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dependence is unchanged. The transformation (ii)
mixes the x' and y' motions but leaves the Hamilton-
Jacobi equation separable, and thus by the argument
given previously establishes the degeneracy of v

"' and
v„"', in the form v„"'=ev,"' with integer e. It can
easily be shown as in the paragraph following (9) that
e must be unity. The Fourier series of 0 (x'", p, '",
y"', p„"') has the single fundamental frequency
v

"'=
v for the orbit considered. The transformation

(iii) leaves x'" unchanged, i.e., x"=x"', p,"=p,"', but
makes a multivalued transformation of y'" to y". This
means that the Fourier series for 0 expressed in the
variables x", p,", y", p„" involves two distinct funda-
mental frequencies, v, from the x", p," dependence,
and a multiple of this from the y", p„" dependence.
Only when the transformation y"' —+ y" is finitely
multivalued, which means that a finite number m of
cycles of y'" corresponds to a number e of cycles of y",
can these two frequencies be combined to yield a single
fundamental frequency for the Fourier series for O.
Thus, when n/P=4a/44 with integer I, 44, the existence
of the synunetry SU(2) establishes the existence of a
degeneracy in the two-dimensional harmonic oscillator,
because this renders the transformation (31) finitely
multivalued.

The method of argument can be applied to any
system separable in some one-coordinate system. Step
(i) transforms the system into a system having the
symmetry of interest as a single-valued transformation

group, in step (ii) a symmetry operation of the group
is carried out; in (iii) the transformation inverse to
(i) is made. Only when this transformation is finitely
multivalued does the degeneracy of the symmetric
system survive the inverse transformation. Our con-
clusion is, then, that the existence of a semisimple

group 6 whose generators X, have zero Poisson bracket
with the Hamiltonian of a separable dynamical system
implies the existence of a degeneracy of that system
only when the group t" can be realized in the phase
space of the system by finitely multivalued trans-
formations.
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It is shown that the Bargmann-Wigner multispinor field for particles of spin —, gives the usual result for
the magnetic moment, provided it is ensured that the auxiliary field appearing in the Lagrangian formulation

remains vanishing in the presence of electromagnetic interaction.

A LTHOUGH the Hargmann-Wigner multispinor
field equations for elementary particles are found

to be particularly suitable for the treatment of the
symmetries of strong interactions, ' the electromagnetic
interaction of such fields has not yet been fully ex-

plored. Indeed, recently it has been claimed' that the
multispinor formulation leads to particles of spin ~

without any intrinsic magnetic moment, which casts
doubt on the validity of such a formalism for the de-

scription of charged particles. We shall, however, show
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that it is possible to establish complete equivalence
between the multispinor field with spin -', and the usual
Dirac field by following a more judicious treatment of
the electromagnetic interaction.

The Lagrangian density for a Bargmann-Wigner field

with spin -' can be expressed in terms of two third-rank
multispinors 1t p~ and 0 p~ as"

p[ (pa),—+4445/ A/ (pa) 4
—,'m50--

+-', N(~a) ~+fl(») e5, (1)
with

0"=P""(74)-'(74)8'(74)7',
[(va),&5.p, = (va)."p. p„etc., (2)

3 G. S. Guralnik and T. W. B. Kibble, Phys. Rev. 139, 3712
(1965).

'We denote the space-time coordinates as x„=(x;,ixo), and
take the 7„as Hermitian matrices with (y„,y„}=25„„.



where the 6eld f e~ of mixed symmetry satisfies the
relations

4-»= 4e—-„4.e.+A.-+4~-e=0, (3)

while the auxiliary Acid Q p~ is totally Rntisymmetrical.
Upon variation it can be shown that Q p~ vanishes, and
facy satisfies tile field equations

(V~) i0= (V~) 24 = (V~)34 = —m4

The Lagrangian density (1) can be cast in a more
fRmlllar folm by Utlllzlng thc tlansformatlon

O.e.= 2 "'[(C)-e(n)7
+i(v,vsc).e(4.).+(v5C)-e(4) vl,

Q.e, = 2 "'I:(C).e(~).
+'(~.~.~). (eQ.),+ (v.~).e(Q),j, (3)

where the symmetry properties of f e~ and Q e~ imply

and thus (1) is transformed to

I= ki(4'.~—A+k~A') 2m(4 —i4'~vu) —8 44")—
+ ',mP„P-„,'mQ—-+Q(yB+ 2m)Q-

+,'(gyBQ+QyB-Q) 2i (QB„f„+—Q„B„Q). (7)

The field equations obtained from P) are

i8„$+im—y„g iypP„)+m—P„iB„Q=0,—
i B„p„m—(P iy,P—,) m—P+yBQ=—0,

2yBQ—3mQ+—i8„$„pcs = 0, —
from which it follows that

(ya+m)&=0, P„= (i/m)BA,

The equivalence of the above free-6eld equations with

5%ith the present notation, C satisfies the relation C 'y„C= —y„~, where y„~ is the transpose of y„, and C '= C~,

the Dirac equation is essentially a consequence of the
vanishing of the auxiliary field Q.

It is well known that the electromagnetic interaction
of a charged field is not completely speci6cd by gauge
lnvaI'1Rncc. If wc follow tlic USURl rulc of I'cplRclng 8~
by D„=8„—i eA „to introduce the electromagnetic inter-
action in (7), the resulting field equations yield

Q = (e/6m')a „,F„„(P+Q), (11)

(p„D„+m) (PyQ) = (e/—4m)~„F„„(P+Q) .(12)

The relation (11) shows that Q is nonvanishing in the
presence of interaction, while (12) shows that f+Q
represents a charged 6eld of spin ~ without any in-
trinsic magnetic moment in agreement with Chang's
result. ' However, it seems to us more appropriate to
choose the electromagnetic interaction in such a way
that lt ls not only gauge llivarlRnt but Rlso cnsUI'cs the
vanishing of the auxiliary 6eld. Ke therefore try a
Lagrangian density of the form

Li.i.i= Jo+L'+eg~„PF„,
+&(P~„,Q+Q~„,P)F„,+cQo„,QF,„, (13)

where 1.0 is the Lagrangian density of the photon 6eld,
I.' is obtained from (11) on replacing B„by D„, while
a, 5, and c are some constants. The resulting field equa-
tions then show that Q vanishes if and only if

e = ti= c= (e/4m),

and in that case we obtain for the P 6eld

(~D+m)y=o, y„= (i/m)D„P,

together with the photon 6eld equation

&'~.= (e/2) (PA+4k. ) (e/2m) ~.(4~—"0)
c]'A „=—igyA .

Thus, the requirement of the vanishing of the
auxiliary field in the presence of electromagnetic inter-
action ensures the equivalence of the Bargmann-Wigner
and Dirac formulations for the 6eld of spin —.


