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Temperature-Dependent Hyper6ne Interactions
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The Van Vleck orbit-lattice interaction is used to calculate the phonon-induced hyper6ne coupling con-
stants of (Mn")'+ in alkali halides. Ke 6nd that the phonon-induced 6eld is proportional to the Debye-
%'aller factor. From the best 6t of the theoretical curve to the experimental data for (Mn'5)'+ in NaCl,
we 6nd that the zero-point phonon contribution to the hyper6ne coupling constant is only 0.41%, and
hence the hyper6ne coupling constant in the "rigid lattice" at T=0 is —83.5X10 ' cm ', which is smaller
than the hyper6ne coupling constants of (Mn")'+ in KCl, KBr, NaF, and LiF measured at elevated tem-
peratures. Except for Nap, we 6nd that the zero-point optical-phonon contributions to the hyper6ne inter-
actions for Mn'+ in these host crystals are less important than those contributed by the acoustic phonons.

L INTRODUCTION

ECENTLY, Walsh, Jeener, and Bloembergen'
showed experimentally and theoretically that the

temperature dependence of the hyperfine coupling
constant of (Mn")'+ in some host crystals arises from
the lattice vibrations of the host lattices. Based on this
fact, Rimanek and Orbach' proposed a mechanism
which involves the admixture of excited configurations
of the form 3d4es into the ground 3d5 configuration by
means of the Van Vleck orbit-lattice interaction. ''
Their theoretical values turned out to be smaller than
the experimental data by a factor of 10. Knowing that
the point-charge model is not appropriate for Mn'+
in MgO, Simanek and Nai I.i Huang' introduced the
covalent model which they found agrees with experi-
ment. In view of the fact that at high temperatures
optical phonons are well excited, Orbach and Simanek~
used the result of the diatomic linear chain to calculate
the mean-square amplitude of lattice vibrations, and
then calculated the phonon-induced hyperfine fields.
From this calculation, and based on the experimental
data obtained by Rosenthal ef, al. ,

s they found that the
zero-point optical-phonon contributions to the hyper-
6ne coupling constants of Mn~+ in MgO, SrO, and CaO
are more important than those contributed by the
acoustic phonons, and also found that the hyperfine
coupling constants of Mn'+ in these oxides in the
"rigid lattice" at T=O are equal within their approxi-
mation. However, in these calculations, these authors'6
used the Van Vleck orbit-lattice interaction averaged
only for phonons with small wave vectors. Therefore,
their interaction is not appropriate for accounting the

'W. M. Kalsh, Jr., J, Jeener, and N. Bloembergen, Phys.
Rev. 139, A1338 (1965).' E. Sima, nek and R. Orbach, Phys. Rev. 145, 191 (1966).

3 J.H. Van Vleck, J. Chem. Phys. 7, 32 {1939).
4 J. H. Van Vleck, Phys. Rev. 57', 426 (1940).
~ J. Kondo, Progr. Theoret. Phys. (Kyoto) 28, 1026 (1962);

M. Blume and R. Orbach, Phys. Rev. 12'T, 1587 (1962).
6 E. Simaneck and Nai Li Huang, Phys. Rev. Letters 1/, 699

(1966).
7 R. Orbach and E. Simknek, Phys. Rev. (to be pubhshed).' J. Rosenthal, L. Yarmas, and R. H. Bartram, Phys. Rev.

153, 407 (1967).

experimental data obtained at the higher temperatures
at which phonons with large wave vectors are well

excited.
In view of this, in this paper, we shall use the Van

Vleck orbit-lattice interaction with proper averaging
as the mechanism to calculate the phonon-induced
hyperfine coupling constant of (Mn")'+ in NaCl, and
then compare this theoretical value with the experi-
mental hyperfine coupling constants of (Mn")'+ in
NaCl, KCl, KBr, XaF, and I.iF.

