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Reaction K+p ~ K'~+p at 2.26 BeV/c*
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The properties of the X*(895MeV) and N*(1238 MeV) resonances produced in the reaction E+p —+ E m-+p

at 2.26 BeV/c are studied. The production of one or the other of these resonances is found to occur in this
channel 80% of the time. The decay correlations of the E* and N* indicate that the dominant mechanism
involved in their production may be single-vector-meson exchange. In particular, the decay angular distribu-
tions of the N* are in good agreement with the predictions of the Stodolsky-Sakurai model. The experimental
differential cross sections for production of each of these resonances are also compared with theoretical pre-
dictions based on a single-meson-exchange model which includes the effects of absorption due to competing
channels. The agreement of the data with the theory is found to be only moderate here,

I. INTRODUCTION

'HE 8rookhaven National Laboratory 20-in.
hydrogen bubble chamber was exposed to a beam

of E+ mesons. The laboratory momentum of the beam
at the chamber entrance window was 2.260 BeV/c with
a full width at half-maximum of 0.045 BeV/c. This
momentum corresponds to a total center-of-mass energy
for the E+-proton system of (2.338&0.074) BeV.

There are several inelastic channels open in E+-proton
scattering at this energy. In particular, the three-
particle final-state reaction E+p~ E'm+p is studied.
Some of our results have been published. ' This reaction
is found to be dominated by two highly resonant
channels:

E+p +E*+p —+—E'm+p, .

K+p ~ N*++K' ~ E'~+p,

where E~+ is the 890-MeV E-m state and E~++ is the
1238-MeV isobar.

The shapes and positions of these resonances, as well

as the cross sections for their production, are determined

by analyzing the three-body Dalitz plot population for
the reaction E+p~ K'x+p. ln addition, the experi-

mentap " production and decay angular distributions
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of the E* and X* are compared with theoretical pre-
dictions based on a single-particle-exchange model. " "
Both sets of distributions are consistent with the
assumption that the predominant production mecha-
nism is the exchange of a vector meson between the
incoming particles.

2. EXPERIMENTAL METHOD

The raw data for this experiment consist of approxi-
mately 100000 bubble chamber photographs, all of
which were scanned for events with two charged prongs
and an associated vee. A subset of 30 000 pictures was
scanned twice to determine scanning efficiencies. These
were typically on the order of 90% All events with two
positively charged prongs and an associated vee which
had both production and vee vertices inside a specihed
fiducial volume were measured on a microscope in con-
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junction with a digitized Brower film stage. The
estimated error in a measured coordinate vras about 2 p,

on the 61m. The results of these measurements were
used as input to the Brookhaven analysis programs
TRED and KK,'K' which performed, respectively, stereo
reconstruction and kinematic 6tting of the events. All

computing was done on an IBM 7094.
After 6tting, the events were examined by a physicist

on a scanning table to compare observed track ioniza-
tions with those of the kinematic fits. In this way, 95%
of the events in this topology were assigned unambigu-
ous interpretations. In particular, there were 709 events
of the type E+P ~ E'ir+P in which the Eo was identified

by a visible vee. The resolution of the experiment was
estimated by refitting a sample of these events with
the vee vertex translated to coincide with the production
vertex and all information on the Eo deleted. This pro-
cedure enabled one to calculate an experimental mass
and width for the Eo from the decay pions, without
requiring their eRective mass to be 497 MeV. This is
contrary to the technique employed by KICK in fitting
the vee, in which the two decay tracks are forced to
have an eRective mass corresponding to the E. The
eRective mass squared of the x+m combination was
calculated for each event and the resulting distribution
when fitted with a Gaussian, peaked at 0.247 BeV' with
a full width at half-maximum of 0.008 BeV'. This corre-
sponds to a E' mass of 497 MeV and a resolution in

6tted mass of about 10 MeV.

3. CROSS SECTIONS AND DALITZ
PLOT ANALYSIS

The total cross section for the reaction E+p ~E' +pe

is determined from the total length of beam track and
the number of observed reactions of this type within a
speci6ed fiducial volume. The total length of beam track
in 30 000 doubly scanned pictures measured inside the
6ducial volume had to be corrected before use to account
for m- and p contamination in the beam. This contamina-
tion was found by comparing the number of v and ~-like
decays observed, with the number of these expected
for an absolutely pure E+beam. The comparison yielded
a result of (20+3)% for the beam contamination. The
number of reactions observed in the experiment had to
be corrected to account for: (a) scanning efficiency;
(b) E' mesons which decayed either outside the fiducial
volume or within 2 mm of the production vertex. (The
latter restriction is imposed in order to eliminate the
diIIiculty in distinguishing the two-prong-plus-vee
topology from the four-prong topology when the vee
occurred too near the production vertex. ) (c) E'
mesons which did not decay into two charged mesons.

With these corrections the total beam length was
found to be 11.49)&10' cm and the number of observed
reactions was 1128. These results yielded a total cross
section: o (E+P~ Eerr+P) = (2.62+0.30) mb. This re-
sult is compared with those of other experiments in

CROSS SECTION FOR THE REACTION

K p —+ K'7r+p

AS A FUNCTION OF K+ LABORATORY MOMENTUM
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FIG. 1. Cross section for the reaction E+p -+ E'7f+p as a function
of incoming E+ laboratory momentum.
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Fro. 2. Dalitz plot for the reaction X+p +Eom+p at 2.26 Bev-/c.

