-particle propa-
gation. For example, if the imaginary part of M is
small, a Lorentzian-shape spectrum follows and a
rough estimate of many quantities of physical interest
such as the mean free path can be made. From a
mathematical viewpoint, the summing of the whole
geometric series is essential because any truncated series
expansion of G is meaningless in the region near the
singularities of G, which is often the region of interest.
While G becomes singular, M is often well behaved.
Then a truncated expansion for G will be useful and
the singularities of G may be studied approximately.
In short, the summation of the geometric series (2.9)
often allows one to construct a well-behaved pertur-
bation expansion as well as to gain much physical
insight to the problem. It is usually the only useful
exact relation one can derive by a straightforward
summation. The next step of the theory would be the
analysis of the self-energy M and the other propagators
constructed from G.

In contrast to a dilute system with a short-range
interaction, the mean free path is no longer a useful
concept for a charged system. The motion of a particle
is constantly affected by all other particles through
the instantaneous infinite-range Coulomb force. The
propagations of fluctuations over any distance are
mainly due to the long-range interaction instead of the
motion of the particles. Roughly speaking, the particles
now play the part which the interaction plays in the
short-range case discussed above. They disturb the
lines of force so that the “shielding length” plays the
part of the mean free path in the short-range case.
We want to emphasize that, unlike the mean free path
in the dilute system discussed above, the concept of
the shielding length in a charged system is not a con-
crete one. The modified Coulomb-interaction line still
has an infinite range (i.e., proportional to 1/k% for a
small momentum transfer k) except at zero-energy
transfer. In other words, only the static Coulomb field
is shielded. The interaction with the modification of the
medium is defined as the bare Coulomb potential
divided by the dielectric constant. Thus, the dielectric
constant is the fundamental concept in the theory.
The density fluctuation is the source of the fluctuation
of the Coulomb force. Thus the density propagator is
closely related to the dielectric constant. For a Bose
system, by (2.7), the density fluctuation is directly
related to the single-particle amplitude as well as the
two-particle amplitude. Therefore, the Green’s function
is also closely related to the dielectric constant. It is
now clear that the dielectric constant plays the essential
role in the theory of the charged Bose system. As the
step equivalent to the summation of the geometric
series for the Green’s function in (2.9), we have to sum
many geometric series involving the dielectric constant
and the closely related propagators, Various proper
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irreducible functions will play the part of M in (2.9).
Like (2.9), the results of summing these geometric
series will enable us to gain much physical insight and
to construct perturbation expansions which are well
behaved near the singularities of the modified inter-
action line and of various propagators. Like the singu-
larity of Go in (2.9), the 1/k? singularity of the bare
interaction line can cause no trouble after the geometric
series are summed. We comment here that, because of
the weakness (i.e., having no hard core) and the simple
form of the Coulomb force, these geometric sums, which
we now proceed to study, will display much more
physical features for a charged Bose system than (2.9)
does for a dilute system with a short-range interaction.

We now list our definitions of the propagators. We
shall use script letters to denote the propagators.
Irreducible functions will be denoted by capital letters.
Unless otherwise specified, the arguments of the func-
tions are always (k, w). For simplicity, we introduce
the Greek indices, each assuming two values, 4 and —,
so that

ot =ay, if u=+,
=a_;, if pu=—. (2.10)
The Green’s functions form a 2X2 matrix.
G = —i / dt T (@ (Haet)).  (2.11)

The density and current to single-particle amplitude
propagators are defined as

Gu=—-'i'/dteiwe<T(Pk(t)dk“f)>’
@F=—i/dt eiwt<T(dk“(i)Pk*)>,
ei=—i [ dtee T i ap)),

Cp=—i f dt e T(ar (DT, (2.12)
The density and current propagators are
50, 0) =—i [ e T (oult) ),

5k, @) =i [ dte = TTWaN),

59l 0) = —i [ dt KT, (213)

The indices ¢, j will always label the components of
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3 vectors. The function

—i/dt e (o (£) )

+ oee

Mm<™

Fic. 2. The density propa-
gator. A heavy dot represents
a density vertex.

