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Similarly, Eq. (5) then becomes
(v'| exp(=ik-1) | V) =80, vamrusul (v | exp(ik-rs) [ 2)]
=80, v,k uLOnr w1 (0 | KoL | M)+ 0 0], (80)

where r1 is the position vector of the particle in a plane perpendicular to the uniform magnetic field Hy=Hi,.
Since the leading term in [ ] of Eq. (80) is 84,4, to a first approximation we can use the above theory for a gas
of charged-spin-% particles (such as the electrons, the positrons, the protons, etc.) in a uniform magnetic field
Hy=Hi., provided we make the following modifications:

Vo, vi—v,/; Va—1,0Va;

K/ u—thk,/u;

kV,—k.(3/0v,);  k/w—k,/w;

(w—-mws—k- (vatTk/2p) ) . <w—mw,—kz (220 Vdﬂ:fzk,/zu))

k

and consequently the right-hand side of Egs. (26),
(39), (41), (43), (45), (56b), (62), and (73) has to
be multiplied by the factor (k/k.). This factor arises
from the modifications of the arguments of the Dirac
6 functions over which an integration has already been
performed. The g values (neglecting the radiative cor-
rections’®?®) for the electron, the positron, and the
proton® are 42, —2, and 5.59, respectively.

In the above simple theory we found that when the
induced emission exceeds the absorption, the system
of spin-} particles in a uniform magnetic field is un-

18 P, Kusch, Phys. Today 19, 23 (1966).
197, M. Luttinger, Phys. Rev. 74, 803 (1948); J. Schwinger,
ibid. 76, 790 (1949).

ks

stable for radiations of frequencies wimw;, where m
may take any one of the values 0, 41, or —1. It is, of
course, interesting and physically instructive to seek
an answer to the following question: What is the ulti-
mate fate of the system once such an instability sets
in? If one wishes to seek the answer to this question,
then one must use the improved form of Eq. (9) due
to Heitler and Ma.3
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Measurements and calculations of the nuclear-magnetic-resonance free induction decay (FID) in sodium
chloride are presented. The experiments consisted of the observation, by standard pulse techniques, of the
FID in the sodium spin system at several crystal orientations. The calculation represents an extension of the
method of Lowe and Norberg to the case where both nuclear species have arbitrary spin. Theory and experi-
ment are in very good agreement. Quadrupolar effects due to intentional straining of the crystal could
only be produced by rapid quenching from just below the melting point to room temperature. It thus ap-
pears that only in such severely strained crystals is quadrupolar broadening appreciable.

I. INTRODUCTION

E present here a calculation and measurement of
the nuclear-magnetic-resonance (NMR) free-in-
duction-decay function in a spin system containing
two magnetic ingredients of arbitrary spin. The theory
is an extension of the work of Lowe and Norberg,!
who first calculated the free-induction-decay (FID)
* Work supported by the National Science Foundation and the
Air Force Office of Scientific Research, Office of Aerospace Re-
search, U. S. Air Force, under AFOSR Grant No. 196-66.

T Now at Davis and Elkins College, Elkins, West Virginia.
11 J. Lowe and R. E. Norberg, Phys, Rev. 107, 46 (1957).

function for a one-ingredient, spin-} system. Though
the Lowe-Norberg (LN) calculation has been experi-
mentally confirmed in the case of CaFy,3 their work
has been subject to criticism? because it utilizes a
perturbation expansion which lacks a clear-cut con-
vergence criterion. It therefore seemed desirable to
subject their method to additional experimental test
in a spin system differing appreciably from calcium

2D, E. Barnaal and 1. J. Lowe, Phys. Rev. 148, 328 (1966).

3 C. R. Bruce, Phys. Rev. 107, 43 (1957).

4 A. Abragam, The Principles of Nuclear Magnetism (Oxford
University Press, London, 1961).
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fluoride. Sodium chloride was chosen for this study
because of its structural simplicity, its ready availa-
bility in the form of single crystals of great purity,
and, most importantly, because the spin-spin inter-
action parameters which enter the FID calculation are
known. There exists only one experimental uncertainty
in this work. The sodium nuclei, whose resonance was
observed in these experiments, have a quadrupole
moment which couples with strain-induced field gra-
dients in the sample and contribute to shortening of
the FID (or broadening of the NMR absorption line).
Fortunately no appreciable quadrupole broadening was
observed except in those crystals which were inten-
tionally subjected to severe strain by rapid quenching
from just below the melting point to room temperature.