II. THE DEBYE-MODEL AI'PROXIMATION

The Van Vleck orbit-lattice interaction associated
with an XI'6 cubic molecular cluster is of the form' 4

J' ~= Zv'Qi

where the electronic operators to second order are

vs ——Q A'r, '( F'ss+ F's—'),

vs= —Q (+6)A'r. 'F'se,

v4
———Q s {2/3) A'r. '( Fss—I"s-')

v, = —Q (2/3) A 'r.'( J' I's )—
vs = Q s(2/3) A 'r '( I' '+ I' -')

A'= 9(2rr) "'ee,rt/(15) 'i'E4,

in which e is the charge of the bonding electron of the
paramagnetic ion„e,ff the effective charge of an anion,
E the anion-cation distance, r, the radial distance of
the 3d electron from the center of the paramagnetic ion,
and I"2 the spherical harmonics. According to Van
Vleck, the normal coordinate can be written as

Here m denotes the phonon polarization, and X the
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total number of atoms in the crystal. The phonon
operator qi is defined as4

&~'. I ~'. I ~'.+1&=P '.+1
I ~;. I ~'.&

= [fi(S; +1)/2frMv;„7'", (5)

where X; is the Bose-Einstein factor evaluated at
E=hv;, and 3f is the mass of the crystal. aji are the
appropriate coeKcients. Van Vleck has calculated the
average values of these coefFicients for small values of
the phonon wave vectors k. However, because the
phonon density of states is higher at higher values of k,
and because we are interested in the temperature range

in which the phonons with large values of k are well

excited, we should average aji for large values of k.
Hence we get 9'o

(6)

for all j, /, m, and e.
Using the notations used in Ref. 2, we can write the

ground-state determinant for Mn'+ as

I's'M. =~)=
I
4"+so+44'+44+3'"4444'+44, 4'+44 4), (7)

where P'+so. is the 3d orbital with up spin perturbed by
the orbit-lattice interaction. Hence the phonon-induced

hyperGne field is

&Hh»), = &'s'M,
I (8fr/3) gf4,+ s„b(r,) I

's'M, )

&'s'M. I'I&-,&Q. . I
I's'M. )

(

3 N

&& (1/3) [Z Z (5/2~M) (2X' +1)/v' 7, (8)
m,=l irfs=l

where
I lt„,) and

I fear„, ) are, respectively, the wave functions of the excited configurations (3d)4rfs and (3d)4f4's.

%e can easily show

2 &'s™
I u4 I &-)8""I

uIf's'M. &= (444~/25) (ee.«/E4)'&A4 I »' I 4-,&64" I ».' I A.&.
j=2

Within the Debye approximation, we can write

(9)

3

g =4frV(fff —'+2uf ')
m=1 ims=l

Vg)

where t/' is the volume of the crystal, v& and v& are, respectively, the longitudinal and transverse sound velocities,
and vo is the Debye frequency. Hence Eq. (8) reduces to

&Hh»)„= (8fr/3)gp, &s,)g P B(»4»4') Q„, I
f'f(»)

I P„.,)(296ffx/25) (ee,ff/R4)'

Xp '(u '+2m )
Vg)

I 1+[exp(hv/off T) —17 'I vdv, (11)

where

8 I»'l~-)Q". I»'l~. )
[E(3d) —E(ffs) 7[E(3d) —E(n's) 7'

and p is the density of the crystal. It is interesting to see that Eq. (11) is proportional to the Debye-Wailer factor. "
This result is by no means surprising, because the phonon-induced hyperfine Field is proportional to the mean
square amplitude of lattice vibrations. ' ' ~ YVe can now write the temperature-dependent hyperfine coupling con-
stant as

where
A (T) =A(0) I1—[C(0)+C(T)7I,

C(0) =KL(2frvn'/p) (uf '+2uf '),

c(T) =KL(8rr/p) (uf
—'+2vf ') (kffT/Jf)' @[exp(g) —17

—'dg,

(12)

