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Statistical-Theory Calculation of Charge Distribution in Fission*
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The nuclidic mass formula developed recently by the authors is employed to calculate the most probable
charge Z~ of 6ssion products. The predicted values of Z„ for thermal-neutron Gssion of U"' and spontaneous
Qssion of Cf'" differ from the experimental values by a root-mean-square deviation of 0.35 and 0.55 charge
unit, respectively, the computer calculation being made for charge values varying 0.05 charge unit at a
time. These values may be compared with the root-mean-square deviations between two existing sets of ex-
perimental results on U"' and on Cf'", which are 0.34 and 0.50, respectively. The root-mean-square devia-
tions of the predicted Z„values for many other schemes of charge division are calculated for comparison.
The width of the charge-distribution curve of the primary fission fragments (before prompt neutron emis-
sion) in the peak-yield regions, calculated by the statistical theory (standard deviation of Gaussian &r =0.51),
agrees with the empirical value of Ferguson and Read (o.=0.55) within 8%. Fine structure of Z„due to
the shell effect is noticed.

I. INTRODUCTION

HE statistical theory of nuclear fission' provides
theoretical predictions on a variety of interesting

phenomena of the 6ssion process. The detailed calcula-
tion of the theory, nevertheless, depends on the avail-
ability of accurate nuclear data of several kinds, which
are still incomplete because of the complication of the
effects of the nuclear shells. The necessary data include
the nuclidic masses of the primary 6ssion products. In
the last few years, the authors have developed a
nuclidic mass formula' with an accuracy of the order of
1 MeV for the 842 known masses of nuclides close to the
beta-stability line. While some calculations require a
higher degree of accuracy, the formula provides a
reasonable basis for a detailed calculation of the charge
distribution in fission even though the uncertainty of
the calculated masses of the fission fragments is ex-
pected to be larger than that of the nuclides closer to
beta-stability line. This calculation is signi6cant be-
cause charge distribution is essentially determined by
nuclidic masses not involving the other nuclear data
and therefore is not encumbered by the incompleteness
of our knowledge on nuclear data. Thus, the theory and
the mass formula provide definite predictions which may
be compared with experimental results as a test of the
theory. This is not so in mass, kinetic energy, and
prompt neutron distributions where more unknowns
are involved.

Inasmuch as the most probable charge Z„of the
primary Gssion products can be determined empirically
to an accuracy of O.i charge unit, experimenters feel
that the information may be used to check. the accuracy
of various mass formulas. In this work, of course, it is
not possible to check the statistical theory and the
mass formula at the same time. However, applying
different mass formulas in the same model calculation,
it is possible to draw useful conclusions concerning the
various mass formulas.

The formulation of the statistical theory and the
application to charge distribution have been reported
previously. ' Together with the mass formula, we are in
a position to calculate the relative yields of all primary
Gssion products (before prompt neutron emission) of
the same mass number. These are not directly com-
parable with the experimental independent yields which
are yields of 6ssion products after the emission of the
prompt neutrons (before beta decay). On the other
hand, experimental information is usually stated in the
form of the most probable charge Z„as a function of
the mass number A of the fission product, and the width
or the standard deviation 0. of the Gaussian curve
representing charge distribution of fission products of
a given mass number. Therefore, instead of calculating
the independent yields, we choose to calculate Z„and
0. so that the results may be compared directly with the
empirical values.

* Work reported in the Spring Meeting of the American
Physical Society, April 1966 LBull. Am. Phys. Soc. 11, 306
(1966)g.

t Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

$ On leave from Utica College of Syracuse University. Supported
by the National Science Foundation. Present address: Physics
Department, Emory University, Atlanta, Georgia.

