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The configuration-interaction method is applied to the (right-angle) exchange interaction between
nearest-neighbor V'+ ion pairs in MgO. Specific configurations under consideration are the ionic configura-
tion, all allowed anion-to-cation charge-transfer configurations, and the most important cation-to-cation
charge-transfer configuration. Numerical calculations are performed for the exchange interactions between
individual 3d-electron pairs. The exchange coupling constant J&~ associated with the exchange energy
—2JzzSz. Sz between total spins of two V'+ions is deduced byprojecting the single electronic spin onto the
total spin. Its value is found to be 8.2'K (ferromagnetic). The lack of orthogonality between neighboring
cation 3d orbitals is shown to be very important for the exchange coupling between two magnetic ions at
right angles to an intervening anion. The sign of the contribution to the exchange integral arising from this
nonorthogonality depends on the symmetry of electron orbitals. For the specific cases under consideration,
these contributions are found to be of overriding numerical importance.

I. INTRODUCTION

N our previous paper' (hereafter referred to as I)„.we applied the method of con6guration interaction
to investigate the exchange interaction between nearest-
neighbor V'+ ion pairs in KMgF3 and noted the impor-
tance of taking into account the overlap integral
between neighboring free-ion d orbitals and the cation
—+ cation charge-transfer excitations resulting from
this nonorthogonality. The primary objective of this
paper is to study the sign of the exchange interaction
between nearest-neighboring V'+ ions and the relative
importance of various charge-transfer excitations for
V'+:Mgo, using the same approach as adopted in I.
For the present case, the two V'+ ions are at right angles
with respect to an intervening oxygen ion and are
separated from one another by 2.97 A. only, as com-
pared to a nearest cation-cation separation of 4.00 A
in V'+: KMgF3. Consequently, nonorthogonality be-
tween the cation d orbitals plays a very important role
for the exchange interaction in the present case.

From the symmetry of electron orbitals, Kanamori'
has shown that, in the anhydrous chlorides where the
cations within a layer normal to the principal axis are
nearly at right angles with respect to an intervening
anion, the exchange interaction between two magnetic
ions of d' configuration is ferromagnetic. He further
pointed out that in the monoxides, direct interaction
and electron-transfer excitation between the cations
are important and that the latter will give rise to an
antiferromagnetic interaction. Up to now no experi-
ment has analyzed the exchange interaction between
tvo nearest d' ions in the NaCl type of structure.
However, the intralayer exchange in CrBr„., where the
Cr—Br—Cr bond is nearly a right angle, is in fact found
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to be +5.44'K (ferromagnetic) by Gossard et ul. s

Also, Saltzer et al.4 recently reported that the exchange
interaction between nearest Cr'+ neighbors in the
chromium chalcogenide spinels (the Cr-anion-Cr bond
is a right angle) is ferromagnetic, varying from 11.8'K
(CdCrsS4) to 15.8'K (HgCr&Se4) .

We shall consider the perturbation on the ionic con-
6guration caused by the anion~cation and the cation —+
cation charge-transfer excitations. Since these processes
are allowed only between the nonorthogonal orbitals,
it is necessary to observe first what these orbita&s are.
Consider two V'+ ions and an intervening oxygen ion
in the xs plane as shown in Fig. 1. Using the symmetry
properties, we list in Tables I and II the nonorthogonal
2p-3d orbitals and the 3d-3d orbitals, respectively.
From Table I we note that the anion~cation charge
transfer processes are allowed for the configurations
shown in Figs. 2(a) and 2(b). In the former case, an
electron can be transferred from the 2p, (or 2p, )
orbital to the unoccupied V'+—d, orbital at center 3
(or center Ir), while in Fig. 2(b) electron transfer is
allowed from 2p„orbital to the unoccupied d„, orbital
at center A or to the d,„orbital at center B.The cation
—+cation charge transfer takes place from the d„orbital
at one center to the d „d,2, or d ~ „2 orbitals at the
other, also from the d,v (or d„,) orbital at one center
to the d„. and d„, orbitals at the other. Since the t2,
orbitals are half-filled for a V'+ ion in the ground state
in an octahedral crystal 6eld and the e, orbitals are
empty, it is clear that the electron transfer from d„ to
d.~ or d, ~ „~ will result in a ferromagnetic interaction
due to the Hund's rule, whereas the other cation —+

cation transfers will give rise to an antiferromagnetic
coupling. In the following sections we shall consider
all the previously mentioned anion —&cation transfer
processes. As to the cation~cation transfers, only the

' A. C. Gossard, V. Jaccarino, and J. P. Remeika, Phys. Rev.
Letters 7, 122 (1961).

4 P. K. Baltzer, P. J. Wojtowicz, M. Robbins, and E. Lopatin,
Phys. Rev. 151, 367 (1966).
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TABLE I. The anion 2p and cation 3d (centered at site A or B)
orbitals which are nonorthogonal.

X7v 4
&EX "x

3d orbitals centered
at cation A or 8

d„(A), d,s(B)
&4.(A), d.e(B)
d.s(A), d„(B)

transfer between two d„orbitals will be considered. The
significance of the other processes will be discussed in
Sec. IV.

Since the electronic orbitals involved explicitly in
the charge-transfer excitations in Fig. 2(a) are different
from those in Fig. 2(b), we can treat these two cases
separately to a good approximation. Moreover, we
found in I that the interaction between the anion~
cation and cation —+cation charge-transfer excitations
is numerically unimportant, so that we assume here
that we can consider these two kinds of excitations
independently. We therefore solve the configuration
interaction problem for the following three excitations
separately: (i) charge transfer from the anion 2p, and

2p, orbitals to the cations, (ii) charge transfer from
the anion 2p„orbital to the cations, and (iii) charge
transfer between the cation d, orbitals. A brief account
of the method of permutation degeneracy is given in
Sec. II. Expressions for the exchange integral between
two individual d electrons arising from each of the
above mentioned cases and the numerical estimates
are given in Sec. III A—C. Projection of the spin of a
single electron onto the total spin of the ion and estimate
for the exchange coupling constant between the total
spins of the V'+ ions are given in Sec. III D.

