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We introduce the notion of a field which is strictly localizable within a region of space-time. We investigate
what restrictions strict localizability imposes on the high-energy behavior of fields, and we find that it leads
to an upper bound on the growth of a field in momentum space. This bound allows the off-mass-shell vacuum
expectation values to grow in momentum space faster than any polynomial. Furthermore, it turns out that
no maximum rate of growth exactly saturates our bound. In addition, strictly localizable fields need not be
Schwartz distributions. However, the usual distribution fields are strictly localizable fields of a special type.
We formulate a strictly local field theory in precise mathematical terms. Finally, we discuss simple examples

of strictly localizable fields that are not distributions.

I. INTRODUCTION

N this paper we introduce the notation of a strictly

localizable field (SLF). It is the first of a series of

works on the properties of strictly local field theory
(SLFT).

We shall study quantum field theories in which it is
possible to incorporate the physically motivated re-
quirements of: (a) a Hilbert space of states; (b) co-
variance of the fields under Lorentz transformations
and space-time translations; (c) positive energy;
(d) locality (as local commutativity of fields); and (e) a
particle interpretation.

On the basis of the Hilbert space and covariance
alone, it is known that a field 4(x) will not be a field
of operators; rather it must be smoothly averaged over
some space-time region in order to yield an operator.!:2
In fact, using covariance one can write a spectral repre-
sentation for the two-point vacuum-expectation value
of a field, which for a scalar field has the form?—¢

Wo,A*(®) A (YWa)= / e~ EVp(p)dp. (1)
Here p(p) is Lorentz invariant:
p(Ap)=p(p). @)

From the positive metric in Hilbert space, it follows
that p(p) is a positive measure. If we assume that 4 (x)
is an operator applicable to the vacuum state yy,
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then
A= Go,d ()4 (D))= f Wpip<o. (3)

Combining the facts that p(p) is positive, Lorentz in-
variant, and integrable, would lead to

p(p)=c8%(p). (€]

Hence, we conclude that the field A(x) can be a field
of operators only in the trivial case that the two-point
function is a constant:

Wo,A*(x)A(YWo)=c.

A similar result holds for fields with higher spin.

In other words, we are forced to formulate a field as
an operator-valued generalized function. A field must
be averaged with a smooth test function in order to
yield an operator

®)

4= [ seas. ©

Let us introduce the idea of strict localizability.
Suppose that a field A(x) can be averaged with some
test function f(x¥) which vanishes outside a certain
region of space-time. Then we say that the field 4 is
strictly localizable in that region. Such a notion is con-
venient for the statement of local commutativity, so
we shall insist that our fields are strictly localizable
within bounded open regions of space-time. Then
locality of the field 4 will be expressed by the fact that
A(f) commutes, or anticommutes, with 4 (g) whenever
the test functions f(x) and g(x) vanish outside spacelike
separated regions. (Later we shall specify more precisely
exactly which test functions are allowed, and on what
set of states the field operators can be applied and are
expected to commute.)

In this series of papers we show that it is possible to
fit strictly localizable fields into the framework of a
local quantum field theory. We introduce new classes
of test functions for fields. We show that these lead to
fields which need not be Schwartz distributions; rather
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they are operator-valued generalized functions which
include the tempered fields as a special case.

We derive for our more general class of fields, certain
results obtained previously for tempered fields. These
include the connection between spin and statistics,”-®
the existence of CPT symmetry,®! crossing sym-
metry 1112 the asymptotic condition,*~'% and the proof
of dispersion relations.6=1?

The wider class of fields studied here is physically
relevant, since it allows for the possibility that the off-
mass-shell amplitudes can grow at large energies faster
than any polynomial. Such behavior is ruled out by
assumption in the study of tempered (Wightman)
fields. Nevertheless, one believes that faster than
polynomial growth at high energies is associated with
fields which describe weak interactions, and possibly
also strong interactions.

II. DISCUSSION

In the usual Wightman framework, one assumes that
a field is an operator-valued tempered distribution.?-22
Occasionally it was found convenient to relax that
assumption and to only assume that fields are operator-
valued Schwartz distributions.?® Let us see why even
this wider framework is inadequate for relevant field
theories. Since the state space is a Hilbert space, vectors
have a positive length:

[ A(Dol*= f WoA*@) AW f(x) f(y)dxdy=0. (7).