' Peter Fong, Phys. Rev. 102, 434 (1956).
2 James Wing and Peter Fong, Phys. Rev. 136, 8923 (1964).
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II. THE WIDTH OF THE CHARGE-
DISTRIBUTION CURVE

The half-width at half maximum of charge-distribu-
tion curves, calculated according to the statistical
theory, in the peak regions of the mass-yield curve of
thermal neutron fission of U"' has been reported to be
0.6 charge unit (o.=0.51) previously. ' The use of the
new mass formula does not change this figure. This
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value compared unfavorably with the then known
empirical value of the width in the peak. regions which
was about 0.8 or 1.0.' However, it should be kept in
mind that the theoretical width is that of the primary
fission products and the empirical width is that of the
final fission products after prompt neutron emission;
the two are not directly comparable. Preliminary calcu-
lation' of the independent yields of shielded nuclei
based on statistical theory, taking into account the
effect of prompt neutron emission, showed reasonable
agreement with experimental values. This result in-
dicates that the larger empirical width is essentially
due to the effect of prompt neutron emission. Thus the
difference should not be taken as evidence against the
statistical theory. As a matter of fact, there is evidence
that the width of the primary fission products is
narrower than that of the final fission products. Fergu-
son and Read4 have used a Gaussian curve to represent
the charge distribution of the primary fission product
with the 0 value equal to 0.55, which compares favor-
ably with the theoretical value of 0.5j.. Thus the theory
is reasonably satisfactory as far as the prediction of the
shape of the distribution curve is concerned.
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III. THE MOST PROBABLE CHARGE Z„

The most probable charges Z„z, aTid Z„ II for a pair of
primary fission fragments of mass numbers Al, and
Arr (L and H stand for light and heavy) are dei.ermined,
according to the statistical theory, by finding the charge
values that maximize the total excitation energy of the
pair of fragments (Ez) .The excitation energy is given by

EE=M M, (Zr„Ar, ) —M, (ZII,AII)—
cd IZII DL DII

=M —E„—Dl,—Dlg

colZII —DL, DII ) (1)

where M is the mass of the Gssioning nucleus; M. (Z,A)
is the mass of the Qssion fragment (measured at a
cha, racteristic level, essentially the nuclidic mass with-
out the pairing energy term) with an atomic number Z
and mass number A; c is a charge-independent but
mass-dependent parameter in the kinetic-energy (of
fission fragments) term; D is the deformation energy of
the fission fragment; Ep is the total potential energy;
E& is the total energy release. The maximizing process
leads to nonintegral values of Z„,l, and Z~, ~~ which
represent the position of the peak of the charge dis-
tribution curve.

We have calculated the Z„values of thermal neutron
fission of U"' and spontaneous fission of Cf'". The mass
formula developed by the authors2 with the pairing-
energy term dropped was used for calculating M, . The
formula is particularly suitable for the present purpose
because its value of M, is a continuous function of Z
and A, and the maximization may be carried out with

~ Peter Fang (unpublishedl.
4 J. M. Ferguson and P. A. Read, Phys. Rev. 139, B56 (1965).
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FIG. 1. Parameter c of the kinetic energy term c Z&Z2 of
U»' and Cf~" as a function of the mass number A of 6ssion
fragments.

fractional Z values. Many mass formulas do not give
mass values for fractional Z because discontinuous terms
are introduced to account for the shell effect on nuclidic
mass. The values of c for U23' and Cf'" are deduced
empirically from the fission-fragment kinetic-energy
data of Apahn et al. ,

' Whetstone, ' and Schrnitt et al. ,
'

and are plotted in Fig. 1. The deformation energy as a
function of .4 is taken from a previous calculation on
the kinetic energy and prompt neutron distributions,
which takes into account the nuclear shell effect on
nuclear deformation. However, for a given mass number
A the variation of deformation energy with respect to
charge Z, which enters the maximization of Eq. (1),
is assumed to be given according to the liquid-drop
model. ' The deformation energy term may thus be
expressed as follows:

D ~(A )(001A.'l' 0000128Z.'/A. 'I'j. r, rr (2)

The parameter f as a function of A is constructed from
the results of Ref. 8 and is plotted in Fig. 2. Since the
variation af the deformation energy can be shown to be

5 V. F. Apalin, Vu. N. Gritsyuk, I. E. Kutikov, V. I. Lebedev,
and L. A. Mihaelian, Nucl. Phys. 71, 546 (1965).

6 S. L. Whetstone, Phys. Rev. 131, 1232 (1963).' H. W. Schmitt, W. E. Kiker, and C. W. Williams, Phys. Rev.
137, B837 (1965).' Peter Fong, Phys. Rev. Letters, 11, 375 (1963); U. S. Atomic
Energy Commission Report No. ANL-6797, 1963 (unpublished).
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FIG. 2. Parameter $ of the deforma-
tion energy expression of Eq. (2) of
U ' and Cf'" as a function of the mass
number of Qssion fragments.
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rather small, the above approximate treatment seems
adequate for the purpose of maximizing Kq. (1). The
maximum of excitation energy (MEE) is found by
using Argonne's IBM-1620-II and CDC-3600 com-
puters. The computation is made with Z varying 0.05
unit apart and thus the value of Z„obtained is expected
to be associated with an amount of uncertainty of 0.05
charge unit.

