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The temperature-independent phonon zero-point motion is shown to decrease the hyperfine coupling
constant A for Mn'+ ions in a cubic environment. A spherical approximation is made for the phonon vibra-
tional modes appropriate to a rocksalt structure, enabling the inclusion of contributions from both the
acoustic and optical branches. Numerical calculations are performed for vibrational parameters appropriate
to both MgO and SrO. The temperature-dependent part of the decrease in A due to thermal phonon excita-
tion is also evaluated for both hosts. Comparing the two calculations, the temperature can be determined at
which the decrease in A due to thermal excitations equals the decrease due to zero-point excitations. These
temperatures are 383'K for MgO and 133'K for SrO. Use is then made of the observed decrease in A with
temperature to Gnd the magnitude of the zero-point reduction in both hosts. We 6nd AAz p (MgO: Mn'+)
=—0 8X10 ' cm ' and nAz p. (SrO:Mn'+) ——1.4X10 ' cm '. The change in A, nAzp /L&A (T=0)
+ttA z, p ], dne to phonon zero-point motion is therefore 0.97% for MgO:Mn'+ and 1.70% for SrO:Mn'+,
and the T=0 "rigid-lattice" values are estimated to be —82.35&10 ' cm ' for both hosts.

I. I5'TRODUCTION

PREVIOUS calculation' of the temperature de-
pendence of the hyper6ne coupling for Mn'+ in

MgO demonstrated that the thermal excitation of
phonons was responsible for the observed decrease in
A" with increasing temperature. A point-charge cal-
culation carried out in that paper yielded a coupling
constant eight times too small when compared with the
results of Walsh et a/. ' A subsequent letter by Simanek
and Huang' took into account the eBect of covalency,
in particular the polarization of the iemer es shells of
the Mn'+ ion by the spin-polarized deformed d-e1ectron
molecular orbitals. In this paper, we shall examine the
effect of zero-point phonon motion on the hyper6ne
coupling constant for Mn'+ in MgO and SrO. The con-
nection between the thermal decrease in A and the
associated zero-point decrease is clear. However, the
lack of a Bose weighting factor severely complicates
the estimate of the zero-point decrease since the en-

tirety of the lattice vibrational modes contribute, even
at low temperatures.

Because of the dif6culties associated with the pre-
cise value of the coupling constant and, more im-
portantly, the diS.culty with the lattice vibrational
spectrum of the hosts, we shall introduce a "model"
lattice vibrational spectrum. This model will enable us
to compute both the thermal and zero-point decrease
in the hyperfine coupling constant. The temperature
at which the thermal decrease in the hyperhne field
equals the (temperature-independent) zero-point de-
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FTG. 1.A schematic of the diatomic linear chain used as a model
of the MgO and SrO lattices in this paper. The small cricles repre-
sent the (lighter) oxygen anions, the large shaded circles the
(heavier) cations. The mode Q in which we are interested is simply
xg~ i —@2~+~, where x„ is the displacement of the nth ion parallel
to the length of the chain.

4 J. Rosenthal, L. Yarmus, and R. H, Bartram, Phys. Rev. 153,
407 (1967). We are indebted to Dr. Rosenthal for sending us a
copy of this paper prior to publication.

crease can then be determined. It will turn out that
this temperature is relatively insensitive to the specific
model, as indicated from its small variation when large
changes are made in the model parameters. A fit is then
made of the calculated temperature-dependent part
of the decrease in hyperhne 6eld to the observed
temperature-dependent decrease. This allows the zero-
point contribution to be "read oQ" the experimental
curve by simply 6nding the experimental decrease in A
at that terrtperatlre at which the model calculation indi-
cates the zero-point reduction equals the thermal re-
duction. This technique should provide for a relatively
accurate estimate of the zero-point reduction in the
hyper6ne 6eld. In the next section, the model for the
lattice is described, and in Sec. III the calculations are
carried out for two isomorphic host lattices, MgO and
SrO. These two represent rather extreme cases, the
former being quite hard, the latter rather soft in its
elastic properties. Recent temperature-dependence
measurements of the hyper6ne field of SrO:Mn'+ by
Rosenthal et at. ,4 together with the measurements of
Vfalsh et al. ' on Mn + in MgO, allow us to find explicit
values for the zero-point decrease of A "(Mn'+) in both
these hosts. Though the lattice model used for these
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materials is admittedly crude, an observed relative
insensitivity to changes in model parameters of our
technique gives us some conMence in our results.
Clearly, when proper lattice eigenvectors and eigen-
values are available for these hosts, a much more
reliable job can be done. In the absence of such informa-
tion, one must unfortunately resort to the "model-
lattice" technique used here.