If 4 is a scalar field, this norm can be written in terms of
the spectral representation (1) which gives

lawde= [l TDlp20. @
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19 K. Hepp, Helv. Phys. Acta 3};, 639 (1964).
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Since (8) must be true for every f(p) whose Fourier
transform f(x)E D(NY), the space of infinitely differen-
tiable functions with compact support,? we infer that
o(p) is a positive, tempered measure.?:26 In other words,
there is a finite integer NV such that

p(p)
Y <, 9
/ At ? ©

where ||p||2=po>+p? is the square of the Euclidean
length of p. In particular, (9) shows that only a finite
number of subtractions are necessary to define the time-
ordered two-point function, or propagator.?’

There are many indications that (9) is not true in
relevant theories, and hence that some relevant fields
cannot be operator-valued Schwartz distributions. For
instance, in the study of Lagrangian field theory de-
scribed by a nonrenormalizable interaction, perturba-
tion calculations lead one to expect an infinite number
of subtractions in defining the time ordered two-point
function.?® Secondly, certain exactly soluble models
which come from nonrenormalizble Lagrangians have
two-point functions in which p(p) is not tempered.20—3!
For instance, if ¢(x) is a free, neutral scalar field, and
Y(x) is a free spin-3 field, then A(x)=:expo(x) ¥ (x)
has a two-point vacuum expectation value

(o, A" (2)A (YWo)
=(1/)S®(x—y) exp{—iAD (x—y)}.

o (@ (W)= (1/)S P (x—y),
Wo (@) (y)o) = (1/)AD (2 —y).

(10)
Here

and

Expression (10) is not a Schwartz distribution, but it can
be defined as a generalized function?®?:33 on all test func-
tions which are Fourier transforms of functions in
D(NRY). Further evidence for the singular behavior of
the two-point function comes from an approximate, but
nonperturbative, calculation by Bardakci and Schroer®

24 The support of a function is the smallest closed set outside
which the function vanishes identically.

2 A distribution T is said to be positive if for every positive
test function f, 7(f) >0. A positive distribution must be a meas-
ure (see Ref. 23).

26 A distribution T is positive definite (of positive type) if for
every function f in D, T(f*f)>0, where f(x)=f(—x). Every
positive-definite distribution is the Fourier transform of a posi-
tive, tempered measure (see Ref. 23). This was applied to field
theory by Wightman (see Ref. 20).

27 Q. Steinmann, J. Math. Phys. 4, 583 (1963).

28 N. N. Bogoliubov and D. V. Shirkov, Introduction to Quanutm
Field Theory (Interscience Publishers, Inc., New York, 1959).

29 W. Giittinger, Nuovo Cimento 10, 1 (1958).

8 T. Pradhan, Nucl. Phys. 43, 11 (1963); B. Schroer, J. Math.
Phys. 5, 1361 (1964).

31 B, Klaiber, Nuovo Cimento 36, 165 (1965).

32]. M. Gelfand and G. E. Shilov, Generalized. Functions
(Academic Press Inc., New York, 1964), Vols. 1 and 2.

3], M. Gelfand and N. Ya. Vilenkin, Generalized Functions
(Academic Press Inc., New York, 1964), Vol. 4.
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on vector mesons interacting with scalar mesons by a
A *#d,¢? coupling.

In all the cases described above, it is possible to use
momentum-space test functions in ®. In other words,
it seems consistent to describe a field as an operator-
valued distribution in momentum space, and this was
proposed by Giittinger?® and by Schroer.?® However,
the Fourier transform of ® contains no functions with
compact support, so that fields defined on only those
test functions may not be strictly localizable. Thus it is
not clear how to formulate locality for such fields, and
all the major results of local quantum field theory would
not naturally carry over. A suggestion was made by
Nguyen Van Hieu®® and also by Giittinger® that a new
class of test functions might be used to make a state-
ment about locality.