For the purpose of comparison, similar calculations
were carried out to obtain Z„values determined by
minimizing the total potential energy (MPK) and

by maximizing the total energy release (MER).
The results of calculation are presented graphically.

The function Z„,—A, (Z"+Z~)/(A~+A') is plotted in

Figs. 3 and 4 together with experimental results for
U 35 and Cf ', respectively. To bring out the 6ne
features, the graphs are plotted with the ordinates
expanded tenfold with respect to the fragment-mass
number scale. It may not be meaningful to compare the
general trend on such a plot; it is more useful to com-

pare the root-mean-square deviations (RMSD) of the
results of various predictions from the experimental
values. The following is such a comparison.

Our calculated results are compared with (1) pre-
vious MER and MEP calculations ' based on the mass
formulas of Cameron' and Seeger"; (2) other charge
division schemes based on the hypotheses of unchanged
charge density (UCD)," equal charge displacement

9 J. C. D. Milton, U. S. Atomic Energy Commission Report
No. UCRL-9883 Rev. 1962 (unpublished).

"A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957).
» P. A. Seeger, Nucl. Phys. 25, 1 (1961).

(ECD) "Apalin et al "Armbruster' and Present ".
and (3) the experimental results of Wahl ef al." and
Strpm et gl. pn U 3 and pf Glendenjn and Unik
Kapopr gt a/. ,

' Dplce et al "and Wahl et al" on Cf'"
In the ECD calculation, the nonintegral values of Z~,
the charge of the most stable isobar, are tak.en from the
average values of Dewdney" and Hillman. "Apalin's
charge-distribution function, " Z~ ——Z~A~/A~+5. 9
—0.05AL„ is that of unchanged charge density plus a
linear function of A g. Armbruster s semiempirical calcu-
lation' is based on maximum energy release between
the saddle point and scission. Present's scheme is

1'L. E. Glendenin, C. D. Coryell, and R. R. Edwards, in
Radiochemical Studzes: The Fission Prodlcts, edited by C. D.
Coryell and N. Sugarman (McGraw-Hill Book Company, Inc.
New York, 1951).

»V. F. Apalin, Vu. P. Dobrynin, V. P. Zakharova, I. E.
Kutikov, and L. A. Mikaelyan, Soviet J.At. Energy, 8, 10 (1960).

'4P. Armbruster, in ProceeCkngs of The SymPosium on the
Physics onC Chemistry of Fission (International Atomic Energy
Agency, Vienna, 1965), Vol. I, p. 103.

"R.D. Present, Phys. Rev. 72, 7 (1947)."A. C. Wahl, R.L. Ferguson, D. R. Nethaway, D. K. Troutner,
and K. Wolfsberg, Phys. Rev. 126, 1112 (1962).

1 P. 0. Strom, D. L. Love, A. K. Greendale, A. A. Delucchi,
D. Sam, and N. K. Ballou, Phys. Rev. 144, 984 (1966);American
Chemical Society Meeting, Pittsburgh (unpublished). The 6rst
reference gives S2, values for the Gnal fragment masses of 131,
132, and 133 only.

~SL. K. Glendenin and J. P. Unik, Phys. Rev. 140, B1301
(1965).

» S. S. Kapoor, H. R. Bowman, and S. G. Thompson, Phys.
Rev. 140, B1310 (1965.)

'0 S. R. Dolce, W. M. Gibson, and T. D. Thomas, Bull. Am.
Phys. Soc. 11, 335 (1966).' J. W. Dewdney, Nucl. Phys. 43, 303 (1963).