Ir. ZGRMULATIGZ GZ THE CGUPLImo TG
THE "MGDEL LATTICE"

Our previous computation' of the temperature de-
pendence of the hyperfine field relied on a Debye model
for the lattice vibrations. This led to the result

(x'dx/(e~ —1)) . (1)

The coefficient C was estimated in that paper from a
point-charge model, with the effects of covalency intro-
duced in a subsequent paper' by one of us (E.s.) and
Xai Li Huang. The complexity of the lattice vibrational
spectrum makes the determination of C in (1) almost
academic, since so much error can result from the use of
a Debye approximation. Thus, we shall first examine a
lattice for which the eigenvectors and eigenvalues can
be found analytically, the diatomic linear chain. Con-
sider a chain composed of cations and anions of mass
M and m, respectively, coupled with a force constant p, .
For simplicity, we consider longitudinal vibrations only.
The local vibrational mode Q which gives rise to s-like
admixtures to the 3d electronic states is then of the
type pictured in Fig. 1. Using running waves, this
vibration Q can be written as

Q=2t'Ae"" sin(ka/2), (2)

where a is the static anion-anion distance, and A is the
plane-wave amplitude for anion motion. The eigen-
frequencies of this lattice are given by

LM+tts&(Ms+m'+2M' cos(ka))'~'] (&)
nz3f

' This mode is appropriate to longitudinal vibrations in a linear
chain. Clearly, all the other vibrations of an octahedron of oxygens
in MgO and SrO also contribute (see Ref. 1). We have considered
only this particular term for convenience. We shall eventually
derive a ratio for the thermal and zero-point reductions of A, so
that the absence of the other modes is not serious. We are not pre-
tending to derive an absolute estimate of the change in hyperfine
field in this paper.

where the upper sign refers to the acoustic branch, the
lower to the optical branch. The eigenvectors are found
from the equations

ttsA'+MB'= m+M,
2M cos(ku/2)

(4)8 M m&ttM q m'+. 2Mnt —cos(ka) j"'-

where 8 is the plane-wave amplitude for cation motion.
Using (2) and (4), the amplitude of Q can be determined
for arbitrary k in either branch. It is interesting to note
that, at k=&tr/a, 2=0 in the acoustic branch, but
A = /(m+M)/tts]"' in the optical branch. This means
that the primary contribution to the phonon-induced
change in hyperfine fieM at large k values comes from
the contribution of the optical branch. Because the
Debye spectrum is supposed to mirror only the be-
havior of the acoustic branch, one should thus have
grave doubts about using the Debye approximation at
high temperatures.

The next. step is the computation. of (Q'), the quantity
responsible' for the phonon-induced decrease iri the
hyper6ne constant A. It is tempting to simply compute
this quantity for the one-dimensional lattice. We shall
not carry out this computation because of the well-

known peculiarities of the density of states in one di-
mension, as compared to three. Rather, we shall make
a spherical approximation, assuming that (2), (3), and

(4) are appropriate for running waves in three dimen-
sions. We are quite aware of the crudity of this approxi-
mation, but we believe it to represent a significant
advance over a Debye model. We will And the "correct"
behavior at the center of the zone and near the zone
boundary for some directions of k. Performing this
"spherical" approximation, and writing the interaction
Hamiltonian as K'= VoI.(Q/a), where Vor. is an orbital
operator with the units of energy, we find

Vol, 2 h
(x")=-

a' m'p

~ y' sin'(y/2) A '(y)
X (~E~(y)j+s &dy (5)

o ~(y)

where y is the dimensionless parameter ka, and ts[to(y) ]
is the Bose factor (expPite(y)/k&T] 1) '—

III. EVALUATIGN AND DISCUSSIGN GI' NU-
MERICAL RESULTS FGR MgG AND SrG

Equation (5) must be evaluated numerically for
values of co(y) and A(y) as determined by (3) and (4),
respectively. It is first necessary, however, to fit (3)
and (4) to the host lattice in question. We choose to fit
our spherical model to the isomorphic lattices MgO
and SrO. For the former, we are able to make use of the
Raman data of Mon' which give the vibrational fre-

