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Paramagnetic Superconductivity in Extreme Type-II Superconductors
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Magnetization measurements in applied magnetic Gelds 0&H & 55 kG and at temperatures 1.2& T&4.2'K
have been made on some extremely "dirty" (short electron mean free path) type-II superconducting
transition-metal alloys with Gor kov-Goodman —calculated Ginzburg-Landau f(:0 values in the range 30—100:
Ti(16 at.% Mo), V(30 at.% Ti) (10 at.% Cr), Ti(22.5 at.% V), and Ti(25 at.% V). Down to the lowest
temperatures of measurement, the data show that the high-Geld superconducting mixed state of such
materials is characterized by (a) reversible paramagnetic magnetization, (b) second-order transitions at
upper critical Gelds H (T) where the paramagnetic superconducting magnetization M, (H} becomes equal to
the paramagnetic normal-state magnetization 31„(H),and (c) parameters zq(T)= H„(7')/—Pv2H, (T)]
(where H, =—the thermodynamic critical Geld) and ra(T) o:t d(M, —M )/dHgrr, 'I' which decrease with
decrease of T. The second-order nature of the upper-critical-field transition implies a mixed-state Pauli-
paramagnetic conduction-electron spin alignment near H „(T)which is comparable to that in the high-Geld
normal state. Comparison of the H„(T),~I(T), and f~2(T) data with recent extreme type-II theories of
Maki and of Werthamer, Helfand, and Hohenberg suggests that electronic spin-Rip scattering induced by
spin-orbit coupling eRectively acts to decouple superconductive spin pairing and thus enhance mixed-state
Pauli paramagnetism.

I. INTRODUCTION

AGNETIZATION measurements have given con-
. . siderable basic information on type-II super-

conductors with relatively low Gor'kov-Goodman—
calculated Ginzburg-I andau ~g values. ' In contrast,
the relatively few magnetization studies of "extreme"
type-II superconductors (zs &20)' r have been some-
what less fruitful because of the gross magnetic irreversi-
bility" usually displayed by these materials. This is
unfortunate because thermodynamically reversible
properties of high-I~@ superconductors, especially those
in the very "dirty"' (short electron mean-free-path)
domain, are particularly accessible to "clean"
theory. ' ' Then, too, interesting effects on the mag-

'E. A. Lynton, Superconductivity (Methuen and Company
Ltd. , London, 1964), 2nd ed.' See, for example, T. Kinsel, E. A. Lynton, and B. Serin, Rev.
Mod. Phys. 36, 105 (1964); W. C. H. Joiner and R. D. Iilangher,
ibid. 36, 67 (1964); S. Gygax, Physik Kondensierten Materie 4,
207 (1965); S. T. Sekula and R. H. Kernohan, J. Appl. Phys.
36, 2895 (1965); K. Noto, Y. Muto, and T. Fukuroi, J. Phys.
Soc. Japan 20, 467 (1965); T. McConville and B. Serin, Phys.
Rev. 140, A1169 (1965); D. K. Finnemore, T. F. Stromberg,
and C. A. Swenson, ibid. 149, 231 (1966).' G. Bon Mardion, B. B. Goodman, and A. Lacaze, J. Phys.
Chem. Solids 26, 1143 (1965).

4 R. Radebaugh and P. H. Keesom, Phys. Rev. 149, 217 (1966).' See, for example, R. M. Bozorth, A. J, Williams, and D. D.
Davis, Phys. Rev. Letters 5, 148 (1960); F. J. Morin, J. P
Maita, J. H. Williams, R. C. Sherwood, J. H. Wernick, and J. E.
Kunzler, ibid. 8, 275 (1962), J. J.Hauser, ibid. 9, 423 (1962);W.
DeSorbo, Phys. Rev, 130, 2177 (1963); W. A. Fietz, M. R.
Beasley, J. Silcox, and W. W. Webb, ibid. 136, A335 (1964);
L. J.Neuringer and Y. Shapira, ibid. 148, 231 (1966).' R. D. Blaugher, Phys. Letters 14, 181 (1965).' P. S. Swartz, Phys. Rev. Letters 9, 448 (1962); G. Meyer,
Phys. Letters 7, 93 (1963).' P. W. Anderson, J. Phys. Chem. Solids 11,26 (1959)."Dirty"
in the Anderson sense means $0/l&1 (see Table II, No. 33).

9 K.. Maki, Physics 1, 21 {1964)."P. G. de Gennes, Physik Kondensierten. Materie 3, 79 (1964)."E.Helfand and N. R. Werthamer, Phys. Rev. Letters 13,
686 (1964)."E. Helfand and N. R. Werthamer, Phys. Rev. 147, 288
(1966)."C.Caroli, M. Cyrot, and P. G. de Gennes, Solid State Com-
mun. 4, 17 {1966)."G. Eilenberger, Phys. Rev. 153, 584 {1967).

netization of extreme type-II superconductors should
be associated with the experimental observation""
that their resistive upper critical fields" H„are often
much lower than the upper critical fieMs predicted
by the original Ginzburg-l, andau-Abrikosov-Gor'kov
(GLAG) theory, "" which ignored electron spin
effects. It was previously pointed out"" that this
discrepancy is probably due to preferential Pauli-
paramagnetic lowering of normal-state free energy (as
originally suggested independently by Clogston2' and
Chandrasekhar" with respect to the earlier filamentary
model), implying the possibility of a first-order transi-
tion ' to the normal state with a discomtiemity in mag-
netization. More recent theoretical work" "on electron

"T. G. Berlincourt and R. R. Hake, Phys. Rev. Letters 9,
293 (1962)."T. G. Berlincourt and R. R. Hake, Phys. Rev. 131, 140
(1963)."We designate measured upper critical fields as H„(resistive)
and H„(magnetization or specific heat), theoretical upper critical
fields as H,2* (neo-GLAG theory without Pauli spin effects) and
H, 2 (theory including Pauli spin eRects), and use subscript "0"
to indicate T=0'K.

"V. L. Ginzburg and L. D. Landau, Zh. Eksperim. i Teor.
Fiz. 20, 1064 (1950};V. L. Ginzburg, Nuovo Cimento 2, 1234
(1955).

» A. A. Abrikosov, Zh. Eksperim. i Teor. Fiz. 32, 1442 (1957)
/English transl. : Soviet Phys. —JETP 5, 1174 (1957)].

ML. P. Gor'lrov, Zh. Elrsperim. i Teor. Fiz. 36, 1918 (1959)
LEnglish transl. :Soviet Phys. —JETP 9, 1364 (1959)j."L. P. Gor'kov, Zh. Eksperim. i Teor. Fiz. 37, 835 (1959)
LEnglish transl. : Soviet Phys. —JETP 10, 593 (1960)j."L.P. Gor'kov, Zh. Eksperim. i Teor. Fiz. 37, 1407 (1959)
I English transl. : Soviet Phys. —JETP 10, 998 (1960)g."A.M. Clogston, Phys. Rev. Letters 9, 266 (1962).

'4 B. S. Chandrasekhar, Appl. Phys. Letters 1, 7 (1962).
'5 K. Maki and T. Tsuneto, Progr. Theoret. Phys. (Kyoto) 31,

945 (1964).
"G. Sarma and D. Saint-James, in Proceedings of the Confer-

ence on the Physics of Type-II Superconductivity, 1964 (to be
published) .

'7 K. Maki, Physics 1, 127 (1964)."K.Maki, Phys. Rev. 148, 362 {1966).
'9 N. R. Werthamer, E. Helfand, and P. C. Hohenberg, Phys.

Rev. 147, 295 (1966)."D. Saint-James, Phys. Letters 23, 177 (1966)."D. Saint-James, G. Sarma, and E.J.Thomas (to be pub-
lished) .
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spin eGects within the type-II framework and more
recent experimental H„"" and Qux-Qow" ""' meas-
urements have generally tended to confirm the early
suggestions" """of a paramagnetic limitation on
superconductors with very high upper critical fields.

Recently we succeeded in fabricating some extreme
type-II superconducting specimens which displayed
reversible high-held magnetization behavior. "Resistive
and ballistic magnetization measurements in applied
magnetic fields 0&H&27 kG showed that these ma-
terials were characterized by a new type of reversible
Pararrrageefic superconductivity in the high-field mixed
state with pro aPParent discontinuity in magnetization at
the upper critical field'r H„(T),where the paramagnetic
superconducting magnetization M, (H) became equal
to the paramagnetic normal-state magnetization
M„(H).Cape, P' utilizing a sensitive vibrating-sample
magnetometer at 0&B&50 kG, corroborated4' this
result for one of these alloys, Ti(16 at. % Mo), '4 and
showed that the parameter

decried with decrease of T, in contrast to the behavior
of low-Kg type-II superconductors. ' ' ""He compared
his H„(T)and sa(T) data for Ti(16 at. % Mo) with
recent and independent extreme type-II spin-eGect
theories of Maki" and of Werthamer, Helfand, and
Hohenberg (WHH), sa and thereby adduced evidence
for the inQuence of spin-orbit-coupling induced elec-
tronic spin-Qip scattering. Maki and Tsuneto" had
earlier suggested a possible enhancement of upper

"Y.B. Kim, C. F. Hempstead, and A. R. Strnad, Phys, Rev.
139, A1163 (1965). Flux-Qow measurements reported in this
reference (and in later work of Refs. 33, 39, and 40) apparently
show that for the low-t, high-sag case the mixed-state vortex-core-
to—specimen-volume ratio is proportional to H/H, ppp rather than
H/H, p where H„p«H,pp is the observed resistive upper critical
Geld.

»Y. Shapira and L. J. Neuringer, Phys. Rev. 140, A1638
(1965).

'4 Y. B. Kim and A. R. Strnad, in Quantum F/uids, edited by
D. F. Brewer (North-Holland Publishing Company, Amsterdam,
1966), p. 68.

"K.M. Rails, R. M. Rose, and J. Wulff, J. Appl. Phys. 36,
1293 (1965); D. A. Coiling, K. M. Rails, and j'. Wulff, Trans.
AIME 236, 1218 (1966).

36D. B. Montgomery and H. Wizgall, Phys. Letters 22, 48
(1966). A WHH fit to these data yield X„(t=0.2) =0.25 for
VSGa and V4.&Ga, but larger X., values are required to Gt the
higher t data. Judging by the high measured resistivity p„=
0.41&(10 4 0 cm, the VIGa specimen is probably "dirty. "

"L.J. Neuringer and Y. Shapira, Phys. Rev. Letters 17, 81
(1966).

'8 S. J. Williamson, in Proceedings of the Tenth International
Conference on Low-Temperature Physics, 1966 (to be published),

"Y.B. Kim, in Proceedings of the Tenth International Con-
ference on Low-Temperature Physics, 1966 (to be published)."R.R. Hake, Bull. Am. Phys. Soc. 11, 480 (1966).' R. R. Hake, Phys. Rev. Letters 15, 865 (1965).

42 J.A. Cape, Phys. Rev. 148, 257 (1966).
4'Paramagnetic mixed-state magnetization over a wide field

range has also recently been observed for a Ti(50 at.% V) alloy
by Y. Shibuya and T. Aomine, in Proceedings of the Tenth
International Conference on Low-Temperature Physics, 1966 (to
be published).

4'The designation 2 (A' at. %%uoB) indicate s asoli dsolutio no f
N atomic percent of metal J3 in metal A.

critical fields by spin-orbit interaction, after showing
that'~ B,2 as predicted by a Gor'kov-equation'~ '
analysis which included Pauli spin terms fell below
the measured' ' B„values for Ti-V alloys.