II. THE METHOD OF PERMUTATION
DEGENERACY

FIG. i. Positions of the
cations and anion under
consideration.
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We use the Dirac —Va,n Vleck —Serberper mutation de-
generacy method~~ to solve for the spin-dependent part
of the perturbed ground-configuration energy. The wave
function describing a configuration is taken to be the
product of atomic orbitals and the exclusion principle is
taken into account by using only the physically allowed

p2 wz

B V2+(d X7)

I
V dxy)

B

(a) (b)
Fzo. 2. (a) Configuration in which the charge transfer from

anion 2p, or 2p, to cation is allowed. (b) Configuration in which
the charge transfer from anion 2p„ to cation is allowed.

~pre~;g&(3t W) Rat;tPR;R;
P

(&'&&t) (1)

where K is the sum of the total kinetic energy of the
electrons, the electron-nuclear potential energy, and
the Coulomb interaction energy between the electrons,
5' is the unknown energy to be solved for in the secular
equa, tion, r; equals the number of pairs of filled orbitals
in configuration R;, and the sum is carried over the
st!/2"' permutations which differ by more than an inter-
change of identical orbitals in R; (n=number of elec-
trons under consideration). It can be shownr that the
coefficient (K—W)RR*Rt of the matrix representation
of the permutation operator P is given by the expres-
sion

(3e W) RR*Rt (—PPR'~R ———W~PR)'
where

—X RsRt W(PQRc!QRt)

P'=V' '(& ) A'(r ) ' ' 'sp '(r )

(2)

is the product of the one-electron orbitals specifying
configuration E;.

The construction of the matrix representation of the
permutation operators will be demonstrated in Sec. III
for our specific case. Obviously, such construction
depends upon the relative spin orientation of the d
electrons. Hence by using (1) and (2) to set up the
secular equation for the energy eigenvalues, we are able
to solve for the strength of the interionic exchange
interaction.

TABLE II. The nonorthogonal 3d orbitals centered
at cation A and B.

spin states in constructing the matrix representation of
the permutation operators. The matrix element which
connects configuration E; to R; is expanded into the
matrix representation of the permutation operators
as follows:

(3C—W)" Rt

c P. A. M. Dirac, The PrinczPles of Quantum Mechanics (Claren-
don Press, Oxford, England, 1900}.

e J. H. Van Vieck, Phys. Rev. 45, 405 (1934).
s R.. Serber, Phys. Rev. 45, 461 (1934).

3d orbitals centered
at cation A

diaz) dz'~ 4'-y'
dgv~ dug

3d orbitals centered
at cation B

dgg22
d~uI d2fg
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III. CONTRIBUTION TO THE EXCHANGE INTER-
ACTION VIA THE ANION —+CATION AND

CATION —+CATION CHARGE- TRANSFER
EXCITATIONS

A. Charge-Transfer Excitations from the 2p, and 2p,
Orbitals to the Cations

The con6gurations under consideration are shown in

Fig. 3, where A is the ionic configuration, 8 and 8'
are the excited configurations in which an electron is
transferred from the anion 2p and 2p, orbitals to the
e, orbital of cation A and 8, respectively, and C and C'
are the excited conhgurations in which an electron is
transferred from the 2p, and 2p, orbitals to the d,
orbital at center A and 8, respectively. Clearly, since
the ionic con6guration is even, it connects only with
the following even combinations of the excited con-
figurations:

4o =(~/i2) (V+0")

Construction of the Matrix Representation of the

Permutation Operators

The eigenfunctions for the total spin of a four-electron
system consist of a quintet state, three triplet states,
and two singlet states. However, because of the presence
of identical orbitals in conhgurations A and C, the
exclusion principle restricts the spin s~ associated with
the electron on the orbital ar (or cr) to be antiparallel
to the spin s2 associated with the electron on the orbital
ar (or cs) . In configuration B, the electron being trans-
ferred from the anion to the cation cannot change the
direction of its spin, because our Hamiltonian is taken
to be spin-independent. Thus we have again s~ anti-
parallel to s.. for this configuration. This requirement
turns out to be consistent only with one of the three
triplet states and one of the two singl:et states for all
three con6gurations A, 8, and C. The quintet state is
clearly inconsistent with the above requirement. Ac-
cordingly, the matrix representation (P~'~~ is independ-
ent of the con6guration indices E.; and R, . Moreover,
since any permutation operator I';; is related to the

The energy matrix to be solved is then given by

(x—W)» (x—W)o' (x—W)"

(x—W) o' (x—W)o' ' (x—W)o'o' =0, (5)

(x—W) "'2 (x—W) ~'r (x—W) '~'2

Using symmetry properties we can show that

ac= axz '6 -Px
i=a2-Pz

Z

a3= dxz

(a)

(X—W) g~'~ = (X—W)"+(X—W)'e',

(x W) omar (X W) oo+ (x W) oo

(x—W) = (x—W) + (x—W) ' (6)

yX
I b5 =be =Px

p/
Z

(b)

bZ =ax,

A

=Px/

/ '/ /
bi =b2=Pz

KZ

(c)
=dxa

Detailed calculation indicates that the exchange inter-
action between two d electrons belonging to two
neighboring cations contains, to the lowest order in
overlap integrals, only the parts in K~&g' 3CG'g' and
K~'~' which depend upon the relative spin orientation
of these two electrons. We find that the dominant
terms of such spin-dependent parts are contained in
(X—W) y (X—W) o) arid (X—W) heilce we call
ignore the elements (X—W) '

(3C—W) oo', and
(X—W)eo'. Accordingly, only the electron on the 2p,
orbital takes part in the charge transfer, and the six-
electron model shown in Fig. 3 can then be replaced by
a four-electron one. In other words, we shall consider
those two electrons belonging to the 2p, orbitals im-

plicitly by choosing a proper eRective nuclear charge
in solving for the interaction between configurations
A, 8, and C.

