
P H YS ICAL RE VIEW VOLUME 15 8, N UM 3 E R 2 l 0 I UN E 1907

Collective Excitations of a Granular Superconductor in the Presence
of a Steady Uniform Current Flow
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By a suitable linearization of the isospin equations of motion, a calculation is made of the collective exci-
tations of a granular superconductor in the presence of a steady, uniform current Aow. Aside from the case
of vanishing frequency or wave vector, on1y collective excitations with wave vectors perpendicular to the
direction of current Qow can occur physically (all others violating the condition of electric charge neutrality
in the superconductor). This insures that the uniform supercurrent is stable against decay by excitation of
collective oscillations (excitations bounded in space and time) .Those excitations which can occur in the pres-
ence of the steady, uniform current are appreciably modified by the latter.

I. INTRODUCTION
"N a recent paper' the writer introduced the idea of a
„. granular superconductor' and investigated a number

of properties of such a system with the aid of Anderson's
isospin formulation' of the theory of superconductivity. 4

The Hamiltonian of this superconductor can be broken
up into two parts: (1) the Bardeen —Cooper —Schrieffer
(BCS) Hamiltonian associated with the individual
homogeneous grains of superconductive material; (2)
the tunneling Hamiltonian associated with the Joseph-
son junctions separating adjacent grains. The latter
Hamiltonian, when recast in the isospin formulation,
bears a strong formal analogy to the Heisenberg
exchange Hamiltonian of the theory of magnetism.
Invoking this analogy, the writer' passed to the limit
of a continuum theory, in exactly the fashion pioneered.

by Landau and Lifshitz' in converting the Heisenberg
theory into a continuum theory of magnetism, so-
called micromagnetics. ~ With the aid of the commu-
tation properties of the isospin operators, it is easy to
obtain the equations of motion, which represent torque
equations for each spin precessing in an effective
pseudomagnetic field due to all the other spins. In
contrast to the situation commonly encountered in
magnetism, the pseudomagnetic field acting on a given
spin results from a very large number of other spins.
As was pointed out by Anderson, ' this allows one to
solve the equations of motion. , with no loss of accuracy,
by malang the so-called semiclassical approximation
(treating the isospins as classical quantities when solv-

' R. H. Parmenter, Phys. Rev. 154, 353 (1967). This paper
will be referred to as A. Sections an.d equations from A will be
identified by the prefix A; e.g. , A-Sec. III, A-Eq. {4.7), etc.

'A granular superconductor is a system composed of many
microscopic grains of homogeneous superconductor, with each
grain boundary being an insulating layer (e.g., oxide) that is thin
enough to allow appreciable tunneling by the Cooper pairs of the
superconductor. In other words, the system is interlaced with
Josephson junctions.' P. W. Anderson, Phys. Rev. 112, 1900 (1958).

4 J. Bardeen, L. N. Cooper, and J. R. SchrieGer, Phys. Rev.
1OS, 1175 (1957).' The tunneling Hamiltonian of a Josephson junction was 6rst
reformulated in terms of isospins by P. R. Wallace and M. J
Stavn, Can. J. Phys. 43, 411 (1965).

6L. Landau and E. Lifshitz, Phys. Z. Sowjetunion 8, 153
(1935).

'W. F. Brown, Jr., 3IIicromagnetics (Interscience Publishers,
Inc. , New York, 1963); S. Shtrikman and D. Treves, in Mag-
netism, edited by G. T. Rado and H. Suhl (Academic Press Inc. ,¹wYork, 1963), Vol. III, Chap. 8.

ing the equations of motion, but not when setting up
the equations of motion. ) .

The equations of motion for these (now classical)
isospins are a set of coupled, nonlinear integrodiGer-
ential equations. The two solutions that are inde-
pendent of both time and position can be obtained
almost by inspection; namely the time- and position-
independent superconducting solution (BCS ground
state) and the time- and position-independent normal-
metal solution. Time- and position-deperrdesst solutions
that differ only slightly from one of these two time-
and position-iedepemderst solutions can be found by
1&searisieg the equations of motion. This procedure,
carried out in detail in A, enables one to determine the
collective excitations associated with either the super-
conducting or the normal phase of the granular super-
conductor.