More recently, calorimetric measurements by Harnes
and Hakeps on Ti(16 at. % Mo) at 0&H&29 kG con-

vincingly demonstrated the existence of sharp bulk-
material second-order transitions from the paramag-
netic superconducting mixed state to the paramagnetic
normal state at fields reasonably close to the mag-
netization indicated H„(T) values. These measure-
ments also yielded values for the transition specific-heat
jump hC(H„,T,) pc as s(dH„/dT)sT, and the thermo-
dynamic critical field H, (T), and thereby showed
directly that both ips(T) and

decreased with decrease of T.
In the present paper" we report ballistic magnetiza-

tion measurements at 0&8'&55 kG and at tempera-
tures 1.2& T&4.2'K on some of the extreme type-II
superconductors previously measured" at lower H:
Ti(16 at. % Mo), V(30 at. % Ti) (10 at. % Cr),
Ti(22.5 at.% V), and Ti(25 at. % V).'r ps The initial
Qux-penetration fields, the shapes of paramagnetic
superconducting magnetization curves, magnetization
peak effects, mixed- and normal-state free energies, and
the (H T) phase diag-ram characteristic of the present
high-~g superconductors are discussed. Resistive and
sheath behavior are only brieQy mentioned, since this
aspect will be the subject of a succeeding paper. "The
qualitative significance of paramagnetic mixed-state
magnetization is then considered with reference to the
e6ect of superconductive Cooper spin pairing on the
behavior of H„(T), Irt(T), and ips(T). Finally, the
experimental data are compared with the predictions of
Maki' and WHH, "after review of the salient results
and limits of applicability of those theories.

II. SPECIMENS

Table I lists some electronic parameters and critical
fields of the six polycrystalline, bcc, solid-solution alloy
specimens examined in the present study. All the
specimens are characterized by (1) a high Gor'kov-
Goodman —calculated Ginzburg-Landau parameter I(:6,

(2) a high normal-state electrical resistivity p„(4.2 K),
45 L. J. Barnes and R. R. Hake, Bull. Am. Phys. Soc. 11, 709

(1966); Phys. Rev. 153, 435 (1967); Ann. Aced. Sci. Fennicae,
Ser. A, VI, 78 (1966).

"A preliminary report of this work has been given by R. R.
Hake, Bull. Am. Phys. Soc. 10, 1207 (1965). The relevance of
the present considerations to upper-critical-Geld limits for bulk
type-II superconductors has been discussed by R. R. Hake,
Appl. Phys. Letters 10, 189 (1967).

4'Resistive and Qux-Bow measurements on these alloys have
been reported (Ref. 40).

"For a brief report on magnetization and resistive behavior of
these alloys, see R. R. Hake, in Proceedings of the Tenth Inter-
national Conference on Low-Temperature Physics, 1966 (to be
published) .

4P R. R. Hake (to be published).
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TABLE I. Some electronic parameters and critical Gelds for the six extreme type-II superconducting alloys of the present study.

Alloy Kg Tb
(K)

p(4, 2 K) o aa as Bf~(4.2 K) e B&(4. 2 K) H„(4.2 K) I Condition.
(@Qcm) (kG) (kG) (kG)

Ti(16 at. 'P Mo) No. 1' 68

V(30 at. /& Ti) (10 at. 'P~ Cr) 35
No. 1'

4. 181

5 6k

103 1.81 3.28 0.048 (3'K) 13.5 (3'K)

1.16 1.34 0.144 15

34.5(3oK)

29 an

Ti(22.5 at.% V) No. 2

Ti(25 at. / V) No. 1'

Ti(25 at. /o V) No. 2'

Ti(25 at. j V) No. 3

ipp 4 7k

99 5.3"

97 5.3k

95 5.6"

146

135

132

129

2.81 7.90

2.95 8.70

2.88 8.32

2.82 7.95

0.017

0.042

~ o ~

0.067

5.2

32

24

~ ~ ~

&53

ac

ac

cr

an

~ Ginzburg-Landau parameter calculated. from the Gor'kov-Goodman
formula, Eq, (A13c).

Superconduc ting transition temperature.' Normal-state electrical resistivity.
~ Maki paramagnetic limitation parameter calculated from Eq. (A18b).

Initial Aux-penetration field.
Field at onset of paramagnetic superconductivity.

~ Magnetization-determined upper critical field.
ac: specimen machined from material which had been are cast on a water-

cooled copper hearth; specimen not annealed. cr: specimen machined from
material which had been cold rolled to a thickness reduction of about 2:1;
specimen not annealed. an: specimen annealed (after machining) for 1 h at

0,8 of the melting point in a vacuum of about 3 X10 6 mm Hg with a cooling
rate (for metastable Ti-Mo and Ti-V) after annealing of =7'C/min to 800'C,
=70'C/min to 500'C, =30'C/min to 350'C, 15'C/min to 20'C; except for V (30
at. 'P0 Ti) (10 at.% Cr) all annealed specimens had been cold-rolled to a thick-
ness reduction of about 2:1 prior to machining and annealing, All specimens
were subjected to a slow chemical etch (polish) prior to measurement so as to
reduce possible compositional and defect nonuniformity near the specimen
surface.

' Same specimen as in Ref. 41.
' From extrapolation of H„(T)to B„(T~)=0."From resistive-onset measurements at 0.3~1&3 A/cms.

(3) a high Maki's paramagnetic limitation parameter
cr, (4) a rels, tively low superconducting transition tem-
perature T„and (5) a relatively good alloy homoge-
neity with low precipitate concentration )except for
Ti(25 at. % V) No. 3].Table II presents a more com-
plete list of relevant electronic properties for four of
these very dirty type-II superconductors, either meas-
ured or calculated (in some cases estimated) using
Eqs. (A1)—(A19) of the Appendix.

Figure 1(a—c) shows photomicrographs of samples
having composition, fabrication, and heat-treatment
histories identical to those of the measured specimens
Ti(16 at. % Mo) No. 1, Ti(25 at. %%u,

'V)No . 1, and
Ti(25 at. % V) No. 3. The annealed Ti(16 at. % Mo)
alloy appears to be virtually free of "coring, " segrega-
tion, and impurity precipitates. This apparent metal-
lurgical homogeneity and purity correlate with good
reversibility of the high-field magnetization (Figs. 3
and 4). The sample representative of Ti(25 at. % V)
No. 1 displays a relatively low degree of dendritic
coring for an as-arc-cast alloy, apparently because of
the near congruence of the solidus and liquidus curves
at this composition. " Here, again, homogeneity and
purity correlate with high-field magnetization reversi-
bility t Fig. 10(a)]. The photomicrograph representa-
tive of Ti(25 at. % V) No. 3 shows an unidentified
annealing-induced precipitate which produces markedly
irreversible high-field magnetization behavior /Fig.
10(c)].

Except for V(30 at. % Ti) (10 at. % Cr), all the
specimens of Table I belong to a class of metastable
bc c group-IV —rich alloys which display very high

so M. Hansen, Cortstitatioss of Bissary Alloys (McGraw-Hill
Book company, Inc. , New York, 1958),p. 1241.

normal-state electrical resistivities. "At sufhciently low
addition-element concentrations, the resistivities are
also markedly anomalous in their dependence on tem-
perature and solute concentration. " The electronic,
superconducting, and metallurgical characteristics of
such alloys, as well as the arc-melting procedures for
their preparation, have been previously discussed. " "
All the specimens were machined to cylindrical form
with hemispherical ends and with length 21 mm,
diam 1,5 rnm, and demagnetizing coefficient'
D 0.010. The metallurgical condition of each as-
measured specimen is indicated in Table I.

sss

Yc'v

i':CC

X ~

sa':st

$3't'

s.

FIG. 1.Photomicrographs representative of (a) Ti(16at.%Mo)
No. 1 (annealed), (b) Ti(25 at. '%%uo V) No. 1 (as arc cast), and
(c) Ti(25 at.% V) No. 3 (annealed), as discussed in the text
and indicated in Table I.

"R. R. Hake, D. H. Leslie, and T. G. Berlincourt, J. Phys.
Chem. Solids 20, 177 (1961).

5' R. R. Hake, Phys. Rev. 123, 1986 (1961)."R.R. Hake and D. H. Leslie, J. Appl. Phys. 34, 270 (1962).

III. APPARATUS AND METHOD

A. Magnetic Fields

The magnetization measurements were made in
applied magnetic fields up to 55 kG generated by a



EXTREME T YP E-II SUP KR CONDUCTORS

cd

l

I l

8

8 8 O„"'8
Cl

l
O

8V

4 ~ 1 ~ CQ CC

cd

tW ~

b0

Ch

M 0C} ~et
VO 00

Ch
~ ~ ~

8
Q} + A ~

~ ~ ~ ~

Q 4 Q y Q Cte} 0

Na
t

%/3
Ch

00 8
~ Q} ~
0
~ K ~ Q

00

Q

cd

bQ.8
a
V
O

cd ~

cd~ Q

&Pm

c}0

00 ~ CQ

00
Ch

Ch
~ ~

it/
~ Q)

~ O
V

cd

'gX
a

cq
e t

Q

~eg

~ t t t
1f)

00
t

hQ

0C} 0000 W
Ch

O0 ~

V
~ ~

O

O

~ II@

O

V
~ W

b
V

O

cd ~

Q~
~ W

~ ~

V cd V~
00

~ ~
~ W

nf
~ W

fA

cd
t IH

~ H

O

cd

V

O

C4
I

V
~ W

Q

~ W

(L}

O

Q

~ M

O
nfl

CI}

F4
ca

8~
8

$q

O O O

UV

N)

cd

cd
Q

III

5
8

VI
8

Q
eW

8
cd

f1)

hO8 8

cd
V

cd

j-t

l„

Q"

hO

tM

cd
O

Q

cd

cd

C4
8

Q
~ M
~ A

cd

M)

O

O

F4

M

8 8&~
8 O&

CD o™

cd cd cd

i ejej0
«y cL} e
cd cd cd

V O O O
~ W e~ tW tW
~~ t+ tA
V O
o o o o

~~ e~8888
LHL
O Q Q O~
8 8 8 8~

cL} v cL}P,

c}

cL}

CP

8 8

cd

V V
~ ~
~ ~

cd

6
~ A
~ A

C&

cd
'a

'Q 'Q cd
&v

cd

cd
O

~ W

e
~ cd cd ~ cd00



R. R. HAKE 158

~ IPf

@0&

cd g

@0 0

OO
QO ~

~ ~

DO

0
Ch

Ct
~ O
~ Ch0

v& oO ~ Ch
~ ~

0O

~ ~

~ ~
~ ~

~ ~
~ 'K0

Ct00 OO 0

~ ~ ~

A A A
~ ~ ~

0

0

0

og oQ og

O O
Cfl Cfl

I000 0

Ch O 0 O
CD

O O

l/)

O

~~ ~ Cl Cl

OO

0 0 0
Q DO

lf)

0 0
0
CV

0

Cr
~ W ~ ~ ~

~ ~ ~ ~ ~ ~
~ W ~ ~ ~

0
0 ~ ~

~ ~

O ~ o

~ O Ch0 ~c
00

Q0 0
0 0

CD
M 00
0O W
OO

II

~~ tP\

0 0
0 0 0 ~~ 0O~O

0 00

~~0 0 0O~
O ' DO OO

II
C7

8
0

8

~pf

N
0

@0

0

0
C4

o (
Ct
cd

4la Q

H

F4 ?

O 'O

47

cn

cn

4l
~ pl

rn

A0 rh

II0
4l

A 'Q
4)
00 ~
cd

rh

~0 g4

t4 ~ sK +P%

VII
~ N~

VII
II ~
Cl O

cn

rh
4l

~w A~ 0cd

O
t-4 .~
4 cn

cn

8 8
4 0

II

bc

0

0
Pt

8

C4

cd

4t
~H

C4!

