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temperature-dependent coherence length of de Gennes)
is not satisfied, it can be estimated that b, varies by
no more than 5% over the film. We also note that the
two dirty films with similar mean free paths give iden-
tical results, while the clean film gives a diferent result.
Therefore the change observed in the conductivity is
presumed to be caused by a diGerent mean free path.

Theoretical curves for a small finite temperature
can be estimated from

~ X(co') d
o (a) = —,t„f(ca rd') —f(oi+—( ') $d~', (40)

p Xo dco

where

In Fig. 8 we have plotted theoretical curves o(0) for
l/$s 0,——0.314, and 1.256, respectively. A comparison
between the experimental points and the theoretical
curves of Fig. 8 shows that the theory developed for
l/0 predicts a deviation from the case l—+0 even for
J/ps~~0. 1 which is in qualitative agreement with ex-
periments. A more extensive analysis of the experi-
mental data will be given elsewhere. "
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Tunneling experiments were performed on thin superconducting films in the presence of a magnetic
Geld. The experiments were done at He temperatures on tin and tin-indium alloy films with thicknesses
between 600 and 2000 A,. As expected theoretically, the eGect of the field on the density of states is, for
dirty films, similar to the effect of paramagnetic impurities with the square of the magnetic field playing
a role analogous to the paramagnetic impurity concentration. The data are compared with the theoretical
results of Maki for the limit of zero mean free path, and agreement is fair. The difference between these
results and those of this experiment is attributed to the finite mean free path. Strassler and Wyder have
calculated the field dependence of the density of states for small particles with arbitrary mean free path.
We find that their calculations are in good agreement with experiment.

I. INTRODUCTION

N 1960 Abrikosov and Gor'kov' published a theory
.. that described the behavior of superconductors con-

taining paramagnetic impurities. They derived the sur-

prising result that, for an impurity concentration equal
to 91% of the concentration which reduces T, to zero,
the energy gap 0, vanishes at all temperatures while

the order parameter 6 remains finite over a finite
temperature range. In this range the metal is a super-
conductor, capable of carrying persistent currents, but
it has no energy gap in the excitation spectrum. This
phenomenon, gapless superconductivity, has been ob-
served in tunneling experiments by Woolf and Reif.'
They measured the density-of-states spectrum for vari-
ous concentrations of gadolinium in lead and found
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~ Michael A. Woolf and F. Reif, Phys. Rev. 137' A557 (1965).

good agreement with the theory as worked out in
detail by Skalski et al.'

The theoretical density-of-states spectrum N(o&) in
the presence of magnetic impurities is strongly modified
from that found in the BCS theory, s namely, 1V(oi)/Es=
to/(cos —5s)r~s for a»D, and zero for rd(h, where Es
is the density of states in the normal metal. The
change is more profound than can be described by
simply using some 6eld-dependent gap parameter in
the BCS formula. Rather, the shape of X(~) is smeared
out, the edge of the gap in the state density becoming
less sharp. This behavior is exemplihed by the existence
of gapless superconductivity, mentioned above, whereas
the BCS formula requires that there be a gap if the
state density is not completely normal. In view of
these drastic changes, interpretation of experimental
measurements on magnetically perturbed supercon-
ductors in terms of BCS theory with a reduced, field-
dependent gap has only qualitative or, at best, semi-
quantitative significance.

' S. Skalski, 0.Betbeder-Matibet, and P. R. Weiss, Phys. Rev.
136, A2500 (2964).' J. Sardeen, L. ¹ Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1275 (2957).
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In a series of papers on currents and helds in super-
conductors, Maki' showed that the effect of a magnetic
held on a thin dirty superconductor is in many ways
the same as the effect of paramagnetic impurities.
The same conclusion was reached independently by
de Gennes' using a less formal method. (It shouM be
noted, however, that the two situations need not be
equivalent for all purposes. For example, Maki and
Origin have recently shown7 that the effect on the
Tomasch oscilla, tions of the two types of magnetic
perturbations should be quite different. ) The parameter
analogous to the magnetic impurity concentration is
the square of the magnetic held. Thus, a dirty super-
conductor should become gapless at a Geld II satisfying
(H/H, )'=0.91. In a similar way, the density-of-states
spectrum calculated by Skalski et a/. for the para-
magnetic impurity situation, rather than a BCS spec-
trum with a field-dependent gap, should also apply to
the magnetic field case. Hence, it is evident that the
BCS theory with simply a Geld-dependent gap param-
eter also has only limited validity for describing the
properties of thin hlms exposed to magnetic helds. For
example, interpretations of data on thermal conduc-
tivity, s microwave absorption, and electron tunnel-
ing"" using this point of view should be viewed as
having only limited quantitative significance. This con-
clusion had been anticipated' from the inconsistency
of the h(H) values inferred from these various experi-
ments.