In the unstrained samples, agreement between theory
and experiment was as satisfactory as in CaF,. This
good agreement was obtained even though the com-
plexity of the calculation required dropping certain
higher-order terms, which were kept by LN, and by
Gade and Lowe® The latter authors have calculated
the FID in single-ingredient spin systems in which the
nucleus has arbitrary spin.

The measurements to be described were made at
three crystal orientations for which the static applied
field By was parallel to the [100], [110], and [111]
directions in the crystal. (We will use the notation,
By || [100], Bo || [1107], etc.) When B, || [111], the
effect of the chlorine nuclei on the sodium resonance is
predicted to be negligibly small and therefore NaCl
should behave like a face-centered-cubic one-ingredient
spin-3 system treated by Gade and Lowe. Their results
are in slightly better agreement with our measurements
than the theoretical calculation described here (see
Fig. 4), presumably because they were able to retain
the above-mentioned high-order terms in the time ex-
pansion of the FID function. At orientations other
than By || [111], the results of Gade and Lowe could,
of course, not be tested in NaCl.

The next section of this paper contains our calcula-
tions of the free-induction-decay function F(f) for the
two-ingredient system in which the nuclei of an arbi-
trary spin are coupled by dipolar and scalar exchange
interactions. In Sec. III the NaCl measurements are
described in some detail and a comparison is made
with the theory of Sec. II. Strictly speaking NaCl is
a three-ingredient system, since there are two chlorine
isotopes present in appreciable abundance. Both of
these isotopes however have the same spin () and
almost equal magnetogyric ratios; therefore, little error
is introduced by treating the chlorine nuclei as a single-
spin system whose magnetic moment is the average
of that of the CI** and CI¥ isotopes. The results of
this study are discussed in Sec. IV.

II. THEORY

We start with the general formula for the free-
induction-decay function given by LN and by Ander-
5S. Gade and I. J. Lowe, Phys. Rev. 148, 382 (1966).
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son.® This formula, which is also derived in Abragam’s
book,* is as follows:

F() =Tr{LI(!)}/Tr{L}}, (1)

where I, is the ¥ component of the total angular mo-
mentum of the spin system I whose resonance is being
observed, i.e.,

N
I= ZIM‘
=1

and
I,(t) = exp(i5Ct/h) I, exp(—1i3Ct/). 2)

The operator JC is the truncated dipolar and scalar
interaction term, i.e., that part of the interaction
which commutes with the Zeeman energy operator,

N N
3ez=—~ABy: D_Li—v'iBy: le.-,, 3)
=1 W=
where B, is the magnitude of the applied static magnetic
field (taken to be in the 2z direction), and v is the
magnetogyric ratio of the resonant spin system con-
sisting of NV nuclei, each of spin I. The corresponding
quantities for the unobserved spin system, whose nuclei
have spin S, are v’ and N'. The terms in the truncated
interaction Hamiltonian are

se="H(a+6), 4)
where
o= Zaijli' I]-l— Za,i/]‘IS"I’SJ‘I’ (5)
i<j i<’
B= D bilidjet Db 01 SueSirat 2 ciiliaSirey  (6)
i<j i<y i
and

aij= 14— 3bs;
bij=3v*h[ (1—3 cosy) /ri*],
a,-/,-:,= Zi:’v— %bir"r’,
by =3y R (1—3 cos0uy) /rs5*],
cir=AigHyy'RL(1-3 cos¥ir) /ri*].  (8)
_ The exchange-interaction coefficients Ay, Ay, and
Ay are in units of angular frequency. The unprimed
and the primed indices will always be used to denote
summations over the I and .S spin systems respectively.
The FID function F(#) of Eq. (1) is evaluated as

follows: We note that the operator I,(f) satisfies the
equation

(7

ifi(9/08) I(t) = [1.(1), 3¢]. (9)

It is convenient to introduce a new operator I./(f) by
the equation

L,(8) =B,/ (1) et (10)
which in turn satisfies the equation
i(9/00) I (1) =[ 1 (), a () ], (11)
with
a(t) = e #taet, (12)

6P, W. Anderson, J. Phys. Soc. Japan 9, 316 (1954).
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F(t) F(t)
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(2)

(b)

F1c. 1. Theoretical and experimental FID’s of the Na spin system in the Melpar NaCl crystal. (a) Bq || [110]; (b) By || [100].

