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Collision Integral for a Plasma in a Strong Magnetic Field*
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Starting from the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy of statistical mechanics, we derive
the magnetic-field dependence of the collision integral to second order in field strength. The field is sufficiently
strong to make the Larmor frequency of the same order as the plasma frequency. The calculation is carried
out explicitly for a Landau plasma (small-momentum-transfer regime). The simplicity of the result makes
it particularly suitable for calculating transport coefficients for a plasma.

HE charged particles of a plasma interact through
the Coulomb force law. Because of the long range
of this interaction the duration of a collision, i.e., the
time of interaction, would be infinite. However, the
Debye shielding reduces the effective range of the inter-
action. Thus, the duration of a collision in a plasma is
determined by the time required for a particle to
traverse a Debye sphere. Since the Debye radius is
much larger than molecular dimensions, the duration of
a collision in a plasma is much longer than that in a
neutral gas. An external magnetic field, of magnitude
often encountered in the laboratory, will affect the
plasma in two ways. One is the effect on the trajectories
of the particles between collisions ; the other is the effect
on the collision process itself. The first has been treated
extensively! and appears as a force term in the kinetic
equation. The second can be significant for laboratory
magnetic fields because of the relatively long duration
of a collision.

We are concerned here with obtaining a description of
the time evolution of the one-particle distribution
function for a plasma in a magnetic field in which the
duration of a collision is comparable to the Larmor
period. This condition is satisfied for magnetic fields such
that

B(gauss)~3X 1073 n,(cm3) 172, (1)

These plasmas are of the type encountered in experi-
mental situations.2* We obtain below, from the
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hi-
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erarchy, a pair of equations which determine the time
evolution of the single-particle distribution function to
second order in the magnetic field.

The BBGKY equations may be put in dimensionless
form by use of the following dimensionless variables:

x*=x/\p; V¥=V/vy,
P*=P(x*)/Bo; B*= (wo/w,)(B/[B]), @)

where vm= (kT/m)'? is approximately the thermal
speed, Ap=(kT/4mn.?)'? is the Debye length,
wp=1w/Ap is the plasma frequency, w.=eB/m is the
cyclotron frequency, and ®o is a mean value of the
effective interaction potential for a collision. Thus, ®,
is a measure of the strength of a typical two-body
interaction. If B* is of order 1, then the B field is of such
strength that an electron under the action of the mag-
netic field alone would make one cyclotron revolution
in a time of the order of the mean duration of a collision
(A\p/vm). Thus, a |B*| field of order 1 is a very strong
field and may be expected to significantly affect the
collision integral. We shall show that this expectation
is borne out by the mathematics.

The nondimensional BBGKY equations for an elec-
tron gas in a uniform, neutralizing positive background
are®

F=wyt;

by

aF's
___+ (Ks__IEs)F.s: Ist+ (n)\Ds)
ot kT

®y
LeFst, (3)
kT

where we have dropped all *’s to simplify notation, and
where the operators K®, I¢, and L® are given by

K=Y vi'Vi, Ig=3 (viXB)-V,;,
=1 §=1

2 Ly, I4=V®iVe+VDi; Vs,

1<i< j<s

Is=

L'E:Z dxs+1dvs+1li,3+1. (4)

=1

8 G. Sandri, Ann. Phys. (N. Y.) 24, 332 (1963).
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157 COLLISION
We consider a Landau plasma (#\p*=1, &/kT
=eK1) in which the magnetic field is time-independent
and uniform over all space; the gas is homogeneous in
space. The Landau plasma regime corresponds to a
dense, weakly coupled gas, and describes a situation in
which small-momentum transfer collisions are domi-
nant. For the field-free case this approximation yields
the well-known Landau collision integral which is of
the Fokker-Planck form. Since collective effects are not
explicitly taken into account, a cutoff at the Debye
distance is required. We have considered for simplicity
only the electron-electron collisions. The ions must be
present, however, to preserve over-all charge neutrality.
Therefore our system consists of an electron gas in a
neutralizing background of positive charges.