We show here that it is possible to carry through the
field-theory program for strictly localizable fields. In
this work we shall assume that our fields are operator-
valued Schwartz distributions in momentum. space.
While that considerably simplifies  our analysis, and
there is no known reason to believe that it is false; we
shall remove that restriction in a later work.

III. TEST FUNCTIONS AND HIGH-
ENERGY BOUNDS

A. Requirements on the Test Function (T.F.) Spaces

T.F.1. We denote the configuration-space test func-
tions by €(N*) and their Fourier transform, the mo-
mentum-space test functions, by I (N*). Both € and
9 should be countably normed, complete, linear spaces
in which the nuclear theorem holds.?” They should be
invariant under linear transformations and translations
of the coordinates.

T.F.2. (Strict Localizability) Define %(0) to be those
configuration-space test functions, localized in the open
space-time region O.

O)=ERHND(0). 11)

We assume that L(R*) contains some function which is
not identically zero.

T.F.3.
that

(Momentum-Space Distributions) We assume
DRHYCTM(RY).

“T.F.4. (Topology) We assume that convergence in
IN(RY) is defined by the following family of norms:

[l £lln.m.a= S gAllpl)HA+lplIH~1 Dmf(p)| . (12)

3 Nguyen Van Hieu, Ann. Phys. (N. Y.) 33, 428 (1965).

36 W. Giittinger, Fortschr. Physik (to be published); Nuovo
Cimento (to be published).

7 Let T be a multilinear functional defined on functions in
®:E(RY), and continuous in each variable, the other (I—1)
being held fixed. The nuclear theorem says that T" has a unique
extension to an element of €'(9N?). This is a stronger requirement
that the “abstract kernel theorem” proved in Ref. 33 for “nuclear
.spaces.”
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Here # and 4 are integers,

olml
Dn= ,
-6?0’"“3?1"‘1' - 0ps™s

Cm| =moetmit- - Fmg, (13)

and g(¢) is an entire function which will characterize
the momentum-space growth of the off-mass-shell
amplitudes

g(t2) = Z CZrt2r’ 627‘20 ) CO#O.

=0

(14)
Then

MR)={fP):] fllnm,a<e forallm,m, A}. (15)

When we consider all the various test-function spaces
which meet these requirements, there is no one smallest
space contained in all the others. Hence there is no one
test-function class switable for all strictly localizable fields.
Each field will dictate which test-function space is
appropriate for that field, and the relevant test func-
tions will vary from problem to problem.

B. Test Functions over R’

It is possible to define analogous test-function
spaces over % namely, C(RY), MERY, or LRYH.
Merely replace R* by R in each definition. Note that
the norms defined in (12) automatically entail T.F.3,
the fact that the fields are Schwartz distributions in
momentum space.

C. A High-Energy Bound Imposed by Strict
Localizability

The property of strict localizability can be translated
into a property of the growth-indicator function g(?).
In particular, strict localizability puts a high-energy
bound on the growth of fields. It will be used in later
works to give bounds on matrix elements.

Theorem 1. (High-Energy Bound) The space {(RY)
is nontrivial (that is, there exists one local test func-
tion not identically zero), if and only if

* In g(#%)
/ dt<
o 1422

In terms of the power series coefficients of g(#%) defined
in (14), the function g(#) satisfies (15) if and only if

(16)

> sup [(carszn)/Cri?m ] < oo,

=0 n>0

an

We next see that whenever there exists onme strictly
local test function, a sufficiently large class must auto-
matically exist.
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Theorem 2. Tf R is a nontrivial, then for any open
region O in N, the space R(0)=CE(RHMND(O) is dense
in the space D(0).

Remarks

(1) I g(t) is a polynomial, then E(RY)=I (R
=S, the Schwartz space, and (R} = D(NRY).

(2) Theorem 1 gives a high-energy bound on strictly
localizable fields. For example, while growth of g(||]|?) as

exp{[[p]l/(In||p[})**} (18)
exp{[2[l/(In|p|| (in In]|p[[)*+)}

is acceptable, a growth as fast as

exp{|[p]l/In]| ]|}

is not strictly localizable. In a later paper, we translate
this bound into a bound on the growth of the momentum-
space vacuum-expectation values.