The formal solution of Eq. (11), as derived by an iteration process, is given by

L) =LA43 (=) / i / “diy - / AL at)], T, w(8)].

n=l1

(13)

After substitution of Egs. (10) and (13) into Eq. (1) and rearrangement of the order of terms, Eq. (1) becomes

T I;” Ia:/ ©
r= T S0, (14)
where
I (1) = e # e, (15)
and

Go(t) =Tr{l, () I,}/Tr{L2},

i/,(o[' ° 'I:Iﬂv: a(tﬂ)]7 o ']; a(tl)]} )

Gy = (i) [dne- [ an, Tr{

The first approximation of the present calculation
is to expand the operator «(Z,) into a power series in
time ¢, and, after performing integration over times

bu, ta1, < *+, 4, to cut off at #* the resulting power series

4

im
Gu()= 2 — &™),  3znx1,

m=n+1 T

G.(8) =0, n>4. (16)

This approximation is exactly identical to the LN
method, and the FID function F({) is given by the
first four terms in the perturbation expansion, i.e.,

F(f) = Gy+G1+Go+Gs.

The coefficients g, () in Eq. (16) are polynomials
of the functions T.(¢) (L=1, 2, ---) defined as

{Trir° exp(iplz) }

{Trt, exp(iplz)} ’
where ¢=>5;f, etc. The operators # appearing in the
above definition are &°=1, %=1z, t0=312—I1(1+1),

10=513—31,1(I41)+1z, and in general the
operator &M (M=L, L—1, -+, —L; L=0,1,2 --+)

Ti(¢)=(—0)* (17)

Tr{l.?}

is proportional to the statistical tensor TpM (or ir-
reducible angular-momentum tensor) given by Fano
and Racah,” Ambler, Eisenstein and Schooley® and
Rose.? That is, TyM=a;M-i;™, where a1 is a constant
and is given in Ambler, Eisenstein, and Schooley’s
paper.®t The functions T7'(¢) for spin .S are similarly
defined.

The important properties of these functions 7',(¢)
are (i) Tr(¢)=0 for L>2I and (ii) when expanded
in power series in ¢, Tr(¢) takes the form T7(¢) =
(by+-b1p>+bogp*~+bsp®++++). The lowest-order term in
¢ in Tr(¢) is ¢F.

In order to reduce the labor of calculation further
than in the LN method, we make a second approxi-
mation of omitting from g, (#) all terms containing
products of the form 7'z, (¢1) Tz, (¢2) Tro(bs) = * = T'r, ($5)
for which Li+L,+---+L,>4—m. When the second
approximation is made, the FID function F(¢) differs
from the LN formula in terms corresponding to the
sixth or higher moments and is simplified to the first

7U. Fano and G. Racah, Irreducible Tensorial Sets (Academic
Press Inc., New York, 1959).

8E. Ambler, J. C. Eisenstein, and J. F. Schooley, J. Math.

Phys. 3, 118 (1962).
9 M. E. Rose, J. Math. Phys. 3, 409 (1962).
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three terms in the iteration expansion of F(#), i.e.,
F(t) = G0+G1+G2.

As will be seen in Sec. III, this second approximation
turned out to be an oversimplification. Nevertheless it
allowed considerable reduction in the labor of cal-
culation.
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The intermediate steps of the calculation are suffi-
ciently involved that only the final result will be
presented below. Writing

U@)= H { sin[ (7+3%) bt ]

l

i) 7,

Faari(bj—bjt) +anaj(be—bi;) +ajar(bji—bn) +aia5 (bri—bjn) 1X (biat)
—3LS(S+D) 12" an(cjr— )X (bist) +3[20(T+1) T3 as? (crr—civ) X' (ciurt)
i IRy

LSS+ T (00 ey =) X (o) X (cn)

+ (840 { =S I (I+1) (21-1) (21+3) 3 a?by?