MmM<TM <™

_F_
1-VF

can be shown® to be the same as F.
The following symmetry properties are easily deduced
from the space and the time-inversion invariance of the

system$:
91’”’ :9“1' =8_”—-v( —k: _w) )
Cu=Cr=C_,(—k, —u),
e"i =Ct= e—ﬂi( _k7 —w) ’
F=F(—k, —w) =F(—Kk, »),
Fi=Fi(—k, —w)=—F(—k, w),
Fii=F(—k, —w) =F9(—k, w) =F". (2.14)
Henceforth, all the propagators and the related irre-
ducible functions are regarded as functions of complex
w. For real w we let w approach from above the real
axis if w>0, and from below, if w<0.
The irreducible functions corresponding to the above
propagators are G,*, C*, C,, C#, C,5, F, Fi, and F%.
They correspondingly satisfy the symmetry relations

(2.14).
We now define the dielectric constant e¢ (not to be

confused with the unperturbed single-particle energy

ek=k2/2m) by
F=F/e. (2.15)

Since & is obtained from F by summing a geometric
series (see Fig. 2), we see that
e=1-VF, (2.16)

where V=V,=4ne?/k%. It is easily seen from Fig. 2
that V/e is the modified interaction line and (2.15) is
equivalent to the previous definition of e. It follows that

Fi=Fi/e,
Fii=Fii4FiFiV [e. (2.17)
The vertex functions A,, A?, A,%, A are defined as

(see Fig. 3)
C"=A,G,,",

Cui—_' AviGnv:
Cr=G,*A?,
Ci“=G,,“Ai". (218)

Repeated Greek indices are summed. The A’s satisfy
the symmetry relations for the C’s in (2.14).

6 The symmetry properties of the propagators are discussed in
Ref. 5.
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We further separate out the proper part of the F’s
(see Fig. 4) and write
F=A,G A"+ F,
Fi=A, G Ar+Fir,
Fii=AiG A7+ Firr, (2.19)

The Fr’s are proper as well as irreducible.

The cylindrical symmetry about the momentum k
enables us to draw the following conclusions. Let the
indices 1, 2 denote the transverse components of a
3 vector and 3 denote the longitudinal component.
Then we have

Cl=Cl2=A 12 =F12=Flor= 0,
FB =GB = Fl3 = F2 = [13r = [ =(),

F2=Fl2=Flr=(), (2.20)
It follows from (2.17), (2.19), (2.20) that
G =G2 = Fll — 2 — Fllr — F2ar (2.21)

Thus the full transverse-current propagators are proper
and irreducible.

Let us now go back to the Green’s functions. The
self-energy 9 (a 2X2 matrix) is defined through
Dyson’s equation:

G1=G -9, (2.22)

where Gy is the unperturbed Green’s function matrix:
Goyt= (w - fk"l‘.“) -
Go_t=0.

Let the numerator 9 and the denominator © be
defined as

(2.23)

D=—det|g™|,
G=9/D. (2.24)

Clearly, 91 and 9 have the same symmetry properties
that G has, [see (2.14)]. Let

8=3(M,F+IN_7), @=3 (M F—9m_),

Me=9n_*+. (2.25)
Then
Nyt =wteg—p+M_",
N_t+=—9N,,
D= (0—@)*— (e —p+8—NMy) (e —pn+8+9My).
(2.26)
We define N, D, M, S, A, M, as the irreducible functions
A
e ?ﬁ Fic. 3. The irreducible density (or current)

to single-particle amplitude propagator. The
heavy dots are density (or current) vertices.

cke é
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corresponding to 9, D, 9, 8, @, M. Equations (2.22),
(2.24), (2.25), and (2.26) remain valid with the script
letters replaced by the corresponding capital letters.
The functions N, D, M, S, A, M, are all both proper
and irreducible.

Now it is a straightforward matter to combine
irreducible functions to obtain the functions repre-
sented by script letters. By Fig. 5, the self-energy oW
may be written as

AM,# =A"AvV/€T+Mv”;
e=1—VF, (2.27)

We may not use the full dielectric constant e here be-
cause the single isolated one-particle lines are excluded
from 9Nt.

Substituting (2.27) in (2.26), we obtain

D=D—(V/e') A N,*A".

