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The minimum energy necessary for escape is Er+eP
or, in aluminum, 15.9 eV. Electrons excited from near
the Fermi energy by absorpton of photons with hv
=9.18 eV have an energy of nearly 20.9 eV. The escape
cone for these electrons is easily determined and is
found to be approximately 0.267i-.

The escape cone for Table IV is not much less than
0.267t.. Sy interpolating between Tables III and IV, it
is seen that the escape probability is tatisfied by mean

free paths between l„=100A, /, =600 A and l„=250A,

/. = 1000 A. Because o ' for aluminum is 67 A while the
tables were constructed for n '=100 A, it is necessary

to scale the results. Thus, for electrons in aluminum,

which are about 9 eV above the Fermi energy, the mean
free paths are between l„=67A, /, =400A and l„
= 167 A, /. = 667 A. This just spans the values l„
= 130 A, l, = 510 A which were found to give the best
ht when a detailed analysis was made of the entire
energy distribution of electrons emitted from alumi-
num. ' It should be noted, though, that Quinn's theo-
retical calculation of I„in aluminum" indicates a value
of about 50A for electrons of energy greater than 5
eV above the Fermi energy, and appears to be in sub-
stantial disagreement with our analysis of the experi-
mental results.

"J.J. Quinn, Phys. Rev. 126, 1453 (1962).
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A new N&R mode of the Mn" nuclei in the hexagonal antiferromagnet CsMnF3 has been observed directly
between 673 and 676 Mc/sec. This mode results from the difference in the hyperGne couplings for nuclei of
the Mn1 and Mn2 sites when the nuclei are strongly coupled by the Suhl-Nakamura {SX)interaction. The
new NMR mode resembles an antiferromagnetic (AFM) exchange mode, while the NMR mode observed
by Minkiewicz resembles an acoustic AFM mode. The linewidths of the acoustic and exchange NMR
modes at 5000 Oe are 0.042 and 0.22 Mc/sec, respectively. These are a factor of ten narrower than predicted
from the SN interaction. A four-sublattice model of CsMnF3 is proposed which accounts for the Geld de-
pendence of both NMR modes, The NMR frequencies extrapolated to inGnite nuclear temperature are
666.0+0.2 Mc/sec for the Mn2 site and 676.8S&0.1. Mc/sec for the Mn1 site. This suggests zero-point
spin-wave reductions of (2.2+1.0)'Po and (3.2&1.0)% for the Mn1 and Mn2 sites; Davis's calculation pre-
dicts 2.49% and 4.36%, respectively. The temperature dependence of the electron-sublattice magnetization
is determined from the temperature dependence of the exchange NMR mode. Four-sublattice-model spin-
wave calculations account for this temperature dependence when an intrasublattice ferromagnetic exchange
energy is included which is 32/o of the antiferromagnetic intersublattice exchange energy. The Mn ' nuclear
spin-lattice relaxation times have been determined for Gelds between 600 and 5000 Oe and for temperatures
between 1.4 and 4.2'K. The Geld dependence and magnitude of the relaxation times are not understood,
but at f000 Oe, T,o:T—' '+"' with TI equal to 3.7 sec at 1.4'K. This temperature dependence indicates
that three-magnon processes may be responsible for the relaxation.

I. INTRODUCTION

'HE magnetic properties of the hexagonal anti-

ferromagnet CsMnF3 have been the subject of

several previous studies. Torsion measurements, sus-

ceptibility measurements, antiferromagnetic resonance

(AFR) studies, and electron-nuclear double-resonance

studies have been performed by I ee et a/. ' Witt and

Portis used the method of electron-nuclear double

resonance to measure the Mn'5 nuclear spin-lattice

t Supported by the U. S. Atomic Energy Commission through
Contract AT(11-1)-34 Project 47. Report Code UCB-34P47-2.

+ Present address: Department of Physics, University of
Pennsylvania, Philadelphia, Pennsylvania.

'K. Lee, A. M. Portis, and G. L. Witt, Phys. Rev. 132, 144
11963).

relaxation time' and to investigate the diffusion of
energy in the nuclear spin system. ' Minkiewicz and
Nakamura4 studied the Mn" nuclear magnetic res-
onance (NMR) directly.