The density-of-states results obtained from the
Abrikosov-Gor'kov theory, as calculated by Skalski
eI, ul. and applied to the magnetic Geld problem by
Maki (we shall henceforth abbreviate the preceding
by AGSM) are valid only in the dirty limit, i.e, , when

i/$& ——0, where l is the electronic mean free path and

$,= jets~/s-h(0) is the coherence length. In the opposite
limit, Larkin" solved the Gor'kov equations including
the effect of a magnetic Geld for the unrealistic case of
pure spherical and cylindrical superconductors with
specular surface scattering and no volume scattering.
His calculation is restricted to particles small compared
to ), and (&, where X is the penetration depth and ]r
is the de Gennes coherence length governing spatial
variations of the gap parameter A. He found results
that are diGerent from AGSM; in particular, the re-
duced held at which a pure superconductor becomes
gapless is predicted to be much smaller than the corre-
sponding held for a very dirty superconductor. Roughly

5 K. Maki, Progr. Theoret. Phys. (Kyoto) 29, 10 (1963);29,
333 (1963); 29, 603 (1963); 31, 731 (1964); K. Maki and P.
Fulde, Phys. Rev. 140, A1586 (1965).

6 P. G, de Gennes, Physik Kondensierten Materie 3, 79 (1964).' K. Maki and A. GriN. n, Phys. Rev. 150, 356 (1966).' D. E.Morris and M. Tinkham, Phys. Rev. 134, A1154 (1964).
9 R. H. White and M. Tinkham, Phys. Rev. 136, A203 (1964)."R.Meservey and D. H. Douglass, Jr., Phys. Rev. 135, A24

(1964).
» R. S. Collier and R. A. Kamper, Phys. Rev. 143, 323 (1966)."A. Lark. in, Zh. Eksperim. i Teor. Fiz. 48, 232 (1965) t English

transl. : Soviet Phys. —JETP 21, 153 (1965)g.

speaking, the state density smears out even faster in
clean than in dirty superconductors exposed to a mag-
netic field.

Stra, ssler and Wyder" have used Larkin's approach
to treat superconductors of arbitrary intermediate
purity. As did Larkin, they derive results for spherical
samples with specular reQection at the surface and
diameter small compared to $r, so that 2 may be
taken to be independent of position, and small com-
pared to ), so that the applied held penetrates uni-
formly. However, they carried out numerical calcu-
lations to find the spectrum of state density for values
of //$s intermediate between the Larkin limit of a pure
metal with 1/$s= co, and the AGSM limit l/$s

——0.
The major prior experimental work testing these

theories of the effect of magnetic helds is that of the
Orsay group, '4 which was almost entirely confined to
the gapless subcritical range of magnetic fields and to
comparison with the de Gennes —Maki theory for the
limit 1/$& ——0. This work demonstrated clearly the in-
applicability of a BCS-like state density to these
systems. In particular, it showed that in the gapless
subcritical region 1V(or) had an energy scale independent
of II, whereas any BCS-like approach with simply a
Geld-dependent gap parameter wouM lead to a field-
dependent energy scale for $(&v) .

Note added in, proof: While the present paper was in
press, a report of rather similar work was published
by James L. Levine LPhys. Rev. 155, 373 (1967)j.
The present paper divers in that it offers data on
T,(II) and comparison with theory for nonzero values
of l/$p.

In the experiments reported here, we measure the
density-of-states spectrum in superconducting films
over a much wider range of magnetic fields, including
field values for which the spectrum still shows a gap.
In this way we can make a more thorough test of the
theory, including the new results of Strassler and
Wyder for finite values of //$s which have not pre-
viously been tested.

II. EXPERIMENTAL TECHNIQUES

The samples, which consisted of a normal metal and
a superconducting metal separated by a thin oxide
layer, were vacuum deposited onto crystal quartz sub-
strates. The normal metal was an Al-Mn alloy. Al was
used because it oxidizes easily to form a durable in-
sulating layer; a small amount of Mn was added to keep
the him normal at the low temperatures of the experi-
ment. The superconducting film was either Sn or a
Sn-S'PoIn alloy. It was evaporated onto a substrate
whose temperature was about —150'C; the pressure
at the beginning of the evaporation was between 10 '
and 10 ' mm Hg. The alloy pellet was evaporated to

» S. Strassler and P. W'yder, preceding paper, Phys. Rev.
158, 319 (1967).