The purpose of the present paper is to lay to rest a
rather disquieting possibility unearthed in the course
of the previous computation of the collective excit-
ations. In A-Sec. VI it was shown that, under certain
conditions, ' the superconducting phase has associated
with it a collective oscillation' of vanishingly small
phase velocity. But it is a well-known fact that the
minimum phase velocity of a,ny collective oscillation
sets an upper limit to the drift velocity of the super-
fluid particles (here, Cooper pairs) in any superfluid
system, " provided that there is no selection rule pro-
hibiting the generation of the collective oscillations.
In the absence of such a selection rule, this suggests
that, under the conditions described in Ref. 9, our
granular superconductor cannot superconduct in the
literal sense of the word, despite the fact that each
grain of the superconductor is in the thermodynamic

s As was pointed out in A, the latter is unstable against decay
into the former via collective excitations.

'The conditions are that the matrix element for phonon-in-
duced electron-electron attraction is, in absolute value, bracketed
by the effective matrix elements for electron-electron Coulomb
repulsion in (1) the superconducting phase and (2) the normal
phase. )It is a well-known consequence of antiparailel-spin elec-
tron-electron correlation in the superconducting phase that the
former Coulomb repulsion is numerically smaller than the latter.
See, e.g. , P. Morel and P. W. Anderson, Phys. Rev. 125, 1263
(1962).j'

~0 A collective osci7tation is a collective excitation bounded in
space and time, i.e., one having a real (not complex) frequency
and wave vector.

~ See, e.g., I. M. Khalatnikov, Introduction to the Theory of
SuperjIN&ity (W. A. Benjamin, Inc. , New York, 1965), p. 6.
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superconducting phase. This conclusion is particularly
disquieting, since our continuum model of a granular
superconductor should, for the present purposes, be
a reasonable model for a conventional dirty super-
conductor. '2 This would suggest that any supercon-
ducting metal satisfying the conditions of Ref. 9 would
lose its superconductivity upon alloying.

As we shall presently show, this difFiculty is resolved
in the following fashion. The collective oscillations do
not quench the supercurrent; rather, it is the other
way around: The supercurrent quenches the collective
oscillations (via Poisson s equation). In A-Sec. III,
it was shown that there are two classes of collective
excitations satisfying the linearized equations of motion,
but only one of these two classes is physically realizable,
since the other class violates the condition of electric
charge neutrality (the total conduction-electron density
being modified by the presence of the excitation). As
we shall see, the presence of a steady, uniform super-
current" causes these two classes of excitations to mix,
so that, with certain exceptions, all classes of excitations
now violate charge neutrality and are thus quenched.
The exceptions are excitations with wave vectors (either
real or complex) perpendicular to the direction of flow
of the supercurrent (and also the special cases of
vanishing wave vector or frequency). But such oscil-
lations are unable to extract both energy and mo-
mentum from the supercurrent, and thus cannot quench
the supercurrent.

The state of steady, uniform current Row was ob-
tained in A-Sec. V by direct solution of the equations
of motion. Because of the mathematical simplicity of
this solution, it is possible to carry through the same
kind of linearization procedure with respect to this
state of Rnite current density that was carried out in A
with respect to the superconducting state of zero current
density (BCS solution) . This procedure can be carried
out using either of the two forms of net e6ective
electron-electron interaction (considered in A-Secs. III
and VI, respectively). Since the conditions mentioned
in Ref. 9 are appropriate only for the more complicated
form of interaction (A-Sec. VI), we should logically
work with this form. In the interest of simplicity of
exposition, we will go through the details of the lineari-
zation procedure only for simpler form of interaction
potential. It can be seen from the structure of the
linearized equations of motion that the same conclusion
(quenching of all collective excitations of finite wave

"The continuum model of the granular superconductor differs
from a dirty superconductor only when the former contains electric
fields, as occurs, for example, with the electromagnetic modes
calculated in A-Sec. V, Note added in Proof. The effective Ginz-
burg-Landau coherence distance $ of both the granular and
the dirty superconductor depend in identical fashion on the
Pippard coherence distance of the corresponding bulk material
and on the normal-state conductivity mean free path ($ being pro-
portional to the geometric mean of the two).