(3) Theorem 1 provides the substance for the remarks
made above that there is no one test-function class
suitable for all strictly localizable fields. If we are given
g(#?) for which (16), is finite, then there is a.function
f(#?) for which (16) is finite and such that for any 4,

lim g(42)/f(#%)=0. (19)

or as

(4) We postpone the proof of Theorems 1 and 2, and *

first define a strictly local field theory.

(5) In Ref. 38 we apply the bound of Theorem 1 to
derive a bound on the decay of form factors at large
momentum transfer.

IV. A STRICTLY LOCAL FIELD THEORY

We define an SLFT as a local field theory of an SLF.
We adopt the usual Wightman assumptions listed in the
introduction?*2? and we now give them in a form
applicable to our fields.

A. A Hilbert Space of States

The state space is a (separable) Hilbert space H.
There is a unitary representation of the Lorentz trans-
formations on H. More precisely, there is a strongly
continuous unitary representation U(a,M) of the cover-
ing group of the Poincaré group, namely, the inhomo-
geneous SL(2; C) group.

B. Fields as Operator-Valued Generalized Functions

To each test function f(x)EC(RY), a field A assigns
an operator A(f). All such field operators are defined
on a common, dense, invariant domain DCH. The

38 A. M. Jaffe, Phys. Rev. Letters 17, 661 (1966).
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domain D is invariant under Lorentz transformations,
under space-time translations, and under application of
the field operators

U(e,M)DCD,
A(f)DCD, (20)
and
A*(f)DCD.
For each ¢, ®, in D, the form
W@,4()P)

is continuous in f in the topology of E(94). That is,
(¥,A®) is a generalized function in §'(RY).

C. Covariance of the Fields

The field A4 with components 4; transforms under the
Poincaré group as

Ula, M) A,(H)U 0, M0)
= £ Su(M-Ddxfraadd, 21

where ¢ is any vector in D,

(flan) (%)= fAM ) (x—0a)),

and Sj(M7) is a finite-dimensional representation of
SL(2; C), the covering group of the Lorentz group.

(22)

D. Positive Energy

By Stone’s theorem,

U(a,1)=exp(iP*a,) , (23)

where P* is interpreted as the energy-momentum opera-
tor. The spectrum of the energy-momentum is assumed
to lie in the closure of the forward light cone. In other
words, for any vector ¢ in the domain of P», the

numbers
ke=(y,Prp)

form a vector in V+. We assume that there exists a
unique vector yo in H, invariant under Poincaré
transformations, and denote ¥, the physical vacuum.

U(a;M)‘/'0= KI/O ) (24)
Piy=0.

The vacuum ¢, is assumed to be cyclic for the smeared
fields.
E. Strict Localizability and Locality

We assume that the field 4 is strictly localizable;
in other words, 2(*) is assumed nontrivial. Then A4 is
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local if whenever f and g in R(J*) have spacelike
separated supports,

A A=A ANV

Here ¢ is any vector in D.

(25)

F. Particle Interpretation

We wish to ensure a particle interpretation and a
connection with an .S matrix. This will be discussed in
a later work.

V. QUASIANALYTIC CLASSES AND THE PROOF
OF THEOREMS 1 AND 2

In this section we shall prove Theorems 1 and 2. Since
we shall use the theory of quasianalytic classes of
functions,?—*2 we review some definitions.

A. Quasianalytic Classes

An important property of analytic functions is the
fact that they are uniquely determined by their deriva-
tives at a point. Taking this property as basic, .a class
of functions is called gquasianalytic if any function in
the class in uniquely determined by giving all its deriva-
tives at a point. Thus analytic functions form a quasi-
analytic class, but there may be other quasianalytic
classes which contain functions that do not have every-
where convergent power series.

Let {M .} be a sequence of non-negative numbers, and
consider the class of infinitely differentiable functions
C{M .} defined by the following: A function f(x) of one
real variable belongs to C{},} if and only if there exist
constants 4 and 4. such that the derivatives of f(x)
satisfy
sugl | D f(x)| < A1(42)"M . (26)
ES

The class C{M .} is a quasianalytic class, if and only if
any function f(x)&C{M,} which vanishes along with
all its derivatives at one point,

(D f)(%0)=0,
must vanish identically:
f(x)=0, forallx.

