
PHYSICAL REVIEW VOLUME 158, NUMBER 5 25 JUNE 1967

Sources and Electrodynamics
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A new kind of particle theory is being explored, one that is intermediate in concept between the extremes
of S matrix and field theory. It employs the methods of neither approach. There are no operators, and there
is no appeal to analyticity in momentum space. It is a phenomenological theory, and cognizant that measure-
ments are operations in space and time. Particles are defined realistically by reference to their creation or
annihilation in suitable collisions. The source is introduced as an abstraction of the role played by all the
other particles involved in such acts. Through the use of sources the production and detection of particles,
as well as their interaction, are incorporated into the theoretical description. There is a creative principle
that replaces the devices of other formulations. It is an insistence upon the generality of the space-time de-
scription of the coupling among sources that is inferred from a specific spatio-temporal arrangement, in which
various particles propagate between sources. Standard quantum-mechanical and relativistic requirements,
imposed on the source description of noninteracting particles, imply the existence of the two statistics and
the connection with spin. In this situation sources are only required to emit and absorb the mass of the
corresponding particle. Particle dynamics is introduced by an extension of the source concept. It is con-
sidered meaningful for a source to emit several particles with the same total quantum numbers as a single
particle, if suf.IIcient mass is available. This is most familiar as the photon radiation that accompanies the
emission of charged particles. The new types of sources introduced in this v ay imply new couplings among
sources, which supply still further varieties of sources. This proliferation of interactions spans the full dy-
namical content of the initial primitive interaction. The ambition of the phenomenological source theory is
to represent all dynamical aspects of particles, within a certain context, by a suitable primitive interaction.
This paper is devoted to the reconstruction of electrodynamics.

IÃTRODUCTlON

HE source concept has been proposed as a con-
ceptually and practically useful way of char-

acterizing particle phenomena. ' The first applications
were restricted to noninteracting particles. (The reader ~

is reminded that this is a physical situation, not a hypo-
thetical simpli6cation of reality. ) But the notion of
source, as an abstraction of physical production and
annihilation mechanisms, should also be well suited to
describe particle interactions.

To represent the existence of a particle, the cor-
responding source function S(p) need only be defined
for the physical momentum values that are associated
with the particle mass, —p'= ra'. This is too restrictive
for a theory of particle interactions, however. The
much-used device of complex momenta seems in-

appropriate, at least in the initial stages of formulating
a physical theory. Another direction is suggested by the
most familiar of dynamical situations. The creation of
a charged particle involves the transfer of charge to
the particle from the source (which idealizes all the
partners in a collision). An accelerated charge can
radiate, and soft photons in particular are usually
emitted with high probability. No sharp distinction
can be made, in general, between creating a charged
particle, and a charged particle that is accompanied
by photons. lt must, therefore, be physically meaning-
ful, and useful, to de6ne a charged-particle source for a
range of momentum values such that —p'&m'. In the
following pages we shall reconstruct some of the simpler

aspects of electrodynamics on this basis. The well-
known quantitative success of electrodynamics thus
indicates the validity of the extended source descrip-
tion, at least for the range of mass values that contribute
significantly to the various phenomena. There are some
technical advantages in the phenomenological source
method, which will be indicated in the text.

where

D+(5) = w(k, rN'=o).

The necessity for a restriction on this source is made
evident by the form of the vacuum-persistence prob-
ability,

(dir) 1
J~(k)*J„(k)

(2rr)s 2ke
I«+I0-)'I'= p—

It is required that

J~(k)*J„(k)=
I J(k) I'—

I
J'(k) I'&0,

and, in particular, J(k) =0 must imply J (k) =0. The
invariant restriction that accomplished this is

kl'J„(k) =it J(k) —k'J'(k) =0

PHOTON AND ELECTRON SOURCES

The photon source is a real vectorial function J"(&).
The vacuum amplitude that describes an arbitrary
number of noninteracting photons is
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implies that

~()=G;W(), J.(~)=D &.(~),

to which we add the boundary conditions necessary to
give the explicit forms

f{x)= (dx')G+(x x'—)g(x'),

~.(k) = (d5')D+(& 5')—J.(&')

The elimination of the auxiliary quantities, 6elds as-
sociated with the sources, recovers the integral expres-
sion for ws(gJ).

PRIMITIVE PARTICLE INTERACTION

We now give quantitative form to the physical
hypothesis that an electron source g (p), with —p )@12,

can radiate an electron and a photon. This process must
6t into the already established framework since the
subsequent removal of the electron, or of the photon,
gives a particular realization of a photon source, or of
an electron source, respectively. Thus, a term quadratic
in q, representing the electron photon-creation act and
the subsequent annihilation of the electron, must play
the role of photon source, and a term that is bilinear iri

g and J, representing the 3oint-creation process and the
subsequent absorption of the photon, must act as an
eGective electron source. Accordingly, the function
w(gJ) should be supplemented, at least, by a term of
the general form

the numerical function f& is dictated by the fact that

~ [G,(* r)-~7.G, (~-")]
= —ieq[S(x—t)—S(x'—~)]G+(*—*')WO.

This is compensated by choosing

8&rf„(x &)
—= 8 (x—&),

which evidently describes the exchange of charge be-
tween the source and the charged particle. The two
terms of G(x,x'; $)"make explicit that both the charged.
particle and the source are involved in the mechanism
of photon radiation.

A specific choice for fl"{x $) is—part of the characteri-
zation of a charged-particle source. We try to give co-
variant expression to the picture of radiation emanating
from the source, with its implication of a degree of
temporal localizability. An example of an utsacceptable
covariant function is

f"{x &) = —(~'t/~—'s) ~(x 5)—
Qp(

4x2 (x—~)2

which has no intrinsic temporal scale. We propose, in-
stead, to have the source function g(x) supply a timelike
vector, as represented by —i'll"„, and then construct
the spacelike vector

This gives the function

1
w3(gJ) =wm, i(gJ) =- (dx) . (d&')g(x)y'G(x, x'; $)&

2
Xg(x')D+(&—&')J,(&').

where
s ( -~)=-(~/~')~( -~),

~ =~ r-(~r~, ) /~'.