"The assumption of spatial uniformity of our supercurrent
means that we are restricting the discussion to specimens with
small enough cross-sectional dimensions (e.g. , thin films) that the
real magnetic field due to the total supercurrent is ignorable.
The conclusions to be drawn, however, are probably valid for all
sizes of specimens.

d,i ——X(0)V $186&

hp ——1V (0) V SgA. (4)

The constant $, defined in A, is an effective coherence
distance. Just as in the BCS theory, &App is the range
in t. over which the interaction potential V is finite
(and constan. t). It can be seen that the x and y com-
ponents of H are functions of R alone, the s component
a function of t. alone.

We write
8=8p+M,

4 =4p+84,

where both (8, P) and (8,, Pp) are solutions to the equa-
tions of motion, and M, 6@ are small in the sense that
we may ign. ore terms of higher order than linear in 80

or 6@ when solving the equations of motion. This
procedure represents a linearization of the equations
of motion with respect to the solution (8p, Qp), chosen.
to be the case of steady, uniform current Row obtained
in A-Sec. V. Thus

8p= arctan(g/p),

Qp Kp' R)

(6)

(&)

vector and frequency except those moving normal to
the supercurrent) will be obtained for either form of
interaction. It might be added that even those collective
excitations which are not quenched will still suffer
modification by the presence of the supercurrent.

H. MATHEMATICAL ANALYSlS

The isospin equations of motion are

h, (ds/dt) =s xH,

where the isospin s=sp(R) and the effective pseudo-
magnetic field H = Hp (R) are both functions of internal
momentum flak and center-of-mass position. R of the
Cooper pair. It is more convenient for our present
purposes to think of s and H as functions of the one-
electron energy p=pp corresponding to Ir (the zero of
energy being taken at the Fermi level). The x, y,
and s components of 8 are given by

s,=-', sin8 cosP,

sp ———', sin8 sing,
and

$3= 2 COSO)
—1

respectively, where the angles 8 and P are functions
of R and e. The x, y, and s components of H are given by

%=2[1+8~~']~i,

H&=2t 1+/ Vgphh

Bg= 2&~

respectively, where (for the simpler form of interaction
potential) the order parameters Ai and b,p are defined as

+S&l
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5s.=——2'(0+ g )- I"M= —(./g) 5s,
h40= Ap cosppp

620= 60 sinptpp,
= cospp5$1+slngp5$2p

where g and xo are constants. The corresponding order It is convenient to define
parameters are

where

no=—2$(0) V sln8p(A

and

5 s=—l("+g') '"g 4

= —slnptpp5$1+ cosphp05$2 (14)

—E(0) Vg (02+g2) 1J2d—p

—I3'(0) Vg in(2600/g) . (~)

In order to satisfy the equations of motion, xp and g
must be related by the condition

[1-(~ o)']~.= g

511 =—X(0) V

Pdp—=PP(0) Vf Pppd .

5th= h4 —h40= cosptpp56„—sinttp052 $,

R 2=—h4 —520 = sin/056 +cosg055$, (16)

(1 1) and

5HI =—Hl —HM = 2[1+p VII']M Ip

5H, =H2 H20 2[1—+pVI——3']562p

5I13=—H3—830=0.

The linearized equations of motion are

h(d/dt) 5sl ——H305$2 H205$3 $3p5H2p

II (d/«) 5$2 $3p5H1+H105$3 H305$1p

5 (d/dt) 5s3 H205$1 H105$2+$105H2 $205H1 (18)
so that

The dc current density is proportional to 60'xo, so
that a given value of g uniquely specifies 60, f(0, and
the magnitude of current density. As

ho~g~po=—2Ao& exp[—1/X (0) V],

lcp and the current density approach zero, and our
unperturbed state approaches the BCS ground state
at the absolute zero of temperature.

