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Measurements of the resistivity p of p-type, Ga-doped germanium samples havmg room-temperature
ca1'rier concentrations between 2.2&10"and 1.4&10'6 cm 3 have been made at liquid-helium temperatures
and for comparison at 77'K employing magnetic inductions 8 up to 25 kG. At liquid-helium temperatures
p/pa= expLyB'g with y Nz~', where ling is the acceptor concentration, p/po is almost independent oi
temperature Rnd, 1n R tlRnsvcx'sc xIiRgnetlc field, p/po cxhlblts R di6crcnt type of Rnisotropy than ls char-
acteristic of valence-band conduction. The dependence of p/po on the strength and orientation of the mag-
netic Geld is explained qualitatively in terms of the inQuencc of the magnetic Geld on the acceptor wave
functions and thereby on the phonon-assisted hopping of holes between acceptor sites, which is the process
responsible for conduction at low temperatures. The ratio of the transverse to the longitudinal magneto-
xesistance at 4,2 and at 3.5'K is found to be in qualitative agreement with that predicted by theory for
hop-conduction magnetoresistance in weak fields for a semiconductor with a simple spherical band at k =0.

I. INTRODUCTION

"PREVIOUS experiments" on the resistivity p of
phonon-assisted hop conduction' employing mag-

netic 6eld strengths up to 25 kG have been conhned
to n-type Ge. They revealed CGects which could be
attributed to the inhuence of the magnetic 6eld on the
wave functions of thc donor lInpuritlcs Rnd thclcby on
the conduction cRuscd by plcfcI'cntlRl hopping of clcc-
trons from full to empty donor sites in the presence of
an applied dc electric 6eld. Phonons are needed to
assist the hopping because the presence of minority
acceptor impurities makes the corresponding electronic
stRtcs on Rd)accnt doQols noncqulvRlcnt ln energy.

In view of such results on I-type Ge, it was felt that
generally similar effects shouM be observable in p-
type Ge but that some new features would be found
in view of the differences between acceptor and donor
lInpul lty stRtes.

In this paper we report magnetoresistance results on
p-type germanium samples lightly doped with gallium
which generally ful6B these expectations. However, a
detailed explanation of the anisotropy of the transverse
magnetoresistance in terms of how the acceptor wave
functions are RGected by the magnetic 6eld has not
been. worked out because of thc cornplcxity of these
functloQS. '5

The temperature dependence of p/ps and the ratio of
transverse to longitudinal magnetoresistance Ape/hpr,
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wcx'c Rlso measured. parlous features of ouI' cxpcrl-
ITlcQtal lcsults arc discussed using R theory developed
for the weak-6eld magnetoresistance of hop conduction
in a semiconductor having a simple spherical band at
t' =0.

II. EXPEMME3%TAL DETAILS

Preparation of the single-crystal samples was similar
to that ln thc preceding papcx'. Thc sRInplcs cIIlploycd
and some of their characteristics are hsted in Table I.
Each sample is designated by an abbreviation for the
total hole concentration deduced from the Hall cocK-
cient measured at room temperature with a field. of
25 kG. By this Gem, XII had become independent of
field strength so that the hole concentration p is given
byr p= j/~~lsl, wher« is the e&««onic ch«ge. &t
is assumed that the excess of acceptor concentration
over the donor concentration is equal to the value of

p at 298'K.
The Dewar system, magnet, and electrical circuitry

and instrumentation were the same as those used in
th.c pI'cccdlQg pRpcx'.

HI. RESULTS AND DISCUSSION

A. Temyerature Dependence of po at
Love Temyeratures

The resistivity of each of our samples in zero mag-
netic 6eld is plotted as a function of reciprocal tempera-
tuxe between about 5' and 2'K in Fig. 1. The curves
are similar to those obtained for p-type, indium-doped
Ge by Blakemore 8 who 6ttcd his data with the Motte '0

-Price"" model, which predicts that the number of
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TA'BLK I. Some characteristics of the p-type, Ga-doped ger-
manium samples. &3 is the activation energy derived from the
resistivity at lowest temperatures, aud Eo/Xz is the ratio of the
concentration of donors Eg& to the concentrations of acceptors Sx. R,Q

Sample

2.2—15
5.0-15
6.4-15
8.0-15
1.4-16

1.41
0.68
0.61
0.44
0.25

1.60
1.09
1.72
1.19
1.36

0.015
0.11
0.02
0.11
0.16

(me V) Eo/X~

2.2
5.6
6.5
90

16.7

FIG. 2. Magneto-
resistance ratio p/po
versus the square of
the magnetic induc-
tion. A logarithmic
scale is used for p/po.