Fig. 1.The solid curve in the 6gure is a free-hand 6t to
the experimental points. We remark that the cross
section for this reaction is about 1.0 mb near threshoM. ,
increases to about 5.0 rnb at a laboratory E+momentum
of 1.5 BeV/c, and then decreases to 1.0 rnb over a range
of E+ momenta from 1.5—5.0 BeV/c.

The cross sections for the production of the E* and
S~ resonances were obtained by analyzing the popula-
tion of the three-body Dalitz plot for this reaction which
is shown in Fig. 2. We assumed that this plot could be
interpreted in terms of three noninterfering amplitudes:
Axi(Mx~', M„'), A~~(Mx ',M~ ') and A~ where

Axe(Mx ',M~ ') =amplitude for E+p —& E*+p,

Ax*( Mz.', M„,') = amplitude for E+p —& Ã'++Eo,

Ari = amplitude for E+p —& Ee7r+p,
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Jackson" has discussed appropriate forms for resonance
terms like lAtr. l' and lA~. l'. Following the general
ideas outlined in Ref. 11,we take the explicit expressions
for the absolute squares of the resonance amplitudes
to be

I'(Mrc. )

(M *'—M ')'+I"(Mx )Mrr '

pq&q' Mx*
r(M..) =I

EqxP/ Mrr

xl — l, (2)
/M&. P,'q

(3)

where M~*, F~* are the intrinsic mass and width of
the E~, P„ is the proton momentum in the over-all
center-of-mass system, qz is the momentum of the E' in
the E* rest frame, and qz' is the value of qz for
M~ =M~*.

r(M.,)
(M~"—M„.')'+I'(M, .)M~e'

xl l, (4)
)M,.P&'y

q„)
) q, q'-(M, .+M„)'—M.'

p(M, -) =I -- I—
4q„)

(M~++M~)' —M ' I'~e, (5)

where M~*, F~* are the intrinsic mass and width of
the N*, I'~ is the E' momentum in the over-all center-
of-mass system, q„ is the momentum of the proton in
the N* rest frame, and q„' is the value of q„
for M„=MN*. The resonance amplitudes squared in
these formulas are expressed" in terms of resonant
phase shifts:

sin25

M,r(M)
'

M,r(M)
tan5=

M()' —M'

(6)

(7)

where 3, the phase shift at resonance defined in (7), is
related to the relativistic Breit-Wigner shapes (2) and

with no correlations whatever among the three 6nal-
state particles. Thus the number of events having E-x
effective mass squaredbetween Mx 'and Mx '+dMrr '
and p-m effective mass squared between M„' and
M„,'+dM„.', (O'E/BMrr ')BM„' is

O'N
= lAxe(Mx ',M~, ') l'

aM~.'aM„.'
*(M ',M„.')l'+la l'. (1)
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FrG. 3. Projection of the Dalitz plot on the Mz axis.

(4), through (6). In (6) and (7), Mp may be Mrr, or
Mx*, and M, may be either M&, or M„,. In Eqs. (2)
and (4), the second factor in brackets is a phase-space
factor. Ordinarily, one would write merely (M& /qz).
Integration over the M„' axis of the Dalitz plot would
then result in an over-all factor of P„.However, for the
case of E* production by exchange of a vector meson
(which we anticipate here), an over-all factor of P„' is
more appropriate. "Thus the usual phase-space factor
is modified by P„'.The expressions (3) and (5) give the
mass variations of the widths I'(Mrc ) and I'(M~ ).
They are of the form"

Ter,E I. Masses and widths of the E* and S*,
and fractions of production.

M~*
~K~

Fraction E~

MN*

Fraction E*

This work
2.26 BeVjc

895&3 MeV
50~5 MeV

(42~3)%

1234&5 MeV
120%20 MeV
(«~3)%

Reference 9
2.97 BeV/c

891+3 MeV
47&4 MeV
(38~3)%

1232~6 MeV
125+30 MeV
(38a3)y

q ) l+ p(M)I'= I'p —
l

qp) p(Mp)

where q, M, I', qo, Mo, and 1 0 are de6ned above and / is
the relative orbital angular momentum of the decay
products. Equation (3) is then appropriate to the decay
of a 1 meson into two pseudoscalar bosons and (5), to
the decay of a —', + baryon into a pseudoscalar boson and
a spin--', fermion. We note in connection with the reso-
nance amplitudes, Jackson's comment" that the mass-
dependent width I'(M) can, for a broad resonance near
threshold, cause considerable distortion of the shape,
with the peak falling below Mo. We expect this effect
to be noticeable in our N* data, for the N* is quite near
the lower limit of phase space and is known to be a fairly
broad resonance. In Eqs. (2) and (4) we note the de-
pendence of the amplitudes and their squares on one of
the masses only. For example we have Arc. ——A&*(M«)
with no dependence on M„.This is tantamount to the
simplifying assumption made in 6tting the data that
each of the resonances decays isotropically in its rest
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frame. Finally A&, the amplitude for E+p —+ E'x+p
with no correlations among the final-state particles, is
taken to be a constant in accordance with the fact that
a three-body Dalitz plot is populated uniformly by
Lorentz-invariant phase-space events.

%e compare our data with the theory outlined above
by performing least-squares fits to the projections of the
Dalitz plot on the M~ ' and M„' axes. It is therefore
necessary to integrate the functions ~A»~(', ~A~~P,

I
A s I

' over one or the other of these axes. The procedure
followed in fitting, say the Mz projection, is as follows.
First we de6ne three functions:
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AS,A FUNCTION OF K+ LABORATORY MOMENTUM

fg(M», )= (A». )I'dM„',

f (Mz ) f~A. =~ dies'

f~(M». )=
(I
A ~ ~I'dM, .'.