—3P(I41)2 3" Tan? (bir—bi2) *+ a2 (bee—bi;) *+2a5a0(be—br) (by—bi) ]
J#=l

FH=U@) V), (18)
one obtains the result
sin[ (S+3)cert] |
(2[+1) Sln(%bmt)} I {(25—{“1) Sln(%c“rt)} ’ <19)
V() =14(2/21) { = 2" au(bj—bi) X (bd) X (beat) — D @i (00— cxer) X (bjed) X' (cad) +%Z’ajkb,~kY(bjkt) }
+(B/30 (=75 (20 =1) (21+3) 2 aubs’X (bat) +[3(21 1) (2+3) /1012 a7 X (bt)
—%[I(I’f‘1)];l%’k(bn“bkz)zx(bjkt) FATT41) 1D L2032 (bra—bjz) +2a;% (b — biy)
ol 7l

(20)

—3(I41) S(S+1) 2/ aw (cor—ci) 2= 1S (S+H1)2 3 (a) (G — cinr)?},
Iy

where

k!

X(¢)=T1(¢) =% cot(3¢) — (I+3%) cotl (I+3)¢],
X'(¢)=T1(¢) =% cot(§¢) — (S+1%) cot[(S+3%)¢],
Y(¢)=Ts(¢) =—2I(I+1) 45 cot*(3¢) —3(I+3) cot[ (I+3)¢] cot(3¢).

The prime above the summation notation Y.’ im-
plies that the unprimed indices 7 and / should not take
value of index k.

The function F(#) given by Eq. (20) gives the correct
second and fourth moments of the absorption line
shape for the spin system with two ingredients as
calculated by Van Vleck.?

Consider now the special case relevant to our experi-
ments in which the spin-spin interaction is purely
dipolar, so that

;= —éb” and air]*r’=—%§b,~:j;'.

In computing F(f) we follow LN in making a third
approximation which consists of omitting terms con-
taining odd powers of the coefficients by, b5/, ¢y, etc.
in Eq. (20). To justify the dropping of these terms, we
note that these coefficients will take positive and nega-

1 J. H, Van Vleck, Phys. Rev. 74, 1168 (1948),

tive values of almost equal magnitude with almost equal
probability when the indices 1, 7, ¢/, 5/ span the lattice
sites. Clough and McDonald! have found that re-
taining these terms would only result in a slight cor-
rection to the FID function F ().

The FID function thus simplified is F(£) =U () V(£),
where U(#) is the same as Eq. (19) and

V(1) =1—=38{(Z1)*— Zs+Z:Z5+1 25}

+A{[3(21-1) (2143) /1012421 (I+1) (AZy— Z»)
+S(S+1)CZi+3[I(I+1) JAZs+3[S(S+1) 1DZs}
— (#/324) [ &I (I4+1) (2I—1) (21+3) B
+312(I+1)*(4*— B)

+I(I+1)S(S+1)AC+S2(S+1)CD}, (21)

# 8. Clough and I. R. McDonald, Proc. Phys. Soc. (London)
86, 833 (1965),
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(b)
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Fi16. 2. Theoretical and experimental FID’s of the Na spin system in Harshaw crystal I at By || [110]. (a) Before thermal quench;
(b) after thermal quench.

where
Zl= Zlbij(bjkl) 3y
J

Zy= Zj:'bjk?’X (bat),
Zy= };,’bjk?Y(bjkt) )
Zy= Zj:’bijX(b]kt)Z,
Zsy= Zl:’ckyX'(ckyt) )
A=37ba,
B= i’b,-k“,
D= A]:(bj'k'l)2-
III. THE EXPERIMENTS

A. Procedure

All the measurements to be described consisted of
the oscilloscope observation of the coherently detected

Bo/ [100]

present calculation®

* % ® » Experiment

t—
200 400 600

()

800 psec

free-induction-decay signal F(f) produced by the
sodium spin system in NaCl, following a /2 pulse of
approximately 10-usec duration. All experiments were
done at room temperature.