The eftective-photon-source description requires that

a~&G(x,x'; ()„=O.

The anticommutative nature of electron sources implies

[q'G(x' x p)~]'= -q'G(x x' ()~

To verify time locality, use a coordinate system for
which a particular numerical assignment of —Q~„has
only a time component. Theo V'~ has only spatial com-
ponents, and

f"(x $)= 8"j —b{x' P—) . —
47r fx—(f

and the circumstances that produce an effective electron
source indicate that G(x,x'; $)& contains a single-elec-
tron function G+ referring to the point x, and one
referring to the point x'. These considerations suggest
the structure

An important aspect of this f" is best described with
the aid of the explicit probability amplitude for electron
and photon emission. The treatment of the quadratic
g combination as a weak effective photon source givesG(x,x', g)~=G+(x—])eqq~G+(& —x')

-'.~u (*-O-S (*'-~)]G.( -*').

Xe '"&,'g{x)y'G(x, x'; -P)„q(x') .

(dk) 1
fdLN . . fdThe antisymmetrical charge matrix q occurs here in 2x ' 2k'

order to assure the Fermi-Dirac (F.D.) antisymmetry
of y'G(x, x'; $)".The appearance of the term contaiiung
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Par't of this stluctu1c ls

Xe"ygs*y~Q 'yq

yP+m
~(P),

P'+m'

P'+m'= 2kp.

The two terms can be combined:

V.— 2P. —= (vP+m)V.
7P+m P'+nP P'+m2

The factor yp+ m vanishes when applied to I*„,~y', and

(dk) 1 (dp) m-'i'
&1-1.. 10-) =- l

(2m.)'2k' 2s. '()p
Xn*„.)p'o.„„e"I yk "n (P)

P'+m'

which ascribes the radiation to the electron magnetic
dipole moment.

Let us compare this result with one obtained by an
alternative source definition, in which the timelike
vector —i8&„ is replaced by a constant vector parallel
to the time axis. %ith the latter choice, the source term
gives no contribution, since e A), =0. This version is
characterized by

v. ~ (2p.+~~"k")
yP+m P'+m'

The additional effect vanishes if the charged particle is
created at rest, but otherwise implies the strong radia-
tion of soft photons that is associated with accelerated
charges. The de6nition we have adopted avoids charge
acceleration in the creation process and minimizes the
accompanying radiation.

One may raise the question whether some modi6cation
of the primitive interaction could remove the radiation
that accompanies charged-particle creation by a source.

(A)e '"~Lf.(x- &)-f.(*'-&))

Ax~&
(e ~km e ~ kx'')

k8,

where it has been recognized that n(x) and n(x') give
equivalent results, since ek= 0, k2= 0. Now let g be the
superposition of an extended source and of an electron-
detection source, the latter containing only momenta
that obey —p'= m'. The result is

—
(dk) 1 (dp) m-'"

(1 gi„il0 ) =kl
(2s)' 2k' (2s-)' p'

An obvious addition would be

~G(x,x'; k).= ~"tLG+(x k—)~&~"G+(k *—'))
which maintains the general properties of G(x,x'; $)„.
The effect of this alteration is described by the
substitution

Hop„k" '~ (e+2mp)$(Tppk +p[2pp'rk 'rp(P +m )) ~

(e/2m)+ p =0,
strong suppression of the radiation does occur, for
charged-particle creation at rest. But with very ener-
getic charged particles the situation is completely
reversed, owing to the p„ term.

%e mention this ambiguity of the electron-photon
primitive interaction, not to invoke a speculative dy-
namical principle that would eliminate it, but to empha-
size that some arbitrary elements must appear at the
phenomenological level. They can be removed only by
introducing experimental characteristics of the specihc
particles that are being described. It is the ambition of
the phenomenological source theory that all direct
appeals to experiment be limited to determining the
form of the primitive interaction, which will then imply
a complete dynamical theory, within a framework of
suitably limited objectives. The accurate predictions of
quantum electrodynamics are reproduced with, p, =O,
which we accept as a basic phenomenological assertion
about photons and electrons (or muons).

A photon source J&($) and the effective source given
by

&".n($) = (dx)(dx')q-(x)q'G(x, x'; g)~n(x')
2

are not equivalent in one respect. The former is real.
The lack of reality displayed by the effective source
arises from the internal emission and absorption of an
electron, a degree of dynamical detail that is not con-
templated in J&.The distinction should disappear, then,
if we can extrapolate J~,ff to physical circumstances in
which the inner propagation of a particle does not
occur. This will be the situation if the source concept
is also extended to include sources that contain only
momenta such that —p'&m2. Then J&,fr is real, if the
ph. enornenological parameter e has that property. As
a related requirement, let no source be capable of emit-
ting a particle. The probability of maintaining the
vacuum must then be unity, and I real, which asserts
that e is real.

INTERACTION SKELETON

The source is de6ned through an abstraction of
physical acts of particle production and annihilation.
The primitive interaction initiates the introduction of
realistic mechanisms and implies certain types of ef-
fective sources. The particle-mediated couplings be-
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tween these sources give new interaction mechanisms
and additional effective sources. This proliferation
should ultimately span the full dynamical content of the
primitive interaction for the specified set of particles.
The resulting account of particle dynamics incorporates
a symbolic transcription of the experimenter's. art.
Particles are prepared by creation in an initial con-
figuration and detected by annihilation from their
final states. These aspects of sources refer to the known
properties of noninteracting particles and the desired
information about particle interactions can be isolated.

In this section we consider a first stage of the develop-
ment. Only single-particle exchanges between sources
are considered. That already implies an infinite variety
of interactions, which appear in skeletal form, however,
since the complete physical structure of these interac-
tions, can emerge only by considering multiparticle
exchanges.

The effective photon source supplied by the quadratic
combination of electron sources gives the simplest
illustration. The interaction of two such sources through
the exchange of a photon is described by

1
(g~) (d~')-,'~(x)~'G(x, x'; $)~g(*')

2

XD, (~—~'p~(x")~'G(x", x'"; t') „~(x"').