The BBGKY equations are solved here for the two-
body correlation function, and the kinetic equation is
obtained by means of the method of extension.® The
s-particle distribution function F¢ is expanded in the
small parameter e with the following special notation
for s=1,

Fl= fo4efld-ef?,

The time is expressed in terms of the independent time
scales 7,, where 7,=¢". Thus, the time derivative is
expanded as follows:

9 ] ] 9
—— —te—+—F . (5)
615 67—0 6T1

We assume for simplicity that at ¢=0, F* satisfies the
molecular chaos condition. We use a cylindrical co-
ordinate system in velocity space. The components of
v are (v, 0, v,), where v, is perpendicular to B, 6 is
the angle between v, and some fixed axis in the plane
perpendicular to B, and v, is along B. The single-
particle distribution is called gyrotropic if it does not
depend on 6. The gyrotropy assumption need not be
made at this point, but is required to obtain our final
result.

In first order (e!) the equation for the single-particle
distribution function yields

6f0/6n=0 and fl(To)=0. (6)

The two-body correlation function, defined by Fio?
= f1fe+g12 vanishes in lowest order, i.e., g12°=0. In
first order gio! satisfies the equation

9g12"/ 10+ (K2—Ig®) grat =112 f1°f:0. @)

Solving Eq. (7) using the initial condition gis'(0)=0,
we obtain

g121 (x12,y12,zl2,01,02, To) =

0o 9p o
/ AN——(F10,512,Z19) [ D; f 1 (61,02,70) , (8)
0

K12
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where

1 2
Z1g=x10+— 2 (— 1) % {sinf;—sind;} ,
B

1=1

1 2
?12=y1z—E > (—1)%;{cosf;—cosb;} ,

=1

Z19=210— (ﬂlz“‘ 1)22)}\ ’ gl: f:— B\ 4
o=, Dym 00/

The coordinate system has been chosen so that the z
axis is along B and x;2=x;—X,. The result in Eq. (8)
does not depend on the assumption of gyrotropy.

The kinetic equation is obtained in second order
using the assumptions of a homogeneous gas and a
gyrotropic single-particle distribution function. Equat-
ing coefficients of € we obtain

3%/ 310+ 9/%/ dre=nNp*Lig1st. 9

We write gio*=g1! (0= »), and write Eq. (8) as an
integral from 0 to « (i.e., g12"*) minus an integral from
79 to o [which we call z(7o)]. The correlation function
g12* can be shown to be independent of 79 so that when
Eq. (9) is integrated over 7o we obtain

af° 70
fz(ro)=ro(a—f+nxD3L1gul*>— f EQ\)dx.  (10)

T2

The freedom introduced by the multiple time-scale
expansion is now exploited to require that €f2/f° be
small for all 7. The last term on the right-hand side of
Eq. (10) does not increase indefinitely as 7o increases.
Therefore, in order for f2 not to grow with 7o, we must

have
(11)

which is the kinetic equation in a general form. Related
results have been reported previously.®

We shall now put Eq. (11) into an explicit form by
doing a second perturbation expansion in which we treat
the dimensionless B as a small parameter. The expan-
sions for gio' and f° are

g12'= g1 @+ BgioW+Bg1e®+- -,
fo= fO4BfOIf-B2fo2 ., (12)
The initial conditions applied are gi2!(79=0)=0 and
S (ro=0)=0.

We obtain the following results for the single-particle
distribution function. The f° term is zero and f® and

6f°/8t= (’I’L)\D3) (cbo/kT>2L1g121* 5

6 N. Rostoker, Phys. Fluids 3, 922 (1960); M. K. Sundaresan
and Ta-You Wu, Can. J. Phys. 40, 1537 (1962); 40, 1499 (1962);
P. J. Schram, Euratom Report No. EUR 1805e, 1964 (un-
published); M. J. Haggerty and L. G. deSobrino, Can. J. Phys.
42, 1969 (1964); M. J. Haggerty, ibid. 43, 122 (1965); M. J.
Haggerty, University of Maryland Technical Note No. BN-463,
1966 (unpublished).
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f® are determined by the following equations:

af 0
ot

(13)