In Sec. II we discuss the direct observation of a
second Mn" nuclear resonance mode in CsMnF3.
A four-sublattice model for CsMnF3 is described which
accounts for the observed behavior of both NMR
modes. For the two inequivalent Mn'+ sites the hyper-
fine coupling constants and the zero-point spin reduc-
tions are determined and compared with theory. From

2 G. L. Witt and A. M. Portis, Phys. Rev. 136, A136 (1964).
G. L. Witt, thesis, University of California, 1964 (unpub-

lished).
4 P. Minkiewicz and A. Nakamura, Phys. Rev. 143, 361 (1966).
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constructed which have the average properties of the
original planes. Planes 8(+) and C(+) are added.
together to form one (+) sublattice and planes 8(—)
and C(—) are added together to form one (—) sub-
lattice. The resulting sublattices D(+) and D(—)
contain twice the number of magnetic ions of the
sublattices A(+) and A( —). The properties of the
sublattices D(+) and D(—) will be the average proper-
ties of planes 8(+), C(+) and 8(—), C(—) which

implies the new sublattices also possess inversion

symmetry.
The exchange interactions between the ferromagnetic

planes are antiferromagnetic. The strength of the
Mni —Mn2 exchange interaction is measured by the
exchange constant X~' and the Mn2-Mn2 exchange
interaction by P &'. In terms of the sublattice mangetiza-
tions the total isotropic exchange energy for the original
six planes is

Upx=kl Mg(+) ' (M))( )/Me( ))+X2 M))( }'M))(+)

+X('Mg( ) (Mc(+)+M))(i))+X2'Mc(4. ) Mc( ). (3)

Equation (3) reduces to

P.~=X,(Mg(~) Ml)( )+My( ).MD(+))

+~2(MD(-) MD(+)), (4)

where 3 ~
——2X~' and X~——2X2'. The magnetizations

M~( ) and. M~(+) are one-half the actual D-sublattice
magnetization.

The total energy of the magnetic system is

U=X1(M( M2+Ml M4)+X2M2 Ml
—H (Ml+2M, +2M2+M, )+ (K/M2)

X (M1„'+2M 2„'+2M2„'+M4y2)
—H (m4+2m4+2m7+m, )—(2.M, m; —2n„M2 m,

2n„M2 m, —M4(2m() —(3).

I @43

FIG. 2. Coordinate system and equilibrium positions of the
electronic and nuclear magnetizations for the four-sublattice
model of CsMnF3. The magnetic field is applied in the basal plane.

n and o.d are the respective hyperfine interaction
constants between the electron and nuclear magnetiza-
tions for the Mni and Mn2 sites. Kith the magnetic
field applied in the basal plane, the sublattice magnetiza-
tions take the orientations shown in Fig. 2.

The equilibrium positions of the electron magnetiza-
tions are in the basal plane. These positions are deter-
mined by setting the first derivatives of the total energy
with respect to the polar coordinate angles 0; and p.;
equal to zero. The Mi and M4 sublattice magnetizations
are tilted through an angle ~ toward the applied field,
and the magnetizations M~ and M~ are tilted toward
the field through an angle e' where these angles are
given by

'4 (2X2—Xl)H/(2X1X2M) q EH/(2)(2M) . (6)

860; r BU

Bt M M(p;

r BU
2=1, 4. (7)

M 850;

For sublattices 2 and 3 the equations of motion are

Note that if A~
——P~, then c'=e and all sublattice

magnetizations are tilted toward the field by the same
amount. The equilibrium positions for the nuclei are
e, =-c+H/(n, M) for the nuclear magnetizations m;
all(l m() all(l 6I(= ('+H/(c(I4M) for m4 and m7.

Minkiewicz and Nakamura' pointed out that the
presence of two inequivalent Mn' sites introduces a
second NMR mode. This second NMR mode always
lies above the mode which they observed and is only
slightly depressed in frequency as a result of the coupling
between the electron and nuclear modes. The AFR
and NMR frequencies can be calculated from Eq. (5).
In order to do this we make the assumption that all
AFR frequencies are much larger than the NMR
frequencies. In this case the nuclear spins will not
respond to the AFR frequencies. The electron spins
will only feel the average value of the nuclear magnetiza-
tion. This reduces the e8ect of the hyperfine interaction
to that of an effective nuclear-induced anisotropy field
on the electron spins. This field acts in the equilibrium
directions of the nuclear spins.