'4 E. Guyon, A. Martinet, J. Matricon, and P. Pincus, Phys.
Rev. 138, 746 (1965).
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TAsI.E I. Film properties.

Ki (Oe) Ks (Oe) (oooo/R4. 2l &o (meV) T. ('K) d (Itl & (It) lrr (A') (4) rr (A'l

Sn-In 1

Sn1
Sn 2

1840

1535

880

620

500

260

4.45

6.2

13.7

0.605

0.628

0.620

3.77

3.85

3.79

850

920

1150

730

800

1130

320

490

1190

360

480

1260

a IJe(( and Pox are the parallel and perpendicular critical fields of the film at
~0.3'K; Rgoo/R4. 2 is the measured resistance ratio; Ao, the fitted gap parameter

n zero field and at~0.3'K; T~, the critical temperature; d, the film thickness;

$z, the low-temperature value of the temperature-dependent coherence length

of de Gennes; le, and (lg) ~, the electronic mean free path as determined from
normal-state resistance and from critical-field values as indicated in the Ap-
pendix.

completion so that the ratio of Sn to In was the same
in the film as in the pellet, Since diffusion at room
temperature between the two metals takes place quite
readily, "we expect the local composition of the 61m

everywhere to approximate that of the pellet.
Before the sample was mounted in the cryostat,

the edges of the superconducting film were trimmed

(except at the junction) in order to eliminate the
thinner parts of the film and thus sharpen the resistive
transition in a magnetic Geld, i5

Measurements of the ac resistivity of the junctions
were made using a small, constant amplitude ac current
and a lock-in amplifier. The arrangement is similar to
that described by Giaever et al."The "normal" differ-

ential resistivity used for normalization was taken to
be that in the superconducting state at a voltage many
times the gap.

The experiments were performed in a He' cryostat
so that thermal smearing of the density of states was
minimized. Care was taken to keep superconducting
solders at least 5 in. from the sample block to ensure

the field near the sample was not distorted by their
diamagnetism. Alignment parallel to the field within

0.1' was easily possible by monitoring the resistive
transition. The possible existence of trapped Aux was

investigated by comparing data taken at H=O before
and after a large field was applied. No difference was

observed, confirming the absence of significant trapped
Qux eGects. We feel that this measurement also excludes

any important eBect of any small perpendicular field

component producing Qux quanta penetrating through
the 61m, since such Aux is strongly hysteretic. '~

III. RESULTS

The quantity measured was the inverse of the differ-

ential conductivity, 0- '. The data were inverted to

"E,H. Rhoderick, Proc. Roy. Soc. (London) 26V, 231 (1962}."I. Giaever, H. R. Hart, Jr., and K. Megerle, Phys. Rev.
126, 941 (1962).

"This situation contrasts with that observed in far-infrared
studies of films in magnetic fields in which trapped Qux sects
were noted. t M. Tinkham, in Optical Properties and Electronic
Structure of Metals and Alloys, edited by F. Abeles (North-Hol-
land Publishing Company, Amsterdam, 1966), p. 431.] We believe
this greater difiiculty with trapped Qux can be attributed to the
following factors: the far-infrared experiments require thinner and
larger films, leading to a much more unfavorable demagnetizing
factor; also, the field of the superconducting solenoid was less
homogeneous than the field of the iron-core magnet used in the
present experiments.

yield o-, which is related to the density of states by the
following expression":

(dI/dV)e

(dI/d V) rv

"X(oo) d

Eo dV
—Lf(ro —eV) f(ro+e—V)]dro, (1)

where 37(ro) is the superconducting density of states
as a function of energy co, E& is the density of states at
the Fermi level, and f(x) =L'1+exp(x/kT)] —' is the
Fermi function.

At zero temperature, the conductivity o.(V) is di-
rectly proportional to the density of states X(eV).
At a finite temperature T the conductivity is propor-
tional to an average of S(ro) over a range ~1sT about
the energy et/'. Evidently, to resolve structure of the
order of the energy gap 6 one must have kT(&6. In
our experiments, Sn and the Sn-In alloys have a zero-
field gap of about 600 peU, while the thermal energy
kT at He' temperatures is of the order of 30 peV.
Thus, this condition is well satisfied in these nieasure-
ments until the magnetic field has reduced the gap by
a factor of order IO.