This form can also be applied in circumstances for
which the photon momentum is spacelike, as realized
in the scattering of two charged particles, and gives a
skeletal picture of that process. One should notice that
g(x)p(x')g(x")g(x"'), a totally antisymmetrical func-
tion of its arguments (including matrix indices), selects
a coefficient of corresponding symmetry. Permutation
symmetries associated with statistics, which include
so-called crossing symmetry, are guaranteed automatic-
ally by the algebraic properties of the sources. In the
scattering application the sources emit and absorb
charged particles, without accompanying photons. The
interaction term can then be simplified to

1
~4,0(n) =- (&5) (~k')kP(k)v'v'eq4 (5)D+(5 5')—

2
x-', 4 (~')~'~.eyp(~'),

where

k(~) = (&*)G+(~ *)&(~)

which implies the known single-photon-exchange matrix
elements for electron-electron and positron-positron
scattering. ~

'It does not seem to have been noticed that the high-energy
limit of the center-of-mass angular distribution for unpolarized
electron-electron scattering is a perfect square,

(
1 $ 2

sin'(-', 8) cos'(-,'0)

or that the corresponding electron-positron angular distribution
is obtained by multiplication with cos'(~8).

The effective electron source, bilinear in g and J, that
is implied by the primitive interaction can be written

rI ff (x) = eqr"A „(x) (dx')G+ (x—x') q (x')

where
+ieqA(x, A) g (x),

A.R) = (~k')D+(5 5')—~.(k')

~(~,A)= (ZP)f (x ~)A„(~)

The interaction of two such sources through the inter-
rnediary of a single electron is represented by

XG(~,~', «')""v(*')A,(h)A. ($').

The following symmetries are required:

Lv'G(*', ; «') "]'=-v'G(*,*';«')",
G(x x' ~'t)"=G(*x' «')"

The latter condition is certainly satisfied under the
circumstances for which the formula is derived —each
photon is associated with a different extended electron
source. It will fail, however, if applied to more general
spatio-temporal arrangements. The situation is rectified
by including the possibility that both photons may be
radiated from the same source, in successive emission
acts, as described by the additional effective electron
source

g".gg (x) = —,
'

LieqA (x,A)]'g (x) .

The result so obtained is

G(*,*'; r, ~')"=G+(~—~)«v G+(~-~')«v G+(&'-")
+ G+ (x &') eqy

"G—+ (&' &)eqp
"G—+ (& x')—

Zeq[f I'(x P—) f& (x' —P)]G—+(x g—') eqy "G~((—' x')—
MqLf" (~ —5') f"(~'—5')]—G+(* -f)«v"G (—t *')-

+k qt;f~(x &) f~(x' P)]- — —
Xieq[f (x ~') f (x' g')]G,—(x x')—, —

which exhibits all the necessary properties.
The interaction term w~, 2(rI,J) contains a description,

in skeleton form, of electron-photon scattering. For this
application, in which accompanying photons are not
involved in the action of the g sources, one can use the

and the consideration of effective photon sources
demands that

8&tG(x,x'; «')„.=0.
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and
~'rj. (k) =o

It is clear that j&($) is the effective photon source
produced by charged particles and their sources, in-
cluding sects induced by the presence of other photons.

Faced with a structure as familiar as that for

w(ized),

the reader may need to be reminded that the fields iP(x)
and A&($) are numerical quantities (of a nature ap-
propriate to the statistics). Furthermore, the infinite
series in g and J that results from the complete elimina-
tion of ip and A is a sequence of increasingly elaborate
interaction skeletons. Later terms in this series do not
contain modifications of earlier ones, including the
examples already discussed, which are the leading
terms of the in6nite series.

TWO-PARTICLE EXCHANGE

The picture of particles and their skeletal interactions
becomes more substantial when two-particle exchanges
between sources are included. The 6rst objects to be
modified are the propagation functions G+(x—x') and
D+ ($ $).The i—ntroduction of the primitive interaction
implies that extended p sources can interact by exchang-
ing an electron, or by the exchange of an electron and a
photon. The primitive interaction may also be in-
terpreted by extending the concept of photon source,
particularly to such momenta that —kz) (2ziz)z, when
electron-positron emission from the extended photon
source takes place. Two such sources interact by ex-.

changing a photon, or an electron-positron pair. In
taking this step we have rejected the possibility that
the validity of the extended-source concept be con-
tingent upon the absence of a gap between the one-
particle and two-particle mass spectra. We regard it as
meaningful and useful that a source can be extended to
include any combination of particles with the same
properties, apart from mass, as the speci6ed particle.

The probability amplitude for emission of an electron
and a photon from a weak source has already been
stated in a form equivalent to

(1ii,1~,i
~
0 )&=iel[dooodoo„2zzz5if'

g and g2 is

& (0+I1 1")"'(1 1" I0-)"'
kh, yo l

ni( P—)v'v4 (P),
P +18

in which the elementary summations over 0, l, and X= 1,
21have already been performed. We concentrate our
attention on the total momentum I' by introducing a
unit factor in the form

where

(dP) 1
(2zr)' dMz 8(P+k —P),

(2zr)' 2P'

—E'=3P&m'

1 tM' —m'q'
(2zr)' dio„de, b(p+k P)yk= —

I I Vp
32zr' 4 Mz )

and the two-particle summation becomes (n= e'/4zr)

n "dM (dP) 1 Mz zzi'—
vi( —P)v'vPnz(P)

2zr M (2zr)o 2Po 3P
or

n "dM nP) 1
i —1——

~ (dx) (dx') gi(x)goy& —8„
M) Z

X6+ (x—x', Mz) gz(x') .