These functions are normalized so that we have

fidM». '= f2dM». '= fadM». '=1.

We then note that f2(M» ) and fa(M» ) have the
same general shape, so that the fitting technique is
incapable of making a sharp distinction between them. .
Thus, an attempted, fit results in an almost singular
error matrix. %e circumvent this problem by 6tting the
M», ' projection to a form: nf&(M«)+P[fm(M»~)
+fa(M», )7, where n represents the fraction of events
which proceed only by E+p ~ E*p and p, the fraction
which proceeds by either of the processes E+p-+ S*E
or E+p-+ E'x+p. This fit produces a unique result for
0.. By following a similar procedure for the M~ 2 pro-
jection, the fraction of events n', which proceeds only
by the channel E+p-+ Ã*E is determined. Finally, we
6nd the fraction of events which proceeds according to
a constant matrix element, a", by imposing the con-
straint on the two its that n+n'+n"=1, a legitimate
step in view of our assumption of noninterference of the
amplitudes. As a check on this assumption, we 6nd that
according to the 6t vie expect about 40 E*events within
the E* mass band (0.71—0.88) BeV' and about 55 E*

t

I,O

I

2.0
t

3.0

events are expected in the N* mass band (1.28—1.69)
BeV'. Furthermore there should be, according to these
6ts about 4 phase-space events in the Ã*-E* overlap
region. Thus our fits predict about 99 events altogether
in the E*-E*overlap box in excellent agreement with
the experimental number, 95~10. In addition, the best
values of the intrinsic masses and widths are determined
from these 6ts. For the K*, the results are: M~*= 895+3
MeV, F»*——50&5 MeV with (42&3)% of the sample
proceeding by the channel E+p +E~p. We —f'nd for the
E*:M~ = (1234&5) MeV, FN =120+20 MeV with
(40+3)% of the events proceeding by the channel
E+p ~Ã"E.These results are tabulated. and compared
with those of the CERN group' in Table I. The form
of the amplitudes used to fit the three-body Dalitz plot
in their experiment are the same as those used here. The
results for the E*and E*parameters are in good agree-
ment. The projections of the Dalitz plot on the Mz '
and M~ ' axes are shown in Figs. 3 and 4. In each case
the histogram indicates the experimenta, l data and the
solid curve is the least-squares solution. As expected, "
the experimental peak of the S* (Fig. 4) is shifted down-
ward occurring at a value of M„of 1215 MeV in com-
parison with the intrinsic mass of 1234 MeV. From the
fractions of events in each resonant channel we 6nd, the
partial cross sections to be

0 (E+p +E~p —+ E'~+p)—= (1.1+0.2) mb,
o(E+p ~ E*E +.'Esp+)+ (1.1+0.2—) mb.

LABORATORY MOMENTUM OF K' (BeV/c)

FIG. 5. Cross section for the reaction E+p ~ E*+p as a function
of incoming X+ laboratory momentum.
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These results are compared with other experiments in
Figs. 5 and 6. As before, the solid. curves in these figures
are free hand fits to the experimental points.

t 30-
O

(j 20-
Z

IO-

I.O I .2 I.4 I,6 I.B 2.0 2.2 2.4 2.6 2.B 3.0 3.2 3.4 3.6 3.6 4.0

M pw (BeV}

FIG. 4. Projection of the Dalitz plot on the M„' axis.

4. DECAY CORRELATIONS OF
THE RESONANCES

Figures 12 and 13 show the experimental production
diGerential cross sections as a function of center-of-mass
production angle of the E* and E*, respectively. The
forward or backward peaking of these cross sections is
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Gottfried'~ and is shown in Fig. 7. This system, defined,
in the rest frame of the resonance, has its s axis along
the direction of the incoming particle (particle A in
the upper part of Fig. 6). The y axis is along the normal
to the production plane defined by dXa=aXc where
d, a, c refer to three-momenta of the respective particles
in this figure. Finally, the x axis is in the direction of the
cross product of y with s. Relative to this system, the
polar and azimuthal angles (8,&) of the three-momen-
tum vector of a resonance d,ecay product are defined in
the conventional manner. The angle 8' between this
vector and the production normal is also shown. In
terms of (8,&) the decay angular distributions for
Ee~Eos+ and. E*~ ps+ are, respectively "'5

FIG. 6. Cross section for the reaction E+p ~ E~++E' as a function
of incoming E+ laboratory momentum.

z'a ycosH, Qg

accepted as evidence that the reactions E+p-+E*p
and E+p~X*E are mediated by a single-particle-
exchange mechanism and the data are therefore com-
pared with theoretical predictions based, on a peripheral
or single-particle-exchange mod, el. Models of this type
are widely discussed in the literature. ""

The structure of the decay angular distributions often
indicates"" that the production of resonances is con-
sistent with the exchange of an object of given spin and
parity. The angular distributions of the E* and, S* in
in this experiment are analyzed accordingly. A con-
venient coordinate system in which to observe these
distributions has been suggested by Jackson and

JACKSON" GOTTFRIED
COORDINATE SYSTEM FOR

SINGLE-PARTICLE-EXCHANGE ANALYSIS

3
=—Lpoo cos'8+ ~~ (1—p00) sin'8 —pg, sin'8 cos2y

4x —v2 Repro sin28 cospl, (9)

3
=—p33 sin 8+(2—p33)s+cos 8

4x

2 2——Repqqsin28cosg ——Reps, csin'8cos2&, (10)
VS V3

where the p;; are the spin-space density matrix elements
of the E~ or E~ and 8'~~ and S'~~ are normalized to
unity. Equation (9) is simply obtained by realizing that
in the decay E~ —+ E'x+, angular momentum and parity
conservation require the decay products to be in a rel-
ative I' state. Thus their wave function is of the form