We shall concentrate on the tunneling results for a
representative sample of Sn-In, namely Sn-In 1. The
properties of this Qlm are given in Table I, together
with the properties of two films of nominally pure tin.
The methods used for obtaining the numbers in this
table are explained in the Appendix.

The tunneling results in zero field are shown in I'ig. 1,
together with points from Eq. (1) using the BCS
density of states, ItT (rn) =Xoo0(ro' —hP) 'I'. Agreement
between theory and experiment for the zero-field case
is evidently quite good. The theoretical curve was
fitted to the experimental curve by adjusting d,o and T.
The temperature obtained this way agreed, within
experimental accuracy, with the temperature indicated
by the McLeod gauge measuring the He' vapor pressure.

The tunneling results for finite fields are shown in
Fig. 2 together with the theoretical curves of AGSM,
i/$o

——0, and of Strassler and Wyder, i/(o ——or/10. The
AGSM curves are obtained from the expressions in
Skalski et cl.s using I'=(5o/2) (II/II, i)'. Both the
AGSM curves and the Strassler-ryder curves are calcu-

"I.Giaever and K. Megerle, Phys. Rev. 122, 1101 (1961).
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lated in two steps. First the zero-temperature density of
states is found; then the curve is corrected for the
effect of thermal smearing by using Eq. (1). This
procedure is valid so long as the temperature is small
compared to the critical temperature in the presence of
the magnetic field.

The agreement between AGSM and experiment is
fair, as can be seen from Fig. 2. The diGerence is
somewhat similar to the effect that would result from
thermal smearing at a temperature of 0.5 or 0.6'K.
The samples actually were at about 0.36'K, however,
as is verified by the good agreement between theory
(for 7=0.36'K) and experiment in the zero-field case.
Also, the He' vapor pressure corresponded to a temper-
ature of 0.36'K.

An effect of this kind is predicted by Strassler and
Wyder" if the films are not in the extreme dirty limit.

0.2 0.4
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0.6
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t

1.0 'l.2

FIG. 1.Energy dependence of measured a for zero magnetic
field compared with BCS theory. 6& is the energy-gap parameter
at H=O, T=O.
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FIG. 2. Energy dependence of 0- for Sn-In 1 in parallel magnetic
field at T=0.361'K. Dashed curve is AGSM theory (1/b=0);
solid curve is Strassler-Wyder theory for I/]0=v/10.
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Fio. 3. Magnetic Geld dependence of 0 (0) in parallel Geld. The
solid lines were calculated using the Strassler-Wyder theory with
the values of 1/&0 indicated. (l/fp=0 reproduces the AGSM result.
The dashed parts are extrapolations. ) Independent estimates
suggest I/$0=0. 14 for Sn-In 1 and I/(O=0. 55 for Sn 2. Note that
these are in a ratio of 1:4just as are the values for the theoretical
curves.

They have calculated the density-of-states spectrum
for arbitrary field and purity at T=O. For Sn-In 1,
I/fe 0.14, but we compare the data with theoretical
curves for I/$s=a/10=0. 31, which gave the best 6t
of those calculated. Figure 2 shows that the fit is really

quite good. The discrepancy of a factor of 2 between

the two l/$s values is of limited significance because of

the uncertainty in the definition of a mean free path
in small samples and because of the use of a spherical
idealization of the Glm by Strassler and ryder.

Figure 3 shows measured values of o. (0) for various

values of H/H, l for the film Sn 2 as well as for Sn-In 1.
The systematic divergence of the two sets of points
clearly shows the existence of a mean-free-path eGect.
Temperature-corrected, theoretical curves are shown

for l/$s ——0, ~/10, and 2e-/5, the latter two values diff'er-

ing by the same factor of 4 that independent experi-

ments give for the ratio of l values of the two 6lms. The
good agreement suggests that the theory accounts for
finite-I effects apart from a numerical factor of about 2.
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More generally, the entire o (&o) curves for the cleaner
film Sn 2 (not, shown) are "smeared" more than the
corresponding curves for Sn-In 1, in qualitative agree-
ment with the results of Stra, ssler and Wyder. A quanti-
tative 6t to these curves has not been made. For a
given reduced 6eld, the maximum in the curve is higher
for the clean than for the dirty film. This aspect of the
results is not in accord with the Strassler-Wyder calcu-
lations. A possible explanation for the disagreement
may lie in the film boundaries. The Strassler-Wyder
equations assume a spherical particle with specula, r
reHection at the surface. An actual film is not spherical,
but in the dirty limit, where scattering from impurities
is much more frequent than scattering from the surface,
the exact shape of the surface would not be expected
to be crucial. For a cleaner film, however, surface
scattering becomes comparable to impurity scattering,
and it may be necessary to take this into account.