Thus no quasianalytic class of functions will contain a
nontrivial function with compact support. Conversely,
the following is known (see Mandelbrojt#:4!):

Theorem 3. Every class C{M,} which is nof quasi-
analytic, contains a nontrivial, positive function with
compact support.

8T, Carleman, Les Fonctions Quasianalytiques (Gauthier-
Villars, Paris 1926).

40 S, Mandelbrojt, Rice Inst. Pam. 29, No. 1 (1942).
. 41S, Mandelbrojt, Séries Adhérantes, Régularisation des Suites,
Applications (Gauthier-Villars, Paris, 1952).

42 P, J. Cohen, Stanford Report, 1966 (unpublished).
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The classical theorem of Denjoy and Carleman gives
the condition on the coefficients M, which is necessary
and sufficient for the class C{M .} to be quasianalytic.
A related condition was given by Ostrowski.3*—42
Theorem 4. (Denjoy-Carleman) The class C{M,} is
quasianalytic if and only if

2 sup [(Mpyn) W =0, (27)
r=0 n>0
Theorem 5. (Ostrowski) Let
H()=sup [t'M,1].
>0
Then the condition (27) is valid if and only if
© InH(t)
/ di= oo, (28)
1 B

B. Some Useful Results
Recall that (R =FMRHN D(RY), where F stands

for Fourier transformation. We start with

Theorem 6. 'The space £(N?) is nontrivial if and only if

2 sup [(corp2n) /G < oo,

=0 n>0

(29)

where ¢y, is defined in (14).

Proof. Suppose that f(x) is a nontrivial element of
RY), with Fourier transform f(p)SIN(RY), nor-
malized so that /"g(p?)| f(p)|dp=1. Then

; N -
% sup 1D9@< | T a1 f@)1dp. (G0

r=0

By the monotone convergence theorem, (30) remains
bounded as N — and therefore

o sup |D? f(x)|<1,
xERL

or

sup [(caryan)t! GrH2n) ]

n>0
<sup [(sup [D2r#2mf(x)[)~1/Criam], - (31)
m>0  xER!

Use

sup( sup | Dervany )|/
m>0 &Rt

<sup(sup |D¥Hmf(x)|)=tCrtm),
m>0 xER!

sum (31) over 7, and add the odd terms to the right-
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hand side in order to get

0

2 sup [(carpan)t/ @2 ]

r=0 2>0

<Y [sup( sup |Drnf(a)|y1e+n], (32)

r=0 n>0 xER!

Since f(x)5£0, and f has compact support, it does not
belong to any quasianalytic class. Therefore, by

defining
M= sup |D"f(x)|,
xERL

we infer from Theorem 4 that the sum on the right side
of (32) is finite, which is the desired result.

Conversely, let us suppose that the sum (29) is
finite; we then construct a nontrivial function in
Q(NY). The first step is to note that any infinitely dif-
ferentiable function f(x) is an element of €(R?) if it has
the following property: For each 7, m, and B, there
exists a constant M (n,m,B) such that

M (n,m,B)
sup |(14a)Dr+n{am f(x)}| <——, (33)
xERL 2r D7
where
dor=[sup{capyant/ G2} J2r, (34)

n>0
We now verify that f(p), the Fourier transform of f(x),

is an element of M(R?), which means that || fljn,m,a<
for all the norms defined in (12). Clearly,

1 Fllnm,a<2" écw‘l’{lﬂ ormt| flortan,m},  (35)

where B B
| Flam= sup |p"D"f(p)]. (36)
pER!
However,
[JlnmSa sup |(+aD e Y], (37)
where

a= fdx(1+x2)‘1.

Combining (37) with the assumption (33) leads to

(171l m, 4 < 2{}(O,m,B)+M (2n,m,B)}

<<G)G) o

Since by definition ¢s,<ds,, the series on the right-hand
side of (38) converges whenever we choose the arbi-
trary constant B greater than 4. Thus f(p) is an element
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of M(NY), and f(x) an element of C(R?). We now need
to show it possible to construct such an f(x) with
compact support. If g(#?) is a polynomial, E(R?)
=SRHD D(RY), so we can assume that not to be the
case.