In the initial phases of this work it was thought
necessary to use only exceedingly strain-free crystals
to minimize quadrupole broadening effects. Toward
this end we obtained from Dr. N. Fuschillo of Melpar,'?
a very carefully grown and annealed crystal, which
probably contained less than 10° dislocation lines/cm?.!
The dimensions of the crystal are X% X 13 in.

All measurements were made with an 8.0-Mc/sec
crossed-coil spectrometer which followed a design of
Clark.* The electromagnet used in these measure-
ments had a field gradient of less than 3 mG across the
sample and was negligible for our purpose. For the
measurements at By || [111], a Harshaw crystal
(Harshaw II) was ground to cylindrical shape with
its cylindrical axis perpendicular to the [1117 direction.
Another Harshaw crystal (Harshaw I) was used for
those measurements at By || [110] and By || [100]. The
shape and size of the Melpar crystal made it impossible
to take data at By || [111]in the crossed-coil apparatus,
so experiments with this crystal were done only at the

By // [100]

present calculation

® % ® % Experiment

0.54

t—

200 400 600 800 usec

(b)

F16. 3. Theoretical and experimental FID’s of the Na spin system in Harshaw crystal IT at By || [100]. (a) Before thermal quench;
(b) after thermal quench.

2 Melpar, Inc., Falls Church, Virginia.

8 N. Fuschillo, C. E. Nelson, and M, L. Gimpl, Rev. Sci. Instr, 36, 1341 (1965).

1 W, G. Clark, Rev. Sci. Instr, 35, 316 (1964).
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F16. 4. Theoretical and experimental FID’s of the Na spin system in Harshaw crystal IT at By || [111]. (a) Before thermal quench;
(b) after thermal quench.

orientations By || [110] and By || [100]. After these
measurements Harshaw crystal I was thermally
quenched by heating it to just below the melting point
and then cooling it immediately in a stream of cool
air until cracks developed throughout. Harshaw crystal
IT was quenched in an oil bath. Free-induction-decay
measurements were then made on the two quenched
crystals.

B. Data Analysis

All FID lines were recorded on high-speed polaroid
films. The decays were assumed to start at the center
of the 10u-sec /2 pulse. The magnetization at =0
could not be observed (because of the finite recovery
time of the receiver) and therefore had to be obtained
by extrapolation, using analytical functions to which
the experimental points were best fitted. For com-
parison with the theory, these extrapolated values
were normalized to unity and the normalized experi-
mental points were plotted alongside the corresponding
theoretical curves. These curves represent a computed
evaluation of Eq. (21) in which v’ was taken as the
average value of the CI*¥® and CI¥ magnetogyric ratios
weighted by the natural abundance of these isotopes.

It was found that before the thermal-quenching
process the unnormalized FID functions could be satis-
factorily described by the empirical function

S(t) = Mo exp[— (a*/2) ] (sindi/bt). (22)

After thermal quench, the FID lines were so markedly
changed that large portions (up to the first 300 psec

or more) of the lines were much better fitted to a
Gaussian function

S () = M, exp[— (a2/2) £]. (23)

Figures 1(a) and 1(b) give the experimental points
(denoted by an asterisk) using the Melpar crystal for
By || [110] and B, {| [100] together with the theoretical
curves based on Eqgs. (18)-(21). Figures 2(a) and
3(a) show the FID’s of Harshaw I for B,||[110]
and B, || [100] before the thermal quench. Figures 2(b)
and 3(b) are the corresponding data after the thermal
quench. Figures 4(a) and 4(b) are the FID’s of Har-
shaw II for By|| [111] before and after the thermal
quench, respectively. In addition to the theoretical
curves (solid lines), Figs. 4(a) and 4(b) also display
the theoretical lines based on Gade and Lowe’s cal-
culations® corresponding to By || [111]. At this crystal
orientation the Na-Cl interaction makes a negligible
contribution to F({), and the work of Ref. 5 is ap-
plicable. To reveal the ineffectiveness of the Na-Cl
interaction for By || [1117, Eq. (21) was plotted with
and without these terms and the two resulting graphs
of F(£) were found to coincide throughout the FID,

For second-moment extraction when the oscillatory-
type function, Eq. (22), is used, the value of the
parameter b is determined from the measurement of
loross, the time at which the FID first crosses the base
line. Thus, from Eq. (22),

b=/t cross- (24)
By plotting S(¢) /[ (sind¢) /b¢] as a function of £ on a

TaB1iE I. Second moments M. of the free-induction-decay lines in various samples of NaCl.