8 b&=dxz / /
axz

C4=4XZ
/

6=Px

=P,
-Z

//

c 5=c6 "axz Px

C2 z
~Z

(4)
//

Q Cl =C2=dXZ
B

c /=4 xz

(e)

FIG. 3. (a) Ionic configuration A is considered in Sec. III A.
(hl Excited configuration 8 in which an electron is transferred
from 2p, to the 3d,~ orbital of cation A. (c) Excited configuration
B' in which an electron is transferred from 2p, to the 3d,q orbital
of cation B. (d) Excited configuration C in which an electron is
transferred from 2p, to the 3d„.orbital of cation B. .(e) Excited
configuration C' in which an electron is transferred from 2p to
the 3d, orbital of cation A.
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for

and

p, = (1/K2) (n182—Pin2) n8n4

$=1 and Ms= 1 (Sa)

40 2 (nlP2 Pln2) (n3P4 P8n4) y
for S=O. (Sb)

Thus the (P's are simply given by

for $=1,

for $=0.

spin variables by the expression'

P;,=——,'(1+4s; s;),
which is obviously invariant under a rotation of the
spin axes and commutes with the total spin, the per-
mutation operators then have no matrix elements
between states of diferent total spin $ or Mq. Further-
more, for each value of S, we obtain a representation
of I' which is independent of 3f8, as pointed out by
Serber. ~ Therefore, the 5"s are one-dimensional for
$=1 or $=0.

Demanding that 81 to be antiparallel to s2, the physi-
cally allowed eigenstates of the total spin are found to
be

following expressions for the (P's:

(Pz =1,
+18 +23 +14 +24

1

+184 +234 +148 +248 2 6 34y

(P18,24 (P14,23 2 (1+(P84) y (10a)

6'12 = 1,

6 128 +124 %32 +142

12, 34= +84&

6 1284 6 1248 +1842 +1432 2 34y=—1

(P1824 (P1423 2 (1+(P84) y (10b)

where the first group, given in (10a), is for the twelve
permutations which differ by more than an interchange
of orbitals "1"and "2,"while the twelve (P's in (10b)
correspond to the permutation operators which are
related to the first twelve by a multiplication of P».

Solltioe to the Secllcr Eqgatioe

YVe de6ne the following overlap integrals:

One way to determine the exchange coupling constant
J between two d electrons belonging to two cations is
to solve for the energies E, and E~ for the singlet and
triplet state, respectively, and then calculate J from
7=21(E,—E8). An equivalent, but more convenient,
method is to determine the (P's using only the singlet
state for s1 and s2 and leave the directions of s3 and s4

completely unspeci6ed. The solution to the secular
equation is then expressed in terms of the inner product
s3 s4, and J is determined. The latter procedure is
adopted in this section. Decomposing the permutation
operators involving more than two indices into products
of P;,'s and using (7), (8), and (9), we obtain the

Ti= (4.(~) Id.*(&)), T2= (~* (~) Id-(&) ), (11)

and approximate the orbitals d„', 4f„", and p, ' shown
in Fig. 3 by d„and P„(i.e. , we take ai ——b2 ——c3,
a8 ——b3=ci, and. a4 b4=c4) bec——ause the high-frequency
character of the virtual excitations prevents the charge
redistribution to be fully developed, as discussed by
Simanek and Tachiki. According to (1) we need to
consider the 4! permutations entered in (10a) and

(10b) for the expansion. of (BC—W) BB in terms of the
(P's, while for the other matrix elements only the twelve
(P's in (10a) are required. Upon substituting (2), (3),
(10), and (11) into (1), we obtain

(~ W) AA —(~rAA W) (~18AA WS 2) —BC14AA++», 24AA+(P34L(~84AA WT1 ) (gQ184AA+~148AA) ++18 24AA$

(12a)
W)BB—(+PB W) 1 (g(& BB WT 2+~ BB+~ BB WS 2+g(& BB)

+ (+12 WS~ )+2 (~18,24 +~14,23 +~1824 ++1428 )

2 (+182 ++142 +X128 +~124 2WSgSm T2 )

+IP34L(X34 WT] ) + (BC»,34
—WS,'Ti')

2 (+184 ++148 '++284 +X248 ++1842 +~1482 )

——,'(~»84BB+~1248BB—~13,24BB—&14,28BB—&1824BB—~1428BB)$, (12b)

(~ W) cc (~rcc W) (~»cc WS 2) (~14cc WT12)+ (~» „cc WS 2T12)

+(P34L3c84 —K»4 —x143 + (K18,24
—W S Ti ) ), (12c)

8 E. Simanek and M. Tachiki, Phys. Letters 21, 625 (1966).
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(X—W)" .=&2'(XI —WS,) ——,'(X " W—S~T2) —-'(X23" —WS.S ')
+1(X AB+X AB X AB X AB)]
+~(P34t (X84 WSrTl )+2 (X1324 +X1428 ) 2 (X134 +X148 +X284 +X243 ) ]y (12d)

(X W) = (Xz WS~ ) (Xls —WS~) —X14 +X18,24

+(P34Lx34 x134 +x13 24 (x143 —WS,T1 ) 7, (12e)

(X—W) =&2L(XI —WS 'T2) ——,'(X13 c—WS,S ) —-'(X c WT22—)

(X14 +X24 X13 24 X1412$ )
+v2(p34/X34 2 (X1$4 +X234 X18,24 X14,23 )

——'(X148 —WS~S T12) 2(X2—48
c WT12T2) ] (12f)

The secular determinant (5) involves a cubic equation in W. In order to simplify the algebra, we use the same
procedure adopted by Keffer and Oguchi' by replacing H/' everywhere except in the term X&" —8' by its zeroth
order approximation Xz"A. This is adequate since we are only interested in the perturbed energy of the ionic
configuration involving the s~ s4 terms. Thus we find,