Let
Qor= (d2r) 1ar ) (39)
where ds, is defined by (34). Also, let
Ner= Z OQam
(40)
Bor= a2r/ (772r)1/2 5
and
Yor= inf Bem.
m<r

By hypothesis (29), we have no< «. It is then easy to
demonstrate that

Z ﬁ2r< © ) (41)
=0

and hence that
2 <o, (42)
r=0

It is no loss of generality to assume v, <1. Note that
@ar, Yor, and ve,?" all decrease monotonically. Thus

(0!2,-/727) S\/ﬂh (43)
for some s(r)<r. Furthermore, by (42) we see that

v2»— 0 as r—o, which implies that s(r) —ow as
7 — o, Thus 7,y — 0 as r — o, and

lim (az,/v2-)=0.

>0

(44)

Define
Ms= (72r)—2r )

Morp1= (yor)~@rtD | s)
and consider the class of infinitely differentiable func-
tions C{M,}. From (42) we see that C{M,} is not a
quasi-analytic class. Hence it contains a positive func-
tion /(x) with compact support. Since C{M,} is in-
variant under translations and dilations, we can as-
sume that /(x) vanishes outside the interval I=[—4, 7.

We now show that

J(@)= (hoh) () = [ h(x—y)h(y)dy (46)

ig an element of {(N?). Since f(x) is infinitely differen-
tiable and vanishes outside the interval 27, it is suffi-

cient to prove that f&E(R?). Keeping the support of
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f(%) in mind, we have

sup |(1+a%)D+n{am f(x)}|
2ERL

<2 sup |D+n{amf(x)}|
2ER

m 2 +
<2% swp (ID“x"'llD"’“‘“f(x)l)( ’ ”)

a=0 x&Rt

< [22'+”+1(m+ ! / | D*h(y)| dy]

X sup [Drr—ap(x)].

2ER!,0< a< min(m,2r)

Recall that 2(x)EC{M .}, and that M, defined in (45)
increases monotonically. Thus

sup |(1+aB)D¥rn{amf(x)}]
2ERL

<22t (1) / | D h(y)| dyAs(A2)* Mo,
2BY24 20[2,-)2" 1
ds.B"

=C(n,m>( . 47)

Yer

where C(n,m) is a constant independent of r. By rela-
tion (44), we infer that

231/2142&21 2r
sup C (n,m)<~——————> =M(nm,B)< . (48)
4 Yer

Therefore we conclude that
M (n,m,B)
sup |(1+a?) D> +r{amf(x)}| <——")\
2ER! de,B"

which is precisely relation (33). The above argument
then shows that f(x)EE(R?Y), which completes the
proof of Theorem 6.

Theorem 7. X(RY) is nontrivial if and only if (R?) is
nontrivial.

Proof. If flx)EQRY), then [T flx,)SYRY). This
follows from the fact that g(t:2+ - - -+ < g(ita?)+- - -
+g(It:2). Conversely, if f(x1,- - -,2)ELXRY), then fixing
%3, %3, - +, %7 yields a function in Q(JR?).

Theorem 8. R(RY) is nontrivial if and only if

* In g(#2)
/ 1<,
o 142

Proof. By Theorem 7, it is sufficient to prove the
case I=1. Suppose first that (49) holds, and consider
the class C{M .}, where we define

(49)

Mor1=Mo=(cor)t. (50)
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Then for i>1, g(i%)>H(f), where H(f) is defined in
Theorem 5. Hence (49) leads to

* InH(t)
/ dt< o,
0 72

which by Theorem 5 assures us that C{}/,} is not quasi-
analytic. Therefore Theorem 4 gives that

2 sup [(carten) /O] < o0,

r=0 n>0

which by Theorem 6 is equivalent to a nontrivial
space L(RY).

Conversely, suppose that f(x) is a nontrivial element
of Q(N1), whose transform f(p) is normalized so that

Sg#?)| f(p)|dp=1. Then by (31),
| D f(x)| <1/car.
Consider the class of functions C{M,}, defined by

M,=4r sup |Df(x)|,
zER!