majority sites which take part in impurity conduction
varies with temperature. Applying instead the morc
complete theory developed by Miller and Abrahams'
for e-type Ge to our results, we expect an exponential
temperature dependence for po due to phonons being
needed to assist holes in jumping between acceptor
10DS. FloID Flg. 1 wc scc that po ls RQ cxpoQcntlal func-
tion of temperature for each of our samples at least
at the lower temperatures. This allows an activation
energy es to be obtained for each sample. Then, from
each value of ~3 we deduced a value for the compensation
XII/i''~ (where XII is the donor concentration, and X~
the acceptor concentration) by using the theory of
Miller and Abrahams. ' Finally, Ãg is deduced from the
values of E~ Xn and X—n/E~. The values we obtained
for es, XII/X~, and N~ are given in Table I.

3. Magnetic-Field Deyendence of p at
I ow Temperatures

Figures 2 and. 3 show that for each of our samples
ln(p/ps) is proportional to 8' up to 25 kG, in agreement
with the model of Sladek and Keyes' (SK) developed
for I-type Ge. (Actually the lower field data for sample
5.0—15 deviate from such a simple dependence. We at-

tribute this to unknown experimental dBBculties since
the deviations are in opposite directions at 4.1 and
3.3'K). Since their model explained hop conduction
magnetoresistance in terms of the shrinkage of the
wave functions of the majority impurities by the mag-
netic 6eld, we infer that the magnetoresistance we ob-
serve is due to the inhuence of the magnetic Geld on thc
wave functions of acceptor impurities. Our smaller
values of p/ps have a fidd dependence which is also
in accord with the predictions of theory for weak-field,
phonon-assisted, hop-conduction magnetoresistancc in
simple band. semiconductors by Mikoshiba' (M). This
theory Includes thc fRct that thc magnetic Geld cRuscs R

di6'erence in phase of the wave functions on adjacent
impurities as well as causing a shrinkage of the wave
function on each impurity.

To dtsplay tile collcclltl'ation dcpclldcllcc of p/pe wc
plot the slope y of the in(p/ps)-versus-8' curve for each
sample at 3.3'K versus acceptor concentration in Fig. 4.
From Fig. 4 it can be seen that all but one of the values
of y fall along R straight line of slope= —0.72. Thus, the
depcndencc of y oQ lnlpullty conccDtratloQ which wc

) Q6
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FIG. 3. Magneto-
resistance ratio p/pfl
versus the square of
the magnetic induc-
tion. A logarithmic
scale is used for p/ps.
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p-Ge (60-doped )
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Flo. 4. Dependence of y—=Lln(p/polg/Bi on the concentration
of acceptors. The solid line is drawn through the data points.
The dashed line is calculated assuming the applicability of results
of weak-Geld theory (see text).

find is less strong than the 1/X~ dependence predicted
by the model of SK.

The theory of M for weak 6clds contains R factor
which could, in principle, account for the dependence
qf- y on Eg which we observe while still preserving the
8' dependence of in(p/pe). Specifically, for weak fields
M obtained the formula

in which X=KB'/24 tli*c', a is the effective Bohr radius
measuring the size of the impurity wave function, and
R is the average distance between impurities. In the
expression for 'A, E is the dielectric constant and ns is
the CGective electron mass in the semiconductor, 8 is
the applied magnetic induction, and c is the velocity of
light. .

If we assume that the right-hand side of Eq. (1)
divided by 8' should be used in computing y for our
ease, we obtain the curve in Fig. 4 by taking R= (1V~)-»'
and u= 41 A (deduced from the ionization energy of Ga
lI1 Gc). Tllc clll'vc 18 very close to tllc da'ta point at
smallest Eg but drops morc and more below the data
for larger X&.In fact the curve is very close to a straight
line with R slope only vexy slightly less than —1.0. In
New of the uncertainties in choosing values for R and a,
the calculated curve cannot be viewed as having more
than a semiquantitaUve signihcance. We have not tried
to choose values of R and a to force a 6t for two reasons.
First, M's factor is strictly appbcable only for values of
Ape/pe&(1. Second, a curve calculated using values of
E. Rnd a which 6tted the experimental concentration
dependence of y better would be displaced far from the
data because the magnitudes of the computed y's would
not bc close to cxpcr11Tlental oIlcs.