IAA (Xl AA XIAAS 2) X14AA+X18,24AA+(P84L(X34AA XIAA T12) X134AA X148AA+X18,24AA]

2(X X+A) AB[(X X+A) AB(X X AA) cc 2(X Xr4A) Ac(X Xr4A)Bc]+2(X X+A)BBP(X X+A) Ac)2

L"(X X+A)BC]2 (X X+A)BB(X X+A) CC

(13)
where the matrix elements contained in the last line are given by (12) with W to be replaced by Xz"".Expanding
the denominator into power series in the overlap integrals, we find that the dominant terms for the spin-dependent
part of TV are

hW= —2s3 s4 (X34""—Xz""Tl ) X134 X14 +X13,24"

4(X, Ac X+AS )+ LX1„24AC X184AC+X84 C (X143AC XIAAS~TI )]X CC X+A

g(X AB X+AS ) L(Xu" —Xz""S Tl') —2X143 +—X14,23" ]X BB Xr4A

2(X AC X AAS )2

(X CC X+A) 2

4(X AB X+AS—) 2

+ L (X34BB XIAA T12) +1X14,23BB]
(X BB X AA)2

4 (XIAB XIAA Sr) (X13 C XI A Sw) (X134BC X14,23BC)

(X BB Xr4A) (X cc X AA)

=—2 J34 s3's4 (14)

The exchange integral, J34', between the electrons
occupying the d, orbitals at center A and 8 due to
the anion —+cation charge transfers is then given by the
terms in the curly brackets of (14) . We note that the
ionic con6guration alone contributes to the super-
exchange interaction also, because of the lack of ortho-
gonality of the electron orbitals, as pointed out by
Vamashita and Kondo. '0

We shall evaluate the matrix elements in (14) by

F. KeGer and T. Oguchi, Phys. Rev. 115, 1428 (1959).
~0 J. Yamashita and J. Kondo, Phys. Rev. 109, 730 (1958).

following the procedures adopted in I and in the calcula-
tion for the cation (3d) —cation (4s) transfer integral
for KMnF3 and MnO. "Consider the spin-independent
Hamiltonian

X=g—(FP/22I3) V' —g (Z,e2/r43)+g (e'/r;;)
's , g &~j-=ZX;+Z ("/;,), (15)

V

"Nai Li Huang, R. Orbach, E. Simanek, J. Owen, and D. R.
Taylor (to be published).
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where Z, is the atomic number of the nucleus at the
point g and K; the one-electron part of the Hamiltonian.
Using (2), (3), and (15), the matrix elements in (14)
are written in terms of the one-electron and two-electron
integrals in Appendix A. Observing these expressions,
one can interpret some of the terms in (14) a,s follows.
Comparing the expression given by (A1) in Appendix
A with the exchange integral for a H2 molecule, " we
identify %34"A—Xr "Tir as the direct exchange integral
between two electrons on the 3d„(A) and 3d„(B)
orbitals in the presence of an 0' ion. Contributions of
configurations A and C, which involve only the p,
orbitals and are independent of the cation-cation
overlap effects, are given in (14) by the following
terms:

(~ Ac 30 AAg )2
3('.34cc (14'

(3O cc X AA)2

From the expression (A4), we identify

(~ Ac j(i .4Ag ) (3O AA 3O cc)—i

as the covalency parameter 8 "—"entering in the bond-

ing orbital p, ( J, ) Bd„(B)$ —(we assign a spin
direction f to the electron on the occupied d„orbital
of cation B).Using (A3), (A6), and (A13), we reduce
(14') into the simple form,

J34'(AC) = (B.+S.)'(a4arI Iura4)

=f (a4a] I I ata4),

where f, is the unpaired spin density of the anion
coming from the overlap and charge transfer effects
between p, and d„(B) orbitals. '~" Thus (14') repre-
sents the superexchange interaction arising from the
direct exchange between the electron on the d„(A)
orbital and the unpaired spin density f on the p, orbital.

A"Nmeri caI, Estimates

Using the 0' 2p orbitals' and the V'+ 3d orbitals'
calculated by Watson, the one-center and two-center
two-electron integrals in Appendix A can be accurately
evaluated using the modified version of the Switendick-
Carbato MIDIAT program, " whereas the three-center
integrals are roughly estimated by using an overlap
charge model, It is important to point out that a

"W. Heitler and F. London, Z. Physik 44, 455 (1927)."S, Sugano and R. G. Shulman, Phys. Rev. 130, 517 (1963).
'4 E. Simanek and Z, Sroubek, Phys. Status Solidi 4, 251 (1964).
"R. E. Watson and A. J. Freeman, Phys. Rev. 134, A1526

(1964).
'6 R. E. Watson, Phys. Rev. 111, 1108 (1958).
"R. E. Watson, MIT SSMTG Technical Report No. 12,

1959 (unpublished) .
"A. C. Switendick and J. J. Carbato, MIT SSMTG Quarterly

Progress Report No. 34, 1959 (unpublished).

TAax.z IG, The two-electron integrals

&»42 II 43&4) —= &4»4~ I a'/«~ I A44)
involved in Appendix A. The values are given in atomic units.

(a~a~ II alai) =o 63901
(a~a3 II a~a~) =o 243»
(ala4 II aia4) =0.27033
(a4ai II a&a4) =0.00360
(a,a, II a,a, ) =O.O31»
(alai

I I
aaa&) =0.03418

(asa4 II aaa4) =0.17130
(aaa4 II a4a&) =0.00042
(a~a& II baal) —0=.06283
(a~a4 II b~«) = —o o4996
(aia4 II a4bg) —0=.00379
(bray II bzai)=0. 27670
(a4bi II bia4)=0. 02102
(asb~ II aaa4) =0.00097
(ash II ashes) =0 00820.