~&

O

bv

0

~ W

cd

~O0" g

S4 g '+

td Ct

I

A

4
at

A
~ IH

at

~~

Cd

~ th
cn

II

& 0
A0

0
C4

4
4l

0

8
e g

cd

O
A

~ ~ OH

4t cd
4l

Cd ~

g bv

0l=l

~ W

~ M
0

CLt

Cd ~
cd

CP

o

0

0 00 0
cd cd

o o

Cd Cd
O V

~ ~ e~

4 t-I

a. o. ~~

««E
0

cd

o
EI

C4
~ A

~ M0

O
O

~ W o~

EI
Cd

bo0 cd

8
cd

C4

0

~ pH

8
~ W

O
~ rt

ba

8
cd

Cd

C4

cd

ed V

o ~
OO OO

bO

O

0
O

M
U

0
Cd

bo

O

0
O

cd

Cd

bc

~pl

b0

CLt

pg C4
Cd

o
g

0
EI0 0

or

8 8

Cr
Q

0

cd cd 4)

O O g
CI

P
OO

Cd

C4 C4

III .g .g .g
C4 C4 C4M M M

~ Cd re Cd
DO Ct O

8 8
t-I

'H
I I

CL)

a' Ct'
EI e v

em

b0 b0
.6 .9

cd cd
V O
rit ril

C4

g g
g. 048

M M M

R

t-

O

A

Ch Ch
~pl

cd

H
Q

~ M
C4~

t- 8~0
Po

0

EI

8

III

III

PJ'S Q™

C40
C4

Cg

O

~ 0
A eH
0o
4J CP
C4

~ 8

""4

Cd

r
~ rH

0

A0
O
4)

~O

I

Cd

CO

I
htt
A

~ &

74
CS
t-rr

Cd
~I

C4

0

A 4
8 ~
A 8
cd
4p cd

Pg 4l

'Ct

A o47

II

A
I 0

Cd

~~

„Fo
g '0

Cd

8 $
II

t-4 bv
cd ~
4P

0.5
0at

O ~
4l cn

4l

rn 4l CO

g A, O".He
8

A 0040 w
A ™
at

at
cn 4p

~ M
4l
Q rnH

cd
rn

8 gCd

9.8 cn

Ev
"ld

c5
II

Ev

Q

C

&v

C

+

C)
II

8

0

'I

~O

4r)

I

Cd

~+

~o

P4
w 0e
cn 4

Cd

A

rh

~ A
Q o~

cd
4l at

4l
C4 'C

Cd rh 4P

4r w Cd



158 EXTREME TYPE-II SUP ERCONDUCTORS

nested pair of superconducting solenoids, perfect-layer
wound in our laboratory using a total of 44000 ft
(55000'turns) of Nb(25 at. % Zr) wire, " a winding
tension(of 4 lb, and an 0.002-in. -thick Mylar sheet
between layers, The outer copper-form solenoid was
the same high-homogeneity 3-in.-i.d. , 5.5-in. -o.d. ,
6-in. -long Helmholtz-pair" magnet used at II&29 kG
for the earlier magnetization" and specific-heat"
studies. The inner beryllium —copper-form solenoid had
a 1-in. i.d. , a 2.8-in. o.d. , and a 8-in. length, sufFicient
for an axial-field homogeneity" matching that of the
outer solenoid. The two solenoids were series con-
nected, shunted by a 10-0 resistor outside the helium
bath, and energized by a transistorized dc power supply
with a gear-driven current control. Despite the con-
siderable stored energy (magnet inductance 40 H),
complete recovery of the magnet was always observed
after quenching at 16—18 A. The magnet was calibrated
using a nominally 0.1% accurate Rawson null-deflec-
tion cryogenic rotating-coil gaussmeter. Axial-Geld
measurements at 3.5 and 32 kG indicated Geld homoge-
neities of +0.05 and +0.1% over axial distances of 3.0
and 3.6 cm, respectively. The magnet "constant"
C =H/I (wh—ere H is the central average field for 0.1%
homogeneity and I is the magnet current) was measured
as C= 3.4010, 3.3815 kG/A at H= 3.5, 32 kG, respec-
tively. '~ In the present work, B' was determined from
the measured magnet current, assuming C= 3.39 kG/A
independent of I, and the earth's Geld was not com-
pensated.

B. Magnetization Measurement

The isothermal magnetization measurements were
made in a standard ballistic manner. "The 2.1-cm-long
specimen was moved smoothly a distance 2.2 cm
within the effectively time-independent, spatially
homogeneous (+0.15%) H from the center of one
18 000-turn search coil (2.1-rnm i.d. , 11-mm o.d. ,
9.5-mm length) to the center of another identical but
oppositely wound search coil. (The search coils sam-

pled only the central portion of the specimen so as to
avoid possible end-effect complications. ) The deflection
of a Dearly zero —restoring-torque Quxmeter" connected
in series with the search coils was then just propor-

'4 From Supercon division of the National Research Corpora-
tion; type "A25"wire: 0.010-in. diam with 0.001-in.-thick Formex
insulation over 0.001-in.-thick copper plating.

55 The central gap spacing was =0.25 in. , in accord with the
calculations of M. W. Garrett as given by D. B. Montgomery
and J.Terrell, National Magnet Laboratory Report No. AFOSR-
1525, 1961 (unpublished), Tables 3—5.

"D. E. Mapother and J. N. Snyder, University of Illinois
Engineering Experiment Station Circular No. 66, 1955 (unpub-
lished).

"Similar H dependence of C~H/I for a superconducting
magnet has been observed by B. W. Max6eld and J. R. Merrill,
Rev. Sci. Instr. 30, 1083 (1965).' D. Shoenberg, SNpercondlcÃvity (Cambridge University
Press, New York, 1952), 2nd ed. , p. 53; W. E. Henry, Phys.
Rev. 88, 559 (1952).

» General Electric Model 9892910-0154.

tional to the specimen magnetization M(H) . A propor-
tionality constant was determined for each specimen
by measurement of its magnetization in the "perfectly"
diamagnetic low-H Meissner state Lwhere M(H) =
—H/47r (see Fig. 2), to within ~1% for the present
low-demagnetizing-coefhcient specimens]. The double-
search-coil bobbin was made of beryllium-copper, had a
wall thickness of ~0.25 mm, and was wound with No.
46 heavy-Formex-insulated copper wire of total resis-
tance 1400 at 4,2'K. Sensitivity of the magnetometer
was such that an 7.0-mm deflection was obtained
upon movement of the present specimens in the "per-
fectly" diamagnetic Meissner state with V=10 G.
Fluxmeter defIections could generally be read and
reproduced to &0.1 mm for deQections less than 50
mm, amounting to an uncertainty in 4irM of &1.4%
at 47rM= 10 G. An added uncertainty of ~+10% in
4+M results from (a) an 5% uncertainty in the
magnet "constant" C (H & 50 G) in the low-Geld

Meissner-state region where the magnetization-defIec-
tion relationship was determined, and (b) possible
perturbation of the magnetometer signal in high fields

by paramagnetic solid-air impurities in the liquid
helium surrounding the specimen. " The general reli-
ability and accuracy of the magnetometer was con-
firmed by M(H) measurements on (1) various stand-
ard type-I and type-II superconductors, (2) normal
metals and alloys, both diamagnetic and paramagnetic,
and with and without localized moments, and (3) the
empty 0.25-mm-wall beryllium-copper specimen holder.
A 0.2-mm paramagnetic deflection was observed for
the empty holder at 50 kG, about 1-3% of that ob-
served during actual measurement of the present
specimens at that field.

C. Cryogenics

The magnet, specimen, and magnetometer coils were
rigidly suspended in liquid helium contained in a
6-in. -i.d. , 46-in. -deep double-wall Pyrex-glass Dewar.
Temperatures down to 1.18'K were obtained by
pumping over the helium bath with a 500-ft'/min
mechanical pump connected to the Dewar through a
6-in. copper line with vibration-damping concrete-block
and metal-bellows inserts. Temperatures were held
constant to within 0.005 K' and were determined to
about &1% by measurement of the helium vapor
pressure (T58 scaleei) over the helium bath with
mercury and oil manometers read with a Wild Heer-
brugg cathetometer. Hydrostatic head corrections were
not made.

6'Spurious signals were sometimes observed after accidental
air leaks into the liquid helium. This solid air impurity problem
has recently been discussed by W. F. Giauque, R. A. Fisher,
E. W. Hornung, R. A. Butera, and G. K. Brodale, J. Chem.
Phys. 42, 9 (1965).

'l'H. van Dijk, M. Durieux, J. R. Clement, and J. K. Logan,
J.Res. Natl. Bur. Std. A64, 4 (1960).
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D. Resistive Measurements

Electrical resistance measurements4~ ' in longitudinal
B were made in a standard four-lead manner'2 ' using
the same specimens, magnet, and Dewar system as for
the magnetization measurements. Nondestructive
copper current-lead and potential-lead contacts were
pressed firmly against the specimens by beryllium-
copper-strip springs. The potential-lead contacts were
spaced 9.5 mm apart along the longitudinal axis of the
specimen so as to sample the same central portion of
the specimen sensed by the search coils in the mag-
netization measurement. Absolute values of the resis-
tivity listed in Table I may be in error by +3ore owing
primarily to uncertainty in specimen dimensions and in
potential-lead separation.

Zero-field transition temperatures above 4.2'K,
listed in Table I, were measured resistively, utilizing a
probe similar to that described above, except that an
S-in.-long stainless-steel-tube lower extension was
clamped to the cylindrical Micarta specimen mount.
The specimen was tightly wrapped with cotton" and
aluminum foil and the depth of immersion of the tube
extension and the attached copper current and potential
leads was adjusted to obtain a slow warmup of the
specimen above 4.2'K. Temperatures were measured
with a Cu-to-Au (0.07 at. % Fe) 's thermocouple" The
primary junction was pressed against the specimen,
and the reference junction was placed at the end of the
extension so as to remain in the liquid-helium bath at
4.2'K. The thermocouple was calibrated via the
super conducting transition temperature of pure
Pb Lp(295'K)/p„(4.2 K):—RZ= 10, 2;= 7.19'K),
pure Bureau of Mines Vs (22=153, T,=5.38'K),
and pure Ta" (RE=46, T,=4.43'K). Thermocouple
sensitivity appeared to be nearly constant at 12 p V/K'
at 4.2( T&7.2'K. The resistance-versus-temperature
transitions were observed on an X-F recorder and
T, was taken as the temperature at which a sharp
resistive onset occurred. These onsets were found to be
reproducible to about &0.05'K and to be independent
of measuring current density J for 0.3&J(3 A/cm'.
T, values so obtained are probably accurate to &O.i'K.
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IV. EXPERIMENTAL RESULTS

A. Ti(16 at. j~ Mo)

Figures 2—4 show isothermal magnetization curves
for the annealed specimen Ti(16 at. % Mo) No. 1. As
B is increased from zero at constant T(T„asuper-
conducting magnetization M, (H) is initially observed
which is qualitatively similar to that of quasireversible
low-f(. g type-II materials' 4:nearly perfect Aux exclusion
(diamagnetism) up to an initial Aux penetration field

IIr„(T),as shown in Fig. 2, followed by gradual mixed-
state Aux penetration with consequent gradual approach
of M, (B) to zero as shown in Figs. 3 and 4. With
further increase of P, M. (H) crosses the zero-M axis at
a paramagnetic-superconductivity onset field H~, (T),
and becomes increasingly paramagnetic. The M, (B)
curve finally contacts the normal-state paramagnetic
magnetization line M (H) at a magnetization-deter-
mined upper critical field H„(T).On the return de-
creasing-H cycle, the magnetization is observed to be
reversible at high fields and irreversible at low fields.