1

where A4 is a given constant. Since M5, < A2 ¢y, 7%, the
function H(#) defined in Theorem 5 satisfies

A H(t) > co0t?r, for all 7. (52)
Choosing 4 <1 and summing over 7 yields
H()2(1—A4)g(). (33)

Since f(x)&C{M.}, the class C{M,} is not quasi-
analytic. By Theorem 3,

© InH(t)
/ &<,
1

t2

which combined with (53) yields

* In g(#2)
/ dt< oo,
o 142

This completes the proof of Theorem 8.

C. Proof of Theorems 1 and 2

Theorem 1 is a combination of Theorems 6-8, and
hence has already been proved. We now proceed to
Theorem 2. First note that it is sufficient to prove that
if Q(NY) is nontrivial, then it is dense in D(R?). Secondly,
convolution by D maps { into £, D*RCL.

Let us suppose that & is nontrivial, but not dense in ©.
Then there exists a nonzero Schwartz distribution
XE D' which annihilates €, X(¥)=0. In other words, for
any fEYRY), h&DRY,

X(f#h)=0= (hxx)(f), (54)
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where (h) (%) = h(—x). Here h#X is a regularized distribu-
tion, and hence an infinitely differentiable function.

In the proof of Theorem 6, it was shown that if
Q(NY) is nontrivial, then it contains a nontrivial, non-
negative function. In the proof of Theorem 7 this posi-
tive function yields a nontrivial, non-negative function
f() in RY). Furthermore, since LIR?) is translation
and dilation-invariant, it is possible to choose the sup-
port of f(x) in an arbitrarily small neighborhood of any
given point.

We now use this fact to show that X must vanish.
Suppose not; then for some A& D, the regularization
(A#X)(x) is not identically zero. Choose a point 2o
where (h#X)(x0)70, and chooses a sufficiently small
neighborhood N of %o, so that the real or imaginary
part of the infinitely differentiable function (h#X)(x)
has a constant sign. Choose the support of f(x), a
positive element of (R?) to lie in N. This contradicts
(54), unless X=0, and therefore it completes the proof of
Theorem 2. i

VI. EXAMPLES

In this section we discuss some simple examples of
SLF’s which are not operator-valued distributions.
While the examples given have trivial scattering, they
give a concrete illustration of how to deal with singular
high-energy behavior. The most straightforward ex-
ample of an SLF is obtained by exponentiating a free
scalar field ¢(x). It was explained in Sec. II that

A(x)=expho:(x)

cannot be an operator-valued distribution. Nevertheless,
if we choose the indicator function g for €(R4),

(55)

gA)=2 cant?,

r=0

to have exponential order in ¢ greater than £, then A(aé)
isan SLF in §'(R9). For instance, given any 0< e<1, an
acceptable choice for g would be given by

Cor=1/@r—er)!. (56)

In this case, the two-point function of the exponential

STRICTLY LOCALIZABLE FIELDS
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can be written
Wo, A*(@)A(Y)W0)
=exp{ |\ *Wo,o(*) e(»)¥0)}
=exp{|\| 2(m?*/8mi)[m*(x—y)*] "/
XH D((m*(x—3)%)'%)}

00 1
- / () -AP UL x—y)dM?, (57)
0 7

where p(M?) is a positive measure, and

* p(M?)
/ dAM?*< =,
o g(M?)

Here g is an acceptable indicator function described
above. Thus at large values of the invariant mass M2,
the spectral weight p(M2) grows slower than the indica-
tor function g(M?).

More generally, if one were interested in exponenti-
ating any free-field component defined over /-dimensional
space-time, this can be done to give an SLF in €'(3Y).
The strict localizability of such functions of free fields
was discussed in Ref. 43. In addition, any entire func-
tion of a free field* can be realized in four-dimensional
space-time as an SLF. It is possible even to include a
wider class of functions.

In all these cases, the discussion of convergence of
infinite series of free fields can be dealt with by using
techniques similar to those in Ref. 44. The required
technical tools will be developed in later works. In
particular, there is a limit theorem* associated with
C’(RY), and this allows a discussion of convergence of
fields in terms of their analytically continued, vacuum-
expectation values.

(58)
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