(a4b, II a,a4) =O.00033

(a~as
I I

a~a4)=0. 008
(agag II aga4) 0.0003
(a4al

I I a3a4)—0.0001
(aia4
(aea&

(a4ai

(a&a4

(a4ay

asa4) ~0.02
asa4)—0.002
a3ag) 0.001
byar ) —0.001
babas) —0.003

where VA(V'+), V~(V'+) and V(0) are the effective
one-electron potential energies arising from the V'+
ion at cation A site, the V'+ ion at cation 8 site and
the 0 atom, respectively. The ionicities are chosen in
the above manner such that the interactions between
the four electrons under our explicit consideration are
not doubly counted in our Hamiltonian (15). Evalua-
tion of the one-electron matrix elements in Appendix
A is carried out by following the same procedures used
in our previous calculations. ' " %e list the results in
Table IV, where we also list the values of the overlap
integrals defined by (11).

Using the values listed in Tables III and IV, the
matrix elements entered in (14) for the exchange
integral are evaluated. Their values are listed in Table
V. The denominators BCr ~—KzAA and Krcc—BCzAA

entered in (14) are the energies required for the virtual
process of transferring an electron from the 0' —2p
orbital to the V'+—3d, m and 3d„orbital, respectively.
Various contributions to these transfer energies have
been discussed in our previous calculations. '" Pollow-

rotation of coordinate axes by rr/4 is necessary in com-

puting the two-center integrals which involve both

cations, because these ions are aligned off a symmetry
axis of the cubic crystal field by rr/4. This rotation
mixes the e, orbitals with the t~, orbitals and complicates
the evaluation of the two-electron integrals to a great
extent. The values of the two-electron integrals are
listed in Table III.

The e6ects of the electrons other than those con-
sidered in the four-electron model can be approximately
taken into account by assuming the following one-
electron Hamiltonian to be used in (A1)—(A17):

3C, = —(Sr/2m) Vir+ V, (VH+) +Vs (V3+) +V(0), (16)



(« I scr I or) = —-'. 2ss»
(as I

scr
I
o4)= —o.oss6g

(os I
&&r

I os) = —t.6&6»
(o, I

x,, I os) = —o.2oso9
(ar I

Scr
I
br)=o S2OSS

(u4I x, Ib, )=o.ooso7
(bl I

Ser
I

br ) —&=.6&S4O

(or I Rr I Q4)——10

S =0.08202
S,= —0.10426
T1=0.02300
T2 =0.00588

since or and a4 are orthogonal, (ar ) Rr ) a4l reduces ro (or [ vn(v~+)
I

a4).
We are unable to estimate this matrix element, but vie believe it is of the order

of —10 4 a.u.

ing the identical procedures, we hnd

Xr~~—mr~~ =0,59 a.u, ,

~ cc ~ AA 069au

TABLE IV. The one-electron integrals entered in Appendix A
in atomic units. The overlap integrals de6ned by (11) are also
listed.

anions. The strong (Jniiferronzagr(ethic direct exchange

coupling is a result of using nonorthogonal cation
orbitals in our formulation. This nonorthogonality
allows for the attractive nuclear potential to contribute,
in addition to the ferromagnetic Heisenberg exchange
integral, (rb(rtr, ~e'/rr2Irtrrrf;) It. should be emphasized
that J34' is the strength of the exchange interac'tion

between two electrons, each occupying the d„orbita1.
of the cation A or B. To determine the coupling con-
stant between the total spins of cation A and cation 8,
it is necessary to project the individual spins onto the
total spin of a cation. This process will be discussed in

Sec. III D.

B. Charge-Transfer Excitations from the 2p„orbital
to the Cations

The configurations under consideration are shown in

Fig. 4. A is the ionic con6guration, 8 and C are the

Substitution of (17) and the values listed in Table V
into (14) yields the exchange integral arising from the
direct exchange interaction between two cations and
the superexchange interaction via one of the two inter-
vening anions (cf., Fig. 3). However, the other inter-
vening anion plays an identical role to the super-
exchange coupling; hence the anion-dependent terms
in (14) should be multiplied by a factor of 2, whereas
the direct exchange coupling, given by the terms which
depend only on the cations in (A1), enters only once.
In this manner we obtain

J34' =91.8'K.

g -d 3&X
4

Q
I

-"QP -Py

(oi

&I =~a~i.

In arriving at this result, we note that a contribution
of —163.8'K comes from the direct exchange between
the electrons on the d„(A) and d„(B) orbitals, and
255.6'K from superexchange interactions via the

Fio. 4. (a) Ionic configuration 3 considered in Sec. III B.
(b) Excited configuration B in which an electron is transferred
from 2p„ to the M„, orbital of cation A. (c) Excited coniiguration
C in which an electron is transferred from 2p~ to the 3d,„orbital
of cation B.

TABLE V. Values of the matrix elements, in atomic units,
entered in (14) for the exchange integral.

X34AA —XIAA T1'= —0 00031
X134AA =K143AA =0.00002

X13,24AA =0.00002
X13At- —XIAAS = —0 03210
Xig,24A~= 0.00017
X134A~=0.00030
X34A~ 0.000002
X14$A 0 X~A A S T12 — 0 {jQQ05

X A~ —X "AS =0.07021
X34" —Xy S~T '=0 00006
Xl 43 =0 .00008
X14,2gA~ = —0.00003
X34~~=0.00360

X14 2P~ =0.00014
X134 = —0 00031
X14 ~3 =0 00045

excited con6gurations in which an electron is transferred
from the 2p„orbital to cation A and 8, respectively. As
far as the symmetry of the electron orbitals is concerned,
our present problem is identical to the anion~cation
charge-transfer excitations that we studied in I.
Namely, we consider, in the ionic configuration, two
anion orbitals which are symmetric with respect to the
d orbital on each cation site. Charge-transfer excitation
occurs from the anion orbital to either cation. KeRer
and Oguchi' solved a similar problem for the exchange
coupling between the next-nearest Mn neighbors in