REST F
RESQN

z = a = BEAM PARTICLE

A gF'(8,@)+AOF/(8, @)+A gFg-'(8, y),
where F~ is a spherical harmonic of order 1.Then

W(8,&) 4"O'=Q, (A ~A )Fp~Fg

and (9) follows upon identifying p„with A *A and
carrying out the indicated expansion. The normalization
of the distribution also requires that Tr p= 1.Equation
(10) is similarly obtained. The decay E*~Pw+ must
also occur in a I' state. However in this case, the proton
spin state must be included in the wave function.
Stodolsky and Sakurai" have suggested that the E*
decay distribution could be more conveniently expressed
in terms of the angle 8' (Fig. 7). This may be obtained
by rotating (10) to a coordinate system in which the s
axis is along the production normal, and integrating
over an azimuthal angle. The result is

y = d&a"-
NORMAL TO
PRODUCTION PLANE pss +p-s—s

W~.(cos8') =-
4m 2

sin2e'

x=yxz

FTG. 7. Coordinate system for analyzing decay
correlations of the resonances.

p„'+p- '(5+3 cos'8')
(11)

2 3 )
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The p' here are the E~ density matrix elements in the
rotated coordinate system and are related to the p of
(10) by simple algebraic expressions. The angle g in the
distributions (9), (10) is the familiar Treiman-Yang
angle. "

In general, the values of the density Inatrix elements
are not predicted by the theory, but the experimental
values obtained are indicative of the nature of the ex-
changed particle. However, the Stodolsky-Sakurai
modeP' for X~ production (in which pseudoscalar
exchange is not allowed) by p meson exchange does
make de6nite predictions about the values of the primed
density matrix elements of Eq. (11). This model
requires that p~3'+p ~ 3' ——0. Hence the distribution in
cos8' for the E" decay Products should be W1ve(cos8')

(1+3cos'8'). Furthermore, on transforming back to
the coordinate system in which 8 is the polar angle,
rather than 8' (Fig. 7), one finds that p33'+p 3 3'=0
implies that p33= 8 and Repa y= 8. Upon integrating
(10) over 8, the S*Treiman-Yang distribution becomes
W~e(g) =-', (1+2 sire&). We summarize the predictions
about the E* angular distributions based on Stodolsky
and Sakurai's model as follows:

W~*(cos8') (1+3cos'8'),

W~~(g) (1+2 sin'p),

where 8, P are discussed above and indicated in Fig. 7.
Although specihc predictions analogous to the above

are not made about the E*density matrix elements it ls

easy to see how the nature of the exchanged object
determines their values and correspondingly the struc-
ture of the angular distribution (9). If, for example, the
reaction Z+p~ X*p proceeds by pseudoscalar meson
exchange, two pseudoscalars (the beam E+ and the
exchanged pseudoscalar) must combine at the upper
vertex of Fig. 7 to produce a 1 E~. This can only occur
in an /= 1, em~= 0 con6guration. Hence the E~ must have
total-angular-momentum quantum numbers J= 1,
M =0.Thc decay wave function is then: 4 Y&' and, the
decay distribution is of the form: W

~

Fio~'=cos'8.
This implies that p00=1 and all other density matrix
elements are zero. On the other hand if vector meson
exchange is responsible for this reaction then the E*
must be formed from the incident E+, a 0 object, and
the exchanged 1. meson. This can only happen when
the E~ spin has a projection on the s axis (Fig. 7) of ~1.
The decay wave function is then, %' l'1'+ l'1 ', and the
angular distribution W is proportional to

~

7'1'+ F1 '~2

[~ sin'8 —-', sin'8cos2&j. One then has p00=0 and
pii= g (1—pop) = 2. Also 'the eleIIleilt pi 1 llas 1ts Illaxl-
mum value of —', . The presence of the cos20 term in the
above is due to interference between the I'~' and 7& '
components of the wave function, which arises because
the E~ spin direction, or equivalently, the spin direction
of the exchanged particle is not detected. Jackson and
Pilkuhn" have pointed out that in the absence of any
absorptive correction to the peripheral model, the
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K INEMAT IC CONTOURS

(M„)

eo

I'IG. 8. Schematic diagram of Dalitz contour and resonance bands.

"P. Kberhard and M. Pripstein, Phys. Rev. Letters 10, 35j.
(1963).

pseudoscalar and vector meson exchange processes, if
they both occur, must be incoherent. The decay
distribution then has the general form W iFP~'
+

~

Fi'+ V& ' ~'. This implies that Repio in (9) is zero.
In this case poo represents the fraction of events which
is mediated by pseudoscalar exchange. To recapitulate
then, an experimentally determined, value of ppo which
is close to 1 indicates predominantly pseudoscalar
meson exchange and. a distribution which is mostly
cos'8. Alternatively, a value of poo near zero and a
predominantly sin'8 distribution indicates a large
amount of vector relative to pseudoscalar exchange. In
this case the value of p~ ~ is indicative of the inter-
ference between the exchanged meson's polarization
states which results in the azimuthal or Trciman-Yang
anisotropy in the decay angular distribution. Finally, a
nonzero value of Rep]0 may indicate that the simple

peripheral model need. s modi6cation. %e return to this
point later.