~~ M. Hillman, U. S. Atomic Energy Commission Report No.
BNL-846, 1964 (unpublished) ~
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TAsr.z l. Root-mean-square deviations (in charge units) of various Z„values from experimental values.

Nuclidic mass
Z„ function formula

Number of data points
Wahl
n =30

Storm
n =13

Wahl and
Strom
n =43

Cf252

Glendenin
Glendenin Kapoor and Kapoor Dolce

n=26 n=26 n=52 n=8

RMSD of predicted values from experimental values
UCD
ECD
Apalin
Armbruster
Present
MER

MPE

MEE

Cameron
Seeger
Wing-Fong
Cameron
Seeger
Wing-Fong
Wing-Fong

0.53 0.52
0.43 0.49
0.40 0.30
0.44 0.32
0.77 0.58
0.67 0.62
0.36 0.29
0.49 0.39
0.39 0.35
0.39 0.32
0.41 0.24
0.39 0.23

0.53 0.51
0.45 0.47
0.37 0.62
0.41 0.78
0.72
0.66
0.34
0.46
0.38
0.37
0.36 0.54
0.35 0.52

0.70
0.30
0.43
0.67

0.64
0.47
0.52

0.63
0.57

0.61
0.40
0.54
0.72

0.82
0.61
0.66

0.58
0.55

0.92
0.61
0.37
0.41

0.17
0.39
0.22

0.66
0.67

Wahl from Strom (m=13)'
Kapoor from Glendenin (I=9)

RMSD of one set of experiment from another
0.34

0.50

' There are two Zq values for the fragment mass 136.8.

based on maximum energy release with the 6ssion
fragments assumed to have a nonuniform proton
density. "The experimental results of Wahl et al."for
U"' and Cf'" and those of Strom et al ' are based on the
experimental values of the independent yields of indi-
vidual fission products. The experimental results for
Cf252 except those of Wahl et al. "are all obtained by
measuring the energy distribution of the prompt E
x rays emitted by the primary fission products. ' '
Wahl et al. 's results have been corrected for the prompt
neutron numbers by using the more recent results of
Apaljn et al. ~ for U 3 and of Bowman et al. 4 for Cf
Experimental results of upper and lower limits of Z„
are not included here. We decided not to include for
comparison the experimental results of Armbruster
et al."and Konecny et al."on U"' which are based on
the counting of the number of beta particles of the
6ssion fragments, because of the unresolved discrep-
ancy between their results and the radiochemical ones,"
in spite of the fact that the statistical-theory predic-
tion agrees better in the general trend with the results
of Armbruster et al.

The comparison of our results with the above-men-
tioned ones, in terms of the RMSD of the predicted Z„
values from the experimental values, which makes it
possible to compare point by point instead of the
rather vague general trend, is summarized in Table I.
The continuous curves of Figs. 3 and 4 are convenient

"V.F. Apalin, Vu. N. Gritsyuk, I. E. Kutikov, V. I. Lebedev,
and L. A. Mikaelyan, Nucl. Phys. 71, 553 (1965).

'4H. Bowman, J. Milton, S. Thompson, and W. Swiatecki,
Phys. Rev. 129, 2133 (1963)."P.Armbruster, D. Hovestadt, H. Meister, and H. J. Specht,
Nucl. Phys. 54, 586 (1964)."E. Konecny, H. Opower, H. Gunter, and H. Gobel, in
Proceedings of The Symposium on the Physics and Chemistry of
Fission (International Atomic Energy Agency, Vienna, 1965)
Vol. I, p. 401.

s' L. E. Glendenin (private communication).
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FIG. 3. The most probable charge Z„of thermal neutron 6ssion
of U23' calculated according to the statistical theory with the
authors' mass formula (MEE) compared with the experimental
results of Wahl et al. (circles) and Strom et al. (triangles). Dashed
and dotted-dashed curves show Z„calculated according to maxi-
mum energy release (MER) and minimum potential energy
(MPE), respectively, with the authors' mass formula.