Snr
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o.'s — & R/RN

H

)
el I

0.6—

0.2—

0
0

T = 0.361~K . 0
H

R

f f t
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H {oersteJs)
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FIG. 4. Magnetic field dependence of o-(0) and film resistance
in parallel field. H,

~~

~ and H, ~~~ are the critical fields determined
by tunneling and by resistance, respectively. In this case, H, ~~R

=1.01 &,
~~

~. (The finite resistance below H, ~~" is due to contacts. )

Gapless Region

It is interesting to compare, for a given 6eld, the
extent to which the states are filled in at lovr energy
with the resistance of the film. Figure 4 is a plot of
o-(0) and E versus H for Sn 2. From this figure one
can see that the states are quite vrell filled in before
there is any appearance of resistance.

For high fields in the gapless region, H&0.95EI, ~~,

AGSM and, independently, de Gennes, ' predict that
the density of states at T 0 can be written

(6(T=O, II) ' (2oi/ds)' —1'"'="' '+'~L ~
'

t-(2 /~) +I@
From Eq. (1) o then takes the form

o(V) =1+/(&) C(V). (3)

Thus, if we plot to(V) —1j/~ o-(0) —1
~

versus V, the

0.4

0 2. Sn-ln 1
-----"O-I-,-"&=a- S&D

o {oi)-I
]~(o)-&)

H/Hc(l u(0)
o 0.89 0.33—
ZL 0.93 0.51
a 0.95 0.63

—0.8—

1

0.2

-gg(, =o
— g/$ = 7f'/10

T = 0.36loK
I

0.6 0.8

mV

FIG. 5. Energy dependence of (0 —1)/~ o iol —
1~ for Sn-In 1.

The theoretical curves are corrected for thermal smearing.

resulting curves should be field-independent in this
region. The results for Sn-In 1 are shown in Fig. 5 for
several parallel 6elds. The data lie on a single curve
as expected. However, in contrast to the prediction of
AGSM, this behavior is true for 6elds as low as 0.89H, ~~.

The experimental curve is diferent from that pre-
dicted by AGSM and de Gennes, which is shown in the
same figure. An important feature of this difference is
the voltage Ve, defined by g(V,) = 0. From Eq. (2) the
theory predicts Ve ——hp/2 at T=0.0'K.'s This is about
0.3 mV, but we consistently find t/'p 0.4 mV. Guyon
et ul. ,

" working at higher temperatures and using
thicker samples, have done tunneling experiments in
high 6elds and find good agreement with theory. In
an eGort to duplicate their work we made a thicker
film and took data at higher temperatures (1.44'K)
as vrell as at the usual He' temperatures. The low-
temperature data yielded t/'p=0. 41 mV. For the higher
temperature the predicted value of Vp is 0.39 mV,
while the experiment yielded 0.47 mV. We attribute
the difference in values found for Vp by Guyon et al.
and by us as due to a difference in the dirtiness of the
films. Apparently their 6lms are very close to the
dirty limit, whereas our films, as shovrn in the previous
section, are less so. The Orsay group also 6nds that t/'p

for a clean film is greater than t/"p for a dirty film, "
in qualitative agreement v ith our results.

A numerical calculation for //$s ——sr/10 shows that
a relation of the form of Eq. (3) but with a different

g(V) also holds to a good approximation for the theory
of Strassler and ryder in this impurity region. The
results of this calculation are shovrn in Fig. 5. The
agreement with the data is better for this theory than
for AGSM; in particular, Vp corresponds more closely
to the experimental value.