Mno. They neglected the overlap integral between the
3d orbitals and found. that the contributions to the
exchange integral arising from the ionic configuration
as well as its interactions with the anion —+cation charge
transfer excitations are all antiferromagnetic. In our
previous calculation for KMgF3'. V~+, we allowed for
the' d—d overlap integral and found that it yielded a

ferromagnetic contribution, although the net exchange
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interaction due to the anion~cation transfer was still
antiferromagnetic. In the present case, because of the
larger value for the d—d overlap integral, as compared
to the corresponding value in KMgF3'. V'+, the con-
tribution to the exchange integral involving the d'—d

overlap integral can overcome that involving merely
the P—d overlap integral and lead to a net ferroII2ug28etic

interaction. In fact this will be shown to be the case.
The expression for the exchange integral is given by

J;,„+.1,.derived in I. We have

J84 ——X84AA 50IAA T82 .2 (+184AA. 5CIAA ~ 2T ) + (5C18,24AA XIAA ~ 4)

4 (X84AB—Xr'A S.)+ 4
L P(& AB 30 AAg 8)+(5P AB 5C AAg T )]~BB ~AA

2(~ AB g ~ AA)2

+ $(xj BB g 2~ AA) (~& BC ~ AA+ 2) + (g(& BC g& AAT )j (19)
(X,i B—Rr'A)'

C. Charge-Transfer Excitations between the d„
Orbitals of Two Nearest V'+ Neighbors

We consider the ionic con6guration A, the excited
conhguration 8 in which an electron is transferred
from the d„orbital at cation A to the d„orbita1 at
cation 8, and the excited con6guration C in which
charge transfer occurs from cation 8 to cation A. These

TABLE VI. The two-electron integrals entered in Appendix B.
The values are given in atomic units.

(nfng 11 nlnj )=0 .63901

(nga8 11 a8n& ) =0.00333
(aiba~ 11 a~a4) =O O3418

(n|n411 a4a4) =0.03171
(u8n4 11n8n4) =0.17538
(n8a4 11n4n8) =0.00006
(n4n4 11 n4n4 )=0 76501.
(n8n4 I I

n8n8 )=0 00204.

(a|a| II n8n4)=O OO2.
(ar ns 11 n4n| )—0.002
(a|n8 11 nsa4 )—0.003
(n4n8 11 a4ug) 0.02

(ain811 aau4) 0.0004

where S is the same integral (p, ld„(B) ) defined in
(11) and T8= (d„,(A) [d—,„(B)). Using (2), (10a), and
(15), we express, in Appendix 3, the matrix elements in
(19) in terms of the one-electron and two-electron
integrals. Numerical computations for these integrals
and the resulting values for K„~~~ are listed in Tables
VI, VII, and VIII. Direct evaluation of J34" indicates
that the sum of the terms in (19) which do not contain
the nonorthogonal effects between the d orbitals is
antiferromagnetic (—93'K), whereas the terms arising
from the cation —cation nonorthogonality (these terms
are, for example, %34""—T3'BCI"" 3'.~34""—5 'TPCy"
etc.) yield a ferromagnetic interaction of 108'K. Thus
we obtain a net ferromagnetic coupling of J34"=15'K.

There is an interaction identical to the one we have
just considered via the other intervening anion, i.e.,
the exchange coupling between the d,„orbital at center
A and the d~, orbital at center 8 via an intervening
anion, as shown in Fig. 5. For this case the strength of
exchange coupling is a1.so 15'K.

configurations are shown schematically in Fig. 6. Ob-
viously, these charge-transfer processes are allowed
only for the case of s& antiparallel to 84. The ground
configuration is only connected with the following even
combination of the excited configurations:

ku=(1%&) (4B+4c) . (2o)

The secular equation to be solved for the perturbed
energy of the ground singlet is given by

P(& W) AA (3(& W) AG

(se—W) CA (X—W) «
(21)

in which each matrix element is given by (1) and (10a)
with (P34=1, a relation appropriate to the case for s~

and s4 in a singlet state. The interaction between con-
6gurations A and G is given, to the lowest order in the
overlap integral, by

hW = 4(&i B XI""T—i) 2/(&zB—B Xr "), (22)—

where Ti is defined in (11).Assuming a four-electron
model, we 6nd

xiBA segAA Ti (u8lxilu4) ——(u8lxilu——8)Ti

+2(uiu8lluiu4)+ (u8u8llu8u4)

—(2 (uiu4l luiu4)+ (u8u4llu8u4)) Ti, (23)

where (u,u, llu8u&)=(u;uI'le2/ri2lu&u&) From T. ables III
and IV and, in addition, using the value (u8u8llu8u4) =
0.00908, we obtain X~~~—3C~"~T» ————0.010. It is neces-
sary to consider also the contribution of the other
intervening anion which plays a role identical to the
one shown in Fig. 6. This contribution is taken into
account by doubling the terms in (23) involving the
a,nion. Doing this, we find KI A KzAATI —0.006. — ——
The energy denominator in (22) is estimated to be
0.47 a.u. , following the same procedures adopted
before ' We thus And Dg = —30.8)&10 5 a.u. Thj
is the amount of energy of the singlet ground state
lowered by the cation —+cation charge-transfer excita-
tions. The corresponding value for the exchange inter-
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TAsLE VII. The one-electron integrals entered in Appendix B.
The value for the overlap integral T3= (d„,(A) I d,„(B)) is
also listed.

oy -dxz =as-"P„

-02 -Pz

(~iIgciI~~)= —o 2«»
(~i I

see I ~~) = —2 23331

(~s I x, I ~, )= —1.61690

(~3 I 3e~ I ~4) = —0 o2129

T3 =p.00971

bs =Px

ay-dxz

I
c& =cy =dxz =c6 Px

=zCi -"C2 Pz

action is —15.4&io ' a.u. or —48.2'K. Combining
this with the value of J~4'=91.8'K, estimated in Sec.
III A, coming from the ionic con6guration and the
anion —&cation charge-transfer excitations, we obtain a
net coupling of 43.6'K between two electrons on the
orbitals d,„(A) and d.,(B) .