6 J.P. Mon, J.Phys. (Paris) 26, 611 (1965).)Pote addedin Proof.
During the course of their search for the Raman spectrum of MgO,
R. M. Macfarlane and M. J. Weber (private communication) dis-
covered that the spectrum reported by J.P. Mon was not a Raman
spectrum, but rather the one-phonon sidebands of trivalent
chromium impurities in his MgO sample. This discovery casts
doubt upon the accuracy of our model lattice vibrational spectrum.
We do believe, however, that the frequencies we used were not
very far from the true MgO vibrational frequencies, and thus that
our numerical estimates are not seriously in error. j



R. ORBACH AND E. SI MANEK

quencies at the F, X, and L points of the MgO zone.
We use the masses of Mg and 0, and then adjust the
force constant to give something like the average of the
vibrational frequencies at these critical points. Extra-
polation to zero wave vector of the resulting dispersion
law results in a velocity of sound equal to 8.6X10'
cm/sec, very close to the observed' longitudinal phonon
velocity of 9.1)&10' cm/sec.

The integrations in (5) were carried out numerically
for the temperature-dependent and -independent parts.
The contribution of the acoustic and optical branches to
the integral were separated from one another. As ex-
pected, the former contributed the majority of the
temperature-dependent contribution at low tempera-
tures. The optical branch, for lattice vibrational param-
eters appropriate to MgO, gave comparable temperature-
dependent contributions near 350'K. At 1000 K, the
contribution from the optical branch exceeded that from
the acoustic branch by nearly 30%. The results for
the temperature-independent (zero-point) contributions
were even more striking. The optical branch contributed
more than twice that of the acoustic branch. We believe
this is due in large part to the behavior of the lattice
vibrations near the zone boundary where the density of
states is greatest. The eigenvectors of the acoustic
branch at k=z./a are appropriate to opposing motion
of only the heavier (cation) neighboring ions, while the
optical branch eigenvectors correspond to the opposing
motion of only the lighter (anion) neighboring ions. The
former motion has no projection on Q, while the latter,
in fact, directly represents the vibration Q. Hence, the
optical branch near k=~/u is contributing much more
to the decrease of 3 than the acoustic branch in the
same region. The high density of states in this region
then gives even further weight to the optical phonon
contribution to the zero-point phonon decrease of A.
Putting all these contributions together, it was found,
for the lattice vibrational parameters appropriate to
MgO, that the zero-point decrease in A (T) equaled the
temperature-dependent decrease at T=383'K. Using
the curve for A (T) in Walsh et al.' at that temperature,
we find A(383'K) = —80.7X10 4cm ' The T=O value'
equals —81.5X10 ' cm ', so that we are able to
estimate

from 77 to above 1000 K. Unfortunately, our analysis,
which requires an effective force constant for SrO,
is hindered because even the velocity of sound is un-
known for this material. We therefore used the correct
values for the Sr++ and O masses and adjusted the
force constant p so as to obtain the observed' tempera-
ture dependence of A (T) in SrO. We found that we must
reduce p, by a factor of 7.9 from that used in our model
of MgO to roughly Gt the curve of Rosenthal et at. for
SrO: Mn'+. This corresponds to a zone-boundary acous-
tic phonon energy of 75'K and an acoustic velocity of
3&(10' cm/sec. It seems to us that these figures are not
completely unrealistic for this host material, primarily
because of its "soft" mechanical properties. In any
case, with this assumption, the thermal decrease in
A(T) is found to equal the zero-point decrease at
T=133'K. The data of Rosenthal et a/. 4 indicate that
A (133 K) = —79 6&(10 ' cm ' The T= 0 value' equals—80.9X10 cm ', so that we estimate

AA2; I pro 13X10 'cm

or about a 1.7% decrease from the "rigid-lattice"
value. This result is, unfortunately, rather suspect be-
cause of the lack of pressure data on SrO: Mn'+ which
would enable us to include the effects of lattice dilata-
tion. Sy leaving out this correction we have, in fact,
underestimated the temperature-dependent decrease of
2 if SrO behaves in a manner similar to MgO. Walsh
et a/. ' have found A to increase (negatively) with in-

creasing lattice volume so that the measured thermal
decrease of A actually includes an increase of A due to
lattice dilatation. When account is made of this cor-
rection, a greater value of the thermal decrease is ob-
tained. We can make a rather crude estimate of this
effect by scaling the effect of thermal expansion of MgO
to SrO. We are interested in A ' (T) at 133 K. We
multiply this temperature by the ratio of the Debye
temperatures for MgO and SrO, the latter 210 K
from the value we obtained for the velocity of sound.
This scaling results in an MgO "equivalent" tempera-
ture of 470 K. Reference to Walsh's curve for the effect
of thermal expansion on A in MgO shows a 0.1X10 4

cm ' increase at that temperature. Hence, we add this
correction to our previous value DAg p