(13)

(14)

4 Chao-Yuan Huang, Phys. Rev. 154, 215 (196'/).
'0 Chao-Yuan Huang (unpublished).
"For example, C. Kittel, Qmor4fgfff Theory of Soifds (John Wiley & Sons, Inc. , New York, 1963).
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FIG. 1.The theoretical value of the phonon-induced shift of
the hyperf Inc coupling constant A for (Mn~)'+ in NaCl as a
function of temperature 6tted to the experimental points, desig-
nated by circles, obtained by van Wieringen and Rensen (see
Ref. 14).

theoretical curve to the experimental data obtained
by van Wieringen and Rensen. '4 We find that the
theoretical estimate based on Eq. (14) is smaller than
the experimental result by a factor of 3.9. This 6t gives
A(0) = —83.2X10 4 cm ', and then we find C(0) =
0.41X10 '. Hence the hyper6ne coupling constant of
Mn'+ in NaC1 in the "rigid lattice ' at T=0 is
—83.5X10 'cm '.

III. THE OPTICAL-PHOÃON CONTRIBUTION

In the last section, we have calculated the phonon-
induced hyperfine coupling constant attributed to both
acoustic and optical phonons in the Debye approxima-
tion. Here we shall try to estimate the optical-phonon
contribution.

For optical phonons, we can write

(19)
=1.76X 10 "sec'/g' deg,

I = (745/25) (ee,ir/R4) ',

X=kvn/ke T.

(16)

(17)

(18)

where r denotes the rth optical branch, X, the number
of unit cells in the crystal, and9'

Here II, is the static hyperfine field resulting from core
polarization. For NaC1, we have"" p=2. 168 g/cm',
0 ff —e, 8=2783X 10 cm, T~ =281'K, v& =243X 10'
crn/sec, ei ——4.78X10' cm/sec. In Fig. 1, we 6t our

(20)

because optical phonons with large values of k are
more important. Therefore, the optical-phonon-induced
hyperfine field is

(&& -)-)"= (8 /3) gt .&s.)Z Z &(»') &4- I
t'(r)

I 4".)
n n~

Nc

X(148m/25) (ee.ii/R')'IP g (fi/2~M) (2N;„+1)/v;„}. (21)

Since only optical phonons with large values of k are important, "and the frequencies of the optical phonons at
large k are nearly constant, we can approximately replace v;„by the optical-phonon frequency at the Brillouin-
zone boundary v„e. Therefore, Eq. (21) becomes

(&&~")-)"=(8~/3)gt &S.)g g &(~~') g- I &(v) I P-")(7«/25)
n nl

X (ee,ii/R') '(N, /M) {P (2N,e+1)/v„ii}, (22)

It follows that the fraction of the optical-phonon-induced hyperfine field is

C.,(0) =KL(N./M) Q (v,e) ',
r

C,v(T) =KL(2N, /M) I Q [exp'(kv„B/keT) 17-'(v,e-') }.

(23)

C,v(0) /C(0) 1/2. 7. (26)C, (T)/C(T) 1/6 (25)

For NaC1, we have v&&=6.36X10"cps, vi&=5.19X10 perature range. For the zero-point phonon contribu-

cps obtained by Burstein et at. '' We thus find theo- tions, Eqs. (13) and (23) give
retically

for T&280'K. This clearly shows us that the contribu-
tion by optical phonons can be ignored in this tem-

"Max Born and Kun Huang, Dynamical Theory of Crystal
' Fred C. Rose, Phys. Rev. 49, 50 (1936);Lloyd Hunter and
' J. S. van Wieringen and J. G. Rensen, Philips Res. Repts."E.Burnstein, F. A. Johnson, and R. Loudon, Phys. Rev.