We recognize in the latter a modification of the propa-
gation function G+(x—x'), which we now designate as

6+(x—x') = (dp) .
~i@i+-z&ig (p)

(2zr) 4

Our result is expressed by

and then integrating over k and p. A calculation in the
rest frame of the timelike vector I' quickly verifies that

where
(dk) 1 (du) 1

) drop =
(2zr)' 2k' (2zr)' 2p'

XN yet Y'YkVAi g'(P) '1
1 a dM(

. +-
yp+m i o 4zr — M k M'2

Its counterpart in absorption is

(0~
~

1pi, i~, i)&= iel
P'+m'

X g ( P)yoyeoipkl„, i[—Choice„2z15' i'

The contribution to the vacuum amplitude associated
with electron and photon exchange between two sources,

-yP+M —zo yp —M+zo

Two features of this entirely 6nite spectral structure
should be noted. The positive coefficients of 1/(yp~M)
assure the validity of the positiveness property (iz& is a,

commuting spinor):

—Rez (dx)(dx') o(x—x')gi(x)y'G~(x —x')i)i(x'))0;



j.398 JULIAN SCHWI N GER

the discrete mass value at m is effectively isolated from
the continuous spectrum by the vanishing of the
spectral-weight factor at M= m.

Comparison is inevitable with the textbook version
of the renormalized electron Green's function, in a
related approximation. ' This uses a photon Green's
function with the covariant factor g„„rather than the
divergenceless structure of the Lorentz gauge. A spec-
tral presentation of the result is not easily located. In
some old notes (Harvard lectures, 1952, unpublished)
I find that

G (p)] ccv. gauge

1 n "dM m')
+

yp+m ie—4n- „M . M')

1—L2mM/(M —m)'] 1+f 2mM/(M+m)']

yp+M ie—yp M+i—e

(~g) (dk')i~ ""(k)~ (g)v'G+(g *')—

This structure lacks both of the properties we have com-
mented on, and it is infrared-divergent. It can be pro-
duced, in the present context, by omitting the dynamical
effect of the source, and summing over four photon
polarizations. Much closer to our new result is the re-
normalization calculation using the radiation gauge.
Indeed, the two are identical in the rest frame of the mo-
mentum, but the radiation-gauge result is not covariant
in form. The particle-source formulation has enabled us
to resolve the ancient gauge dilemma between physical-
positiveness requirements and covariance.

The simple calculation we have performed might
have been presented in a different way. The term in the
vacuum amplitude that describes one-electron exchange
between sources g~, g2 and one-photon exchange be-
tween sources Jj, J2, with no interaction between the
particles, is

by the vacuum-amplitude term

(d») "(dk') nl(») V'

X(G1(xl x)b—(x g)e—qy ieq—b(x xl)—fa(gl ()]-
XG, ( —*')D,(P—~')[ q~„~(

' —P')G, (*'—*,)
+ieqb(g' g,—)f„(g, P')—]g,(g,),

which is identical with the previous version, particularly
if the implicit tensor g„„ is replaced by a polarization
vector summation. When used as it stands, the equiva-
lence emerges from the relation

y&sky„= 2yk.

There is a close resemblance here to a field-theoretic
perturbative calculation of the electron Green's func-
tion. But there are fundamental differences in meaning.
The particle-source formulation describes the physical
presence of an electron and a photon in relation to an
idealized mechanism of emission and absorption. The
Geld approach gives an approximation to the self-action
of a field source and derives a corresponding approxi-
mate particle interpretation by the process of renormali-
zation. It is unfortunate, incidentally, that the re-
normalization concept is usually so tied to the vagaries
of the perturbation method that its general significance
in the transformation from a 6eld to a particle descrip-
tion tends to be misunderstood. There is no conceptual
improvement in the absence of renormalization from a
phenomenological particle theory —that concept is
simply foreign to the latter's more limited objectives.

The term in the vacuum amplitude that describes
the noninteracting propagation of two charged particles
can be written

1
(dx) (d 'x) g ( )1yx'G~ (x—x') g ( g)x

2

X„,(*")~oG,(x"—g"')„,(g"')
XD+(&—&')i»( )xIg.(e).

There is a related contribution of the primitive inter-
action in which a noninteracting electron and photon
are detected by sources p& and J&. It is

1

2

XG+(x x'), tG~—(x" x"')cggg—(x') egg(x"')g,

(&g) (d5')iI"1($)nl(g)V'G+(g x')D+(5 &')— —

Xgeq~„r(x' ~')G, (x' g)—
+ieqb(x' —x)f„(g—$')]g(x),

where g~ and g2 are detection and production sources,
respectively. The subscripts a, ~ ~, d combine Dirac
spin indices and charge labels. An analogous display of
the primitive interaction, specialized to simple electron-
positron sources,

which exhibits the effective electron-photon source —— (dg) (&x")(g(g")7').(g(g)V')eG+(g x')eb-
realized by an extended electron source. Electron-photon
exchange between two such sources is then described

identi6es the effective electron-positron source generated'See ««xample I Ja«h and F Rorh»ch ""n 'f "'""' b an extended photon source. The interaction of twoand E/ectrons (Addison-Wesley Publishing Company, Reading,
Massachusetts, 1955). such currents, J~ and J2, gives the following contribu-.
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where
X trl qy„(ns —yp)qy„( —m —pp')]J"2(k),

tion to the vacuum amplitude:

1
(«) («"')J (~)D.(~ ~—)

2

Xtr/eqy„G+($q $—q')eqy„G+($~' tq)]

XD+(Y —t')J. (t')
This is equivalent to

zation. This distinction is closely connected with a
conceivable mathematical ambiguity in our procedure,
which we now point out in order to stress the considera-
tion that has been implicitly used to resolve it.

Our discussion concerns two extended sources, J"r(x)
and J'"2(x), which are so arranged in space-time that
particles emitted from J2 are detected by J&.The descrip-
tion of this situation is then presented in a way that is
applicable to any spatio-temporal arrangement of the
sources. As a mathematical procedure, we take a
structure involving J(k), —k') (2m)', and rewrite it in
coordinate space. This is certainly not unique, in the
absence of other information about J(k). Thus, the
factor 1/(k'+M' —ic) could be replaced by

is characterized by

—k'= M') (2m)'.