20 60 80 100

"T. G. Berlincourt, Phys. Rev. 114, 969 (1959)."R.R. Hake, D. H. Leslie, and T. G. Berlincourt, Phys. Rev.
12'7) 170 (1962)."J.O. Linde, in Proceedings of the Fifth International Conference
on Low-Temperatlre Physics and Chemistry, edited by J. R.
Dillinger (University of Wisconsin Press, Madison, Wisconsin,
1958), p. 402.

"The 0.006-in. diam insulated Au(0. 07 at.% Fe) wire was
obtained from Kngelhard Industries, Inc. , Baker Platinum Di-
vision.' R. Berman and D. J. Huntley, Cryogenics 3, 70 (1963); R.
Berman, J. C. F. Brock, and D. J. Huntley, ibid 4, 233 (1964.);
D. K. Finnemore, J. E. Ostenson, and T. F. Stromberg, Ames
Laboratory Report No. IS-1046, 1964 (unpublished).

67 J.P. Frank and D. L. Martin, Can. J. Phys. 39, 1320 (1961)."R. Radebaugh and P. H. Keesom, Phys. Rev. 149, 209
(1966).

49 J. I. Budnick, Phys. Rev. 119, 1578 (1960).

FIG. 2. Low-Geld isothermal superconducting magnetization 31
versus applied field H for Ti (16at.% Mo) No. 1.For clarity only
data taken in increasing H (H t' ) near the initial-Qux-penetration
Geld IIf„(T)are shown, alternately with and without ticks for
successive measurement temperatures T. The bending over of
the superconducting M. (H t' ) away from the 45'-slope line of
perfect diamagnetism signals the entry of Qux into the specimen
and determines Hy„.In these low fields M. (II) is irreversible and
3d, (H J, ) (not shown) consists of a nearly 45'-slope line whose
displacement from the origin is determined by the small increas-
ing-Geld excursion AH beyond Hf„.To avoid residual-applied-field
complications, the measurements were begun at the highest T
with the virgin superconducting magnet and AB was kept small
as shown in the figure. Trapped Qux in the specimen was elimi-
nated after each Hf~ determination by warming the specimen
above T, and then cooling to the measurement temperature in
essentially zero H.
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The paramagnetic M„(H) characteristic was deter-
mined from magnetization measurements in the normal
state outside the H„(T') boundary of Fig. 6. The
M„(H) line appeared to be reversible and temperature
independent in the range of measurement 1.86&
2'(4.2'K, and indicated y„=M„(—H)/H=1. 8X10 '
emu cm ', a value typical of localized-moment-free bcc
transition metals in the present range of conduction-
electron —to—atom ratio. As is usual in transition metals
and alloys, the measured p„is considerably larger than
the Pauli spin susceptibility ~(1V) calculated from the
speci6c-heat-indicated density of states E (see Table
II, Nos. 4 and 5). The difference may be due primarily
to the presence of orbital paramagnetism, v~~' although
conduction-electron exchange and correlation effects on
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the susceptibility~' ~' and possible phonon enhance-
ment~~ of the apparent electronic-speciGc-heat co-
eKcient (and thus S) should also be considered.

Figure 3 shows, in addition to the measured M. (H)
and M„(H) curves at 2.65'K, a curve (M',), which
approximates the reversible superconducting mag-
netization curve at that temperature. Equating the
Gibbs free energies of superconducting and normal
phases at the transition Geld H„yields, for any given T,

EG„,(H=O) =G(H=—O) —G, (H=O) —=H. /Ss.

M„(H)dH — M,„(H)dH, (1)

l l I I I

0 8 52 40 48 56 64
H (kG)

4

FIG. 4. Isothermal magnet zation M versus applied magnetic
Geld H for Ti(16 at.% Mo) No. 1. For clarity only data points
for 7=3.81, 3.01, 2.24, 1.53, and 1.18'K have been shown. The
points with ticks were obtained on the return decreasing-H cycle.
Note the reversibility in the high-Geld purarnagneQc mixed-state
region, and the convexity of the high-Geld, low-reduced-tempera-
ture magnetization curves. The lower slanted line on which the
arrows terminate is the normal-state magnetization characteristic
M (H) and implies a low-temperature normal-state susceptibility
x»(4.2'I) —=M»(H)/B=1. 8X10 ' emu cm ~.

FIG. 3. Magnetization M versus applied magnetic Geld H for
Ti(16 at.% Mo) No. 1 at T=2.65'K. Slack and white data
points were taken on different days. Square points with ticks were
taken on the return decreasing-H cycle. The reversible supercon-
ducting magnetization curve (3E,)„and the Gibbs free energies
G, (H) and G„(H)are constructed with the help of the speciGc-
heat data of Ref. 45 as explained in the text. The upper critical
Geld H„(2.65'K) is determined by the contact point of the G, (H)
and G (H) curves.

7' R. Kubo and Y. Obata, J. Phys. Soc. Japan 11, 547 (1956);
R. Kubo, in Lectures isa Theoreticu/ Physics, %65, edited by W.
E. Brittin (University of Colorado Press, Boulder, Colorado,
1966), Vol. VIIIa, p. 239.

'A. M. Clogston, A. C. Gossard, V. Jaccarino, and Y. Yafet,
Phys. Rev. Letters 9, 262 (1962).

~' A. M. Clogston, A. C. Gossard, V. Jaccarino, and Y. Yafet,
Rev. Mod. Phys. 36, 170 (1964).

where M,
„

is the reversible component of M, . The
thermodynamic critical Geld for Ti(16 at. % Mo) No. 1
at the temperature of interest,

H, (T=2.65'K) =514 6, (2)

~3 For a recent review see C. Herring, 3IIugrIehsm, edited by
G. T. Rado and H. Suhl (Academic Press Inc. , New York,
1966), Vol. IV.

"N. F. Berk and J. R. Schrieffer, Phys. Rev. Letters 1'7, 433
(1966)."A. M. Clogston, Phys. Rev. 136, A8 (1964); N. W. Ashcroft
and J. W. Wilkins, Phys. Letters 14, 285 (1965).

is obtained from the calorimetrically4' deduced
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a 6rst-order transition at low I, where quasiparticle
excitations are reduced.

Figure 5 shows normalized resistance versus longitu-
dinal applied field H at various temperatures for the
same Ti(16 at. % Mo) specimen on which the mag-
netization measurements were made. As indicated for
the 3.2'K curve, there is a fairly abrupt onset of
resistance near the arbitrarily de6ned resistively meas-
ured upper critical 6eld B„.Note the long resistive tail
intersecting the normal-state resistance curve at the
6eld H, . The sensitivity of this tail to current density
(shown in the 3.4'K curves) and copper plating'" 4'

suggests that B, is a sheath upper critical 6eld.
Figure 6 shows the (H T) phas-e diagram for

Ti(16 at. % Mo) No. 1 as determined. by the present
measurements. The mixed state is divided into diamag-
netic and paramagnetic regions. The resistively meas-
ured upper critical field H„(T') is close to the mag-
netization-determined upper critical field H ( T ),
thus reinforcing the present concept of paramagnetic
superconductivity. Specihc-heat determinations4' of
II„(T'),not shown in Fig. 6, extending up to 29 kG
on a different specimen of Ti(16 at. % Mo), show
reasonable agreement with the magnetization-deter-
mined H„(T) boundary. The initial Aux penetration
6eld Hy„(T) is a factor two to four higher than the
H, i(T') predicted by theory" "rs (see also Table II,
No. 19), probably related to the low-field irreversi-
bility of the present specimen. Figure 6 shows that By„
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FIG. 8. Isothermal magnetization 3f versus applied magnetic
Geld H for Ti(22.5 at.% V) No. 2, measured at 4.19'K before
and after heavy chemical etching. The points with ticks were
obtained on the return decreasing-II cycle. The large irreversible
peak effect in the magnetization centered at 16 kG is apparently
associated with surface defects as discussed in the text.

-l2

l2

is not parabolic in T as reported by Blaugher' for
some highly irreversible Ti-V alloys. The sheath
critical field H, (T ) and the sheath's higher-than-bulk
transition temperature T, are discussed elsewhere. ""
The high-field reversibility of M, (H) and the fair
agreement of B„values as determined by magnetization
and calorimetric measurements4' indicate that the
sheath on annealed and chemically etched (polished)
Ti(16 at. % Mo) has too low a critical current to
seriously affect the magnetization. The current-density
independence of the resistive-onset field (Fig. 5) and
temperature (Sec. III.D) at 0.3& I&3 A/cm' )corre-
sponding for the present specimens to 0.011&J(sur-
face) &0.11 A/cmj also indicates low sheath critical
current. This low sheath critical current is presumably
associated with relatively small sheath thickness
~)g~56(1 t) 'i' (Table —II, No. 24), where $g is in L.
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Fn. 7. Isothermal magnetization M versus applied magnetic
Geld 2P for V(30 at.% Ti) (10 at.% Cr) No. 1. The points with
ticks were obtained on the return decreasing-II cycle.

» J. L. Harden and V. Arp, Cryogenics 3, 105 (1963).

B. V(30 at %Ti)(10.at %Cr).
Figure 7 shows isothermal magnetization curves for

the annealed specimen V(30 at. % Ti) (10 at. % Cr)
No. 1. Photomicrographs representative of this speci-
men showed a precipitate concentration about half that
shown in Fig. 1(c) and existing in a somewhat less
disbursed form. The M, (H) curves are qualitatively
similar to those of Fig. 4, with reversibility only in the
high-field paramagnetic mixed-state region. As for
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sity "and "dip eGect" in transverse-Geld mixed-state
resistance. Apparently the high-QeId impedance
to Qux motion presented by the surface of the present
specimen increases with decrease of T and for all T is
greatest just below the upper critical Geld.

Except for the peak e6ect, the M, (B) curves of
Figs. 8 and 9 are qualitatively similar to those pre-
viously discussed for Ti(16 at. % Mo) No. 1 and
V(30 at. % Ti) (10 at. % Cr) No. 1, showing the usual
reversible paramagnetic mixed-state magnetization
and the usual increase of $(T) with decrease of T.
The helium-temperature normal-state susceptibility
as determined by the M„(B)measurements of Figs. S
and 9 is x„(4.2'K) = 1.9X 10 ' emu cm '.

D. Ti(25 at.% V)

IO

+ l2

I I I I I

24 32 40 48 56
H (kG)

Figure 10 shows paramagnetic mixed-state mag-
netization curves for the various Ti(25 at. % V) speci-
mens of Table I, all measured at T= 4.19'K. The peak
position in the cold-rolled specimen Ti(25 at. % V)
No. 2 curve suggests that P„(4.19'K) ~52 kG, higher
than the earlier reported" 36 kG which was estimated
from magnetization data at II(27 kG. The present B
value implies, from Fig. 10(b), a normal-state suscepti-

FIG. 9. Isothermal magnetization M versus applied magnetic
field H for Ti(22.5 at.% V) No. 2 after the heavy etching indi-
cated in Pig. 8. The points with ticks were obtained on the return
decreasing-H cycle.

-l6 -I6

Ti(16 at. % Mo) No. 1, S(T) increases with decrease
of T. The helium-temperature normal-state suscepti-
bility as determined by the M„(H) measurements of
Fig. 7 is x (4.2'K) =3.0X10 ' emu cm '.

C. Ti(22.5 at.% V)

0-

+16

Figures 8 and 9 show isothermal magnetization
curves for the unannealed specimen Ti(22.5 at. % V)
No. 2. Photomicrographs representative of this speci-
men are similar to Fig. 1(b). The large irreversible
"peak eGect" centered, at 16 kG in Fig. 8 is apparently
associated with surface defects (probably produced by
the machining operation), since further chemical
etching nearly eliminated the peak effect as shown in
the Ggure. Figure 9 shows that the small residual peak
e6ect which remains after heavy etching moves to
higher Geld and becomes more pronounced as tem-
perature is reduced. Peak effects in magnetization
curves have also been observed (in much less prominent
form than in Fig. 8) by Livingstonr' in Pb-In alloys and
are associated" ~ with the more well-known and
interrelated" "peak eGect" in critical current den-

"J.D. Livingston, Phys. Rev. 129, 1943 (1963};Rev. Mod.
Phys. 36, 54 (1964). N. Tsuda, S. Koike, and T. Suzuki /Phys.
Letters 22, 412 (1966)j have reported a peak effect in dBJdH
versus H in Nb.