In order to calculate the AFR frequencies, Eq. (5) is
treated in polar coordinates where the polar axis is
chosen as the hexagonal c axis. Equation (5) is expanded
to second order in the angular deviations M; and 8p,
about the equilibrium positions 0;0 and p;0. The first-
order terms in 80; and 6p; vanish as a result of the
equilibrium conditions. The resonance matrix from
which the secular equation is obtained is calculated
from the equations of motion in polar coordinate form.
For sublattices 1 and 4 these are

The sublattice notations are A(+) ~1, D( )~ 2, —
D(+) —+ 3, A(—) ~ 4. The parameters Xl, X2, E, '

o„and n~ are positive; E is the anisotropy constant;

859; r BV

Bt 2M 85q;

r av
2=2, 3. (8)

23I 850,
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The four resulting AFR modes are

0P = I'2 (H2+2H ~HA2),

0p= I"(2HsHA+2H~HAr 3H—'/4),

0 2=31'H@2/4

042 =3I'2H g2/4 (i2)

&oo.l)

Acoustic nuclear mode

v &oo.»

where H~ XM, ——HA = 2E/M = 7500 Oe, and HAr
= (n,+2nq)M/3=9. 15/Tii Oe. The first-two modes
are similar to those obtained by Lee et al.' using a
simple two-sublattice model. The last two modes are
high-frequency exchange modes.

The NMR frequencies are obtained by assuming the
electron spins can follow adiabatically fields which
vary at the NMR frequencies. From the full-equilibrium
conditions for the electron spins we have

=0, =0, i=1, 2, 3, 4.
860; B5q;

(13)

The electron angular deviations can be determined as
functions of the nuclear angular deviations 60, and 8q;
where i =5 to 8. Using these relations, Eq. (5) may be
expressed entirely in terms of the nuclear angular
deviations. The resonance matrix for the NMR modes
is then obtained from the equations of motion which
are given by

850, y BU 88q; y BU
i —5 8

Bt m 85y, Bt m, 850;
(14)

888; y BU 86@

at 2m& ah~; at

7
2=6, 7. (15)

282d 860i

Four NMR solutions result which are coupled together
in pairs. The solutions of interest are given by

(g 2(0 2 ~ 2(g~2L1 I2(4HAT„+2IIAT )HE/30P j
,'+ p= '(1—21'2HAr HJ;/30/) (16)

+(uA2 (I—41'2HAr„Hs/30P),

where M =go. M, Mg=ycyg~, +gz' =cy~w„IIgy„=Ag5$g.
The other pair of solutions involves 02 and shows
negligible coupling eRects.

The behavior of the two solutions M~ and M2 is quite
different. The lower solution, M~, exhibits the same
behavior as the NMR mode obtained from the simple
two-sublattice model and corresponds to the NMR
mode observed by Minkiewicz and Nakamura. 4 The
upper solution, M &, is only slightly depressed in frequency
from the value M, and M~.

Using the resonance matrix of the nuclei which is
generated by Eqs. (14) and (15), the relative normal-
mode amplitudes of the nuclear rnagnetizations for the

Nuclear exchange mode

v &oo.» v &oo.i)

FIG. 3. Diagram of the normal-mode patterns for the acoustic
and exchange NMR modes in CsMnF3. The nuclear magnetization
m6 and m7 are in phase with m5 and ms for the acoustic NMR
mode, but they are 180' out of phase with m5 and ~ for the
exchange NMR mode.

solutions M ~ and M2 can be determined. Assuming 0&'))M',
where ~ satisfies Eq. (16), the relative normal-mode
amplitudes are given by