D. Exchange Couyling between Total Syins of
Two V+ Tons

%e have estimated the strength of exchange coupling
between pairs of individual d electrons. The exchange
energy coupling two ions is given by the sum of the
coupling energies between all pairs of electrons (the two
electrons in a pair belong to two different cations),
i.e., we have

n nB

Wgn ——- —2 QJ,,s;s;,
i=1 j=l

(24)

where m~ and e~ are, respectively, the number of
unpaired spins for cation A and 8, and J;, is the ex-
change-coupling constant between the ith unpaired
spin of one cation and the jth unpaired spin of the other
cation. However, the quantity of interest to us is the
coupling constant JAg associated with the exchange
energy —2 JggSg S~, where S~ and S~ are the total
spins of cation A and 8, respectively. For the case of
half-ulled shells and also for ions with d' or d configura-
tions in an octahedral field, Van Vleck' has shown that

QJ;,s;s, =—
i=1 j=1

2 nA nB

R Sng g J,, (25)
i=1 j=1

—=—2j~as~ Sa,

assuming the intraionic couplings to be small compared
to the Russell-Saunders energies of individual ions.

Hence, summing over our previously estimated

-"b 2 =Pz

FIG. 6. {a) Ionic con6guration A considered in Sec. III C.
(b) Excited con6guration B in which an electron is transferred
from the 3d, (A) to the 3d, {B)orbital. (c) Excited con6gura-
tion C in which an electron is transferred from the 3d„(B) to
the 3d, (A) orbitaL

couplings, we obtain a ferromagnetic interaction be-
tween the total spins with a strength of

Aa =8.2'K-. (26)

IV. DISCUSSION

TABI.K VIII. Values of the matrix elements entered in (19),
in atomic units.

Ke believe that we have demonstrated in this paper
the important one-electron transfer excitations for the
exchange coupling between two nearest V'+ ions. Our
estimate of J~~ ——8.2'K seems to have the correct
order of magnitude, although there is no measurement
to be compared with. Clearly, our accuracy is restricted
by the following approximations: (i) We have neglected
the crystal surroundings of two V~+ ions and two
intervening anions in evaluating the matrix elements
in the exchange integrals (but the whole crystal is tak.en
into account in estimating the transfer energies). (ii)
Rough estimates have been made for the three-center
integrals. (iii) We have assumed that no charge redis-
tribution occurs in the excited con6gurations. Improve-
ments to these approximations require difficult numeri-
cal work. This is even further complicated since the
electronic states which result upon charge transfer are
not known quantitatively at the present time. Never-
theless, we believe that the following features dis-

Flo. 5. A four-electron
model which leads to an ex-
change interaction identical to
the one arising from Fig. 4.

'9 J. H. Van Vleck, Rev. Univ. Nac. Tucuman, Ser. A 14,
189 (1962).

AA T g(&~AA — P 0PPP3

+yg4AA —S~'T3~IAA = —0,00007

13, 24AA S~ gQ IAA — 0 00009

3C„AB S 3C AA — 0 0369&

/$143 —S 3+gAA = 0.00077

3!13,24AB —S„T33CI"A= —0.00100
3'.34BB—S 'rAA =—0 00233

+13 24 S 2&1»= —0.PP4

3'.134Bt" T33CI"A = —0 00371
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played in our estimates are correct: (i) The direct
exchange interaction between two electrons on the
d„(A) and d„(B) orbitals and the charge-transfer
excitation between them both give rise to antiferro-
magnetic coupling. (ii) The superexchange interaction
between these electrons is strongly ferromagnetic,
because the presence of two intervening anions provides
two "paths" for superexchange coupling. A net ferro-
magnetic interaction is thus obtained. (iii) The super-
exchange interaction between electrons on the d„,(A)
and d,„(B)orbitals is ferromagnetic because of a rather
significant overlap between these orbitals. Ignoring
this overlap would lead to an antiferromagnetic cou-
pling.

In our estimate of J~~ we have ignored charge
transfers from the d„orbital at one center to the empty
e, states at the other. These excitations give rise to a
ferromagnetic interaction, for reasons pointed out in
Sec. I, but they are diminished by roughly a factor of
J;~s„/DE~0.1 Lhere J;~s„is the intra-atomic exchange
integral between the cation t2, and e, orbitals and 0E
is the energy required to transfer an electron from the
d„(B) orbital to the empty d, ~(A) orbitalf as compared

to the excitation from the d, (A) to the d„(B) orbitals.
The other direct transfers, for example, between d,„(A)
and d,„(B) orbitals or d,„(A) and d„,(B) orbitals, are
also unimportant because of the relatively small over-
lap integrals as compared to the overlap between
d„(A) and d„(B) orbitals. The 2s electrons of the
oxygen ion play an insignificant role to the super-
exchange because they are orthogonal to the t2, orbitals.

%e conclude that it is necessary to consider the
overlap integrals between the cation d orbitals in
solving the exchange coupling between nearest neigh-
bors in NaCl type of structures. The charge-transfer
excitations that we considered in Sec. III together with
the ionic configuration contribute probably the ma-
jority of the exchange interaction.
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APPENDIX A

In this Appendix we express the matrix elements in (14) in terms of the one-electron and two-electron integrsls.
Using (2), (3), and (15), we obtain.