for interpolations for fractional mass numbers which
are employed in presenting most experimental results.
Table I lists the RMSD of the existing calculated values
of Z„ from the experimental values of comparable frag-
ment masses. In the lower part of Table I, we also list
the RMSD of one experiment from the other in both
U"' and CP" (corrected for the small mass difference
of hZ=0. 462). In U"', Wahl et al. 's 13 points (two
points at 2=136.8) that have comparable points in
Strom et al. 's results deviate from the latter with
a RMSD of 0.34. In Cf'", Glendenin and Unik's
nine points that have comparable points in Kapoor
et al. 's results deviate from the latter with a RMSD of
0.50. These may be taken as the range of uncertainty
of the experimental results. The RMSD of the statis-
tical-theory prediction from the experimental results
is 0.35 for U"' a,nd 0.55 for Cf'", exceeding the experi-
mental uncertainty by only 0.01 and 0.05 unit, respec-
tively. Since the computer calculation is carried out
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FIG. 4. The most probable charge Z„of spontaneous fission of
Cf' calculated according to the statistical theory with the
authors' mass formula (MEE) compared with the experimental
results of Glendenin and Unit (circles), Kapoor et al. (squares),
Dolce et al. (triangles), and Wahl et at. (cross). Dashed and
dotted-dashed curves show Z~ calculated according to maximum
energy release (MER) and minimum potential energy (MPE),
respectively, with the authors' mass formula.

with Z varying 0.05 charge unit at a time, it may be
concluded that the statistical theory predicts Z„within
the limits of the existing uncertainties.

One observes from Table I as well as Figs, 3 and 4 that
disregarding the recent results of Dolce et al. ,

20 the
prediction of the statistical theory based or, our mass
formula agrees with the experimental res&ilts better
than that based on the assumption of maxin:um energy
release, slightly better than that based on the assump-
tion of minimum potential energy, and better than those
of all the five other schemes of charge division. based on
ad hoc assumptions (except ECD in Cf'"). One may
surmise from the above conclusions that the excitation
energy is a more significant quantity in the fission
process than the total energy release (and perhaps also
the total potential energy) as the statistical theory
claims. The results of Dolce et al. , contradicting the
other two experiments of the same kine], favor the
assumption of MER.

Concerning the various mass formulas, we notice
that the RMSD values of our mass formula are com-
parable with those of Seeger's while those of Cameron's
are larger than ours. What this means in terms of the
relative accuracy of the three formulas is difficult to
say. On the other hand, in the symmetric 6ssion region
where the Z„ function is rather insensitive to the choice
of theory of charge division, the compa;ison of the
three Z„based on the three mass formulas with experi-
mental results does provide a check on the relative
accuracy of the formulas in this mass region. In this
comparison, the result of our mass formula in U"'
is closer to the experimental data than the other two
formulas 4'

IV. FINE STRUCTURE OF Z„AND
SHELL EFFECT

It has been assumed tacitly that Z~ is a more or less
smooth function of 3, and this has been the basis for

extrapolation in many previous works. In Figs. 3 and 4
the calculated curves based on statistical theory exhibit
dips at mass 132, followed by a rapid rise reaching a
peak at mass 137.They show the existence of 6ne struc-
ture over the smooth trend, and the origin of this fine
structure may easily be traced to the effect of nuclear
shells. Fission fragments in the neighborhood of
spSnss'" (closed-shell configuration of 50 protons and 82
neutrons) are formed preferably according to the
statistical theory because of higher internal excitation
as a result of the lower nuclear mass; thus the dip in
the neighborhood of mass 132.The existence of irregu-
larities (perhaps traceable to shell effect) over a general
smooth trend is a familiar pattern in fission phenomena;
we have seen it in mass distribution, in kinetic-energy
distribution, and in prompt neutron distribution. There
is every reason to expect the same in charge distribution.