The last equation also demonstrates that the acoustic
phonons are more important than optical phonons in

Lattices (The Clarendon Press, Oxford, England, 1962).
Sidney Siegel, ibid. 61, 841 (1942).
20, 659 {1965).
139, A1239 (1965).
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TABLE I. The elastic constants, densities, anion-cation distances, optical-phonon frequencies, Debye temperatures, hyperfine coupling
constants, and ratios of phonon contributions to the hyper6ne interactions for (Mn55) 2+ in KCl, KBr, NaF, and LiF.

Sample
In 10" dyn jcm'

C11 +12 C44 (g/cm')
In 10'2 cps

&LB &tB

OD

( K) (10 4cm ') C,p(0) /C(0)

KC1
KBr
NaF
LiF

3.98 0.625 0.62
3.46 0.505 0.58
9.71 2.43 2.80

11.12 6.28 4.20

1.98
2.75
2.81
2.63

3.108
3.258
2.283
1.983

4.6~
4 0e
8 1e

18.3e

4.3
3.4
6.5

12.7

230b
177b
400e
708'

88.5g
88.4h
92i
90j

0.28
0.35
0.63
0.09

K. S. Aleksandrov and T.V. Ryzhova, Kristallografiya 6, 289 (1961) IEng-
lish transl. :Soviet Phys. —Crist. 6, 228 (1961)).

b Reference 12.
e The optical-phonon frequencies at X are considered.

J. R. Hardy, Phil, Mag. 7, 315 (1962).' Arnold M. Karo and John R. Hardy, Phys. Rev. 129, 2024 (1963).

f C. V. Briscoe and C. F. Squire, Phys. Rev. 106, 1175 (1957).
~ P. A. Forrester and E. E. Schneider, Proc. Phys. Soc. (London) B69, 833

(1956).
h W. Low, Proc. Phys. Soc. (London) B69, 837 (1956).
' W. Hays and D. A. Jones, Proc. Phys. Soc. (London) 71, 503 (1958).
' T.T. Chang, W. H. Tant tilla, and J.S.Wells, J. Chem. Phys. 38, 571 (1963).

inducing the excited con6gurations into the ground-
state configuration.

IV. DISCUSSION

Table I gives the elastic constants, densities, anion-
cation distances, optical-phonon frequencies at the
symmetry point X, Debye temperatures, hyperfine
coupling constants, and C,~(0)/C(0) for (Mn")'+ in
KCl, KBr, NaF, and LiF. It is seen that the hyperfine
coupling constants for these crystals measured at
elevated temperatures are higher than that for NaCl in
the "rigid lattice" at T=O we found previously. Be-
cause the Van Vleck orbit-lattice interaction is electro-
static in character, it will only result in a net decrease

of hyperfine 6eld, ' and hence the hyperfine coupling
constants for (Mn")'+ in KC1, KBr, NaF, and LiF in
the "rigid lattice" at T=O will be greater than those
values given in Table I. Therefore, we cannot draw a
conclusion that the hyper6ne coupling constants for
(Mns') '+ in alkali halides in the "rigid lattices" at T=0
are equal, as Orbach and Simanek7 concluded for
oxides. Furthermore, from Table I, it is interesting to
see that the optical phonons in NaF contribute more
to the zero-point phonon-induced hyperfine interaction
than acoustic phonons.

In Sec. II, we have shown that our theoretical calcu-
lations agree with the experimental data within one
order of magnitude. This result suggests that the point-
charge model appears to correctly describe the tem-
perature dependence of the hyperfine interaction. This
conclusion is in agreement with the observation made
by %alsh et a/. in conjunction with the temperature-
dependent hyperfine constants of Mn~+ in CaO and
SrO.

Finally, we should like to emphasize that the theory
presented by Orb ach and Simanek will correctly
account for the phonon-induced hyper6ne interaction
at very low temperatures, while our theory, presented
in Sec. II, will adequately describe the temperature-
dependent hyperfine constant at the higher tempera-
tures at which the experimental data are usually
available.
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