Another interesting feature of these curves is that
the total number of states found by integrating E(o&)

' The figure shows t/'0 slightly less than 60/2 because, following
Guyon et al. (Ref. 14) we have used T, rather than b, 0 to nor-
malize the energy dependence of the temperature correction."Groupe de Supraconductivite d'Orsay, Physik Kondensierten
Materie 5, 141 (1966).
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FIG. 6. Data on temperature dependence of parallel critical
fields for three films compared with theory. Sn 1 and Sn-In 1 are
relatively dirty; Sn 2 is relatively clean. Magnetic 6eld scale for
all theoretical curves is deterinined by fitting the points at T/T,
=0.1.

appears to be somewhat less than the number of states
for the normal metal, if one assumes that the normal-
metal density of states is constant through the entire
relevant range of energies. The difference is such that
the discrepancy would be nullified if o (U) were greater
by 1—2i//o over an energy range of twice the gap. This
difference depends on the experimental determination
of the normal-state conductivity, which is done at a
voltage far above the gap. A slight variation of this
quantity with voltage would be sufhcient to explain
the discrepancy. Rowell and Shen" have reported
finding a variation of this kind in many types of
normal-metal tunnel junctions.

Temperature Dependence of the Parallel
Critical Field

The theoretical temperature dependence of the paral-
lel critical field for a dirty superconducting 61m has been
calculated by AGSM and also by de Gennes and Tink-
ham, " with the result that the critical condition is
given by the implicit relations:

T,(H), 1 fi

T.(0)
'

2 4rrkrr T, (H) rir

fi/rrr 1.76kaT, (0) [H,——i (T)/H, i (0)]', (4b)

where 4 is the digamma function.
Figure 6 shows the measured dependence of H,

~t
for

two dirty 61ms, Sn-In 1 and Sn 1, and for one cleaner
6lm, Sn 2. For comparison, three theoretical curves
are shown, with the normalization parameter B,i (0)
being in each case determined by fitting the lowest-
temperature data point to the theoretical curve. The
curve labeled AGSM is that given by Eq. (4). That
labeled "two-Quid model" is a plot of

&.l (~) = & l (0)L(1—"')/(1+~') 7'" (S)
"J.M. Rowell and L. Y. L, Shen, Phys. Rev. Letters 17, 15

(1966)."P.G. de Gennes and M. Tinkham, Physics 1, 107 (1964).

which follows from elementary theory, using the em-
pirical approximations that H.s(/) (1—P) and X(/) ~
(1—l4) 'i'. The third curve is one given by Rickayzen. ss

Evidently, AGSM describes the dirty-Glm behavior
quite well. As expected, the cleaner Glm Sn 2 does not
conform quantitatively to the prediction of AGSM; in
fact, its critical 6eld is given better by the two-Quid
curve, but the difference is not great. The agreement
with the Rickayzen curve is comparatively unsatis-
factory, a conclusion opposite to that reached in recent
results of Chaudhari. "In assessing the signi6cance of
this discrepancy, attention should be paid to the shapes
of the three theoretical curves. All give a nearly linear
variation of T, (H) with Ils down to T,(H)/T, (0) 0.5,
below which very different curvatures set in. Thus a
very-low-temperature data point is necessary to Gx
the magnetic 6eld scale so that a critical test can be
made. Since the present data go down to 0.1T„
whereas those reported by Chaudhari'4 go only to
~0.35T„ the present data should oGer a more critical
discrimination among the various theoretical curves.

IV. CONCLUSION

The tunneling results reported here reconfirm theo-
retical expectations and previous experimental results
showing that the effect of a magnetic Geld on the
density of states E(o&) in a superconducting film is
more profound than can be described by the BCS
theory with a Geld-dependent gap. Rather, the sharp
rise in 1V(ai) above the gap, characteristic of BCS, is
smeared out, leading to gapless superconductivity over
a signiGcant range of magnetic field below the critical
Geld value B,

i~
at which the resistance and tunneling

characteristic of the 6lm return to those of the normal
state.

The major new contribution of this work. is to extend
previous work" by making detailed quantitative meas-
urements of E(ai) in the range of magnetic fields far
below B,~~, where there is still a gap in the density of
states, as well as in the previously explored subcritical
gapless region. These measurements show that 1V(a&) is
much better described by the AGSM' ' ' than by BCS,
but that quantitative discrepancies remain. These dis-
crepancies apparently arise from the fact that in our
fdms i/$s, though smaller than unity, is not zero, as
is assumed in AGSM. This conclusion is supported by
the much better agreement between experimental data
for an alloy film and the theory of Strassler and Kyder"
(which generalizes AGSM to finite values of i/cs) when
an experimentally reasonable value of i/ts is used.
Further support is offered by the data of Fig. 3, showing
that the increased discrepancy from AGSM in a purer
sample is in at least quahtative accord with theoretical
expectations. The poorer quantitative agreement for
the cleaner 6lm may be due to the idealizations of the

"G. Rickayzen, Phys. Rev. 138, A73 (1965).
'4 R. D. Chaudhari, Phys. Rev. 151, 96 (1966).
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and
~ = (64~.~/~H. ii')'"

$r = (yo/2m H, i.) '~',

(A1)

(A2)

which follow from

H,
(i

= (24) '"H.bX/d, (A3)

H, i.=4''H. in/&0 ——Pp/2m tr', (A4)

which should be approximately valid for the Glms
studied.