The results of Strom et al." seem to indicate the
existence of 6ne structure in charge distribution of
U"' 6ssion. The dip and the peak. of the theoretical
curve agree with their six points in the mass region of
131—137 quite closely. If we take their results exclusively,
the RMSD of the statistical theory prediction is, as
show'n in Table I, only 0.23. This small RMSD
lends strong support to the statistical theory. Concern-
ing the discrepancy between Strom er, a1. and Wahl
et ul. , the most significant points under question are the
Z„values at masses 136.0, 136.8, and 137.2. The point
at mass 136.0 of Strom et al. is constructed indirectly'
and thus the other two points become crucial. Strom
ef al. derived a Z„value of 53.51 for the fragment mass
137.2 from the charge-distribution curve of the mass-
136 chain of the final fission products (using a value of
1.2 for the average number of prompt neutrons for
mass 136), which is constructed on the basis of three
yields: the cumulat. ive yield" of I'" (yield of It"
including all its beta precursors), the cumulative yield"
of Xe"' and the independent yield" of Cs"' (yield of
Cs"' excluding all its beta precursors). Wahl et aI.
obtained two Z~ values of 53.53 and 52.58 for mass
136.8 from the cumulative yield" of I"' and the inde-
pendent yield of Cs'3', respectively, using an assumed
Gaussian function for the charge distribution (a value
of 0.8 for the average number of prompt neutrons" is
used here). The resolution of the discrepancy of the
Z„value here involved thus depends largely on the
accuracy of the yield of I"', which becomes the crucial
quantity in the whole argument. This yield was de-
termined judiciously by Stanley and Katcoff'8 who
noticed that their yieM value was inconsistent with the
ECD hypothesis, which would predict a yield about
twice as large. They further noticed that the same dis-
crepancy exists for the yield oi I"' in thermal neutron
fission of Pu'" and U"'. In the absence of any explana-

C. %.Stanley and S. Katcoff, I. Chem. Phys. 17, 653 (1949).
29 H. Farrar and R. H. Tomlinson, Nucl. Phys. 34, 367 (1962).
3 A. P. Baerg, R. M. Bartholomew, and R. H. Betts, Can. J.

Chem. 38, 2147 (1960).
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tion for the low yield of Il36, the results in the three
fission cases must be taken as evidence agsinst ECD
and for the existence of 6ne structure. The unusual
behavior of the I"6 yield was noticed by Wahl' but
not explained.

The fine structure of the Z„curve is an interesting
subject deserving further investigation experimentally.
In particular, the predicted fine structure in Cf'"
is not borne out in the existing experimental results.

Investigation of independent yields of Pu" and U"'
in the fine-structure region may help clarify the
situation.
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Relative Intensities of the L-Shell Internal-Conversion Lines of Pure
E2 (2+ ~0+) Transitions in Rare-Earth Nuclei

W. GELLETLv, J. S. GEIGER, AND R. L. GRAHAM

ChaN Riser Nuclear Laboratories, Atomic Energy of Canada Lemited, Chalk R& er, Ontario, Canada

(Received 16 January 196'I)

Accurate measurements of L-shell internal-conversion line intensity ratios are reported for four low-
energy E2 trj,nsitions in "'Gd, '"Dy, ' 'Er, and "Yb. The measurements were made using a 100-cm radius
iron-free ~&2 double-focusing P spectrometer at resolution settings of 0.03—0.09'Po in momentum. Different
source and detector arrangements were used to explore for possible systematic eBects. In all cases the
experimental Lzz/Lzzz intensity ratios agreed with the corresponding theoretical ratios to &2%. The
Lz/Lzz and I-z/Lzzz experimental ratios are systematically larger than the theoretical values by an average
of 3 4'%%uo

INTRODUCTION

ITH the development of high-resolution, iron-
free p spectrometers in the late 1950's, ' r and

the ready a,vailability of theoretical tabulations'' of
internal-conversion coefFicients, the comparison of ex-
perimental and theoretical L-subshell conversion elec-
tron intensity ratios has become a powerful method"
for establishing the multipolarities of electromagnetic
transitions, and hence for the assignment of spins and
parities to nuclear energy levels. The accuracy of this
method of determining transition multipolarities de-
pends critically on the accuracy of the tabulated con-

' K. Siegbahn and K. Edvarson, Nucl. Phys. 1, 137 (1956).
'A. Moussa and J. B. Bellicard, J. Phys. Radium 15, 85A

(1954).' M. Mladjenovic, in Proceedings of the Rehooeth Conference on
Nuclear Structure, edited by H. J.Lipkin (North-Holland Publish-
ing Company, Amsterdam, 1958), p. 537.

4 C. deVries and A. H. Wapstra, Nucl. Instr. Methods 8, 121
(1960).

'R. L. Graham, G. T. Ewan, and J. S. Geiger, Nucl. Instr.
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