To calculate the density matrix elements of the
resonances, we select events within speci6ed mass inter-
vals. Ke de6nc the E~ band. as the interval on the M~ '
axis of the Dalitz plot between 0.71 and 0.88 BeU', and
the S~ band as the interval between 1.28 and. 1.69 SeV'
on the M„axis. To avoid biases which could, occur in
these calculations because of the overlapping of the
resonance bands, we calculate the density matrix ele-

ments for three different samples of events. These are
most easily described with reference to Fig. 8 which is
a schematic diagram of the Dalitz contour and the
resonance bands. Sample 1, for each resonance consists
of all the events in the resonance band including those in

the overlap region AB. Thus in Sample 1, the events in
AB are assigned to both the E*and E*bands. Sample 2

in each case consists of all events in the band. excluding
the overlap region entirely. In choosing Sample 3 events
wc follow a suggestion of Kberhard, and. Pripstein. "A
region CD is found, in each of the resonance bands
whose population by resonance events is theoretically
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TABLE II. Density matrix elements obtained from the various samples of events. The lower part
of the table shows the results of dividing Sample 3 into halves as a check.

Element

poo

pl, -1
Rep1o

p33
Repg,
Repo1

Sample 1

0.15 &0.04
0.13 &0.04—0.07 +0.02
0.28 +0.03
0.24 %0.03—0.006%0.03

Sample 2

0.15%0.04
0.30&0.05—0.04+0.03
0.27a0.04
0.19~0.04—0.03&0.04

Sample 3

0.15+0.05
0.24%0.04
0.05&0.03
0.28+0.03
0.21+0.03—0.03+0.03

Stodolsky-Sakurai

~ ~ ~

0.375
0.216

M~ ~=0.71—0.79 BeV~ M~~~=0.79—0.88 BeV2 M&w'= 1.28—1.48 BeV' M»'= 1.48-1.69 BeV~

poo

P1,-1
Rep1o

p33
Rep3, 1
Rep31

0.15 &0.07
0.13 a0.07—0.006m 0.04

0.13&0.06
0.30a0.(%—0.09&0.03

0.27~0.05
0.22~0.04—0.06&0.05

0.30 &0.04
0.21 +0.04—0.007+0.04

equal to the population of overlap region AB by events
belonging to the same resonance. These two regions
are conjugate to each other in the sense that events in
CD are parity inversions of events in AB. Parity in-
version here implies that in the resonance rest frame,
the decay 3-momenta are exchanged. Assuming that the
resonance decays as a free particle in a given parity
state, conservation of parity requires equal population
of the conjugate regions. "Sample 3 is then constructed
for each resonance as follows. An appropriate region
CD is found and the experimental events inside this
region are used to construct a set of 6ctitious events

which are parity inversions of them. The experimental
events in AB are then removed and this region is re-
populated with the Gctitious events. These, plus the
remainder of the band comprise Sample 3. Events in
Sample 3 are assumed to be a good approximation to
the structure of one resonance band when the other is
absent.

For each of the three samples, the density matrix
elements are calculated by a moment analysis of the
events. Denoting the average value of a function f(8,&)
over the experimental distribution by (f), we have

2.26 BeV~cK p~K'p~K ~ p
220 K' EVENTS

~O-Nt„. ~COSei = I+&I.8~I.I) SIN

&* =~.9
where S is the total number of events and f, is the value
of f(8,&) for the ith event. We assign an error"

lO 30-
R
LLI

LLI

O

20-
R

A little algebra shows that the angular distributions (9)
and (10) can be expressed as linear combinations of
spherical harmonics of order 2. If these are denoted
by 7&, we And that the density matrices can be ex-
pressed as follows:

g )ac ~

5
py y= —-(ReFsm),

IQ-
—5

Replo (ReF2 ) .

- I,O -0,6 -0.2 0.2 0.6 I,O
COS 8

FrG. 9. Cos8 distribution for the decay K*~ Eon+.

pas= a[&—s(Fs')7,

Repg g= —-,'V3(ReF2s),

Rep3g ———-,'V3(ReF, &).

» P. E. Schlein, D. D. Carmony, G. M. Perreau, W. E. Slater,
D. H. Stork, and H. K. Ticho, Phys. Rev. Letters 11, 167 (1963).



REACTION %+/~K'~+P AT 2. 26 Bev/c 1305

40
K p K p K a p 2.26 BeVic

220 K EVENTS
W~~( $ ) = I+ ( I.8 + .7 ) S IN

x =3.Q

cose and P angular distributions. These are of the form

Wx'(cose) ~[(1—poo)+ (3poo —1) cos'8], (13)

Wx. ($) [(1—2p~, ~)+4p~, ~ sin'pj. (14)

V)I-
ILI

LLI 20-
O

-I 80 -90
I

90 I 80
TRE IMAN-YANG ANGLE $ (DEGREES)

Fxo. 10. Treiman-Yang distribution for the decay E*—+ E m+.

The experimental values of the density matrix elements
for each sample of events and for each resonance are
listed in Table II. We note that the element py ~ in the
E* density matrix appears quite sensitive to the way
in which the resonance overlap region is handled. The
remaining elements of the density matrices do not seem
to vary much from sample to sample. As an additional
check, each resonance band in Sample 3 is divided in
half and the density matrix is calculated separately for
events in each half. The results are shown in the bottom
part of Table II. Interestingly enough the element p~

in the E~ density matrix again shows a fairly sharp
variation from one half of the resonance to the other.
Finally, we estimate the number of background or phase
space events in each of the resonance bands, and assum-

ing that these events would be isotropically distributed
in every angle, recalculate the density matrices. The
differences between these recalculated values and the
values given in Table II were in all cases small and
within the statistical errors. We have not therefore,
attempted to correct the values in Table II to accourit
for these small deviations. We remark, however, that
we assume no interference effects between the resonant
and background events and that such effects could
possibly account for the differences between the values
of p~ ~ calculated for the separate halves of the E*.