We expand the sines and cosines of 0 and |tp as power
series in M and 5$, getting

cos8= cos(80+M) =(0'+g2) "'(0—gM)

sin8= sin(80+M) =(0'+g2} 'h2(g+0IN)

CO& = COB (Qp+ hdtp) =Cosptlo —5$ Sinptpo,

sing= sin(dt 0+5th) —sinpp+5ljl cospp (12)

8$1=$1 $10

—1(02+g2) I"(0 cosp50M —
g sin&05&),

/$2= $2 $2P

12(02+—g') Ihp(p sin-dhd050+g cos&05&),

bs3=—ss—sso

1 (02+g2) —llpgM

These three equations are equivalent to two independ-
ent equations for h(d/dt) 5s and 5(d/dh) 5$$. The
equation for fi(d/dt) 5s is obtained by multiplying the
equation for 5(d/dt) 5s3 by —0/g; alternatively, it is ob-
tained by adding the equation for h(d/dh) 5$1, multiplied
lly cosgp to the equation for h, (d/dh) 5s2, multiplied by
sinpt 0. The equation for A, (d/dt) 5$$ is obtained by adding
the equation for fi(d/dt) 5sl, multiplied by —sindtp, to

(13) the equation for 5(d/dt) 5s2, multiplied by +costtp. Thus

A(d/dt) 5$ = 205$$ 20(0'+g') '—'(-cosy05H2 —
sinyp5HI) p-

fi(d/dt) 5$$
———(2/0) (0'+g') 5$ +20(p'+g') 'h'(sintt 05H2+cos&05HI) .

The terms in (19) involving 5HI and 5H2 can be rewritten in terms of 5h„and 5h4.

cos$05H2 sin$05HI= 2 cosgo[1+PVII'][sin/056 +costtp055$] —2 singo[1+PVI3'][cos$056 —sin$056$]

= 4p«VI356 +2[1+p( —II02+V132)]5'
sin$05H2+cos$05HI ——2 sin/0[1+Pv132][sin/056 +cos&056$]+2 cosdh 0[1+PvII2][cosg055 —sin&056 $]

= —4p«Vs5hp+2[1+p( —II02+VI12) ]55 .
Thus the equations of motion become

+-', II(d/dt) M = g5p [1 p(II,2 V—I32) ]5—6$ 2p—«V 5tl. —

2&g(dldh) 54 = (—"+g') 5th 0[1 p(" —V~') ]—» +2.—p«V~»&

(20)

(21)

(22)

(23)
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Let us assume solutions of the form

[A 1(p) +281(p) $ exp[i(21 R—
(pp&) ],

8$=[A2(p)+p82(p) j exp[i(2p R—&ppt) j,
where Ai(p), A2(p), 81(p), 82(p) are all eve/2 functions of p. Define the two constants

8=1(/ (0) V 22( 22+g2)
—1/281(&) d& (26)

A—=X(0) Vg (p2+g2) '/2A2(p) dp. (27)

Thus we have

82„=8exp[i(2p R—pppt) j,
bd// ——A exP[i(21 R—

(Pp(m) $.

(28)

(29)

Substituting Eqs. (24), (25), (28), and (29) into (22) and (23), the equations of motion, and breaking each
resultant equation into a part odd in e and a part even in e, we finally get

+225(ppA1(p) +gA2(p) = [1—p(Kp +K ) ]A+2ipxp 2/8,

(p2+g2) Ai(p) —-22fuapgA2(p) = 0,

+1225ppp81(p)+gB, (p) =0,

(p'+g') 81(2) —2zfuppg82(p) = [1—P(Kp2+K2) jB—2igxp xA.