~s4"—&C~"2'i'=2&«1~ii«»i —2&«1&ii«&2'is+«~i«ll~i«) 2'i —2&~i«ll~i«) 2'is

—2&~i«ll~i«&Ti'+&~. «ll««& —&««ll«~ &2"is (A1)

~»4 ~iss"'= &~ilail«&~-~i+ &«~ill~i«»i+ &«~ill~s«&~-, (A2)

sc»,„""= &«isilli«&&-' (A3)

|cia"'—~P"~-= &~ilail«) —&~ilail ~i&~-+ &«~ill««)+ &~i~ill«~i&

+ &~i«11««&—~-&~i~ill~i~i& —~-&~i«ll~i«& —~-&~i«ll~i«), («)
xis, s4 = &iiilKil«)Ti+ &«Gill@a«&Ti+ &«c411iss«&, (A5)

(A6)

~s4 ~=
&&,IX,I«&S. 7,+ &««11~,«&S.s+2&~,«ll~s~, &S.2'„ (A7)

se„s~'—wz""$.2'is=2&«1~ii«)&. 7'i+ «sil~il«)2'i' —(«sil~il~si)+2&«1&cil«)) & 2i'

+ 2&«~, ll«~, )T'i+ 2&«~,11«~,)S,2'i+ &««I I««&S.+&as', ll«g, &Z'is, (A8)

~P~—xP~s.= &~il~il~i&
—&~il~il~i»'+ &~i~illf i~i&+ &~i«llf i«&

+ &~i«llf'i«& —&~i~ill~i~i& —&~i«ll~i«& —&~i«11~i«&, (A9)
—~.""&.2'i'= &~ii~ilf i»i'+2 &«13:il«&~.Ti—(&~il~il~i&+2&«lail«&) ~.Ti'

+ &isl~slli~iisi)2 i'+2&~ii«limni«»i+2 &isi~ssll~si«&~ 2 i+ &««II««&~.
—(&~i~i II ~i~i&+ &«« II ««)+2&~i« II ~i«&+2&&i« II ui«&) S.Tis, (A10)

~i4s"'= &« I
&ci

I fi&~-Ti+&««11&i«&~-+&«~i II &i«»i, (A11)

~14,ss &«isi I I f'1«&~.', (A12)

3csgco ——&«ai 11 ai«&, (A13)
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xs4"—x.""Ti'= (b~ I
x~

I b~) TH+2 &as I
xs

I a»s —(&ai I xs I ai)+2(a, I x~
I as&) Ts'

+ (b!a~ II bsa~&T~'+2 V»as II b~a4) Ts+2&asas fl a~a4) T~+ (a«as II asa4)

—((as« II asa4&+2&a~as
I I

a~as&+2&asa4 II a,a4&) Tg', (A14)

Xss,ss = (a,b, II b,a4&$.-,

X„p'= (a4a, II b,a4)$.,

x&4,spo= (b& I x, I a4) Ts+ (a4bs
I I asa4)+ (asba II asa4) Tg.

(A15&

(A16&

(A17)

APPENDIX 8
The matrix elements in (19) are written in terms of the one-electron and two-electron integrals in the following:

xs4""—x+"Ts'=2(ns
I
xs I n4) Ts—2(n~ I x~ I n~)Ts'+4 &n~ns II n~n4) Ts—4&n~ns II nuns)Ts'

+(nan4
I I

n4na) —(nan4
f f

nsn4)Ts', &81)

x„4»—x,»S.s Ts= (ns I x) I ns)S.Ts+ (n~ I xs
I n4) S.Ts+ (n, I xs

I n4) S.' —(ns I
xg

I ng) S.'Ts

—2 &na I xi I ns&$-'Ts+2(nuns II nsns) $-Ts+2(nuns II nsn4&$-+ (nsn4 II nsns &Ts

+ (nina II nl«)Svr (nlnl I I
nlnl)$ Ts (nsn4 I I nsn4)S Ts 4(nuns II n)ns)$ Ts (82)

—xp S =4(n, I x, In, )$ —2(n, I
x

I n4)$. —2(n,
I
x, ln, &$.'+2(n,n, II n,n, &$

+2(nlnl II nsn4&$-'+2&n~ns II n4ni)$-s —&nin~ II n~n~)$-' —(nsn4 II n=-n4&$-' —4&nina II nina)$-4, (83)

14 xr S~ (nl I xi I n4& —
&n~ I

x~ I n~&$-+ &n~n~ II n~n4&+ &n~n4 II n4n4&

+ &nuns II n4ns) —&nuns II n~n~&$- —2&n~na lf nsns&$-, (84)

x„.,»—S,sx,» = 3(n~ I xs I,)$.'—2(n~ I
x, I

n, &$-'—(ns I
xs

I
ns) $-'+2(nsn II nsn4&$. '

+2 &nsn4 II nini) S-+ (nsns II nuns) $-+ (n4n4 II n~n4&$-' —&nuns II n~n~&$-s

—(nsn4
I I

nsn4)$. '—4&nsns fl nsna)S ', (85)

-4&—x,-4&S.Ts= (n, f
x~

I n4)$.+ (ng I
scg I n, )T,—(ng I

xg
I ng)S. Ts—(ns I

xg
I ns)S T,

+ &nsn4 II n4n4)$-+ &nsn~ II n4ns&+(nsn~ II nsn~)$-+(«ni II «ns)Ts

+&nin~ II nsn~&Ts —&nsn~ II n~n~&$-Ts —&nsn4 II ns«)$-Ts —3(nuns II nsns)S-Ts, &86)

xs4 s—Xr»S,'= 2 (nx I Xz I ns) $~—2(ns
I
Xl

I nl) S.'+ (n4n4 II n4n4) S.'+4(«ns
I I

n4ns)$.

+ &nant II nina& —&n~ni II nina)$. '—(ns« II nsn4&$. '—4&nina II nuns)$ ' (8&)

Xls s4 xr»$.'=2(ns
I Xs I ns&$- —2 &ni I X~ I n~&$-'+2&nsn4 II nsn4&$-+2 &n~ns II n4ns)$-

+(nn linn &
—&nn linn &S-'—4&nn linn &S-s, (8g)

x»4s' xz»Ts = &na I
—xi I n4& —(n~ I xi I n~&Ts+2 &nsn4 II nsns&+ (nsn~ II nant&

—&n~n~ II n~n~)Ts —2(nsns II nuns&Ts (89)