In discussing the results of the moment analysis and
presenting the experimental angular distributions, we
shall from now on restrict ourselves to Sample 3 events.
Turning 6rst to the E* we show in Figs. 9 and. 10 the

Substituting the experimental values of the density
matrix elements in (13) and (14) and normalizing to the
total number of events, we obtain the solid curves of
Figs. 9 and 10.Aside from the normalization factor, the
cose distribution is given by: W&'(cosg) = 1+(1.8&1.1)
sin'8 with a value of poo of 0.15&0.05. Recalling that
a low value of this element indicates predomminantly
vector meson exchange and a sin'8 distribution, we con-
clude that the distribution is consistent with vector
exchange in E* production. This is corroborated by
considering the Treiman- Yang distribution for E*
events. According to (14) this distribution is character-
ized by the density matrix element pp p. This element
is a measure of the departure of the Treiman- Yang
angular distribution from isotropy. If, indeed, vector
meson exchange predominates for E* production in
X+p-+ E"p as suggested by Fig. 9, then the Treiman-
Yang distribution should show a sin'P variation. A
glance at Fig. 10 shows that this is the case. A value of
p~ ~ of 0.24&0.04 leads to a distribution Wx*(p)
=1+(1.8&0.7) sin'P. This distribution, normalized to
the total number of E* events, is shown as the solid
curve in Fig. 10. The off-diagonal density matrix ele-
ment Rep&0 is —0.05&0.03. The inconsistency of this
result with the value zero, predicted by the simple

50
K+p~K N ~K ~+p 2.26 BeV/c

238 N' EVENTS

W„.(C OS e) = (,05-.03)S IN 8 +
(.I 5+.02) ( I+ 3COS e')

x =B,7

V)

4J 30
LLJ

0
K

Z~20-

IO

I I I I

- I,O -0.6 -0.2 0.2 0.6 I.O
COS 9'

FIG. 11.Cos8' distribution for the decay S*~ pm+.
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FIG. 12. Treiman-Yang distribution for the decay E*—+ pm+.

pap'+ p 3, 3' ——0.05&0.03.

These numbers lead to a cos 0' distribution which is:

WN. (cos8') = (0.05+0.03) sin'8'

+ (0.15+0.02) (1+3cos'8') .

It is normalized to the total number of E* events and
shown as the solid curve in Fig. 11. This result is in

fairly good. agreement with the pure 1+3 cos'8' predic-
tion. Ke further compare the data with the Stodolsky-
Sakurai Model by observing the E* Treiman-Yang
angular distribution. It is parametrized by the density
matrix element Repa 1 and has the general form:

4 ~ 8
WN*(p) 1——Rep3 i ~+—Rep3 i sire, (15)

v3 / v3

peripheral model is in accordance with absorptive
modifications introduced by Jackson and Gottfried. " 's

Figure 11 and 12 show the experimental angular dis-
tributions in cos8' and Q for X*events from the channel
E+p —& S*E.We recall that the cos8' distribution has
the general form of Eq. (11) and that Stodolsky and
Sakurai predict p33'+p 3 3' ——0 and thus a distribution
of the form Wii ~(cos8') 1+3 cos'8'. When the experi-
mental values of the E* density matrix elements from
Table II are used to calculate the primed elements, the
results are

—,'(pii'+p i i')=0.45+0.06

TmI.E DI. Variation of density matrices vrith energy.

I:*der s1ty matrix
Inc. E+ lab
momentum

(&&V/~)

Refer-
ence

1.5
2.26
3.0
5.0
1.5F p
3.0E p
3.5E p

0.40+0.04
0.15&0.05
0.07+0.06
0.25+0.12
0.38+0.06
0.17+0.05
0.24+0.06

~ 4 ~

0.24&0.04
0.32+0.06
0.42+0.11
0.21+0.06
0.29a0.04
0.19+0.06

~ ~ ~

—0.05+0.03—0.10+0.05—0.04+0.09
~ ~ ~

0.01~0.02
0.05~0.04

6
~ 0

9
18

b
c

E* density matrix
Inc. E+ lab
momentum

(8eV/c) p33 Rep3 1 Repgt
Refer-
ence

2.26
3.0

0.28+0.04 0.21+0.03 —0.03+0.04
0.28+0.06 0.21+0.05 0.04~0.05 9

a S. L. Adelman, Report presented at Proceedings of the Second Topical
Conference on Resonant Particles, 196'5 (University of Ohio, Athens, Ohio,
1965).

b R. Barloutaud, A. Leveque, C. Louedec, J. Meyer, P. Schlein, A.
Verglas, J. Badier, M. Demoulis, J, Goldberg, &. P. Gregory, P. Krejbich,
C. Pelletier, M, Ville, E. S. Gelsame, W. Hoagland, J. C. Kluyver, and
A. G. Tenner, Phys. Rev. Letters 12, 352 (1964}.

& N. Haque, Rutherford Laboratory, Cambridge, Report No. RPP jH/3,
1965 (unpublished}.

which is easily obtained from (10) by integrating over
cos8. The element Reps 1 is predicted to be 0.216=-';
which leads to Wiv. (qb)1+2 sin'+ according to (15).
The experimental value of Repa 1 is 0.21+0.03 which
leads upon substitution in (15) to W~e(g) = 1
+(1.9&0.5) sin2&. It is shown normalized to the total
number of E* events in Fig. 12. This result is also in
good agreement with the Stodolsky-Sakurai model and
taken together with the result for the cose' distribution
indicates that E+p —+ X*IC at this energy is consistent
with meson exchange.