~ q 5= ~ q s, ~ q 6= ~ pz ~05= ~0s, M6= 80z,

5 pZ 80Z M Ma GDz

805=i—5@5.
6+5 505 M —Mg

When M =M~, the nuclear magnetizations m5 and ms are
in phase with mt, and mz, giving a net oscillating
moment per unit cell which is the sum of the individual
oscillating moments. When M =M2, however, the m5
and ms magnetizations are 180' out of phase with m6
and mz as shown in Fig. 3 The oscillations of m6 and
mz nearly cancel those of m& and ms in this region as
shown below. This produces a much smaller net oscillat-
ing moment per unit cell, which results in a large
reduction in the net power absorbed from an rf field.
Since the magnetizations oscillate in phase in the region
where M=MI, the lower mode resembles an acoustic
electron spin-wave mode. The upper mode, where M =M2,
resembles an electron spin-wave exchange mode in that
neighboring magnetizations oscillate out of phase.
De Gennes' has pointed out that nuclear spin waves
are well defined excitations at low temperatures when
the electron and nuclear modes are strongly coupled.
This coupling results in nuclear spin-wave dispersion
relations which are depressed in frequency only for
long wavelengths. The dispersion relation of the low
NMR mode resembles the dispersion relation for the
acoustic branch of the electron spin-wave spectrum,
and the dispersion relation for the upper mode resembles
that of the exchange branch of the electron spin-wave
spectrum. In what follows, these two modes will be
referred to as the acoustic and exchange NMR modes.
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linewidth measurements were made using field modula-
tion with lock-in phase detection. The amplitude of the
field modulation was small compared to the NMR
field linewidth so the derivative of the absorption curve
was observed. The linewidths shown in Fig. 4 are the
frequency difference of the two peaks plotted as a
function of 8v '=2~(cod —

cubi) '. The shape of the
acoustic NMR line was found to be I.orentzian out to
more than four linewidths.
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Experimental Results

The exchange NMR mode has been observed directly
in a single crystal of CsMnF3 using techniques similar
to those used in the observation of the acoustic NMR
mode. The single crystal of CsMnF3 was supplied by
Dr. R. %.H. Stevenson of the University of Aberdeen.
The crystal was mounted near the shorted end of a
coaxial line. The static and rf fields were applied in the
basal plane with the rf field perpendicular to the static
field. The observations were made by sweeping the rf

frequency through the resonant frequency. The detec-
tion system was tuned to the absorptive part of the
nuclear resonance by placing the detecting crystal at an
electric Geld maximum. The Q of the detecting system
was approximately 50 giving a bandwidth of roughly
1O Mc/sec at the resonant frequency. As the linewidth
of the exchange mode was O.2 Mc/sec, the distortion of
the exchange-mode resonance by the Q of the detecting
system was negligible. Field modulation and lock-in

phase detection were used to give the necessary signal-
to-noise ratio,

The exchange-mode NMR signal is much weaker than
the acoustic-mode signal. The linewidths of the exchange
mode are larger than those of the acoustic mode. At
5000 Oe the exchange-mode linewidth is 0.22~0.03
Mc/sec while the acoustic-mode linewidth is O.O42

~O.O03 Mc/sec. The exchange-mode linewidth increases
with field from =0.18 Mc/sec at 25OO Oe to =O.4
Mc/sec at 750O Oe. Within experimental error no
variation of the exchange-mode linewidth was observed
as the temperature was varied from 1.35 to 4.2'K at
fixed field. The field dependence of the acoustic-mode
linewidth is more complicated. At fields less than
1000 Oe, the field linewidths of the acoustic NMR mode

and the low-lying AFR mode are the same and they
increase rapidly as the field is lowered to zero. ' These
linewidths are thought to result from crystal imperfec-
tions. The linewidths of the acoustic mode between
2500 and 7000 Oe at 4.2'K are shown in Fig. 4. The

' L. B. elsh, thesis, University of California, 1966 (un-
published) ~
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FIG. 5. Field dependence of the Mn'5 exchange NMR mode at
T=4.2'K with the applied magnetic field at the basal plane.