We now introduce the unit factor

k'+3P i e k' ——i e k'+M2 i e k' ——i e

dk 1
(2~)' dM'

( )
S(p+ p' —k),

(2~') 2k'

and use the integral

(2m.) ' da&„d(v, , 8 (p+p' k)—
xtrLq~„(m ~p)q~„( ~ ~p) j——

1+ ll ~..+M2" J'
which is also easily derived in the rest frame of the
timelike vector k. This gives the vacuum-amplitude
term

2& "dM- p2my'-'I'p 2m'
11+ («)(dS')

3m. 2 M kM/ 4 M'

XJ~'(5)~+(5 8, M') J~—.(&'),

which is conveyed by the modified photon-propagation
function

1 2n "dM (2m)' '"
D+(k) = +-

k' —ic 3m- g M — EM)

2m' 1
xl 1+

3P )k'+3P ie—
The result is well known in renormalized perturbative

field theory, and the resemblance of the two types of
calculations will be evident. But we emphasize again
the basic conceptual difference between the explicit
consideration of particles propagating between sources,
and the examination of the self-action of a 6eld source,
interpreted in particle language by means of renormali-

without altering its behavior in the neighborhood of—k'=M') (2m)'. The outcome of that replacement,
incidentally, would be the unrenormalized Green's
function of perturbative field theory. But we do possess
additional information about J(k). It is embodied in the
initial speci6cation of the source in relation to the one-
particle spectrum, which should not be altered in the
process of extending the source to permit two-particle
radiation. This spectral eormajtimtioe emphasizes that
sources are introduced in relation to specific physical
circumstances and do not change their significance in
those connections when the class of phenomena under
examination is enlarged. The consistency of this physical
attitude is emphasized by a mathematical fact. The
possible alternative given by the factor M2/(k' —ie)—
is an unacceptable spatio-temporal generalization of
the two-particle exchange calculation, since that
D+(k) does not exist. There is another class of alterna-
tive representations, the simplest example of which is
produced by the additional factor —k'/M'. This D+(k)
differs from our actual choice only by a 6nite additive
constant, which changes D+(x x') by an addit—ive four-
dimensional delta function. The vacuum amplitude is
thereby modified by a phase factor, which has no
physical consequences, since it contributes neither to
the vacuum-persistance probability nor the particle-
mediated coupling of different sources.

The introduction of the modified propagation function
D+ and 6+ must occur in all interaction aspects of the
theory that can be analyzed into effective photon or
electron sources. That does not exhaust the implications
of two-particle exchanges, however. Physical mecha-
nisms are not represented completely by the idealized
sources J"(f), g(x), and additional effects that are
characteristic of the speci6c interaction will appear. The
simplest illustration is supplied by the primitive interac-
tion itself. The latter describes an extended g as the
source of an electron and a photon, emitted under
circumstances in which the particles have no opportu-
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nity to interact, and an extended J as the source of an
analogously noninteracting electron and positron. (The
long range of the Coulomb interaction may prevent
the complete realization of this situation, however. ) In
the next stage we enlarge the physical circumstances to
permit such interactions to occur. The electron-photon
interaction can be visualized, in part, as the fusion and
subsequent reseparation of the particles. Here is just
the mechanism that substitutes 6+ for G+. It is not a
complete description of the interaction effect, however,
since the latter has another contribution demanded by
the Bose statistics of the photons. The electron-positron
interaction also contains two parts, which are connected
by the statistics of the particles. One is the normal
interaction of charged particles. It is the other, visual-
ized as the annihilation and subsequent re-creation of
the particles, that replaces D+ with D+.

The skeletal description of electron-positron scat-
tering is contained in the following contribution to the
vacuum amplitude:

i (dx) (dx')-', P~(x)p'y&eye~(x) D+(x x')—
1

X 'P (*')~'~ -q0 (x')+& (dx)(dx-)0 (x)v'v" q
2

XA(x)D+(*—*')f2(*')v'v, equi(x'),

where the implicit sources g~ and g2 are single-particle
detection and production sources, respectively. The
primitive interaction describes an extended photon
source as the effective electron-positron source given by

A. (x)4" b(x') 3.4f.

with

I&= des, d(a„.(2~)46(p+p' —k)p" (m —yp)

Xv"(—m —vp')v.
(P—P~)'

The evaluation of Ji" is performed without difhculty
by introducing the simplihcations permitted by the
projection factors m —

pp&, —m —pp&', and by using the
rest frame of the timelike vector ki". One thereby en-
counters the elastic Coulomb scattering amplitude
1/(p —p~)', integrated over all solid angles. The loga-
rithmic divergence of this integral is the formalism's
reminder that the long-range Coulomb force is always
effective, in contradiction with the original assumption
that a noninteracting situation can be arranged. As in
conventional scattering discussions, an elementary, but
not ultimately satisfactory, remedy is to use a weakly
screened potential. The momentum-space version of this
device is the introduction of 1/[(p —p~)'+p'j, which is
equivalent to the unphysical use of a small photon mass.
It is clear that we have encountered another physical
form of the infrared "catastrophe. "Since long experience
teaches that infrared problems are innocuous when the
correct physical questions are asked, we do not want to
trouble further with this point, for the moment. The
result of the calculation is

where

m' M2 4m'—
fg(M)=i 1—2 ln

M'

(2m)'
—:+I

M

1 (2m' '" 1
I~A„(k)= 1-i—

(dx)H' (x)v'7 el'' (x)LA (x)—A (x)3

X f fx(M)yI(k) —m-,'0 I'"F„„(k)).

The vacuum-amplitude term that states the effect of
interactions on the charged-partic]. e emission from an but we Gnd it useful to present this in the form

extended photon source is thus

+ (d*)" (d$)l4 (*) ' " G+(*—5) A(k)

XG, (P x')~„ey, (x')D, (x—x'), —

where A is the potential constructed from the photon
source J with the aid of the modified propagation
function D+. The physical context of the second term
is made explicit by writing it as

(dir) 1
dM'da)~, d(o~, (2x) 48 (pg+ pg' —k) A „(k)

(2m)' 2k'

X g (—p )v'( —vp ) qI"(— —vp ') (—p ')

Here F„„is the held-strength tensor constructed from
the vector potential A„.