A comparison of the E~ and E~ density matrices cor-
responding to the reactions E+p—~ E*p and E+p +E~E—
with other experiments is made in Table III. For the
E~ we note that with the exception of the 1.5 Bev/c
experiment, the values of the parameter poo are con-
sistent. This may indicate the vector meson exchange
plRys RQ lQCI'cRslQgly important part 1Q this I'cRctloQ Rs

the energy increases. The values of p1 1 are also in fair
agreement except at 5.0 Bev/c where an experimental
value of 0.42&11 is somewhat higher than our value
of 0.24~0.04. Finally, the values of Rep10 are also
consistent with one another within experimental un-

ccltalntlcs. Wc hRvc Rlso lrlcludcd ln TRblc III thc
results of three E p experiments which represent the
reaction E p —+E" p~E'7r P'. This allows a com-

parison to be made with the E+ experiments, particu-
larly since two of the E experiments correspond in

energy to two of the E+ experiments. At 1.5 Bev/c the
value of p00 is 0.40+0.04 in E+P and 0.38 in E P. These
are in good agreement. However, the values of ppo in

both charge states are larger at this energy than at
higher energies indicating again that pseudoscalar
exchange may be more important at lower energies. At
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3.0-BeU/c values of all three p parameters are available
in both charge states. With the exception of the element
Rep&0, the values of the density matrix elements are
consistent with each other at this energy.

For the channel E+p ~ 1V~E we compare our results
with those of the CERN group. ' The agreement between.
the two sets of S*density matrix elements is very good.

S. DIFFERENTIAL PRODUCTION CROSS
SECTIONS OF THE RESONANCES

We described in the previous section an analysis of
the decay correlations which leads us to conclude that
the production of the E~ and E* resonances in our
experiment is consistent with a mixture of pseudoscalar
and vector meson exchange with the latter predominat-
ing. In this section we analyze the differential produc-
tion cross sections of the resonances, assuming that these
exchange processes are responsible for the channels
E+p~ E~p and E*p-+ 1V~X. We shall see that the
agreement between our data and the theoretical pre-
dictions is only moderate.

Theoretical expressions for these cross sections have
been worked out by Jackson and Gottfried. '~&8 They
have included in this theory, absorptive modifications
to the simple peripheral model. They begin with a
general expression" for the differential cross section for a
reaction a+b~ c+d:

do 1 — 2 l(~.~.ITI7.»&l', («)
dQ (2S.+1)(2S&+1)sq &.&~&.&«

where q and q' are the initial and fina center-of-mass
three-momenta, s is the square of the total center-of-
mass energy, T is the transition operator which describes
the production of c and d from u and b and the right-
hand side of (16) is averaged over initial and summed
over final-state helicities. We note that the T operator
appropriate to the present case is a single-meson ex-
change operator. Upon substituting explicit expressions
for the T operators" and adding amplitudes for pseudo-
scalar and vector meson exchange, the predictions of the
simple peripheral model are obtained. As we noted
before, in this simple model the pseudoscalar and vector
exchange amplitudes add incoherently. Jackson and
Gottfried" " pointed out, however, that (16) as it
stands cannot be correct for a single-particle-exchange
process. The essence of their remarks is that a sum over
all possible orbital angular momenta in the initial state
is implied in (16). This is unreasonable because we

expect peripheral collisions or single-particle-exchange
processes to occur in high orbital-angular-momentum
states, or alternatively when the initial-state impact
parameter is fairly large. We expect that in an almost
head on collision the probability for single-particle
exchange is very small. It is therefore necessary to
modify (16) so that the contributions from the low
orbital-angular-momentum states is reduced. The pre-

scription for carrying out this reduction is based on the
assumption" "that if the energy in the initial state is
high enough, the interactions which compete strongly
with single-particle exchange in low orbital states can
be taken to be elastic scattering interactions between
the initial particles a, 6 and between the final particles
c, d. These elastic scattering interactions are expressed
in terms of the small-angle differential cross sections (as
a function of four-momentum transfer) as" "

0 total 2

(do/dt) = . e ~',
16m'

(17)

where t is the four-momentum transfer and A is a
constant. Furthermore, it is shown in Refs. 16—18, that
the elastic-scattering phase shifts can be written as

Ototal
e'"&~)= 1— e

4xA
(18)

s'~~&&*&= (1—C e &1* ) &2

g&4a(&& = (1 Cqg vm&')&I&— — (22)

In (22) C& and C2 are measures of the amounts by which

where the impact parameter 6 is related to the orbital
angular momentum /, by

/=qb.

Here q is the linear momentum of either of the colliding
particles in their center-of-mass system. To modify the
single-particle-exchange amplitudes, one first expands
them in a series of partial waves:

(~,&,.~r~&,.X,&=+,(j+-,')(&.X.~r ~XJ,&d,„. (20)

This expression is due to Jacob and Wick."Here X„Xb,
'A„and P ~ are as before the helicities of the initial and
final particles, X=X,—X&, p=X,—X&, j is the total
angular momentum and d&,„&(e) are (2j+1)dimensional
representations of the rotation group. Jackson and
Gottfried s prescription for modifying the partial-wave
components of each helicity amplitude is this: Each
component is multiplied by an elastic-scattering phase
shift appropriate to initial-state scattering, and by a
similar phase shift appropriate to final-state scattering.
It is convenient in discussing the ensuing expressions to
express the partial-wave expansion as ag integral rather
than a sum, with the discrete variable j of (20) being
replaced by a continuous variable x. The jth partial-
wave component of the helicity amplitude is then
written as (X,Xd