Discussion of Results

The linewidths of both the exchange and acoustic
NMR modes are much narrower than the full linewidth
of 1.4 Mc/sec predicted for the second moment by the
Suhl-Nakamura theory" " using the results of the
spin-wave calculations of Sec. III. For 8v ' less than 0.05
(Acids less than 45OO), the increase in. linewidth is
thought to result from crystal imperfections which
broaden the AFR line and hence the NMR line. For
low fields this contribution to the linewidth appears
to dominate as discussed elsewhere. "For higher applied

"H. Suhl, Phys. Rev. 109, 606 (1958)."T.Nakamura, Progr. Theoret. Phys. (Kyoto) 20, 542 (1958).

The field dependence of the exchange mode for fields
between 2500 Oe and 8000 Oe at 4.2'K is shown in
Fig. 5. No angular dependence was observed in the
basal plane in agreement with the NMR results on the
acoustic mode. ' The temperature dependence of the
exchange NMR mode is shown in Fig. 6 for tempera-
tures between 1.35 and 4.2'K at 5000 Oe. Apart from
the field dependence of co 2, the same temperature
dependence is observed at other fields within exper-
imental error.



fields co~ becomes less sensitive to variations in the AFR
frequency, so the observed linewidths above 8v '=0.06
are probably not affected by crystal imperfections.
The behavior of the acoustic-mode linewidth is essen-
tially linear with 8v ' for bv '&0.07. This indicates the
linewidths at very small frequency depressions may be
considerably broader than those observed here. Small
frequency depressions correspond to very little coupling
between nuclear spins and the infinite nuclear tempera-
ture approximation should apply. "" It would be
interesting to see if a calculation of both the second and
fourth moments in the finite-nuclear-temperature ap-
proximation could account for the observed linewidths
and the Lorentzian line shape.

The field dependence of the exchange NMR mode
shown in Fig. 5 can be explained in terms of Eqs. (16)
if the hyperfine interaction constant n, is greater than
Ot~. Good agreement between the observed NMR
frequencies of both modes and Eqs. (16) result with the
choice of parameters: Ha=3.35+0.05X10' Oe, &u,/2s.
=676.85&0.1 Mc/sec, and ios/2s. =666.0&0.2 Mc/sec
at 4.2'K. This agreement is shown in Fig. 5 for the
exchange mode and in Fig. 7 for both the acoustic and
exchange modes.

is attributed solely to the zero-point spin-wave reduc-
tion, the reductions are (2.2+1.0)% for the Mnl site
and (3.2&1.0)% for the Mn2 site. It is interesting to
compare these values with the linked-spin-cluster
expansion calculations done by Davis. "Figure i shows
the Mni sites have six nearest neighbors and the Mn2
sites have four nearest neighbors. Davis calculated his
results for several lattices. The simple cubic (sc)
lattice best fits the Mn1 site and has a 2.49% reduction.
The Mn2 site may be crudely approximated by a
planar lattice which has a 4.36% reduction. These
reductions are in reasonable agreement with the
estimated reductions based on the observed hyperfine
interaction constants.

The absorptions of the acoustic and exchange NMR
modes may be calculated from the imaginary part of
the rf susceptibilities. These are obtained by calculating
the response of the nuclear magnetizations to an rf
field, assuming no damping. The rf field, h, adds the
energy

U,&= —h (ms+2ms+2m~+ms), (18)

to the total energy of the nuclei. Equation (18) adds a
forcing function involving h to the resonance matrix
generated by Eqs. (14) and (15). Then X" is obtained
from X using the substitutions &oi-+o»+iA&oi and
&vs~ ois+iAa&s, where Ao&i/2s. and ho~s/2s. are the
linewidths of the NMR modes. Since we have X=X'
—ix", X" can be determined. When the frequency of

I I I
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Fro. 6. Temperature dependence of the exchange NMR mode
at 5000 Oe with the applied magnetic field in the basal plane.
The solid curve is the calculated temperature dependence assum-
ing no temperature variation of the sublattice magnetization.

