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The operator structure of the singular terms in the equal-time commutator of space and time components
of the electromagnetic current is investigated in perturbation theory by establishing a connection with
Feynman diagrams. It is made very plausible that the singular term is a ¢ number. Some remarks are made
about the same problem in the electrodynamics of a spinless particle.

I. INTRODUCTION

S first pointed out by Schwinger,! singular terms
must be expected in the vacuum expectation
values of equal-time commutators of space and time
components of the electromagnetic current and gave
an explicit proof of this for the case of the noninter-
acting Dirac field. Johnson? demonstrated that this was
the case for interacting fields on the basis of Lorentz in-
varianceand current conservation. Since current commu-
tators havebeen applied widely with considerable success
during thelast two years, itis of more than academic inter-
est to examine thestructure of the singular (or Schwinger)
terms.

In order to investigate whether the Schwinger term
is an operator or a ¢ number, we evaluate some off-
diagonal matrix elements of current commutators in
perturbation theory in quantum electrodynamics. In
the latter case, the Schwinger term would have no
physically observable effects. In the Appendix we discuss
the electrodynamics of a spinless particle which is
harder to interpret and of less interest than the spin-§
theory because the current is not analogous to a quark
current.

II. FORMALISM

We can calculate the equal-time commutator by
writing the current defined by OA4,=j, in terms of
renormalized Heisenberg fields and employing the
equal-time commutation rules in a straightforward
manner. The current is 7,(x)= (Z1/Zs)efy¥ and this
gives immediately

L»(%,0), 7o(0) ]=0. €Y

Therefore, we define the matrix element of the Schwinger
term as (@™ |[4,(x,0), 70(0)]|8”) computed from the
Feynman amplitude.

We can establish a connection between the matrix
element (@™ |[4,(x,0), 70(0)]|8*) and the Feynman
amplitude for the process 8 — a++v+ in the following
two different ways.?

* Work supported in part by the U. S. Atomic Energy Com-
mission. Prepared under Contract AT(11-1)-68 for the San
Francisco Operations Office, U. S. Atomic Energy Commission.

17, Schwinger, Phys. Rev. Letters 3, 296 (1959).

2 K. Johnson, Nucl. Phys. 25, 431 (1961).

3 See, e.g., J. D. Bjorken, Phys. Rev. 148, 1467 (1966).
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The S-matrix element is
(a; kyyer; ko, | BD)=1—1(2m) 6% (pa-tkrtka— pp)
(3 .
X——a; ks, &2 ju(0)|BF).
(2wy) V2
We define the Feynman amplitude 91 by
M= —ier* (2wel12Ea2Ep) 1 ¥at; ko,e2 | 7,(0) [ BH)

= —ertey’ (II2E,2Eg) V2 / dx er-a ]
X{@P| T[4, (x) 7.(0)]|8)

= e1te’ My,

and we break up 917, according to MM, =N, =491, P,
where

M, M= — (I2E,2Eg) 1/2/d4x ethr-e
X | T(7.(%)7x(0)1|8),

M, (P = — (LI2E,2Ep) 12 / dix ¢—krx

X (@ | [4,(x,0)+iw24,(x,0), 7,(0)]]8).
Now let %; remain fixed as w; — « and use the identity
@) = e, (x,0)e e

= j,,(X,O)-[—ixo[H, jy(X,O)J
1
+-2“'(’on)2[H, [H; ],.(X,O)]]"‘ e

to perform the integration over «, in 917,,™. A series of
decreasing integral powers of w; results with the leading
term (1/w2)X 4,

Xw=—1(TI2E,2Eg)Y? | d?x ¢~tk2x
XD [[5,(x,0), 7x(0)][8D).
Inverting the Fourier transform, we find

@2 [5:(=,0), 7.(0)]]8)

(2 /‘ 3k, iky XY (k ) (2
_(HzEazEﬁ)ln (21r)3p 124 27?0‘,Pﬁ . )
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The other relation between the commutator and the
amplitude is based on current conservation. By trans-

lational invariance

M, = — (IIZE,,ZEp)W/d“x gihi-e

X (@[ T[5,(0) ju(—2)][8).