M in units of 10°

M in units of 105 M in units of 108

(cps)? before (cps)? after (cps)?
Sample Field direction  thermal quench thermal quench Theory?
Melpar [110] 6.86+0.1
Harshaw I [110] 6.95::0.1 11.7+0.1 6.83
Melpar [100] 7.0540.1
Harshaw I [100] 6.9340.1 11.424:0.1 6.90
Harshaw 1T [111] 6.6340.1 9.54:0.1 6.82

& See Ref. 16.
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semilog scale, a straight line is obtained from which the
value of ¢* may then be calculated. The second mo-
ment in this case is given in angular-frequency units by

My=a?-50% (25)

All second rmoments before thermal quench were cal-
culated this way. The plots were good at least to the
first crossing points. After thermal quenching the M,
values were extracted from a Gaussian fit.

IV. DISCUSSION

Our FID measurements in NaCl before thermal
quench indicate that the Lowe-Norberg theory, as
extended in Sec. IT, successfully describes the experi-
mental observations through most of the decay time.
However, at the crystal orientations By || [111] and
By || [110], where the beat structure is more pro-
nounced, the theoretical curves at large ¢ consistently
deviate from the experimental curves. This discrepancy
is due to our second approximation explained in Sec. II
in which certain higher-order terms are omitted from
the formula of the LN method. At the crystal orienta-
tion By || [1117, the one-ingredient theory of Gade and
Lowe® is applicable and, as can be seen in Fig. 4(a),
their formula yields a better fit to the data than the
present calculation of Sec. II. This indicates the
desirability of calculating F(¢) rigorously according to
the LN method without making the further simplifi-
cations to which we have resorted in Sec. II. For the
two-ingredient case, however, the full LN calculation
becomes unreasonably lengthy.

Our measurements of M, show extremely good agree-
ment with the theoretical values in all the samples
used. Furthermore, the FID shapes and the corre-
sponding second moments for both the Melpar and
the Harshaw crystals are identical to within experi-
mental uncertainty. It is interesting to note that in
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these measurements the Melpar crystal was handled
with extreme care while the Harshaw crystals were
deliberately subjected to stress so that visible patterns
showed up when the crystals were viewed between
crossed polaroids. In fact, even the rough machining
(by an ordinary sandpaper-type grinder) apparently
did not change the second moment for B, || [1117].
These observations seem to contradict the common
belief that strains induced in NaCl through careless
handling will give rise to appreciable quadrupole
broadening of the NMR line.’® However, appreciable
changes both in S(¢) and M, were observed after the
Harshaw crystals were subjected to severe thermal
shock. The reasonable conclusion would be that the
mechanical strains were either too few or too long
ranged to produce numerous or large field gradients
on an atomic scale, while the thermal-quenching process
produces point defects and dislocations of such propor-
tion that the effect shows up in both the free induction
decays and in the second moments. The fact that after
severe thermal quench the FID lines are better de-
scribed by a Gaussian function also suggests that the
additional quadrupole broadening is Gaussian in nature.

Table I lists the measured second moments in our
NaCl samples together with the calculated values.!
All quantities are expressed in units of (cps)?. The
theoretical values include contributions from both the
Na-Na and Na-Cl dipolar interactions and have been
calculated using the Van Vleck formula.??
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Numerical perturbation methods are used to express trigonal stress splittings in terms of two phenomeno-
logical parameters, vs and v/, for many levels of Cr3*, V2, Niz*in MgO, and Cr*" in ruby and emerald.
Values of v, and v’ for ruby and for Cr3* and V2* in MgO have been determined from published data. Point-
charge calculations using Hartree-Fock free-ion radial wave functions give useful estimates of the stress-

induced crystal-field parameters.

INTRODUCTION

HEN an external stress is applied to a crystal
containing an impurity ion, a splitting and shift
of its sharp-line spectrum may be observed. There are
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two reasons for this. (i) If the impurity ion occupies ro-
tationally inequivalent sites, its energy levels can
suffer different shifts and give rise to an apparent
splitting.l? In other words, orientational degeneracy
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