Since the dielectric constant is, by (2.16), (2.19),
e=1—-VF

=1—V(A,GH+F),

Eq. (2.28) becomes
D={(¢/€) D.

(2.28)

(2.29)

(2.30)

We now summarize our results by expressing the
propagators in terms of the dielectric constant and the
irreducible functions.

G# =G+ (V/D)wA™A,),  (2.31)
Cu=AG,’/e,

Cl=(F(V/e) A +A)G,, (2.32)
F=F/e,
F=F/e,

558 = FB4 F3F3Y /e, (2.33)

(2.31) is obtained through Egs. (2.24)-(2.29). The
Egs. (2.32) are easily seen from Fig. 6. Equations
(2.33) are just (2.15), (2.17). The above propagators
involve the single-particle amplitude and the longi-
tudinal current. Both are invariant under the rotation
about k. The nonvanishing transverse-current propa-
gators are, by (2.21),

G =22 = Flir — [22r, (2‘34)
While (2.34) is a trivial identify for any system (with
no tensor force) and (2.33) holds for any charged
system, Fermi or Bose, the results (2.31) and (2.32)

A
Fs= G
A

F16. 4. The irreducible density (or
current) propagator. The heavy dots
are density (or current) vertices.

+ @F'

THEORY OF CHARGED BOSE GAS. I

169

A
M= §we + %M
A

Fic. 5. The self-energy in terms of
irreducible functions.

are unique for a charged Bose system. For a charged
Fermi system, the density or current does not couple
to the single-particle operators, i.e., A,=A,*=0. Thus,
speaking loosely, for a Fermi system, one would have

F=Fr, (2.35)

so that the Green’s functions would be irreducible and
would not depend on the dielectric constant explicitly.
In the Bose system, as is shown by (2.31), the dielectric
constant plays an essential role in the structure of the
Green’s functions, although it does not, according to
(2.34), affect the transverse propagators directly. We
shall discuss these points more fully in the next section.

e=¢, g=aG, c=0,

C. Some Consequences of the Continuity Equation

The propagators involving the longitudinal current
Ji® are related to those involving the density fluctuation

px through the continuity equation
1 (dp/8t) =kJ 3. (2.36)

By taking the time derivatives of the propagators and
keeping track of the discontinuity due to the time
ordering, one easily obtains from (2.13)

oF =kF3,

wF=k[F34 (n/m) ]. (2.37)
By (2.15), (2.17), we see that
wF=FkF?,
w3 =k[FB3+(n/m)]. (2.38)
Thus
F=(#*/u?) [+ (n/m) ],
F=(k*/u*) [F¥+(n/m)]. (2.39)
From (2.12), we obtain ‘
wCu=kC, 4 (v/10) By, (2.40)
where
B.=1 for p=-,
=—1 foru=-—. (241)
The term (1,)Y28,, comes from the commutator
Lok, axT]= (10) /28, (2.42)
Using (2.32) and (2.40), we obtain
WA G, =EAJG 2+ (1) V2B, (2.43)
Similarly,
N O.)G,"A" = kGy”Asy—l- (no) 1/2ﬂu’ (2.44)
where B¢=0,. (2.43) and (2.44) are the same since

Ay=AH G =G>
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C= + F1c. 6. The full density (or current)
v/e ¢ to single-particle amplitude propagator
A in terms of irreducible functions.
G

From the definition of Fr, Fir, Fir [see (2.19)] and
the Eqgs. (2.38, 2.43, 2.44), we can express the relation-
ship among Fr, % and F% as

wFr =EkF — (1) 28,A”, (2.45)
B = h(F - (n/m) ) — (no) A, 3B, (2.46)
thus
Fr=(k/c?) (F%+(n/m))
—[m0) /et (RA,5+oh,) B, (2.47)

The formulas (2.37)-(2.39) apply also to a Fermi
system while (2.43)-(2.47) are meaningful only for a
Bose system. These formulas derived above from the
continuity equation may be referred to as the Ward
identities.