As a check on this determination of the Glrn thickness
purely from critical Geld measurements, the thickness
of each Glm was estimated from the resistance ratio
assuming the temperature-dependent part of the re-
sistivity to be the same as for pure bulk tin. This
yielded a thickness dz typically 10'P~ less than the
value d~ determined from the critical field. Considering
the nonideal structure of thin films, this agreement is
quite satisfactory, As a further check, thicknesses were

Strassler-Wyder model, which become more important
as t/d increases.

In addition to the density-of-states measurements,
the temperature dependence of the parallel critical
Geld for several Glms was measured. In the case of the
dirtier films the results of these measurements are in
good agreement with the predictions of Maki' and of
de Gennes and Tinkham. " For the cleaner Glm, the
agreement was signiGcantly poorer, as expected. In all
cases, the agreement with the theory of Rickayzen
was unsatisfactory.
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APPENDIX: FILM PROPERTIES

Critical Gelds were measured resistively and by
tunneling methods. The resistive critical field is taken
to be that Geld at which an extrapolation of the linear
part of the E-versus-H curve intersects the constant
low-Geld contact resistance. The tunneling critical Geld
was obtained by extrapolating the linear part of the
0.(0)-versus-H curve to 0.(0) =1. As shown in Fig. 4,
there is good agreement between these two values, the
discrepancy being typically only 2'/f~. The resistively
determined value is quoted in Table I.

The energy gap at zero temperature and zero-Geld
Ao is obtained from a fit of Eq. (1) to the zero-field
tunneling data using the BCS expression for the density
of states.

The parameters d (thickness) and $r (the low-tem-
perature value of the de Gennes temperature-dependent
coherence length) were obtained from the measured
values of H,

~~
and H,i using the relations

where the Pippard coherence length &i is defined by
$z '= (0 '+/ '. However, our films are not all so dirty
as to justify use of this relation, which neglects the
effects of nonlocality which arise if the vector potential
varies significantly in a distance $i. These effects can
be roughly taken into account by using a shortened
mean free path /* in Eq. (A6). If we let t be the mean
free path limited only by volume scattering, then from
standard size effect theory we expect the resistively
measured value lg to be given by

1//A 1/t„+3/Sd (A7)

The same average dimension governs the effective
localization of the vector potential (for diffuse boundary
scattering) for the superconductor in the perpendicular
Geld orientation, but the vortex structure also intro-
duces an orthogonal variation of the vector potential
in the plane of the G1m. Thus at H, ~ we expect

1//i*~~1// +$(3/Sd)'+ 'f ')i"- (AS)

where v2$r is the radius of a vortex cell at H,~. For the
parallel Geld orientation, the vector potential changes
sign in going through the film, leading to a shorter
characteristic length perpendicular to the plane, but
there is no variation in the plane. We estimate

1//i* 1/t +1/d. (A9)

In general, ~li~@~i*~ so that Xlt&X& IIowever for
these Glms the difference is only a few percent, so that
our estimates of d~ made assuming a single value of

ff are not seriously upset. Combining Eqs. (A4) and
(A6), values of /i. * can be computed from the measured.
critical Gelds using

&p//i.
*——(H,~gp/4' H.biz) ' 1. —(A10)

'~ J. L, Olsen, ELectron Transport in 3fetaLs (Interscience Pub-
lishers, Inc. , New York, 1962).

determined optically by multiple-beam interferometry
on two Glms similar to those reported here. In both
cases the optical thicknesses agreed with the value
d~ to within experimental error.

The electronic mean free path / was also determined
in two independent ways, one from resistance measure-
ments in the normal state and one from the critical
Geld. Assuming Matthiessen's rule, the mean free path
in the residual resistance region should be given by

t.= /~os(&Boo/a. ~) —1). (As)

Using the tabulated" values of p and pl for tin from dc
resistivity and anomalous skin-effect measurements,
we estimate /300

——94 A. The values of /0 found in this
way are listed in Table I as l~.