T. G. Berlincourt, R. R. Hake, and D. H. Leslie, Phys. Rev.
Letters 0, 671 (1961);R. R. Hake, T. G. Berlincourt, and D. H.
Leslie, BulL Am. Phys. Soc.7, 474 (1962).

-l6

+l6

+8

+16 +l6

"M. A. R. Le Blanc and W. A. Little, in I'roceeCings of the
$eventII International Conference on Lotto-Temperatlre Physics,
edited by G. M. Graham and A. C. Hollis Hallet (University of
Toronto Press, Toronto, 1961),p. 362.

"S.H. Autler, E. S. Rosenblum, and K. H. Gooen, Phys.
Rev. Letters Q, 489 (1962).

8 l6 24 32 40 48 56
H {kG)

FIG. 10. Isothermal magnetization M versus applied magnetic
Geld H at T=4.19'K for Ti(25 at. /& V) specimens; No. 1 t as arc
cast with no precipitate as shown in Fig. 1(b) j, No. 2 (cold rolled
to a reduction of =2:1),and No. 3 /annealed and containing an
annealing-induced precipitate as shown in Fig. 1(c)j.The zo, -,
and T, values are listed in Table I.
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bility@ x (4.2'K) = 2.0&(10 emu cm s, and a
~&(4.19'K) =61 from Eq. (12), as plotted in Fig. 19.
The peak effect shown for Ti(25 at. % V) No. 2 is again
probably associated primarily with surface defects.
Similar magnetization peak effects in cold-rolled
specimens of Ti(25 at. % V) have been observed4' to
change in magnitude and shape with etching, pre-
sumably as diGerent cold-work-induced defect char-
acteristics are brought to the specimen surface. Com-
parison of the M, (H) curves for Ti(25 at. % V) No. 2

(cold-rolled) and Ti(25 at. % V) No. 3 I
annealed but

containing precipitates as shown in Fig. 1(c)7 shows
that in the present case precipitates are more effective
Aux pinners than are the dislocations produced by cold
working to a thickness reduction of 2:1.
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V. DISCUSSION C20

A. Qualitative Significance

The qualitative significance of paramagnetic super-
conducting magnetization can be discussed with
reference to Fig. 11. This figure contrasts schematic
zero-temperature reversible magnetization curves for
type-I, "standard" type-II, and extreme type-II super-
conductors with typical transition-metal electronic
properties somewhat similar to, respectively, Ta,"
V(5 at. % Ta),"and the Ti(16 at. % Mo) of the present
study. The three prototype superconductors have the
same superconducting transition temperature T, and
the same zero-temperature superconductive condensa-
tion energy AG„,(H=O, T=O) =—H,&s/gs. . Their rele-
vant normal-state electronic parameters are also iden-
tical (specifically the parameters listed in Table II,
Nos. 2 to 7), except that the low-temperature normal-
state electrical resistivities p„differ in the approximate
ratio 0.1:10:100,producing the near factor of ten
changes in the Gor'kov-Goodman —calculated LEq.
(A13c)7 zg values shown in the figure. Since the
AG„,(H=O, 2'=0) values are all equal, the cross-
hatched condensation-energy areas between the M, (H)
and M„(H)curves must be equal by Eq. (1). Further-
more, since the 4n-M and. H axes have been scaled in
opposite sense by successive factors of ten, the cross-
hatched areas all appear equal in Fig. 11.

For the extreme type-II superconductor of Fig. 11,
the superconductive magnetization M, (H) must be
weak and comparable to the weak paramagnetic mag-
netization M„(H) of the normal state if the area
enclosed by the M, and M„curves is to yield the proper
condensation energy. The magnetization M„(H) is due
in part to Pauli electron-spin polarization in the normal

"This value is somewhat lower than the g„{295'K)=2.5)&10 '
emu cm 'reported for bcc Ti(25 at.% V) by S. Taniguchi, R. S.
Tebble, and D. E. G. Williams, Proc. Roy. Soc. (london) 205,
502 (&962).

~ J. Buchanan, G. K. Chang, and B. Serin, J. Phys. Chem.
Solids 26, 1185 (1965).
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t

IO

Fre. 11.Schematic zero-temperature reversible magnetization
curves for type-I, "standard" type-II, and "extreme" type-II
superconductors with typical transition-metal electronic proper-
ties as discussed in the text.

8~ D. C. Mattis and J. Bardeen, Phys. Rev. 111,412 (1958).
K. Yosida, Phys. Rev. 110, 769 (1958).

state along the applied field. LOrbital paramagne-
tism'~7s probably also contributes to M„(H), and.

should contribute almost equally to M, (H).n ~'] The
superconducting magnetization M, (H) must likewise be
partly determined by the amount of Pauli electron-spin
polarization in the mixed state, presumably related to
the spatial average of the position-, temperature-, and
6eld-dependent quasiparticle density of states char-
acterizing the mixed-state vortex structure, and the
fact that opposite spin-coupled Cooper pairs (or, more
correctly, dirty-superconductor time-reversed pairs' ~)
can exhibit no net spin polarization. ~

For simplicity, two limiting cases of zero-temperature
superconductive electron-spin behavior can be con-
sidered:

(1) If Cooper spin pairing were somehow removed
without otherwise aBecting superconductivity, then
Pauli-paramagnetic contributions to M, (H) and
M„(H) would be nearly equal, and paramagnetism
would have little eGect on the super-normal free-energy
balance. In this case the electron-spin-ignoring dirty-
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limit neo-GLAG theory' —"would apply, predicting
the linear GLAG-type magnetization curve shown by
the dotted line in the top plot of Fig. 11. This curve
terminates with relatively low S, or high K2(T=O) ~
1.2~1.-, in a second-order transition to the normal state
at the high upper critical field H,20 with a high
ai(T=O) 1.2'. [It is clear" that this spin-decoupled
regime must always be approached as T~T., quasi-
particle excitations increase, and the superconductive
order parameter approaches zero. Hence, near T„
electron-spin-ignoring neo-GLAG theory' " should
always apply such that ai( T~T,) = x2(T~T,) = ag.]

(2) On the other hand, if Cooper spin pairing were
complete at T=O (even within vortex cores and in the
"gapless" region near the upper critical field), then
Pauli paramagnetism would not contribute to M, (H)
and we would expect a much less paramagnetic M, (H)
(not necessarily diamagnetic because of the possible
orbital-paramagnetic'~" contribution) . In addition,
preferential Pauli-paramagnetic lowering of the normal-
state free energy would result in an abrupt first order-
transition to the normal state at a relatively low upper
critical field H„o((H,~0* with a low ~i(T=O) ((1.2Kg

(since the conden. sation energy area must be con-
served) . In this case, conduction electrons would

suddenly depair at the upper critical Geld in order to
take energetic advantage of spin alignment along H,
thus producing a discord, nlity (5—&~, a2~0) in the
magnetization curve. (We ignore here the possibility
of a Fulde-Ferrell" ' state. ) A first-order transition
to the normal state in the paramagnetically limited
case was first envisaged by Clogston. "

The actual extreme type-II magnetization curves of
this study represent a compromise between the limiting
cases discussed above. At low reduced temperatures,
where quasiparticle excitations are reduced and the
effects of Cooper spin coupling should be most appar-
ent, " the curves of Fig. 4 are similar to the solid curve
labelled "3E," and "paramagnetically limited" at the
top of Fig. 11. Despite the paramagnetic limitation,
the observed second-order transition shows that there
must be considerable Pauli spin polarization con-
tributing to M, (H), especially near the upper critical
field. In fact, the recent WHH ' and Maki' spin-effect
theories imply that magnetization curves such as those
of Fig. 4, with relatively low-S, second-order transitions
at low reduced temperature, can result from an enhance-
ment of mixed-state Pauli paramagnetism by spin-
orbit-coupling —induced electronic spin-Qip scattering.

P. Fulde and R, A. Ferrell, Phys. Rev. 135, A550 (1964);
A. I. Larkin and Y. N. Ovchinnikov, Zh. Eksperim. i Teor. Fiz.
47, 1136 (1964) LEnglish transl. : Soviet Phys. —JETP 20, 762
(1965)j."L. W. Gruenberg and L. Gunther, Phys. Rev. Letters 10,
996 (1966)."R. Avenhaus and P. Fulde, Physik Kondensierten Materie
5, 157 (1966).

As first pointed out by Ferrell' and Anderson" with
reference to the superconductive Knight shift, such
scattering electively acts to decouple spin pairing'~"
(but not time-reverse pairing'") of one-electron wave
functions appropriate to the strong nonmagnetic
scattering case. ' "Both the %HH and the Maki theo-
ries suggest that the dotted GLAG-type magnetization
curve at the top of Fig. 11 would be approached at
low t for nearly complete spin decoupling of time-
reverse pairs, resulting from a high spin-fiip scattering
frequency, proportional to the WHH'9 spin-orbit
parameter P.,

V(&) = 0.693H„(~)/H„,*. (6)

Since H;.0* can be calculated in the dirty limit from
measured normal-state electronic parameters by Eq.
(A16b), Eqs. (4) and (6) both afford experimental
definition of h~(t) .

Alternatively, the theories yield upper-critical-field
predictions in terms of the parameter

xi*(t) =~i(t) /ai(t= 1), (7)
O R. A. Ferrell, Phys. Rev. Letters 3, 262 (1959)~"P. W. Anderson, Phys. Rev. Letters 3, 325 (1959); in I"ro-

ceedings of the Seventh International Conference on I.om-Ternpera-
tlre I'hysics, edited by G. M. Graham and A. C. Hollis Hallet
(University of Toronto Press, Toronto, 1961),p. 298.

9' A, A. Abrikosov and L. P. Gor'kov, Zh. Eksperim. i Teor.
Fiz. 42, 1088 (1962) /English transl. : Soviet Phys. —JETP 15,
752 (1962)g."P. Fulde and K. Maki, Phys. Rev. 139, A788 (1965); J.
Appel, Phys. Rev. 139, A1536 (1965).

B. The WHH and Maki Theories

%HH" and Ma%i" have independently found solu-
tions to the linearized Gor'kov equations'~22 in the
dirty limits (f&)l, see Table II, No. 33), which is
applicable to the present alloys, taking into account
both Pauli paramagnetism and spin-orbit-coupling
induced electronic spin-Qip scattering. According to
the theories, the reduced upper critical field

h*(t) =H„(t)/( dH„/dt)—, , (4)

is determined by the Maki paramagnetic limitation
parameter 0, , and the adjustable spin-Qip scattering
frequency parameter A.„.The theories also yield the
relationship

0.693 (—dH, 2/dt) (=i——Heo*, (5)

where H, 20 is the dirty-limit neo-GLAG upper critical
field in the absence of paramagnetic limitation. The

independence of (dH, 2/Ch) i-i Land the related
xi(t—&1) = x2(t~1) = iig] is associated with the fact that
the paramagnetic limitation on II,2 must vanish as
t~1, the spatial average of the superconductive order
parameter approaches zero, and the Pauli spin suscepti-
bility of the superconducting mixed state approaches
that of the normal state. Substitution of Eq. (5) in
Eq. (4) yields
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where
~, (t) —=H.,(t) /[&2H. (t)] (8)

and H, (t) is the thermodynamic critical field. From
Eqs. (6)—(8), and (A16a), and the dirty-limit
xi(0'I)/Ki(t= 1) = 1.195,"it follows that"

z&*(t) = 1.73[H,O/H, (t) ]h*(t) . (9)
In terms of the deviation function D(t) of Eq. (3),
Eq. (9) becomes

~ *(t) = 1.73[D(t) +(1—t') ] 'h*. (10)

As emphasized by Helfand a~d YVerthamer, " the com-
parison of experiment and theory in terms of ~&* can be
misleading, especially near t= 1, unless D(t) and H, (t)
for the particular specimen in question are known.
These can be obtained for type-II superconductors
from (1) double integration of zero-Geld specific-heat
data, ~ " or (2) the area between reversible normal-
and superconducting-state magnetization curves [see
Eq (1)].