So far we have been able to express the dielectric
constant and the full propagators in terms of the
functions A, M, N and etc., which are proper and
irreducible. In other words, we have analyzed the role
of the isolated single-interaction line and that of the
isolated single-particle line by summing a few geometric
series. The next step is then the study of the isolated
pair of lines and, instead of the geometric series, one
would encounter the Bethe-Salpeter-type equations.
The kernels of the integral equations and the vertex
functions will play the role of the irreducible functions
in the geometric sums. We shall make no attempt to
analyze the structure of the Bethe-Salpeter equations
in this paper.

III. QUALITATIVE FEATURES OF THE
EXCITED STATES

The qualitative features of the excited states are
easily understood in terms of the perturbation theory.
As in the case of an electron gas, there is only one
dimensionless parameter in the theory, i.e., 7, the ratio
of the average interparticle distance to the Bohr radius.
By choosing the appropriate system of units, as will
be seen in the next section, the parameter of the
perturbation expansion becomes proportional to 7.,
Therefore, if the density is high enough so that the
perturbation expansion converges, we expect the physi-
cal picture to be that given by the lowest-order ap-
proximation, i.e., the Bogoliubov approximation, with
some modifications which may be regarded as small.
We can then apply the exact formal results derived in
the previous section to obtain a consistent description
of the excited states. The physical meaning of these
formal results then becomes more transparent. In this
section, a general description will be followed by a
brief discussion of the analytic behavior of the various
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functions defined in the previous section and of some
characteristic features of the excited states at small
momenta.

A. General Description

In a Fermi gas, transitions between a state with an
even number of particles and a state with an odd
number of particles are forbidden. The situation is
quite different for a Bose gas. The presence of the
condensate, which is a classical field in our model, in
the Bose system implies that the transition between a
one-particle state and a two-particle state is allowed,
and hence that the transition between two states with
any number of particles is allowed unless it is forbidden
by symmetry.

Therefore, the singularities of the Green’s functions
G,*(k, w) give the energies of all those excited states
with momentum k and zero angular momentum along
the vector k, i.e., zero helicity. The density propagator
and the longitudinal current propagator share the same
singularities with G, since they all have the same sym-
metry. This fact is already demonstrated to some
extent by our previous results (2.31)-(2.33). The
transverse-current propagator is singular at the energies
of those excited states with helicity #1. Similarly, one
can construct tensor operators with helicities 2, +3,
=+4, and so on. The singularities of the corresponding
propagators will then give the excited-state energies of
the corresponding helicities.

In the Bogoliubov approximation (which will be
discussed more quantitatively later), a single quasi-
particle with momentum k has the energy

(a2+apt) =132, (3.0

where wp1= (4mne?/m)!? is the plasma frequency. ¢, is
the unperturbed single-particle energy k2/2m [see
(2.2)], not to be confused with the dielectric constant
e. The quasiparticle has zero helicity. The finite energy
gap wy is easily understood. The interference between
the particle amplitude and the amplitude of the zero-
momentum oscillator, the condensate, always produces
a density fluctuation, which implies a charge separation.
The electrostatic restoring force then comes in to play
and raises the energy.

Any excited state, in this approximation, is made of

Fic. 7. The energy levels
in the Bogoliubov approxima-
tion. The cutoff momentum is
at k=2,

in units of Wy,

|
I
i
i
I
!
| -
i
|
1
1
I
1

| M1z

in units of (47e2nm)1/4
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one or more of these noninteracting quasiparticles. The
energy levels versus the momentum is shown in Fig. 7.
We see that the lowest excited state is a single quasi-
particle state if & is less than 2, measured in units of
(4mnme?) 14, The two-particle continuum starts at the
threshold 2Fj»E, which corresponds to two quasiparti-
cles each having momentum k/2. The three-particle
continuum starts at the three particle threshold 3Fys?,
and so on. For % larger than 2, which is the cufoff
momentum, beyond which no discrete level exists, the
two-particle threshold becomes lower than the single-
particle energy EiB. For k larger than (12)'2, the
three-particle threshold becomes lower than the two-
particle threshold, and so on.