The values of ~ /2s. and cos/2s. are lower than the
frequencies determined from the free ion hyperfine
interaction This reduction is attributable to corrections
which must be made for both covalency effects and zero-
point spin-wave reductions. Covalency effects may be
taken into account by making corrections for the volume
of the F octahedrons. Estimates of these corrections
based on the paramagnetic resonance studies of Ogawa"
have been made by Lee et a/. ' They obtain frequencies
of 692+7 Mc/sec for the Mnl site and 688+7 Mc/sec
for the Mn2 site. If the difference between these fre-
quencies and the experimentally determined frequencies

580—

560—

2000 4000 6000 8000 10,000
Applied magnetic field H0 (Oej

FxG. 7. Field dependence of the exchange and acoustic Mn"
NMR modes in CsMnF3 with the applied magnetic Geld in the
basal plane.

"S.Ogawa, J. Phys. Soc. Japan 1S, 1475 (1960). '4 H. L. Davis, Phys. Rev. 120, 7S9 (1960).
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the rf field is cv =co~ or ~2, we have

X,"(cd) =SSg'r [ (GP —cog') 6gk).

(agp—HF'4H~H~r„/3oc2 j//Q, i =5, 8; (19)

X,"(co) = 2m„y[(aP—(v.') &geog

+cd,yHI'2H~H~r. /3DP j/Q, c =6) 7; (20)

S,

~~1
=x —H ——~ =x

! l

NMR of CsMnF3 nuclear exchange mode
0—
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—0.2V

'V 04
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—1.2
1

'

I

3

Temperature ( Kj

I'IG. 8. Deviation of the observed Mn" exchange AMR fre-
quency temperature dependence from the computed temperature-
dependence assuming the sublattice magnetization is temperature-
independent. The solid curve is the computed deviation obtained
from electron spin-wave calculations.

where Q= 2cdc&coq(cu2' —co')+2cu~dcd2(cue' —cd'). The ab-
sorbed power is P=-.,'~x"h'. Since we have ~2—coi(&e
at 5000 Oe and the amplitude of the rf field was the
same in the observation of both modes, the ratio of the
signals is g, X,"(cue)/P, X;"(co2) where the detecting
crystal is operated in the square law region. This ratio
is 80 at 5000 Oe. Field-modulation techniques were
used in the observation of the exchange NMR mode.
This requires that the ratio above be multiplied by the
factor 38H/(46HT) for a Lorentzian line where the peak
to peak af field amplitude M is much less than the full
linewidth in field DHT. The calculated ratio of the
acoustic-mode signal to the exchange-mode signal is
roughly 2700 at 5000 Oe assuming both NMR modes
have I.orentzian line shapes. Considering the uncertain-
ties in the NMR mode linewidths and in the observed
ratio, the calculated and observed ratios are consistent.
This result supports the identification of the higher
NMR signal with the exchange NMR mode predicted
by the four-sublattice model presented here.

The comparison of the temperature dependence data
for the exchange NMR mode with the expected behavior
calculated from Eqs. (16) is shown in Pig. 6. The
temperature dependence of Eq. (16) differs considerably
from the observed temperature dependence. This
difference is shown in Fig. 8. The exchange and hyper-
fine constants are normally assumed to remain constant
in the paramagnetic and ordered states so the tempera-
ture variation of P and o, should be negligible between
1 and 4'K. Since iio anisotropies are involved in the
AFR mode Qi, the only temperature-dependent

Fio. 9. The $, q, f
coordinate systems
for the electron spins.

—H x —H-

quantities in Eqs. (16) are H~r, co„and a&z. The
temperature dependence of co and ~~ results from their
dependence on the sublattice magnetization. If the
assumption is made that the variation of the sublattice
magnetization with temperature is the same for Mni
sites and Mn2 sites, the changes in M, and co~ with
temperature will be the same. Then as long as the static
field is large, the variation of the exchange NMR
frequency cd~/2~ equals the variation of cd,/2z and
co~/2~ to within 0.1'Po. The above assumption will be
considered in the next section where a calculation of the
temperature dependence of the sublattice magnetization
is described.