The effect of an extended photon source, including
skeletal-interaction modi6cations, is displayed in the
vacuum-amplitude term

(dx)" (A)2A(x)v' ere'~~(x —k)A. (5)
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where

n "dM fi(M) k'
Fi(k) =1——

2~ M $1—(2m/M)']'" k'+M' i—e

"dM (2m)' 1

M [1—(2m/M)']'i' k'+M' ie—

Fi(0)= 1, F2(0)= dt 1—(2m/M)']'"= 1.

in which
pu= km+pe

The primitive interaction describes an extended electron
source as the effective electron-photon source

92(p') J2"(k')].&& ieq 'Y v(P) .
yP+m P'+m'

The implied interaction modiGcations of the emission
from an extended electron source can be presented as

m'
XJi (—k)rli( —p)p'(m —yp)eql 1—

We have transcended our results somewhat by using ~ (dp)
the modified propagation function D+ everywhere. — dMmdoii, des„(2~)43(k+p P)—
There are conceivable alternatives for Fi(k) and F2(k), «(2s')' 2P'
as illustrated by the substitution (—i e is understood)

1 1 ) k'q 1 1

k2+ M2 k2+ M2 k M2I k2+ M2 M2

But such additional terms contribute to the primitive
interaction and must be rejected. Our results describe
those interaction-induced modiGcations of the primitive
interaction, which are not accounted for by the intro-
duction of D+, in terms of electric-charge and magnetic-
moment form factors. The former maintains the initial
identiGcation of the electric charge e and the latter
represents a total moment of n/2nmagne. tons. All this
is in complete agreement with renormalized perturba-
tive Geld theory. Incidentally, the Geld-theoretic results
were first stated4 with the slightly different parametriza-
tion illustrated by

Here

1
X (&„)~

yP+m
-(s„)

P'+m'

pZ„q
I= v. v.+v 7p

kS„) 7P+m ~(P—k —k')ym

X (m —yp')
Pv/

are visualized as describing scattering modiGcations of
the photon that is radiated by the electron, or directly
by the source, respectively, and

F2(k) =
p 1+(k'/4m') (1—~')

8m M'
~ ~ ~ P

M' —m'
dxk d(a; (27r)'3(k'+ p' P)—

Skeletal electron-photon scattering gives the following is an average over all scattering angles.
vacuum-amplitude contribution: A calculation in the center-of-mass frame gives

i (dx) (dx') A &I'(x)i'(x) y'eqv„G+(x x')eqy„i'�(x')—

XAg" (x')+i (dx) (dx')Ai&(x')Pi(x)y'eqy„

(Z„)i = — y„yk+
M'

and

1—x (M)

M'
„k( P+ )

3P—m2

or, equivalently,
XG~ (x—x') eqy„lt 2 (x')A,"(x),

where

(s„) = x(M)&„vk(&P+
23P

ien d~i, des„da&p d(o„.(2gr) 4

M' )' M'+m' 4nP M
&(M)=l

EV2—m~/ M2 M2 —m2 m

X&(k+p k' p')J;( k) rI, (—p)—~'— —
varies from a value of -', at 3f= nz to unity as M ~.
The projection factor m —yp has been exploited to
simplify the results. Note that the relations

k~(E„),=0, k~(S„)&=0
X ( —~p')~, (p')S,"(k'),

are a property of the combination of interaction proc-
esses that occur in the individual matrices. For that4 J. Schwinger, Phys. Rev. 76, 790 (1949).

X(m —~p) ~„~,+~, 7+
7P+m 7(P k k')+m——
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n —m&2 photons. To present this vacuum amplitude
conveniently we extend the trace notation to space-time
coordinates and get

——,
' Trt (eqyAiG~)" "(eqyA~G+)"j.

The corresponding united-source description is

1——Tr (eqyA 6+)",
2'

since there are e equivalent positions in the trace for
beginning the required sequence of products. All these
contributions to the interaction skeleton are combined in

00

w(A) = 2i g —Tr(eqyAG+)"= —2i Tr ln'(1 —eqyAG+)
n=4 ~

= —2i ln det'(1 —eqyAG+),

where ln', and the associated modified determinant, '
is defined by omitting the n = 2 term (the appearance
of q assures the vanishing of all odd n terms). As the last
reference indicates, this is a known structure in the
6eld-theoretic description of vacuum polarization by an
external field. The existence of every term in the series
for w(A) gives substance to the formal property of
gauge invariance,

Its differential version

8"j„($,A) =0,
with

j„(),A )= bw (A)/8A I'(f),

validates the identification of the latter as the effective
photon source generated by other photons in the absence
of charged-particle sources.

Any type of particle exchange among a specified
number of sources can be used to infer the general
interaction that connects these sources. Concerning
K'p, q, for example, consider the exchange of two electron-
positron pairs between two sets of extended photon
sources J~, J~. and J2, J2. Those processes that can be
reduced to single pair exchange between sources restate
the modification of the D+ function. But other processes
involve all four sources in an irreducible way. These are
the ones in which the two particles emitted by J2 or
J2 are singly absorbed by Jj and J& .The corresponding
vacuum-amplitude term is

—
4 Tr[eqyA iG+eqyA 2G~eqyA iG~eqyA Q+],

where A ~ and A2 combine the effects of J~, Jq. and J2,
J2, respectively. Here each G+ function refers to a
particle propagating between a specific pair of sources.

' J. Schwinger, Phys. Rev. 93, 615 (1954).

The combined-source presentation of this effect is just

——; Tr(t:qyAG~)4,

and its extrapolation to arbitrary spatio-temporal
source arrangements recovers mp 4. In a variation of
this procedure we consider the exchange between ex-
tended sources of one particle pair, with the individual
particles deflected by two other sources, which supply
spacelike momenta.