8' and obtain

~~z.p.M' = —o.8X10 'cm '. (6) AA~ p s'o(with lattice expansion)

This result is of some importance because it represents a
0.97% reduction in the hyperfine field from that value
appropriate to a "rigid" MgO lattice. Clearly, one must
consider this decrease explicitly when attempting to
arrive at the systematics of A for the same cation in a
variety of host materials.

To demonstrate this point, we consider next the
rather extreme case of SrO:Mn'+, which was recently
exaxnined by Rosenthal et a/. 4 for temperatures ranging

= —1.4X10 'cm '

We shall use this result in our subsequent discussion.
If we add the zero-point values for 2 to the T=O

values, we obtain the following rigid-lattice values:

Mgo —gA Mgo+A Mgo(T 0)
= —82.3X10 4cm ',

Aa. L. ' =—AAz. p s' +As' (T=O)
= —82.3X10—4 cm—'.

7 H. 3. Huntington, Solid State Phys. 7, 214 (1958). A. J. Shuskis, Jr., J. Chem. Phys. 41, 1885 (1964).
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It is rather interesting that these values are identical.
A simple covalency argument would suggest that
A~ L. ' &A@ L Mg, because the larger lattice con-
stant of SrO would mean a smaller normalization cor-
rection for the 3d wave function. The near equality of
the two rigid-lattice values for A makes this argument
suspect.

It also adds tentative weight to an argument' that
the "instability" of the O' wave function is responsible
for this consistency. It is well known" that the "size"
of the 0' wave function is determined by the potential
well in which it sits. Increasing the metal-oxygen dis-
tance may thus result in a,n increase in the 0' wave
function which would cause the covalency to remain
relatively constant. This argument is not necessarily
weakened by the fact that the cubic 6eld splitting a
varies from 18.6&( i0 4 cm ' for MgO: Mn'+" to
&1)(10 cm ' for SrO:Mn'+" because a is propor-
tional only to the difference in m and 0. bonding. It
might well be the case that small changes in x and o.

bonding, combined with a reduction in the point-charge
contribution because of the larger lattice constant, are

' E. Simanek, Nai Li Huang, and R. Orbach, J. Appl. Phys.
(to be published)."Y.Vamashita and M. Kojima, J. Phys. Soc. (Japan) 7, 261
(1952); R. E. Watson, Phys. Rev. 111, 1108 (1958).

"W. Low, Phys. Rev. 105, 793 (1957).
~2 W. Low, Phys. Letters 11, 115 (1964).

responsible for the differences in a between MgO and
SrO. To check this, one should note that Kalsh" hnds
(In~A/1nd V)r=0.06, whereas (1nhu/1nhV)z ———7.08
for Mn'+ in MgO. It is clear that the latter quantity
changes with volume much more rapidly than the
former. If we extrapolate Walsh's result for the pressure
dependence of a to that volume for which a~0, appro-
priate to SrO: Mn'+, we find that A at the same volume
would have been increased by only 0.8 cm '. Too much
attention should not be paid to this extrapolation be-
cause of the obvious problem of linearity of A and a
over such a, large change in volume. Nevertheless, it is
clear that a is much more sensitive to volume than A,
so that one should not attempt to use large changes in a
to rule out an apparent constancy of A.

Finally, we should like to emphasize again that the
results we have presented here are only an approxima-
tion to the truth. One should use, instead of an ele-

mentary linear chain model, the correct eigenvectors and
eigenvalues appropriate to MgO and SrO in order to
correctly determine A(T) and AA z p. We have resorted
to this very approximate calculation only to give a
physical picture of the zero-point reduction of the hyper-
fine coupling constant A for an 5-state ion in a dielec-
tric host.

"W. M. Walsh, Jr., Phys. Rev. 122, 762 (1961).