C. Anisotroyy of y/y& in a Transverse
Magnetic FieM

Figures 5 and 6 show the transverse magnetoresis-
tance as- a function of the crystallographic orientation
of thc IDRgnctlc 6cM foI' each of ouI' samples Rt 4.1
and 3.3 K, respect1vdy. The anisotropy exhibited is
different than that characteristic of valence-band con-
duction" "which we checked for our samples by making
measurements at 77'K and is also somewhat diferent
than that found In low concentrat1on I-type Ge '*' '
We attribute the anisotropy of p/pe of our p-type
samples Rt low temperatures to thc anisotfopy of th.c
acceptor wave functions' whose overlap controls the
phonon-assisted hopping process responsible for con-
duction at low temperatures.

A spcc16c formula wh1ch would Recount, foI' thc Rnlso-

tropy of p/p, in our p-type samples is not available
because of the complexity of the acceptor wave func-
tions. ' ' However, from Figs. 5 and 6 we see that the
anisotropy of p/pe is almost independent of temperature
Rnd lmpur1ty conccntI'at1on. Th1S 1mpllcs that the sym-
metry of the wave function does not change with dis-
tance from the impurity nucleus.

D. Temyerature Deyendence of y/ye

For all of our samples, p/pe is almost independent of
temperature. This can bc scen foI' foux' of our samples
in Fig. 7. Data for sample 8.0—i5 have been omitted
to avoid clutter. They lie generally between the curves
for samples 6.4—15 and 1.4-16 and have a temperature
dcpcndcncc similar to sRmplc 5.0—15. These x'csults RI'c

in general agreement with theory for carriers making
direct, phonon-assisted transitions between singlet
ground states on adjacent impurities. 3 Specihcally such
theory' predicts that the magnetic 6cld RGects the
energy of carriers resonating between impurities but

p-Ge(oa
s.s; 1 [iso] Bifiio]
l 6'- 4.l'K

DIRECTION OF 8
Fin. S. Dependence of p/po on the direction of

the transverse magnetic Geld.
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does not affect the temperature dependence of the re-
sistivity, so that p/pe should be completely indepen. dent
of temperature. The temperature dependence of p/pe
due to transitions involving spin reversals" is also not
expected, because the fields we used are not strong
enough even if the nature of the acceptor states would
be suitable for the occurrence of such transitions.

The occurrence of some temperature dependence of
p/pe may simply indicate that the approximations in-
volved in the theory prevent such small effects from
being predicted. Some effect might arise due to the
Inagnetic Geld splitting the degeneracy of the acceptor
ground state in an appropriate fashion. This could occur,
for example, due to the magnetic field causing a quan-
tum shift of the light-hole band relative to the heavy-
hole band. Ke do not have a speciGc model for how this
would affect the magnetoresistance.

E. Ratio of Transverse and Longitudinal
Magnetoresistances

Figure 8 shows the ratio of the change in resistivity
due to a transverse magnetic Geld Ap~, to the change in
resistivity due to a longitudinal magnetic field Apl, , as a
function of 6dd strength for one of our samples at 4.1
and 3.5'K. From Fig. 8 it can be seen that Dpr/hpr, is
greater than unity and falls off somewhat with increas-
ing 6eld strength. Also shown in Fig. 8 are values calcu-
lated using an expression from M's theory for weak
Gelds:

ap&/ap&= (1.6P+5.36P)/(0. 8P+3.68t2),

where I=X/a as before. One value is calculated using
E= (4m '~/3) 'I' and the other using R= (E~) 'i' with
a= 41 A in both cases.

Before comparing the calculated values of d pr/Apr.
with our data we mention two caveats: (1) The weak-
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Geld approximation is not applicable to most of our
data given in Fig. 8 since the 6eld strengths we used
were too high. (Measurements attempted at lower fields

were not accurate enough to determine hpr/d, pr, where

the weak field approximation would be most applicable. )
(2) The simple spherical band semiconductor model

employed by M is not appropriate for p-type Ge since

the valence band is comprised of warped heavy and
light hole bands degenerate at Ii= 0.