~
T(x) ~X,Xt,& and the phase shifts (18)

can also be expressed in terms of x. Then the modified-
partial-wave component is

(&.&, ~T (x)~l.&,&

& &(&&, yd~ T(g) ~y y&&g'4b& &. (21)

The phase shifts can be expressed, similarly to Eq.
(18), as:
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FI:G. 13. Differential production cross section of E* versus

cos8,.~, , where cos8, .m. =Eb„~ E .z' z' " +."*

the lowest partial waves are absorbed in the initial and
final states and y~ and p2 are proportional to (1/A~)
and (1/A2). From the differential scattering cross sec-
tion (17), Aq and A2 are constants which measure the
slopes of the elastic cross sections at small angles or low
four-momentum transfers. We remark, following Jack-
son and Gottfried, that C& and p& are generally associ-
ated with the elastic scattering of one or two dynami-

cally unstable particles and are not known. Therefore,
a reasonable assumption about their values must be
made in any experiment. Furthermore, because of the
reduction factors occurring in the partial-wave expan-
sions of the helicity amplitudes, the pseudoscalar and
vector exchange amplitudes no longer add incoherently
as in the simple peripheral model.

Gottfried, Jackson, and Svennson" used the theory
outlined above to fit the differential cross sections of the
E* and Ã* obtained in the CERN 3.0-BeV/c E+p
experiment. For the reaction E+p~ E"+p in which
both pseudoscalar and vector meson exchange are
allowed, a mixture of pion and vector meson exchange
was taken, with the mass of the vector meson equal to
750 MeV. The best fit to the data of that experiment'
was obtained by varying the ratios of vector to pseudo-
scalar coupling constants. These ratios are denoted"

Using the values of $ and g which gave good fits to the
data at 3.0 BeV/c, Jackson and co-workers at the
University of Illinois calculated a series of theoretical
differential cross sections for the E* in E+p ~ IPp~
Eos+p at the present energy. We may thus use our data
to see if a given pair of ratios, &, q, gives agreement at
2.26 BeV/c and 3.0 BeV/c. That pair of parameters
which gives best agreement with our data is f= 1.55 and
q=1.48. The remaining absorptive parameters for this
theoretical curve are

Cg = 1.00, C2= 1.00,
F2=0.16.yg= 0.21,

Ke compare our experimental diGerential cross section
for the E* with this theoretical curve in Fig. 13. The
histogram, as usual, represents the experiment and the
solid curve is the theoretical prediction. The two agree

4Q

DI FF E RENT IAL PRODUCTION

CROSS SECTION FOR

N' PRQDUCTION IN

K+p = N'++K

.3Q-
O'ToTaL= ' +'2m

Ch

E

Cj

20—
b

IO—

D I
I I I I I

.8 -,4 Q .4 .8
PRODUCTION COSINE QF N'++ IN

K p CENTER-OF-MASS SYSTEM

FIG. 14. Differential production cross section
of N* versus cos8,.m.~*=Eb„m+ 8*.
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differential cross sections. We remark from Fig. 14 that
the shapes are in fair agreement for very backward S*'s
with cos8& —0.8.

We note" "that a peripheral model with absorption
predicts that the density matrix elements of a resonance
should vary with its production angle. We calculate
the E* and E* density matrices over the production
cosine ranges 0.9, 1.0 and 0.8, 0.9 for the E* and —1.0,—0.9 and —0.9, —0.8 for the X*. The experimental
results are compared with the theory in Fig. 15.

6. CONCLUSION
.2
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FIG. 15. Variation of density matrix elements of E*and F*with
center-of-mass production angle (cos8, + or cos0, ~*).

reasonably well particularly at very small production
angles, say cos8&0.85.

Jackson has also calculated a theoretical differential
cross section for the reaction E+p —& E*E~ E'7I+p at
2.26 BeV/C. In this reaction pseudoscalar exchange is

not allowed and. only p meson exchange was considered
in accordance with the Stodolsky-Sakurai Model. The

p meson coupling constants were chosen in conformity
with this model and such that g~+p+OGyp++ 50&(16m'.
The remaining absorptive parameters used in the
calculation were

Cg= 1.0, C2= 1.0,
yg= 0.17, y2=0.085.

The experimental cross section is compared with the
theory in Fig. 14. The agreement in this case is not very
good. The dashed curve represents the predicted cross
section normalized to the point at cos8=1. We have
performed this renormalization only for an easy com-

parison of the shapes of the theoretical and experimental

For the reaction E+P —+E7r+P at 2.26 BeV/c we
6nd a cross section of 2.62&0.30 mb with production of
each of the E* and X*resonances occurring about 40%
of the time. The intrinsic masses and widths of these
resonances determined in this experiment are M~*
=895+3MeV, I ~*=50+5 MeV, M~*= 1234&5 MeV,
and FN*= 120&30 MeV. These agree with the values of
these parameters determined from similar data at
3.0 BeV/c.

Analysis of the decay angular distributions of the
resonances indicates consistency of the data with a
single-particle-exchange model. Vector meson exchange
seems to be the predominating production mechanism
for both the E* and X*.In particular for the latter of
these, the reaction E+p —+ N*E is in good agreement
with the Stodolsky-Sakurai model as far as the E*decay
correlations are concerned. For the E*, the nonzero
value of the density matrix element Repro indicates a
lack of agreement with a simple peripheral model.

When the diGerential cross sections for the production
of these resonances are compared with the predictions
of a pheripheral model modified to account for absorp-
tive sects there is at best moderate agreement.
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