Therefore,

k 1#3](“ (¢9)]
(I2E,2Ep)V2

=—/d“x(ia"e‘””")(a(_)lT[j»(o)ju(—x)]|5(+)>
i / @ %152 [7,(0), jo(—x, 0)|8)

=1 / d*x e XaO|[4,(x,0), 70(0)][BD).

Inverting the Fourier transform and using current
conservation in the form #;#9M,,=0, which implies
kg 0, 0 = — Ey#9N,, P, we obtain

(@214 (,0), 70(0)]18)

: / P vt enpaiy). ()
= e2 xR HIT ., Daps). (3
BBy ) @y e (Erbets

In using Eq. (2) or Eq. (3), 9, is written down from
the Feynman rules and its asymptotic form is computed
in the limit wy — © with %, fixed. 9M,,?) is at most a
linear polynomial in w; and is easily isolated as the part
of 9, which does not tend to zero in this limit.

Equation (3) may puzzle the reader for two reasons.
First, it is not obvious that it agrees with Eq. (2) and
second, the right-hand side appears to depend on ws,
which the left-hand side clearly must not. Since 9, ®
must have the form

mnv(P) (kZ;PmPB) =4 w (k2:Pm?ﬂ) +wﬁBuv (k‘bPa)?ﬁ) )
we have as wy— o, &, fixed,
mnv - w2Buv+Apy+w2_1X;w+O (w2—2) .

Now, using ki=ps—poa—Fke=g—k: we can expand
k1#9M,, in powers of ws™ to obtaint

0=k*My= —w?Bo,+ws(goBo,— A o+k1°Bi)
+ (qu o—Xo+k1'4 iv)+0 (wz_l) .

4 Roman indices refer to space components only.
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This yields, of course,
Bo,=0,
qoBOv_AOV'I‘kliBiv: 0,
Xo= QOAo,:'I-kf'Aiy-

But )
©r* My, P = —ws? Bo,+wa (qeBoy— Aoy +k1°Biy)

+ (god otk 5).

Comparing this to the three equations above, we see
that k910, P)= X, and this resolves both of our ap-
parent difficulties at the same time.

In order to apply our formalism, we must study
reactions with two photons in the final state. Processes
which can be obtained from these by crossing naturally
would give no new information. The simplest cases to
consider to lowest order are pair annihilation and
photon-photon scattering. The latter would be expected
to give a nonzero result for virtually any operator
Schwinger term.

III. RESULTS

For electron-positron annihilation, Egs. (1), (2), and
(3) all yield to second order

O] [5:(x,0), 7o (0)][ £,5; ,8)=0.

For Delbriick scattering, Eq. (1) gives (kse3; ks, e
X[4,(x,0), 70(0)]|0)=0 and Eq. (3) is much more
convenient than Eq. (2) for comparison with the
result expected from the Feynman amplitude. In spite
of the fact that My, (k1,ks,ks,ks) converges, regulators
must be used to enforce gauge invariance.® This amounts
to using the amplitude

Muno (B ko, ks, kes) = Muno (F1,k2,k5,k4) — NMne (0,0,0,0) .

Now in computing Ny, (k1 ke,ks,ks), we may set
ks=Fk4=0. Since®

Myre (1,k2,0,0) = Mya, (0,0,0,0)
we obtain immediately
Mno B (fr,k2yks,k 1) = Mpune (0,0,0,0) .
Therefore, Mo P (k1,ka,ks3,ks) =0 and again we get no

Schwinger term.

IV. CONCLUDING REMARKS

If we are prepared to ignore the fact that the introduc-
tion of regulators is a purely formal device whose
effect on the current is unclear, we can postulate with
confidence that the Schwinger term is a ¢ number.