Assuming the existence of an Abrikosov" vortex
lattice, Maki" has also deduced the behavior of the
terminal mixed-state magnetization slope parameter,

0.7—
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Ii,*(t) =—x2(t)/x2(t=1), (11)
in terms of n and X„.Here ~&(t) is deGned by

S(t) —= Id[4m(M. M)]/dH—Iir. =
I [2&2'(t) —1]PI ',

(12)
where P= 1.16 for a triangular vortex lattice. "

The paramagnetic limitation parameter" is

cx =V2H, go*/Hvo, —
where H„p is the zero-temperature upper-critical-field
limit given by Clogston's" Eq. (A17b). In general,
and as previously shown experimentally for several
high-~g alloy systems, "' the higher the value of
n~H. 20*/H„o, the lower will be the value of h*~
H,~(t) /H, M*. The n parameter can be calculated in the
dirty limit from normal-state electronic parameters by
Eq. (A18b), or from the slope of the upper-critical-
field curve near T, by Eq. (A18c) .

A necessary condition for the observation of mixed-
state paramagnetism over a wide field range in transi-
tion-metal-alloy superconductors can be written in
terms of n.' Comparing the extreme and standard
type-II magnetization curves of I'ig. 11 it can be seen
that the area —,'g„(H,20*)' enclosed by the paramag-
netic normal-state magnetization curve should be
approximately equal to or greater than the condensa-
tion-energy area H.o'/8v. =-', xpH»' [where the last

94 Equation (9) was derived by N. R. Werthamer, E. Hel-
fand, and P. C. Hohenberg (private communication).

» W. H. Kleiner, L. M. Roth, and S. H. Autler, Phys. Rev.
133y A 1226 (1964); J. Matricon, Phys. Letters 9, 289 (1964)
D. Cribier, B. Jacrot, L. Madhav Rao, and B. Farnoux, Phys.
Letters 9, 109 (1964); W. Fite, II, and A. G. Redfield, Phys.
Rev. Letters 1'7, 381 (1966).

Fto. 12. The reduced upper critical field in the dirty limit at
zero temperature h*(t =0) —=B,2p/( —dHc2/dt) t=l —0 693ac20/IIc20*
versus the Maki paramagnetic limitation parameter o.=—V2II,20 /
II~0=2.35p„y for various values of the spin-orbit-scattering fre-
quency parameter P „according to the theories of Maki (Ref. 28)
and WHH (Ref. 29). The dashed Maki curves are derived from
Eqs. (25) and (26) of the text, and the solid WHH curves are
derived by computer solution of Eq. (28) of Ref. 29.

equality follows from Eq. (A17a) ].Thus the necessary
condition is g„(H,20*)2 &xpH„O'i, or assuming a reason-
able x„2xp,2 (H,2o*) '/H„o' —=n2 & 1.

The spin-Rip-scattering frequency parameter is"

X,.=—h(3v-heT, ~,.) ', (14)

where 5 and k~ have their usual meanings and r is
the mean spin-Rip scattering time. I'"or a dirty super-
conductor, ' " the electronic spin quantum number
should become undefined, spin coupling of electrons in
mutually time-reversed states should be at least par-
tially removed, and mixed-state paramagnetism should
be enhanced (thus h* increased), when the energy
uncertainty AE~hr. , ' becomes greater than the
BCS ~ energy gap

26pp = 3.52k' T„' (15)
or equivalently from Eq. (14) when

Z,.&0.37, (16)
as is indeed borne out by the detailed results of the
theories as indicated in Fig. 12.

A condition" for the application of the WHH and
6 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.

108) 1175 {1957).' J. Bardeen and J. R. Schrieffer, in Progress Az Low-TemPera-
ture Physics, edited by C. J. Gorter (Interscience Publishers,
Inc. , New York. , 1961),Vol. III, p. 170.
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r,.«5(~so) '

or, by substitution of Eqs. (14) and (15),

(22)

Maki theories is the physically realistic requirement
that the spin-Rip-scattering time ~., be large in com-
parison with the transport scattering time r&,. From
Eqs. (A4) and (A19) this condition can be written as

X 40«3.7)&10 s'p„n'fs($/Sy) (yT ) (17)

where the symbols and units are as given in the Appen-
dix. With the usual assumption" ""S/Sf ——0.6, Eq.
(17) implies that the WHH and Maki theories should
be applicable to Ti(16 at.% Mo) No. 1, V(30 at. % Ti)
(10 at. % Cr) No. 1, Ti(22.5 at. % V) No. 2, and
Ti(25 at. % V) No. 2 if X„«71,23, 86, and 58, respec-
tively. From these examples, the form of Eq. (17), and
the curves of Fig. 12, it can be seen that the theories
predict a substantial alleviation of the paramagnetic
limitation on h* for real materials of interest (1 &n &5)
at physically realistic values of X„.Therefore, in Figs.
12—14 and 16—19, the uppermost theoretical curve is
labelled P„= to indicate

h*(n=O, X„&0)= lim h*(n&0), (18)
&SO~OO

KI*(pp' ——0, n=0, X„&0)= lim KI (n&0), (19)
-+OO, PP-+0

Ks (ps' ——0, n=0, X40&0) = 11II1 Ks (n&0), (20)
80 m, &0~ 0

where Pss is given by Eq. (21), even though Eq. (17)
will be violated as X„~co.Equations (18)—(20) also
seem reasonable in view of the qualitative arguments of
Sec. V. A.

Maki" has obtained approximate expressions for
h*(f), KI*(t), and Kse(f) in terms only of a parameter

P,s =n'/(1. 78),.), (21)

in the region where the spin-Rip scattering time is
short, i.e.,

where, using Eq. (6),

h.s —=H,s*(t)/B.ss*——(0.693) 'h*(f, n=0, X,.=O). (26)

Equation (25) is equivalent to the correctedI~ form of
Maki's" Eq. (52) in which the coefftcient of r„is
changed from 12'to 18.

Judging from the presently indicated 0.5 &X„(1.3
of Table II, No. 29, the application of the WHH theory
is probably justified for the present alloys according to
Eq. (17),'but the approximate Maki expression for the
strong-spin-orbital scattering limit may not be com-
pletely applicable according to the right-hand side of
Eq. (24).

C. Comyarison of Theory and Experiment

1. Ti(ld ut. % Mo)

a. Upper Critical Field. Figures 13—15 compare with
increasing resolution the present upper-critical-field
data with the theories of Maki and %HH. Figures 14
and 15 also show for comparison the vibrating-sample
magnetometer data of Cape4' on another specimen of
Ti(16 at. % Mo) (T,=4.1'K), and the calorimetric
data of Barnes and Hake4' in still another specimen
(T,=4.246'K) . The T, variation among these speci-
mens may be due to slightly different alloy or inter-

l00 -',
,',40 (OR use e 0 cc "0)

80—

~0.5

60—

X..&)0.2. (23) 40—

The validity of Maki's approximate expressions is still
subject to Eq. (17), so that the full condition on )

„

becomes

3.7)(10 stpN414(S/Sr) (yT ) I))X„))0.2. (24)

In terms of h*(t), the approximate Maki expression for
the upper critical field is

20—

8 I2
T'( K')

l6 20

h*(t) = 1.39h, $1+(1+Po'h. ) '"$ ', (25)
"B.B. Goodman, Phys. Rev. Letters 0, 597 (1961).
44 For a recent tabulation of S/Sf for pure metals, see Ref. 4.

It is interesting to note that the assumption S/Sy=1, together
with the assumption that the conduction electrons per atom e
are those outside closed shells, leads to unrealistically low calcu-
lated values of the electron mean free path l(SfSy=1) —=l0 from
Eq. (A2) for Ti-V alloys; comparing l0 and the lattice parameter
o in A. : Ti(22.5 at.% V) (14=2.16, a=3.21), Ti(25 at. '% V)
(4=2.40, a=3.20). (For the bcc lattice the nearest-neighbor
distance is Vj u/2. )

FIG. 13.Upper critical fIeld H„ver suTs' for Ti(16 at.% Mo)
No. 1 as determined by the magnetization data of Fig. 4. The
theoretical I1,2(T') curves are obtained by multiplying the theo-
retical h*(t, 0., ) ) =H,2(t) j(—dH, 2/dt) & I by the experimentally
indicated (—dII' jdt) ~ 1=150 kG. The Maki h*(t, a, )„)is ob-
tained from Eqs. (25) and (26) of the text. The WHH h*(t, n, )„)
is obtained via computer solution of Eq. (28) of Ref. 29. The
identifIcation of the condition (X„=ac, cx'=3.3) with the condi-
tion (X„&0,0.'=0) is discussed in the text.

"'K. Maki (private communication).
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stitial-gas concentrations. The theoretical h*(t) curves
all assume n= 1.825(a'= 3.33), close to the value calcu-
lated from the normal-state electronic parameters
(Table II, No. 22a). The experimental h*(/) points
for the present, the Cape, and the Barnes and Hake
data utilize the respectively measured values

( dH„/—d T) r, 36, 33——, 34.1 kG/'K

and

—(dH„/dh) ( t
——T, ( dH„/—dT) r.——150, 135, 145 kG.

-t2

IO

The present upper-critical-field data as plotted in
Figs. 13—15 show that the experimental h*(t) for
Ti(16 at. % Mo) lies between the theoretical curves for
X„=Oand X„=~, implying the inAuence of spin-Rip
scattering. A fair over-all fit of the present H„(T)or
h*(t) data to the WHH theory is obtained for X„=0.5
as shown in Fig. 13. Cape~ previously deduced 'A„0.7

O
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FrG. 15. DiRerential reduced upper critical field Ah*—=h*—
0.5 (1—P) versus reduced temperature t for the present magnetiza-
tion measurements on Ti(16 at.% Mo) No. 1, the magnetization
measurements of Cape (Ref. 42), and the calorimetric measure-
ments of Barnes and Hake (Ref. 45). The theoretical Maki
hh*(t, n, X„)is obtained from Eqs. (25) and (26) of the text
and the WHH Ah*(t, u, X„)is obtained via computer solution
of Eq. (28) oi Ref. 29.
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Fxe. 14. Upper critical field h*(t) =—II„(t)/( —dH /dt) f, 1 versus
reduced temperature t from the present magnetization measure-
ments on Ti(16 at.% Mo} No. 1 (Fig. 4), the magnetization
measurements of Cape (Ref. 42), and the calorimetric measure-
ments of Barnes and Hake (Ref. 45). The theoretical Maki
h*(t, a, X„)curves are obtained from Eqs. (25) and (26) of the
text and the WHH h*(t, a, ),„)curves are obtained by computer
solution of Eq. (28) of Ref. 29. The maximum in the WHH
curve h*(t, cP =3.3, X,o=O) signifies the onset, as t is reduced, of
a first-order upper-critical-field transition to the normal state. In
the region where dh*/dt is positive, h*(t) is a supercooling field.

for Ti(16 at. % Mo). The presently indicated X, r„,r„',and r~,/r„values are listed in Table II, Nos. 29
to 31.