It is straightforward to comstruct a state of any
helicity and momentum from the states of two or more
quasiparticles by superposition. The important feature
is that the states with helicity greater or equal to 1
must be a state with at least two quasiparticles and
therefore have an energy greater than two times the
plasma frequency. There are no low-lying transverse
excitations. One might argue that there should be flow
patterns which involve no charge separation (i.e., purely
shear flow), and thus have lower energy than the plasma
frequency. However, such a flow pattern would mean
that the condensate flows also. This type of motion,
which is hydrodynamic in nature, is not included in the
present theory, which assumes a macroscopic occu-
pation of the zero-momentum state, i.e., a stationary
condensate. We shall not study the case of a moving
condensate here.

To go beyond the Bogoliubov approximation, we
turn on the interaction between the quasiparticles.
The above-described features will be modified. The
single quasiparticle energy will be shifted and hence
the 2-particle, 3-particle, etc., thresholds will be shifted.
The cutoff momentum will be shifted. For % larger than
the cutoff momentum, the single quasiparticle becomes
unstable and will decay into 2 or more quasiparticles
with momenta less than the cutoff momentum. Besides
the decay processes, there will be scattering processes.
The important question is whether the bound states

in units of wyp,

wKD

L1 c
Ko 1

in units of (477e2nm)1/4

Fi6. 8. A rough sketch of the low-lying energy levels for r,~2.
The lowest-excited-state energy occurs at k=*ko. C is the cutoff
momentum.
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of two or more quasiparticles can occur. If they do
occur, the above description would have to be modified
to a great extent. One can easily verify that the inter-
action between two quasiparticles is repulsive. There-
fore, the bound states are likely to be absent.

Thus, the modified-excitation spectrum consists of a
single dispersion curve wg, the shifted quasiparticle
energy, below the cutoff momentum plus a continuum.
The boundary of the continuum, i.e., the threshold
energy as a function of 2, will be denoted by Ein. (k).
It will be shown later that the dispersion curve w; will
have a minimum oy, at a finite momentum ko(see
Fig. 8). Thus, for % less than 2k,

Ene (k) =2wp,. (3.2)
For % greater than 2k, Eu.(k) has to be obtained
from 2wyse, or 3wis, *++ whichever is the smallest.

B. Analytic Behavior

In view of the above discussion, the analytic behavior
of all the functions we have studied in the previous
section can be easily deduced.

Since the singularities of all the propagators are
located symmetrically about the origin, it is more
convenient to use the ? plane instead of the w plane.

Below the cutoff momentum, for all the zero-helicity
propagators, there is a pole at w? and a cut starting
from the threshold En?(%k) to infinity, i.e., a branch
point at Ew?(k). Above the cutoff momentum, there
is no simple pole, but a branch point at Egu,2(k) for
all the propagators. In both cases, there are additional
branch points above Ey,.2(k) at the thresholds of multi-
particle states. We shall not be interested in them.

. The transverse current propagator F!=g2=g1l and
the functions M, N, A, A%, Fr, Fir, and Fi are con-
structed from diagrams involving at least two quasipar-
ticles. Since there is no bound state, these functions
have no simple pole. They all share the cut starting
from Ew2(k).

It is now clear that, by Eqgs. (2.31), (2.32), (2.33),
(2.39), and (2.40), the simple pole of the zero-helicity
propagators G, €, @3 &, 33 and F% must be the zero
of the dielectric constant. The poles of G (i.e., the
zeroes of D), do not give rise to any pole of the full
propagators because they are also the poles of the
dielectric constant [see (2.29)].

The branch point w?= Ey,2(k) is common to all the
functions we have studied although the nature of the
branch point may differ from one function to another.
We shall not study the precise threshold behavior of
the functions but only give the following estimate in
terms of the density of the two-particle states for a
two-particle threshold. A similar estimate may be made
for a many-particle threshold in terms of the density
of many-particle states. Consider a proper irreducible
function, e.g., Fr. Near the branch point the disconti-
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nuity across the cut is

Fr(w-+in) —F(0—1in)

L@
=—1 / (2;’; . 270 (0 —w—px/2—Wpik/2)

X (a slowly varying function of w)
~0(w—Eg (k) )p2() (3.3)

where p» is the density of the two-particle states near
the threshold. For %k greater than 2k,

pa(w)~ (m*) 32 (w—2ws2) 12, (3.4)

where
1/m* = (dPwp/dp*) p=is2 (3.5)

measures the curvature of the dispersion curve at 3k.
For % less than 2k,

p2=a constant. (3.6)

Therefore, at the two-particle threshold, the branch
point for a proper irreducible function is either a square-
root singularity or a logarithmic singularity.