To determine / from the critical fields, we solve Eq.
(A4) for X, and use the theory of the dependence of
X upon l. In the dirty local limit,
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The bulk critical field FI,b of a Sn-5%In alloy is
approximately equal to that of pure tin, ' 304 Qe.
For tin we take Xr, ——355 A and f& 2——300 A." From l*
we compute (l ) ri using Eq. (AS), and from (l ) rr we
compute (ln)rr using Eq. (A7); the la, tter is quoted in
Table I for comparison with the value derived from
the normal-state resistance measurements. (We quote
l~ rather than / since lg gives a better measure of the
total surface-plus-volume scattering for comparison
with the Strassler-Wyder theory, in which all scattering
is treated by means of a mean free path. Evidently
the concept of a mean free path is a bit indefinite in.

dealing with small real nonideal samples. ) We note
that the values based on superconducting properties
agree well with the values determined from the normal-
state resistance. There is no large systematic difference,
which is reassuring. The close agreement is perhaps
fortuitous, however, since the conductivity of tin is
anisotropic by 50%, and there may be preferential
crystal orientation in thin films. Further, the pl value
inferred from size-effect measurements is 1.9 times as
large as the anomalous skin-effect value used above.
Thus, l3pp could range anywhere between 88 and 200 A.
If it were in the upper end of this range, it would lead
to l/$p values in better agreement with those required
for a fit to the Strassler-Wyder theory. We do not

"M. Doidge, Phil. Trans. Roy. Soc. London 248, 553 (1956}.
'7 J. Bardeen and J. R. Schreiffer, Progr. Low Temp. Phys. 3,

170 {1961).

think such a large l value is likely, however, since it
would destroy the agreement with (lit)rr, it would be
based on a less reliable and less appropriate technique
(size effect versus anomalous skin effect), and further,
the sweeping approximations of the Strassler-Wyder
theory might well introduce an error as large as a
factor of 2 in the appropriate choice of l/fp

The theory to which the tunneling data are compared
requires that 6, the order parameter, be constant across
the film. For our films d $r, so it is not immediately
obvious that this requirement will be fulfilled. One of
us" has calculated the spatial dependence of 6 for a
thin film in a parallel magnetic field, using a variational
approach. This calculation shows that for Sn-In 1 at
H,

~~
the total variation of 6 across the film should be

6%. Thus, we expect the theory to be reasonably
applicable.

Because of the requirement that 6 be spatially con-
stant, the film thickness cannot be too great. In fact,
if d is much greater than $r, surface superconductivity
appears, and 6 may become much smaller in the interior
of the film than on the surface. The films also cannot
be very thin, since in that case the irregularities in the
shape of the film and the nature of the surfaces have an
effect on the density of states that is not easily calcu-
lable. The films studied in these experiments have
thicknesses chosen to lie between these two limits.

"M. Tinkham (unpublished).
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The linearized self-consistency equation, in the electron-phonon model, for the nucleation of supercon-
ductivity in the presence of a magnetic Geld is studied. It is found that near the transition temperature
this integro-differential equation is susceptible to analysis. The main results are that the ratio of surface to
bulk nucleation 6elds is predicted to have the weak-coupling value of 1.695, thus not con6rming a recent
experimental suggestion of a value near 1.9 for strong-coupling superconductors. The slope (BH.3/BT) ~, is
worked out both in terms of integrals over the parameters of the bulk-strong-coupling theory and in terms
of other experimental quantities. Comparison of this last result with existing experiments on pure lead is
attempted, with good success. In the Appendix an implicit equation for H,&(T) for all Tie derived, but the
numerical work necessary to solve this equation has not been undertaken.

1. INTRODUCTION

N this paper we discuss the theory of critical mag-
„„netic fields for the nucleation of superconductivity
in dilute alloys of materials in which the coupling
between electrons and lattice vibrations is strong.

With a view to understanding some recent experi-
ments discussed below, we have derived and studied

*Supported in part by the OAice of Naval Research under
Contract No. NONR-401(38), Technical Report No. 17.

t On leave of absence from the Institut fiir Theoretische Physik
der Universitat Gottingen, Germany.

the linearized self-consistency equation for the order
parameter of a strong-coupling superconductor in an
external magnetic field, allowing for spatial variations.
We have found that this equation is rather more
amenable to analysis than one might have imagined.
The solution can always be written as the product of a
position-dependent and a frequency-dependent func-
tion. Near the critical temperature (T,) the position
dependent part obeys a linearized Ginsburg-l, andau
equation, with its well-known solutions for surface and
bulk nucleation. The ratio of the surface (H.s) to bulk