0 Ty
=4 (3)____/,1‘,2 Djf100f200 ,
0y |V12,

af102 (9 Tij
— A @) de Dj(f102f200+f100f202)
ot avl,- I V12’

<]
'—A a )_‘—/dVQ
81}1,,
where

D= (8/dvi;— 8/ dvs;) ,

PRTCAREC
Vio

Do \? “ .
Al = (n>\1)3)(_—> 87r5/ 2 (k)kedk,
kT Jo

Tij=8;—v12i019i/ | V12|,

B{Bj Brviok
+ (Bjvieit Bivie)———+3T;
B2 B2| vy, )2

Nij=—

1 v12i7)12j\ (Bk7)12k)2 s Ban V12m¥121
+_ Bij_ 9 2€ipm€jnl
4 [vig|2/) B2|vial? B

Here &(k) is the Fourier transform of ®(|x12|) and
€;x 18 the completely skew-symmetric Levi-Civita
density” which equals unity for i=1, j=2, k=3.
Equation (13) is the usual Landau equation.® It is
known to have an H theorem and to have the Max-
wellian as the unique equilibrium distribution. The
tensor T; has a principal axis in the direction of the
relative velocity vis and is axisymmetric about vqe. The

[vas?

7 L. Brillouin, Tensors in Mechanics and Elasticity (Academic
Press Inc., New York, 1964), Chap. 3.

8L. D. Landau, Zh. Eksperim. i Teor. Fiz. 7, 203 (1937);
R. S. Cohen, L. Spitzer, and P. Routly, Phys. Rev. 80, 230
1950); L. Spitzer and R. Harm, zbid. 89, 977 (1953); M. N.
Rosenbluth, W. McDonald, and D. L. Judd, #bd. 107, 1 (1957);
B. B. Robinson and I. B. Bernstein, Ann. Phys. (N. Y.) 18, 110
(1962) ; A. Kritz, S. Radin, and G. Sandri, Aeronautical Research
Associates of Princeton, Inc., Report No. 103, 1967 (unpublished).
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field-dependent correction, Eq. (14), is determined by
the tensor NV;; whose principal axes are in the directions
of the relative velocity vis, the acceleration due to the
magnetic field vi2XB, and the orthogonal direction
v12X (vieXB). We further note that the collision current
densities J™, defined through the equations 8 f°(v,)/d¢
=(9/0v1:) S dvaJ ™, are orthogonal to the relative
velocity vie because the J™ are calculated to lowest
order in the momentum transfer. This property is used
in the demonstration that f° becomes Maxwellian for
sufficiently large times.

By virtue of Eq. (13) f* will become Maxwellian, M,
in due time. Consider now Eq. (14) at large times, that
is when f® is Maxwellian. The term containing N;;
vanishes since N;D;M 1M =0. The T; term in Eq. (14)
drives f% to zero. This is seen by noting that the 7';
term corresponds to the linearized version of the Landau
equation for f%4-B%f%. Since f® is Maxwellian, then
/% must eventually vanish. We have thus shown that
o= f%4-B*f* will become the Maxwellian distribution
for sufficiently large times. This is so in spite of the fact
that H= " f°Inf%v does not have a negative definite
time rate of change for all f° (except when B — 0).°

Equations (13) and (14) provide a pair of equations
for determining the single-particle distribution function
in the presence of a strong magnetic field. We note that
the magnetic-field corrections to order B? yield a
remarkably simple collision integral, and that this
collision integral, furthermore, has the same form as
the standard Landau collision integral. The Landau
collision integral has been extensively used for the
study of transport properties.® The techniques de-
veloped there should, therefore, be applicable to calcu-
late the effects of the strong field as well.

We are indebted to Dr. A. Klimas and Dr. H. P.
Eubank for stimulating discussions.

9 The two collision integrals of Egs. (13) and (14) can yield
competing contributions to dH/d¢ inside the lobes of the region
defined by

[012]2< (4 /4 ®) (B2/4) (1—5 cos®),

where © is the angle between the direction of the magnetic field
and the relative velocity vi..