6 K. Johnson, Lectures on Particles and Field Theory (Prentice-
Hall, Inc., Englewood Cliffs, New Jersey, 1964), Vol. 2, pp. 71, 72.
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Boulware® reached the same conclusion by a completely
different method.

We could also use Eq. (2) for Delbriick scattering,
but since it necessitates finding the next to dominant
terms of the amplitude, the calculation would be much
more tedious and its independence of regulators only
apparent because we must, in principle, regularize the
complete amplitude before finding its limiting behavior.
Pair annihilation to fourth order, besides being very
messy, has an infrared divergence which cancels out
only in the cross section and is not expected to do so
in the commutator. It is very unlikely, in any case,
that a Schwinger term which gives a null result in
photon-photon scattering would show up here.
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APPENDIX

In the electrodynamics of a spinless particle, the
current is

Tu®)=(Z1/Z3)[ie(0d,u0*— ¢*up) — 2684 u0* 0]

and therefore

L7:(x,0), jo(0)]= —2ie*(Z1/Z3)°[8°(x) (¢*dio+ ¢di0™)
—¢*(0)(0)3:6°(x)]. (4)

We now define the matrix element of the Schwinger term
as (a@|[i(x,0), jo(0)]|8+), computed from Eq. (4)
subtracted from the same quantity calculated from
Eq. (2) or Eq. (3).

For pair annihilation Egs. (2), (3), and (4) all give

O0][/:(x,0), 70(0)]] 9,0
=[2¢"/ (4wgw)"®) J[i0— (g+0) 1:3° (x).

Photon-photon scattering is complicated by the
presence of seagull diagrams. Some of these are in-
dependent of %, and would therefore have to be eval-
uated exactly if we used Eq. (3). The calculation using
Eq. (2) is considerably more tedious than the spin-3
case and occasionally it is necessary, in order to avoid
spurious singularities, to break up the region of integra-
tion every Feynman parameters and to approximate
the integrand differently in the two regions. As an ex-

¢ D. G. Boulware, Phys. Rev. 151, 1024 (1966).
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ample of this, we would write

1 1 z
/dz/ dx/ dy
0 z z
1 1 z € 1 z
z/ dz/ dx/ dy-l—/dzf dx/ dy,
Je z z 0 0 0

where 0<eX1. A typical expression obtained after in-
troducing Feynman parameters is

a?=p2—z(1—2)k2—y(1—yk2—2x(1—x)ks
—2z(1—y)ke—ks—2z(1—x)ks—ks—2y(1—x)ks— k.
In the first region a*~—3z(1—2z)w.?, whereas in the

second region @?=pu2—2y(1—x)ks-ks—2ws? If we take
k3-ks=0 to save labor, we obtain

(ksye5; kayed| [1:(x,0), 70(0)]]0)
= — (1/ (4wsws)''?) (¢*/1872) [es:€10 (9ws—ws)
+ €44€30 (9(04'—(.03)]53 (X) .

We have not succeeded in comparing this with Eq.
(4) because evaluating the latter between the same
states diverges. Consider, for example,

(&/ (4oswa) ) est e’ A = ks,€5; kayes| ¢(0) ¢*(0)|0)
=3 n(ks,e3; kayea] o|m)(n| o*|0).
To lowest order |#)=|q) and (g| ¢*|0)= (1/ Qw)"?),
(ka,ks| T| )
wi— (kst-ki—q)?’
where (O-+u2) ¢ (x)=J (x). Thus,

(ks ks| 0| )=

(ks kea] T | g)
—1ie? I’-’iér (Zq— 2ks—ky)es- (Zq—kz)
(8wgoson) 2L (g—ks)*—u?
—iéa' (2q— 2k4'— k3)€4' (Zq—k4) .
+ 21-g,,,,]
(Q“ ky)?—p?
and A, is given by the divergent integral

) /dsq 1 1
) () 20, 2 (ke — kB
(2qg—2ks—k4),(29—k3)
x|
2q‘k3

(20— 2ki—E3), (20— B2,
T o 4+2g,.y:|
24k4