C. The Dispersion Curve at Very Small Momenta

We proceed to derive an inequality which must be
satisfied by wp for small k. The irreducible functions
are all related to the thermodynamic derivatives as
o and k approach zero. We emphasize that, for a
charged system, the thermodynamic derivatives are
related to the drreducible functions, not the general
propagators. This is because the interaction line V;
for k=0 is excluded owing to the uniform neutralizing
charge background so that any ground-state diagram
is irreducible. It can be shown that, for small w and £,

F=(nk?/m) (w*—c?k?)~L (3.7

The proof of (3.7) is given in Ref. 5.7 The quantity
¢ is defined by

met=n(du/dn). (3.8)

If ¢ is greater than zero, ¢ may be interpreted as the
speed of sound. In the present case, ¢? is less than zero,
as will be seen in the next section.

Equation (3.7) is in fact valid for all w because it
has exhausted the f sum rule, which states that the
total weight of the spectrum of & (and hence that of
F) is nk?/m. Thus, for any w, we have

F=(1-08) (nk?/m) («?*— %) 1+F, (3.9)
where
—0,
F'/k?—0, (3.10)

7 Although their analysis is for a neutral Bose system, it is
completely applicable (and, in fact, more rigorously here because
of the finite energy gap) to the irreducible functions.
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as k approaches zero. F’ is the contribution from the
continuum. The dielectric constant is then

e=1— (dne?/I2) F
= ((’.)2 —_— CZkZ) —1 ((.d2 _CZkZ —w,,12+wp125
—(4reF /1) (2 —c2)).  (3.11)

Now, 6> 0, as required by the f sum rule and, for w less
than the threshold, F’'<0. Therefore, we have the
following inequality for wg, which is the zero of e:

wit—wp2 < %2, (3.12)

This inequality will provide a check on any calculation
of the dispersion curve near k=0. Furthermore, we
see that in the limit of infinitesimal momentum, oy
must be precisely the plasma frequency. This fact is
well known for an electron gas. Since ¢? is less than zero,
the negative curvature of the dispersion curve implies
that a minimum exists for the dispersion curve at
k=Fko. Thus, the two-particle states with the lowest
energy will be those made of two particles each having
a momentum of magnitude ko. Therefore, the threshold
is flat for k< 2k, i.e.,

E(;hr(k) =2wk0, for k<2ko. (313)

The energy 2w, must be greater than the plasma
frequency, because otherwise the small-momentum
quasiparticles would be unstable and hence would not
have a precisely defined frequency.

IV. CALCULATIONS
A. Units

In this section, we shall determine the dispersion
curve below the cutoff momentum to the next order
beyond the Bogoliubov approximation.

We shall use the system of units in which the mo-
mentum or the inverse length is measured in (4nnme?)1/4
and the energy is measured in the plasma frequency
wp1= (4mne?/m)'2. Let the coupling constant g be de-
fined as

g=(4m)34(eSm?/n) A =4qyBl4/31/4, (4.1)
In the new system of units, we have
m=1,
dr?=pn"l=g. (4.2)

Here g is the parameter of the perturbation expansion.

The orders of magnitude of the quantities concerning
us are listed in the following: The number of particles
excluding the condensate, #»’=0(1), the chemical po-
tential u=0(g), the dielectric constant e=0(1), the
irreducible Green’s functions G4+=0(1), G-+=0(g),
the irreducible self-energy M =0(g), the irreducible
density and current propagators F=0(g™), Fr=0(1),
and the vertex function A=0(g™?).
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The task is to solve the equation

e(k, wp) =1—(dwre?/ k) F (k, ) =0 (4.3)

for wg. It turns out that it is more convenient for
computation to express F in terms of F®. Substituting
(2.39) in (4.3), we have, in the new system of units,

e(k, wx) =1—(1/wy?) (1+gF*(k, wi) )=0.  (4.4)
Equation (2.19) gives
F#=A G A+ F5, (4.5)