Figure 16 shows that Kr* for Ti(16 at. % Mo) No. 1,
and for the other specimens of this study, decreases
with decrease of t. For all these specimens ar(3=1) is
assumed to be equal to the Gor'kov-Goodman —calcu-
lated zg of Table II, No. 15c. For Ti(16 at. % Mo) No.
1, H, (t) is obtained from the calorimetric measure-
ments" as discussed under Eq. (2). For the other
specimens, H, (T) is calculated from the BCS" Eqs.
(A12a) and (A12b). The theoretical Maki' Kr*(Pss, t)
curves of Fig. 16 are from Eqs. (10), (25), and (26),
using the BCS deviation function Dscs(i). Replace-
rnent in Eq. (10) of Dncs(t) by the calorimetrically
indicated4' Der(t) of Ti(16 at. % Mo) has little effect
on the theoretical Kr*(t(0.6), but lowers the theoretical
st*($~0.9) about 6%. For clarity, and to avoid some
redundancy (since we are also plotting h*), the WHH
curves for sr*(n, X„,t) via Eq. (10) are not shown in
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Because of the higher H„and T, values and the
present experimental (H, T) limitations, the mag-
netization data for the other specimens of this study
are much less complete than for Ti(16 at. % Mo) No. 1.
Nevertheless, a tentative comparison of the present
results with theory seems worthwhile. It is assumed, as
for Ti(16 at. % Mo) No. 1, that Irt(t = 1) =

tr2 (t= 1) = tro,

where ~t,- is the Gor'kov-Goodman —calculated parameter
of Table II, No. 15c. Figures 16 and 18 show, respec-
tively, irte(t) and h*(t) as derived from the magnetiza-
tion-determined upper critical fields of V(30 at. % Ti)
(10 at. % Cr) No. 1, Ti(22.5 at. % V) No. 2, and
Ti(25 at. % V) No. 2. Also shown are two low-t points
derived from the earlier resistive-onset measurements
of Berlincourt and Hake" In Fig. 16, both the theo-
retical Irr*(Po2, t) and the presently considered experi-
mental Irt*(t) points assume the BCS" H, (t) of Eqs.
(A12a) and (A12b). The assumption of a BCS-type
H, (t) for Ti-V alloys is supported by the calorimetric
observation of Cheng et al.mt that for Ti-V (just as for
Ti-Mo4'") the zero-field superconducting-state elec-
tronic speci6c heat C„(4& T,/T &2) has a near BCS-
like exponential temperature dependence. In Fig. 18,
h*(l) is obtained from Eq. (6) in terms of the measured

I
'

I
'

I

FIG. 16. The upper-critical-Geld parameter io* (t) =r& (t) /
~1(t=1) versus reduced temperature t from present magnitiza-
tion measurements, the calorimetric measurements of Barnes and
Hake (Ref. 45), and the resistive-onset measurements of Berlin-
court and Hake (Ref. 16). Except for the Ti(16 at. 'P0 Mo) data,
all the data assume the BCS thermodynamic critical field of Eqs.
(A12a) and (A12b). The theoretical curves of Maki (Ref. 28)
are shown for various values of p0'=a'/(1. 78 'A„)and are derived
from Eqs. (10), (25), and (26) of the text assuming a BCS
thermodynamic-critical-field deviation function.

l.4—

l.2

MA K I THEORY

HAKE
~ CAPE

MEASURED Ti- l6 Mo)
BARNES
$ HAKE

Fig. 16, For comparison with magnetization data, Fig.
16 also shows the calorimetrically deduced'5 trt*(t) for
Ti(16 at. % Mo).

b Terrlirtal 3. Iixed Stale M ag-rtetisatiott SloPe Figure.
17 compares the present ir2*(t) data for Ti(16 at.% Mo)
No. 1 with the theoretical trr*(Per, l) curves of Maki.
Shown for comparison are the data of Cape, ~ and the
calorimetrically derived data of Barnes and Hake."
The present, the Cape, and the Barnes and Hake data
assume respective values of K2(t= 1) = 68 (lro, Table II,
No. 15c), 65 Lar (t—&1) by extrapolation], and
61 Lirr(t=1) from Rutgers equation, AC(T,), and
(dII„/dT)r.j. The present K2*(t) is in fair agreement
with the Maki curve for Pe'= 2, implying, from Eq. (21)
and the present 0.'=3.3, a X,.=0.93, somewhat higher
than the A.„0.5 derived above by means of a WHH
fit to the h*(t) data.
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Ti'TC
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Fro. 17.The terminal mixed-state magnetization slope param-
eter ~2*(t) —=~2(t)/t'rc2(t=1) versus reduced temperature t from the
present magnetization measurements on Ti(16 at. 'p& Mo) No. 1,
the magnetization measurements of Cape (Ref. 42), and the
calorimetric measurements of Barnes and Hake (Ref. 45). The
theoretical curves of Maki (Ref. 28) are shown for various values
of Po'—=o~/(1. 78 k„).The theoretical curve for (n'=3.3, X„=O)
is via an interpolation of curves given for the X„=0 case by Saint-
James et ul. (Ref. 31).

' ' C. H. Cheng, K. P. Gupta, E, C. van Reuth, and P. A. Beck,
Phys. Rev. 126, 2030 (1962).
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H„(f) and the calculated H, rs* of Table II, No. 20a,
since ( d—H„/Ch)&=r was not measured. The X.„r„,r„',and rt„/r., values suggested by a WHH-theory
fit to the A'* data of Fig. 18 are listed in Table II, Nos.
29 to 31.

Figure 19 shows xs*(t) data for V(30 at. % Ti)
(10 at. % Cr) No. 1, Ti(22.5 at. % V) No. 2, and
Ti(25 at. % V) No. 2. The )i„,r„,7;,-', and rt,,/r»
values indicated by comparison of the data with the
Maki rs (Pcs, f) curves are again listed in Table II,
Nos. 29 to 31.

3. General CornParison

In general, Figs. 13—19 show extreme type-II high-
6eld behavior which is consistent with the WHH and
Maki theories, although complete quantitative accord
is not obtained:

(a) The reduced parameters h~ (t), iri*(f), and
its*(f) are always higher than theoretically expected

l.4

l,2

I.O

0.8III

+co

0.6

0.4,
0

Ti-22.5 V+2

I/ I

u = 7.9) leo=02

0.2 0,4
i =r/r,

0.6

Po (MAKI THEORY)

0.8 I,0

0.7—

0.6

&0, (X

FlG. 19.The terminal mixed-state magnetization-slope param-
eter s2" (t) —=ar(t)/cg(t= i) versus reduced temperature t from the
present magnetization measurements. The theoretical curves of
Maki (Ref. 28) are shown for various values of fig n'/(=—i 78 i .).
The theoretical curve for (0.2=1.4, 'A„=O) is via an interpolation
of curves given for the )„=0case by Saint-James et ul. (Ref. 31).
The cur~ve for (n'=7. 9, X„=O)is from Maki's Eq. (27) of Ref.
28 for 1=1.
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0.2

O. I

0.2 0.4 0.6 0.8 I.O

FIG. 18. Upper critical 6eld h* (t) =—0.693 B (5) /H, 2p versus
reduced temperature t from the present magnetization measure-
ments on V(30 at.% Ti) (10 at.% Cr) No. 1, Ti(22.5 at.% V)
No. 2, and Ti(25 at.% V) No. 2. Also shown are two points de-
rived from the earlier resistive-onset measurements of Serlin-
court and Hake (Ref. 16) on other specimens of Ti-V. The WHH
theory h*(t, n, X ) curves are obtained by computer solution of
Eq. (28) of Ref. 29.

for the case A,„=Obut well below those theoretically
expected for the case X„—+~, implying a moderate
influence of spin-Rip scattering. On the basis of the
WHH and Maki theories the data suggest A, values in
the range 0.5 to 1.3 (Table II, No. 29), and reason-
able" "r~,/r„ratios in the range 0.00'7 to 0.044 (Table
II, No. 31), implying 0.7 to 4 spin fhps for every 100
electronic collisions. Assuming that the WHH and
Maki theories are essentially correct, the presently
indicated nonzero A,„values are probably not merely
the result of an overestimate of the appropriate
n=~&H. re*/H~=2. 35p y. In order to account for the
experimentally suggested h*(f=0) values on the basis
of the WHH theory with X„=Owould require, from
Fig. 12, a()I,„=O)=1.3 for Ti(16 at.

%%uoMo )No . 1

t h*(t=0) 0.42j, and a(X„=O)= 1.8 for Ti(22.5
at. % V) No. 2 I h*(f=O) 0.33j. These a()i.,=O)
values are, respectively, 28% and 36%%uo lower than the
a= 2.35p„y= 1.81, 2.81 calculated for Ti(16 at. % Mo)
No. 1 and Ti(22.5 at. % V) No. 2, while p„andy values
are probably accurate, respectively, to 3 and 5%. That
appropriate a values have been used is also supported
by the fact that the n= 1.91 calculated for Ti(16 at. %
Mo) No. 1 from the slope of the upper critical field
curve near 2; via Eq. (A18c) is in fair agreement with
the a=2.35p„y=1.81 value (Table II, No. 22).

Since the present specimens all have relatively low
average atomic number Z, one expects relatively low
r&,/r„.""The present narrow Z range (Table II&
No. 8), and the approximate nature of the estimated
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r~,/r (Table II, No. 31), does not permit a meaning-
ful test of the expected' " r~,/v„~ (Z').

(b) As predicted by the WHH and Maki theories,
and as expected from the qualitative arguments of Sec.
V.A, both ~~ and ~2 approach I(,|.- as t—+1. This is shown
in Figs. 16, 17, and 19, where, for the present magnetiza-
tion data, x (t~1) = x,(t—+1)/lrG 1, and s=1, 2.

(c) For each of the present specimens the ratio
(t)/&i (t) = Ks(t)/&i(t) (1, consistent with Maki's's

prediction that

1&xs(t=0)/xt(t=O) )0.29. (27)

Linear extrapolation of the present Ti(16 at % Mo)
No. 1 data yields

xs(t= 0)/lri(t=0) 0.73. (28)

The xs(t)/lri(t) ratios for the present specimens at the
lowest temperatures of measurement are listed in
Table II, No. 34.

(d) The detailed t dependence of the upper-critical-
Geld parameters h* and I(:~* does not appear to be in
good agreement with the WHH and Maki theories;
better agreement occurs for the terminal mixed-state
magnetization slope parameter f(2*. Figures 13, 14, and
18 show a more pronounced flattening of h*(t) as t—&0

than is predicted by the theories. Similar h*(t) curva-
ture has been observed by others in resistive-onset
measurements of dirty high-lf. g materials. ""'4 '~'
Figure 16 shows the corresponding behavior of ~~~, i.e.,
a sharper fall in Ki*(t) as t—&0 than is theoretically
predicted. Such h* and ~~* curvature could be inter-
preted as indicating that the eGective X„decreases
as t—+0.

Another disparity between theory and experiment is
that in general somewhat different values for X„are
indicated by h*(t) and lrs*(t) data on the same specimen
as shown in Table II, No. 29. This same feature was
also observed for Ti(16 at. re Mo) by Cape."Computer
solutions of Maki's more exact lrs(t) expression, Eq.
(43) of Ref. 28, would be of interest in this regard.