Solving these four equations, we get

[1—P(Kp2+K') jA+2iP2(p 2(8

("+ ') —(-'&~ )'

(3o)

(31)

"+g') L( /'("+"/i&+2(P'"—
A2 ——

C ("+g') —(2f/ p)'

[1—('(Kp'+ K') ]8—2igxp 2PA

( '+g') —(-' p)'

—2@0)p 1— Kp K 8—2z xp ' KA
82—

g ("+g') —(2&~P)'
(34)

The above solutions for A~, A2, B~, and 82 must be made consistent with the original definitions of the constants
A and B.Thus, definirig

K(L/ g2 (22+g2) 1/2

22+ 2 (p2+ 2) (1/rK„) 2]
(35)

we can write the consistency relations as

Kru (p2+ g2) 1/2

(' ') —(-'~)') ' (36)

This leads to the secular equation

[1—P(Kp'+K') ]8—2iPxp wA =8/Ii,
+2ipiKp 2~8+[1 p(Kp2+K') jA=—A/I2.

(37)

(38)

[1—p(Kp +K ) —1/Ii][1—p(Kp +K ) —1/I2] —[2pxp 21] =0 (39)

the solutions to which give the characteristic frequency cop versus the wave vector x for the collective excitation.
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Substituting (38) into (31) and (32), and (37) into (33) and (34), we get

~i= (k~f o/12) L("+g') —(kf o)'] '~

~2= L("+g') /g12]I ("+g') —(4&~0) '] '~

A= (1/Ii) L(~'+g') —(-,'~0) '] '&,

&~= (—2@~o/gli) L("+g') —(l&~0)'] '&.

(40)

(41)

(42)

(43)

Consider the possibility of charge unbalance due to the collective excitation. The net charge density is pro-
portional to

2E(0) s&de= 1V(0) cose A

——$(0)g (e'+g') "'80 de

cc —2g (0)g (g2+g2) —i&2&, (q) dg

ihco—olV(0) gAI2 ' L(62+g2) (&$~ ) 2) 1(62+—g2)
—1/2 d~ (44)

Under what conditions will (44) vanish? It cannot
vanish from setting g=0, since g) 0 here (A vani. shing

g corresponds to setting our unperturbed state equal
to the normal state of zero current at T=O.) It can
vanish if Acro=0. However, here we are only really
concerned with finite coo (and finite x), since the super-
current can lose both energy and momentum by emis-
sion of a quantum of collective oscillation only if Acro,

fix)0. For finite f'i~o, (44) can vanish only if 2=0.
But A can be zero (with BWO) only if the nondiagonal
terms in the secular determinant vanish, i.e., only if

+2zgsco x=0.

Thus, the only collective excitations which satisfy the
condition of charge neutrality are those whose wave
vector x is perpendicular to the direction of dc current
Row (in addition to those having vanishing x or ~o) .

For the case of finite x and coo, we could have
inferred this result directly from an inspection of Eqs.
(22) and (23). If it were not for the offending term
—2Pxo %~86 in (22), it would be possible to find
solutions 88 and 84, both odd in e, satisfying Eqs. (22)
and (23). Similarly, if it were not for the offending

term +2ePxo %~SAN in (23), it would be possible to
find solutions M and 8P, both cree in e, satisfying
Eqs. (22) and (23). The presence of these additional
terms insures that no solution M is purely odd in e.
But in order for the charge unbalance to vanish, it is
necessary that M be odd in e. Thus, unless the additional
terms can. be made to vanish (by setting x, x=0),
one cannot f»nd collective excitations which satisfy
charge neutrality. Exactly the same situation occurs
when one sets up the equations of motion using the
more complicated form of interaction (that of A-Sec.
VI), this being the form appropriate to the case' where
collective oscillations' may occur. Thus collective oscil-
lations cannot cause the dc supercurrent to decay.

When x is perpendicular to xo, so that (45) is satisfied,
then the secular equation PEq. (39)] becomes

1=9—8( o'+")]I (46)

This divers from the corresponding secular equation
of A [A-Eq. (3.15)] only in that (~0'+z') replaces
K and g replaces eo in I». This indicates that the col-
lective excitations which still exist in the presence of a
finite dc current have a modified dispersion relation
(i.e., &uo is a, function of ~o as well as of x) .