The perturbation expansion of the dispersion curve has
the form

b=k O+ gu O 4 g @4+« +. (4.6)

Substituting (4.6) in (4.4), expanding in powers of g,
and setting the coefficients to zero, one then obtains
the equations for wp@, wx®, and so on. However, the
expansion is not meaningful unless w; is away from
the singularities of e(k, w) . As was shown in the previous
section, every function involved in (4.5) has a branch
point at w?=E,2(%). Thus, the expansion is not mean-
ingful when oy is close to Ew,(k), i.e., when £ is close
to the cutoff momentum. Above the cutoff momentum,
e(k,w) has no zero. However, one can analytically
continue € across the cut and solve (4.3) for a complex
wr, which may be interpreted as the energy of an
unstable quasiparticle. Besides the branch point, € also
has a pole located at the pole of G. This singularity is
always far away from w; and causes no difficulty.

B. The Bogoliubov Approximation

In this approximation, only the lowest-order quan-
tities are kept. (See Fig. 9.) We have

m=n=g",
Ay=+/mo=g",
Ap=~/no(k/2m) B, =g ?B,%k,
Gt =(0—e),
G_*t=0,
p=0,
» F3r=0, (4.7)
where B8, is defined by (2.41). Substituting (4.7) in

A Fic. 9. The irreducible longitudinal

current propagator in the lowest-order
g  approximation.

@
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Lol o

(a) (b) (c)

F1e. 10. The 1-ring diagrams. (a) The longitudinal-current
ziertle?x3 A3, (b) The self-energy M. (c) The proper irreduci-
e F33r,

(4.5), one has
F38= g—%kz (G+++G_—) = g‘le,f/ (w2 —?).
Thus

(4.8)

e=1—(1/?) (14 (a/w?—g2) ) =1— (w®—e?)™ L
The lowest-order w, is then given by e(k, w;) =0, i.e.,
wk(O) =[1+6k2]1I2E EkB. (49)

The full Green’s functions in this approximation are,
by (2.31),

G#=¢1(G+ (u/DR) ). (4.10)
A little algebra shows that
Git=[(1+m)/(0—E®) ]—[m/ (w+EF) ],
6t = — iy ((w—EiB)—— (k- BB) 1), (4.11)

where
m={axtar)= (2E8) " (e— BB+ (1/72)),
fin=— (a0 )=—(ata_ ") = QEBR) 1. (4.12)

n, and 7 are related to the original Bogoliubov trans-
formation

ax =Akak—Bk0[_kT
through
Ak -‘=1+1’Lk, Bk2=nk,

AkBk =1 (413)

C. First-Order Approximations

In this approximation, we also keep those diagrams
with one “ring,” the first-order chemical potential, and
the zeroth-order #’. The one-ring diagrams are shown
in Fig. 10, (a) is for A3, (b) for the self-energy M,
and (c) for F¥r, The solid lines in the diagrams are the
full zeroth-order Green’s functions given by (4.11).
The one-ring diagrams exhaust all the first-order contri-
butions to e.

Let ng'2(4me?) 2T, be defined as the 1-ring contri-
bution to A3 then

Au3=\/”0%kﬁn+r,4(1’to) ”2(471‘62) 1/2, (4.14)
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3x 10—2 T T T T T T T T T

1

2x10°2
_wk(l)

10°2

T T T T T

DR T TS T R ST N S SO |

[

k in (47nme2)1/4

Fic. 11. The first-order energy shift. To this order, the dis-
persion curve is given by wi = (E84-gur®) wp1. The parameter g is
related to 7, by g=4xrd/*/34, Notice that w;® is negative.