(e) First-order transitions to the normal state are
not observed down to the lowest temperatures of
measurement, in agreement with the theories. Accord-
ing to Maki, ' first-order transitions should be observed
for the case A,„=Oif 0.&1.The reduced temperature tj
below which such Grst-order transitions should occur
increases with u, i.e., tr(n&1, X„=O))0, and is indi-
cated in, Figs. 14 and 18 by the positions of the maxima
in the theoretical h*(X„=0) curves. Below these
maxima, h* is the supercooling Geld. Unfortunately, the
present magnetization measurements do not extend to
the interesting range t(tr. However, the ir, *(t) data of
Figs. 17 and 19 do not suggest the erst-order-transition
condition ~2*~0 as t~O. According to the WHH
theory, " 6rst-order transitions should not occur for
X„)0.5, even for u—+ao. Closely related to this spin-
orbit suppression of extreme type-II Grst-order transi-
tions to the normal state is the possible spin-orbit

suppression of the Fulde-Ferrell statesr-ss (although
this state may not occur in a dirty superconductor even
for X =0"""), and spin-orbit suppression of the
tendency of localized magnetic moments to lower the
superconducting transition temperature. "'"3

VI. CONCLUSIONS

The present results show that extremely "dirty, "
high-o, , transition-metal-alloy superconductors with

sufficiently low extended-defect concentrations display
a new type of superconducting behavior characterized
by reversible paramagnetic superconductivity.

The observed second-order upper-critical-field transi-
tions between the paramagnetic mixed state and the
paramagnetic normal state in these extremely dirty
superconductors indicates the presence of considerable
mixed-state Pauli paramagnetism near the upper
critical field H„.Comparison of the present H„(T),
Ki(T), and ~s(T) data with the extreme-type-II WHH
and Maki theories'8" suggests that mixed-state para-
magnetism is enhanced by spin-orbit-coupling-induced
electronic spin-Qip scattering, which acts to decouple
superconductive Cooper spin-pairing, as erst suggested
by Ferrell" and Anderson. "However, the present data
do not appear to corroborate the finer details of the JI„
and ~~ temperature dependences as given by the
theories. ""

Further magnetization studies on quasireversible
high-Ifg superconductors as a function of reduced tem-
perature t, dirtiness parameter $e/t, paramagnetic
limitation parameter 0., average atomic number Z, '7

and localized-magnetic-moment concentration would
be of value. Particularly deserving of early experi-
mental investigation are (1) the low-reduced-tem-
perature predictions of the Maki and WHH theories
with regard to the curvature of h*(t) and the onset of
first-order transitions at low X, (2) the high-field
magnetization behavior of "clean, " low P„,quasi-
reversible, high-~g materials r ""'and (3) the extent
to which the paramagnetic limitation on upper critical
Gelds can be removed by controlled enhancement of
spin-Rip scattering. '~
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APPENDIX

i= 62r2kLe2sgp„g '

=1.27X10 fp„n2@(S/Sr)j cm, (A2)

where the erst p„is in esu and the second p„is in 0 cm.
3. Thermal effective electron-mass ratio:

The formulas used to calculate or estimate the
electronic properties of Table II are listed below in
terms of experimentally convenient parameters and
units: the low-temperature normal-state electrical
resistivity p„(0cm), the normal-state electronic-
speciac-heat coeff'icient y (erg cm "K '), the super-
conducting transition temperature T,('K), the con-
duction electron density n(cm '), and the ratio S/Sr
of the free Fermi surface area 5 to that of a free-electron
gas of density e. Other symbols and units are the free
Fermi surface in wave-vector space S3(cm '), the BCS
half-energy gap at zero temperature hoo(erg), the Bohr
magneton pir (erg G '), Planck's constant k or fi=h/22r
(erg sec), Boltzmann's constant krr(erg 'K '), the
electron charge e (esu), and the velocity of light c
(cm sec ').

1. Average Fermi velocity'":

(V~)&(1/V); =k S,(6k&)-

=3 76X10. 'n"3(S/Sr) y 'cm/se—c,

(A1)

where the equality holds for a spherical Fermi surface.
2. Electron mean free path'":

7. SCS coherence length":

$3=5(V2)(2rA33) '=0.1805(Vr)(kriT. ) '

~7.93X10 ' rn 2n(S/S r) (yT,) ' cm, (A7)

using Eq. (A1) and assuming (V3 ) (1/V)3 '.
8. Ginzburg-Landau coherence length ($3»l) "'"':

k=(Eof) "(1 1)—"
~1 0X1~(p 'yT.) 'I'(1 r)—'I'cm, (As)

using Eqs. (A2) and (A7), with 1 = T/—T,.
9. Electromagnetic coherence length (O'K) "'"':

(& '+~ ') '

= I1.26X 10MyT, Ln»3(S/Sr) ]-'
+7 g7X 10-'p n'~'(S/Sr) I

' cm, (A9)

a4

using Eqs. (A2) and (A7).
10. London penetration depth (0 K)

), ,=3cky"2n'12(eki3S2) '

1.33X10 7 fn' '(S/S ) j-' cm. (Aio)

11. Penetration depth (0'K, )i»&, 5e» 1)""
)iLo($o/Q'i2= 1.0SX 10 '(p„/T,) ' ' cm, (A11)

using Eqs. (A2), (A7), and. (A10).
Thermodynamic critical field (BCS)":

~,=a„(1—P) +Dacs(&) Ko, (A12a)

b &c()=2 42''"T 6 (A12b)

where Dscs(i) =—BCS deviation function"'.
13. Gor'kov-Goodman —calculated Ginzburg-Landau

parameter f(;g ' '

a intrinsic

x.=0.96) ~&;3=1.61X 102S3l2T.Ln"'(S/Sr) 23-',

(A13a)
(m*/m) 3

=—y/y (free electron) =6.21X104yn 'i3 (A3).
4. Transport scattering time:

using Eqs. (A7) and (A10);
b. extrinsic:

xi ecy'I'p„——krrrr3
—' 21 3 22r '"=7300p~V"&

rt,,~l(1/V)p= 2.21X10 pLp„n3~3(s/Sy) j ' sec, (A4)

using Eqs. (A1) and (A2).
5. Density of states of one spin direction:

X—7('2r2kri2) —r —Q ()X10307 erg 1 cm—3

where f(3) =1.202;
c. total:

&g= &o+&ii (A13c)

=0.212' ev 'atom '

where the last y only is in units of LmJ mole '('K) 'j
and mole means Avogadro's number of atoms.

6. Pauli spin susceptibility'.

Xp(E) = 2p 2~—3p 2~(rr2kB2)
—1

=1.37X10 'y emu cm '. (A6)

"'See, for example, A. B. Pippard, Reports on I'rogress in
I'hysics, (Institute of Physics and the Physical Society, London,
1960), Vol. XXIII, p. 176.

to within 6% for all /el ' and to within 2.5% for the
present )el ') 38)3.

' 6P. G. de Gennes, Superconductivity of 3fetals and A/loys,
translated by P. A. Pincus (%. A. Benjamin, Inc. , New York,
1966), pp. 24, 225.

' 7 C. Caroli, P. G. de Gennes, and J. Matricon, Physik Konden-
sierten Materie 1, 176 (1963); C. Caroli, i'. 3, 345 (1965).

"'A. B. Pippard, Proc. Cambridge Phil. Soc. 4'7, 617 (1951);
Proc. Roy. Soc. (Londorr) A216, 547 (1953).

B.B. Goodman, Phys. Letters 1, 215 (1962).
"0T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London)

A231, 336 {1955)."' See, for example, J. C. Swihart, IBM J. Res. Develop. 6, 14
(1962).

"~ B. B. Goodman, IBM J. Res. Develop. 6, 63 (1962).
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14. Ginzburg-Landau parameter i~i( T,):
at( T,) = (dH„/d T) r, /tie�(dH, /d T) r,]

= (6.0y") '( dH—/dT) r„
assuming, from BCS,Pr (dH /dT)'z =18.0y.

15. Lower critical Geld ()p&)l)":
H, i(t) =V2H. (t) I I lnK, (t) ]/[2K (t) ]} (A15)

b. H,20* 3.06&(10p„yT,G, (A16b)

by substitution of" st(0'K)/Kt(T ) =1.195, Kt(T,)
itt= 7500p„y t and H,p(BCS) = 2.42''t T, in Eq.
(A16a) ].

where Ks(t) = Ice (t) Kg Ks (t) = Ks(t)/K (st= 1) is given
graphically by Maki, its*(t=0) = 1.53, and sg is given
by Eq. (A13c).

16. Neo-GLAG' ' nonparamagnetically limited
upper critical Geld (fp» l, O'K):

a. Hosp*=%2(et(0 K)/ai( To) ]iii( T~) H,p,
' (A16a)

a.

b.

n =v—2H.2p*/H, p,

(x = 2.35Prtgy

(A18a)

(A18b)

substituting Eqs. (A16b) and (A17b) into Eq. (A18a),
fp))t is assumed;

C. a.=5.33X10 '( dH„/d—T) r „(A18c)
substituting Eqs. (A16c) and (A17b) into Eq. (A18a).

19. Spin-Qip scattering time":

r„=5(3sksT,X.,) '=8.11X10 "(T,)„)' sec. (A19)

c. From upper critical Geld slope"" /see Eq. (5) ],
H,sp*——0.693T.(—dH„/dT) r, . (A16c)

1'7. Clogston upper-critical-Geld limit (O'K)":
—',~H„'=H„'/8 =-',A'a '; (A17a)

H, p
——App(v2ttii)

-' = 1.84X 10'T,G, (A17b)

substituting xp ——2ttii'cV of Eq. (A6) into Eq. (A17a).
18. Maki paramagnetic limitation parameter":
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Law of Corresponding States for fcc and. d-hcp La'
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The specifJc heats of fcc and d-hcp La have been measured from 1.0—10.0 K. There is a striking similarity
between these two metals, and a law of corresponding states is obeyed for both the superconducting- and
normal-state specific heats. An energy-gap parameter determined from both the temperature-dependent
electronic speci6c heat and from the free-energy difference is 3.7k'„in good agreement with the BCS value.
No evidence is found for an f-band contribution to the superconducting characteristics.

INTRODUCTION

iOR several years theorists have speculated that
certain transition-metal super conductors might

show substantial deviations from a law of corresponding
states. In 1959, Suhl, Matthias, and Walker' proposed
a two-band model which gives a rather complicated
excitation spectrum. In special circumstances it leads
to independent energy gaps for each band. Indeed,
there is preliminary evidence that Nb may exhibit this
two-gap behavior. ' In further theoretical work, Kondo'
has shown that exchange coupling between bands
enhances superconductivity and he has proposed that
this mechanism may be important in determining the
relatively high transition temperature T, of compounds
like VSGa and the element La. An alternate model

*Work performed in the Ames Laboratory of the U.S. Atomic
Energy Commission. Contribution No. 2003.

'H. Suhl, B. T. Matthias, and L. R. Walker, Phys. Rev.
Letters 3, 552 (1959).

L. Shen, N. M. Senozan, and N. E. Phillips, Phys. Rev.
Letters 14, 1025 (1965).' J. Kondo, Progr. Theoret. Phys. (Kyoto) 29, 1 (1963).

which is especially applicable for La has been proposed
by Kuper, Jensen, and Hamilton. e Here it is assumed
that there is a narrow f band above, but very close to,
the Fermi surface and that the coupling comes through
an antiferromagnetic exchange. With reasonable ap-
proximations for the position of the f band and the
strength of the coupling, the theory gives two energy
gaps and strong deviations from a law of corresponding
states.

The specific-heat measurements which are reported
here were undertaken to look for evidence of this pro-
posed f band near the Fermi surface and to look for
deviations from a law of corresponding state. Since La
occurs in two crystallographic modifications, there are
essentially two different metals available for this work
and the effects of crystal structure have been studied.
Normal-state results have been analyzed in terms of
deviations from the Sommerfeld and Debye theories

C. G. Kuper, M. A. Jensen, and D. C. Hamilton, Phys. Rev.
134, A15 (1964).' C. Kittel, INtroditctioii to SoM Stote Pttysics (John Wiley 8r
Sons, Inc., New York, 1966), 3rd ed.