The physical processes mentioned above have a
certain calculational simplicity, since the kinematics of
the four-particle states is uniquely determined when the
momenta supplied or absorbed by the sources are speci-
fied. . Accordingly, the required integrations are ele-
mentary. The problem is thus posed of producing an
extrapolation to more general spatio-temporal circum-
stances by using the integrated result directly rather
than the propagation-function form. We shall only
sketch our response here. Consider, for example, the
first-described process involving two particle pairs and
suppose that each of the four sources J(k) is character-
ized by —k'=M' with a common value of 3f&2m.
Apart from monomial functions of the k's that are
referred to vectorial-source directions, the integral is an
invariant function of the source momenta in two in-
dependent combinations. These can be chosen as the
positive quantities —(k2+k~')' and —(ki+k2)'. Now
examine the two independent displacements of the
sources for which the effective coordinate dependence
is governed by the momenta k2+k2' and ki+k2. For
each of these a space-time extrapolation can be per-
formed by the standard introduction of the function 6+
or the equivalent momentum-spectral form. If inspec-
tion of the resulting double-spectral structure confirms
that reference to extended sources can now be removed,
an amplitude for the scattering of light by light is ob-
tained. One will recognize in this account an elementary
approach to a calculational procedure that has previ-
ously required the relatively elaborate Mandelstam-
Cutkosky analytical apparatus. '

REPEATED TWO-PARTICLE EXCHANGE

Once experimental circumstances permit particles to
interact, there can be no effective control over the num-
ber of such interactions. In this section we consider some
examples of the unlimited repetition of the two-particle-
exchange processes.

During the discussion of the electron-positron interac-
tion that modifies the emission by an extended photon
source it was noted that part of the interaction effect
could be described as the fusion and reseparation of the
two particles. The latter stage can be viewed as a virtual
source and the whole process indefinitely iterated. To

6 S. Mandelstam, Phys. Rev. 112, 1344 (1958); R. Cutkosky,
J. Math. Phys. 1, 429 (1960).
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consider e toin wic
interaction. e con
tion function yb

V
'

3C+ie—yp+M ie yp ——

be
'

ro agation function defined yThe modified propagation unc

and thus obeys

(dx') C~ (x—x') g (x')P(x) = x

x—x')+ (chal) (dx2)C+(x—x') =G~(x—x

ol
a
—5')XD+ 5—r, -~)~(& -~)D.(&
—'

D, (k) =D, (k)+Di(k)E(k)D+(k .
or

IXG+(x—xg)3E(xg—x2)6+ (xg—x

G+(p)3I(p)G+(p)G+(p) =G+(p +
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G+(p) =
yp+m —is

n "dM (' rrts

1—(Yp+m) — I

1—

The consideration of ws+te4, s gives the equation

iP(xt xs) =if(xt)f(xs)+ (dhi') (Chs")G+(xt —xi')

yp-+M i—e yp —M+i e

XG~(xs—xs')I (xi',xs', xt"xs")iP(xi",xs"),

+ dM
Yp+m i e—

r+(M) r (M)
+

yp+M —is yp M+—i e

4'(hl)f(hs) (ifht ) (dhs )G+(xi xi )

XG+ (Xs—hs') r) (Xi') r) (Xs')

where r~(M) are real positive numbers. Again there is a
nonphysical singularity for very large spaceHke mo-
menta. It is located near

p'= m' expL(4z/n)+1j.

As a preliminary to discussing another repeated two-
particle-exchange process, let us note that the charged-
particle structure of the primitive interaction, the ef-
fective current

(Ch)(Ch')-', q(x)q'G(x, h'; &)~q(x'),

can be presented as

'4 ($)V'eq-V V(h)+ (d*)~.I 8 (hh'eqV 9(*)jf"(x k), . —

I(xi,xs, xi', xs') = i(—eqy&)tt 8(ht xi—')

Xg„„(xi—x,) (eqy") ss. 8(xs—x,')
-i-:( qv v )-8(*-")g.,(,-")

X (ysy"eq)a s 8(ht' *s'—)

We have recognized that the interaction of the two
particles produces a virtual two-particle source, and the
iteration of these e6ects is accomplished by writing
p(xt, xs) in the interaction term, rather than f(ht)p(hs).
Thus I appears here to describe the last interaction.
Incidentally, a physically acceptable covariant de6nition
for f&(h f) can n—ow be given relative to the timeline
direction supplied by the total momentum of both
particles.

The equation for lt (xt,xs) can also be presented as

(1 i 1
I
~-a+m

I
~-a+m —I g(x„h,)=g(x,)g(h,),Ei i, i s

if one uses a form of f"(x $) that d—oes not require
detailed reference to an individual source. The skeletal
description of coupling among four electron sources can
then be converted into

where I is understood as an integral operator. The
modified two-particle propagation function de6ned by

1
il(hi, xs) = (dxt')(dxs')—G+(xt,xs, xi'xs')ri(xt')rj(xs')

2

R'4, 0=—
2

(«)(«')R(~)v"q~V(~)

Xg~ ($ $')„ziP($') 7 eq—y "f($'),
then obeys the (two-particle Green's-function) equation

where, in momentum space,

g.(k)..=g.(k),.
ikJi(k) jg'"—D+(k) Eg- f.(k)ik.j. —

This function obeys

f (k)g (k)„,=0

in consequence of the defining property of f&(k),

ik„f"(k) = 1.

The behavior of two charged particles will now be
examined with the aid of the definition

1

,(O. lo-)-=~(*,*.)«, Io &-.
i hr)(ht)y'i brl(xs)y'

I
p-a+m

I
p-a+m

I
—I G, (x„x,; x,'h, ')

l i &i i &s

= & (xt—ht') 8 (xs—xs') —8(xt- xs') 8 (xs—xi') .
This familiar structure~ contains an improved descrip-
tion of electron-electron and electron-positron scatter-
ing. But it also alters the nature of the physical system
under discussion, for it predicts an in6nite set of elec-
trically neutral bosons. These are the positronium
states, which are all stable at th~s stage of the descr~p-

~ As a modest contribution to the history of science I give a
time-ordered list of the papers in which differential equations of
this form were 6rst proposed; Y. Nambu, Progr. Theoret. Phys.
(Kyoto) 5, 614 (1950};J. Schwinger, Proc. Natl. Acad. Sci, U. S.
37, 452 (1951);37, 455 (1951);M. Gell-Mann and F. Low Phys.
Rev. 84, 350 (1951); E. Salpeter and H. Bethe, she. 8, 1232
(1951}.The discussion of the text emphasizes that the inhomo-
geneous diBerentia1 equation of the second reference is essential
for a clear physical interpretation of the formalism.
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tion. We now discuss the identification of positronium
sources.