The factor /mo(4mwe?)'/? takes care of the interaction
line and the condensate line in Fig. 10(a). Recall that
4ret=n"1=g, and no=n—n’'; thus

AZAS = HR,8— 1 I,6'+ 3R (BT T8
(4.15)

The irreducible Green’s functions are glven by, to the
first order,

G(k,wx) =N/D
= (N“”-{-gN‘U) / (D(°)+gD(U)
=GO (k, @) +(g/ DO) (N© — (DV/DO)NO).
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Substituting (4.15), (4.16) in (4.5) and (4.4), and notic-
ing that

D(o)(k, EkB) =Ek32—ek2=1,
we obtain
wil— BB = (g/ BB [ —n'e+

+712k (Bva(O)"I"'-—{-I‘“N,(O)F‘BV)

le?B,.Ny“)”B”
—DOIRBN,Oug+F ], (4.17)

The explicit expressions for N, D are given by (2.26)
with the script letters replaced by the corresponding
capital letters. Keeping terms to the first order, we find

N O+ =— O 0=

N_Ot=—}[,0

DO =—2uA® 26 (SO—y®).  (4.18)

Substituting (4.18) in (4.17), we have

B2 = (g/ ExP*) { —n &> +e (SO +M® —p®)
+E[EE (T +T-) +e (T —T) ]
+2e[EPAD +e,(SD —p®) ]+ Foor}

= ZEkB gwk(l) .

wk2.__

(4.19)

It is a straightforward matter to write down the contri-
butions of the diagrams shown in Fig. 10. We find,

(4.16)  after some algebra,
so=2 [ 22y o=t [ 2L VLV it Vass-Frohoss Vot Vo) 10,
4 (2 )3 p+ 4 (2 )3 P pp/ Mp p P
(1)+M(1)-_ PPy o4 [Ty o (Vo V) O
' (@mp ") (e ’
1 @
L YA Vot Vo) O,

(1)—-...
49=3) Gy

1 @ A
Tt [ 55 VoOomhon) (2 EHOQ,

& .
Te=T_=; [ G Vi a/ o) i+ "
a*p — IR GAY)
F33""‘ Ay 1(1=2p) (Aprx—Np) (p-k-+3k)%Q,

4J (2m)3

(4.20)
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Fi1c. 12. The energy shift at
small momenta. (a) —awyV versus
. (b) —(@—wp)/k in units
of g(4nnet/m3)12,

T T T T I T T T T l
5x10-5- I
L 9.36x10-3
B ~
- < 9.35x1073
_mk(l) i N3_
2.5 %1075 o, 9:34x1073
B 3
L ' 9.33x103
L 9.32x10°3 [
0 [T [N T TR S BN |
0 0.05 0.10 0
k in units of (47Te2nm)1/4
(a)
where

0*= (B8 — Epn® — E%) ' F (BP+ EpnP+E,P) 7,

Mh=e&/ES=3p*(1p*+1)712, (421)
and V,=1/4% The #’ is given by
d*p
o= f L y,=22130x102,  (4.22)
(2m)?

and the chemical potential p=gu® can be obtained by
differentiating the lowest-order ground-state energy
with respect to #, or from the Hugenholtz—Pines
theorem?*:

p®=S5m(0, 0) —M,®(0, 0). (4.23)
In either way, one finds
11 &% 1
O== | —— (Ap—1) =
2 (27r)3 ( 4 ) Pz
=—3.0349X1072, (4.24)

where A, is given by (4.21).

The integrals (4.20) are well defined and have been
evaluated numerically for 20 values of % below the
cutoff momentum %=2. The results are shown in Fig.
11. For small &, wi?—wp1? is found to be proportional
to k2 (see Fig. 12). We find that

lim (i —wpi2) /B2 = —9.359X 103 g.

k-0

(4.25)

0.1

k in units of (47e2nm)1/4

(b)

The quantity ¢?, defined by (3.12), is, to order g,
=n(du/dn) =n(d/dn) p®gomn
=1uig
=—7.587X103g.
We see that the inequality (3.12) is satisfied.

(4.26)

V. DISCUSSION

In the above analysis we have shown that a di-
electric-constant formulation is quite effective in treat-
ing a charged Bose system. In fact, the difficulty due to
the interaction at small-momentum transfers never
appears. In contrast to the case of an electron gas, the
1-ring diagrams in Fig. 10 are nof equivalent to a
random-phase approximation, in which only Fig. 10(c)
would survive. Thus, if one introduced the Bohm-Pines
plasmon coordinates and made a random-phase ap-
proximation,® one would get incorrect results.

The second-order correction to the dispersion curve
is enormously more complicated. Since there have been
no experimental data on a high-density charged Bose
system at zero temperature, we feel that the calculation
to the second order would not be worthwhile.
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