In view of items (1) and (2), no quantitative agree-
ment with theory is to be expected. However, it is
satisfying that our data are in qualitative accord with
the theory in that Apt/2 pr, is appreciably greater than
unity. The slight dependence of Apr/hpr, on magnetic-
6eld strength might arise because Ape is more dependent
on the phase effect' (see Sec. III B) than is hpr„and the

importance of the phase effect relative to the size effect

(see Sec. III B) begins to decrease at higher fields. ' The
temperature dependence of Apr/Apr, which we find is

not explainable in terms of theory. Perhaps it is con-

nected with the randomness of the impurity distribu-
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Fro. 6. Dependence of p/po on the direction of
the transverse magnetic 6eld.
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FIG. 8. Ratio of changes in resistivity due to transverse and due
to longitudinal 6elds versus magnetic inductioh. Symbols and solid
curves represent the data. The dashed lines give the values calcu-
lated from Mikoshiba's theory using u=4j. A. and two different
values of R (see text. )
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tion, which seems to cause some temperature depen- curring in e-type Ge, but some are not because of the
dence of pr/p0 in n-type Ge'. difference between acceptor and donor impurity states.

IV. CONCLUSION

From our data on samples of germanium doped with
low concentrations of Ga, we conclude that a magnetic
field affects phonon-assisted hop conduction in p-type
Ge via its influence on the acceptor wave functions.
Many of the features observed are similar to those oc-
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A theoretical treatment of transport phenomena in strong electric fields is presented. Instead of the
Legendre polynomial expansion of the distribution function usually employed in solving the transport
equation, we transform the Boltzmann equation to a coordinate system determined by the collision-free
trajectories of the particles and formulate an integral equation for the distribution function. This method is
applied to hot carriers in nonpolar semiconductors, where the relevant transport equation is then reduced
to a one-dimensional integral equation. This equation is solved numerically and energy distributions are
calculated for n- and p-type germaniun. The calculations for heavy holes in germanium demonstrate the
non-Maxwellian nature of the distribution function as well as its strong displacement in momentum space,
and are in excellent agreement with experiment. The energy distributions for electrons show weaker devia-
tions from Maxwellian and smaller ratios of drift to rms velocity, this being due to the weaker coupling to
optical phonons for electrons as compared to holes.

I. INTRODUCTION

HE central theoretical problem associated with
hot-carrier phenomena is the calculation of the

steady-state particle distribution function in the
presence of a strong electric 6eld. Since the transport
equation describing the distribution function is gen-
erally an integrodiGerential equation, one is usually
obliged to seek approximate solutions appropriate to
speci6c physical situations.

The two major simpli6cations usually introduced in
eBecting such calculations are related to the role of
carrier-carrier scattering and to the displacement of the
distribution function in momentum space.

The role of carrier-carrier scattering in determining
the form of the distribution function had erst been
discussed by Frohlich' and has been examined in detail
by Stratton. ' The essential idea is that suKciently
strong carrier-carrier scattering results in a displaced
Maxwellian distribution, characterized by an effective
temperature greater than that of the lattice. Having
Gxed this form of the distribution function, it is then

*Present address: Laboratoire de Physique de L'ecole Normale
Supbrieure 24 Rue Lhomond, Paris 5, France.
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possible to calculate the displacement in momentum
space and the effective temperature from momentum
and energy balance equations, which are readily de-
rived from the Boltzmann equation.

When carrier-carrier scattering is not suKciently
strong to justify this form of the distribution function,
it is necessary to solve the Boltzmann equation with due
regard to the detailed nature of the various scattering
mechanisms. It is in carrying out this program that one
usually introduces the assumption of a weakly displaced
distribution function in momentum space, thus en-
abling one to represent the distribution function by
only the two lowest-order terms in a I.egendre poly-
nomial expansion in the cosine of the angle between the
electric 6eld and momentum vector. This is roughly
equivalent to assuming that the ratio of the averaged
drift to root-mean-square velocity is small.

Recent experimental studies in p-typea 4 germanium
have demonstrated the inapplicability of this assump-
tion in this case. In particular, the studies of Bray and
co-workers' have emphasized the "streaming" character

' A. C. Baynham and E. G. S. Paige, Phys. Letters 6, 7 (1963).
4 Ralph Bray and William K. Pinson, Phys. Rev. Letters 11,

268 (1963);W. E. Pinson and Ralph Bray, Phys. Rev. 136, A1449
(1964); R. Bray, W. E. Pinson, D. M. Brown, and C. S. Kumar,
in Proceedings 0f the International Conference on the Physics of
Semiconductors, Paris, 1964 (Academic Press Inc. , New York,
1965), p. 467.