The introduction of relative coordinates x and
center-of-mass coordinates X,

x= xr —xg, X=-', (x,+xi),

enables us to write

normalization condition by writing

—s'i (dx)q ir. (x) -,'(M'+M") —vP( —
Vg iV+m)

M'+M"—vio(vg iV+m) —2 d &pir e(x)

G~(xg, xg, xg', xi') = (dP) .e*P&x—x'&Gp (x,x'),
(2m.)4

where in which the M-dependent part of y'~y'2II is expressed
as —(1/3P) d Con. sideration of the Green's-function

{[vr(kP—i~)+m][v&(kP+i~)+m] Ip}Gp(x~x') equation in the rest frame, with M near a discrete eigen-
= 5(x—x') —b(x+x') . value M', gives

The transposition of discrete indices that accompanies
x&'~x~' is understood in the second delta function.
The interaction function for a prescribed total mo-
mentum is given by

Ip(x, x') = —«(eCv')» 8+(x)"(en ")» b(x—x')
i2 (eVv v ) &&6 (x)8+(P) g4 (v 7 eq) &' &' ~ (x ) .

The latter term is specific to positronium. It incorporates
the extended photon-source description of the pair-
creation and annihilation processes. With regard to
8+(P)„„,there would seem to be no objection, for the
discussion of electrically neutral positronium, to making
the simple choice

if"(0)=k'/k'

-', (M—M') (dx) y ~ (x) —,
' (M+M')

M+M'—
V, '—( Vg

—iV+m) Vi'—(V, iV+m) 2—

XG~(x,x') =2q jr (x')vgvi',

from which we infer that

0 M'a(x) p M'a(x )V—I~V2
M M'. Gir(x, x') i Q

Thus, the singularity structure of the internal Green's
function is given by

which gives

8+(P),.= (g" P,P./P') 9—". v p" (x) ~-p -(*')vi'vi'
Gp(x, x')-i P P'+M"

In the rest frame of the total momentum, with Po=~,
the nonvanishing components of this function are for P'&0. The similar structure for P'&0 follows from

the symmetry property
8+ (P)xi = ej«/M', —

[vPvsoG p(x', x)]r=vPvioGp(x, x').
and the factor (vt,v')~ih(x) makes it evident that only
the 'S states are involved.

Eigenfunctions of the internal motion are defined by
the homogeneous two-particle equation

{[v&(-',P' —i8)+m][v&(-', P'+iB)+m] —I,}
Xq p.(x)=O,

One gives a geometrical expression to the bounded
nature of the internal motion, in which electron or
positron cannot exist freely, by replacing the hyperbolic
internal Minkowski space with a Euclidean space
through the substitution

xo ~ —ix4.

(dx) ~ i (dx) p, b(x x'—) —+ ib(x —x')~—where e is intended as a degeneracy index and Related transformations are—P' =M" refers to a mass eigenvalue. There is an
adjoint equation implied by the symmetry property

[vPvi'I p(x', x)] =vPvg'Ip(x, x').

Written in terms of left-acting derivatives, it is

and

D+(x—x') ~ iD(x —x')~,

D(x—x') = [(27r)'(x—x')'] ')0.
v-p" (x)vi'v" {[vi(kP'+i~)+m]

X [vi(-,'P' —iB)+m]—Ip. }=0.

The usual subtraction procedure supplies an ortho-
gonality property for two different eigenfunctions, in
the center-of-mass frame. We anticipated the correct

We suggest the effect of this transformation on GM(x, x')
by the simplified notation G~(x4). The Green's-function
differential equation obeyed by iGv (x4) imp—lies the
following Euclidean reality property:

[—iG~(x4)]~= iG ~( x—4), —
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in which the spatial coordinates are inert. Accordingly,
the Euclidean eigenfunctions can be so chosen that

The orthonormality condition then appears as

Zl M'Paotic (dxg) (dx4)
~ (2~)&2PO

Xg(x2)g(xg)yPy2'4 p. (x)e'

1 we infer the existence of a contribution to m, m~.„such
(dx)A@M ( x4)* —', (M'+—M") yP( —iy~ V—+444)

8

M'+M"
—y20(iy2 V+444) —2

X ÃM"ll(x4) ~ ~M'M" ~ap ~

In conformity with the right-hand side, the left-hand
member is an element of a Hermitian matrix, labeled

by 3f'n and M"P. The diagonal elements, in particular,
are real. The positiveness of these numbers is required
for the particle-source interpretation.

Let production and detection sources be introduced
into the defining equation for 1t (x&,x2),

44'pos 4 2 2 t 1M'Pa l 2M'Pa+ ' ' '

3IIP Pa

The unwritten terms are the quadratic functions of the
individual sources that are implied by the total source
concept. This interpretation of the totally commutative
quantities iM P, t'M P * in relation to sources of the
various bosons identified by the mass M', depends upon
the validity of the complex-conjugation connection

i (Cx) y p. (x)ypy4ogp(x)

(d*) v' (*)'Y '76~ (x)*
I Si 1 Bg 1

(0+ i
O )»=- (Cx,') (dx, ')

4 by~(xr)y' 4 by~(x2)y' 2

XG+(xg)x, ; xg,x, )g, (x4')v)2(x2 )(0+ ~0 )

where

gp(x) = (dX)e—*Pxg(X+-',x)g(X——',x).

For suKciently large X —X ') 0,

(dP) 1—G+(xg, x2, xg', x2')- P ~i P
(X—X')

(2~)' 2P'

We refer again to the bounded internal motion of the
particles created by these fermion sources. In the rest
frame of the boson, the internal Euclidean transforma-
tion gives

Xq .(*)4 .(*')y 'y ',
in which we retain only the discrete mass spectrum.
With the aid of the definitions

-(dP) 1 -'~'1
4l M'Pa (dxg) (dx2)

. (24r)' 2P' 2

Xt, 'Pxq p (x)ygp40g(xg)rl(x2)

(dx) ~[y M (x4) —yM. (—x4)*]ygy2ogM. (x4) =0,

which is indeed satisfied.
The next stage of dynamical evolution introduces the

photon interactions of the positronium particles. Its
consequences include the instability of these particles
and associated changes in mass values. That discussion
will be deferred to another publication.