III. TEMPERATURE DEPENDENCE OF THE
SUBLATTICE MAGNETIZATION

L, m 7Lg m

—FAH(Q; S,*++ S *++ S„+Q„S„')
+X'(P; S,~'+Pc SP'+Q„S„~'+P„S„~')

&-(2 S r"—+ZcSc""+2-S-""+2-S-"")(21)

The spins S;, S~, S, and S„areassociated with the
sublattices A(+), A(—), D(+), and D(—), respec-
tively, so there are twice as many S and S„spins as
S; and S~ spins; K„represents the nuclear-induced
anisotropy; x, y, s are the crystalline axes oriented such
that the y axis is along the crystalline c axis as shown
in Fig. 2. The static magnetic field is applied in the
negative x direction for this calculation. The electron

In order to calculate the temperature dependence of
the sublattice magnetization, the electron spin-wave
spectrum and the spin-wave amplitudes must be known.
These may be calculated from the total energy of the
electron spin system. In terms of the spin variables the
electronic part of Eq. (5) is

X=2fg(P S; S.+ P Sc S„)+2J,P S„S„
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spins are tilted from the s axes through the angles e and
which are given by the equilibrium conditions

[Eqs. (6)]. The axes of quantization of the electron
spins S,, S&, S, and S„aref r, i—r, f2, and f—2, respec-
tively. Equation (21) is rewritten in terms of the

tilted coordina, te systems shown in Fig. 9: $&, z&, f r

for S,", &r, q~,
—i~for S~', &2, rik, l2 for S; and t~, ri2, —4

for S„asdescribed by Keffer and Oguchi. "
Using the Holstein-Primakoff transformation to

spin-wave variables, " the Hamiltonian is reduced to

Q + (+k +k++—k +—k+bk bk+b —k b—k)++(ck c k+C k c k+dk "dk+d k d k)+C(aka k+ak u k
A')0

+bk b—k +bkb —k+ckc—k+Ck c—k +dk d—k +dkd —k)+D(okd —k +8—kdk +bk c—k+b—k ck+Gk d—k

+8 k dk+bkc k +b kck )+E(ukdk+a kd k+bk ck +b k c k +ak dk +a, k d k +bkck+b kc k)

+D'(ckd k +c kdk +ck!d k+c k&dk)+l". (ckdk+c kd k+cktdk +c k'd k ), (22)

where

A = [2JrSZ cos(e+ e')+FAH sine+%'S+2SE„],
8=[JSrZ cos(a+ e')+2JkS cos (2c')

+I'AH sine'+K'S+2SK„],
C= —SE',
D= J SZry, [ ocs(e+ c') 1]/—K2,

D'= JkSy„[cos(2e')—1],
P:=JrSZy, [cos (e+ c')+1]/v2,
E'= J2Sy„[cos(2e')+1],

and u, b, c, and d are the operators for the sublattices
1, 4, 3, and 2, respectively. The y factors are given by

1
P cik ~ 512—1 g 2$2 (sin20)/4 g 2P2 (cos2g)/2 (24)

Z &I2

y„=cosk S,k
——1—a3'k'(cos'0)/2 ) (25)

The calculations of the eigenvalues and of the
elements of the matrix S are considered elsewhere. "
Four branches of the spin-wave spectrum result which
for k=0 are identical to the AFR modes of Eqs. (9)
through (12). The energies of magnons in the two
exchange modes (11) and (12) are of order fiI'Hs=b~
)&60'K. The energy of magnons in mode (10) are of
order rk(2H@H~)'~'=kg&(12'K for k=0. Since the
experiments discussed here were performed in the
temperature range of 1.35 to 4.2'K, the populations of
the spin-wave modes in the upper three branches will be
negligible. Only results for the low-frequency spin-wave
branch (n) need be considered here. Figure 10 shows
the computed spin-wave spectrum Qr (k)/2m versus k for
k both perpendicular and parallel to the c axis at 5000
Oe, at 4.2'K, and with X~ ——X2. The spectrum is
anisotropic. For a given wavelength, the frequency of
the spin-wave mode is lower if k is perpendicular to
the c axis. The anisotropy in the spectrum as a function

in the long-wavelength approximation; 0 is measured
from the c axis. The vectors Sj2 are the vectors from one
Mn1 site to its Z nearest neighbors in Mn2 sites. The
vector 622 is from one Mn2 site to its nearest neighbor
Mn2 site; uj is the projection of the Mn1-Mn2 distance
in the basal plane; u2 is the projection of the Mn1-Mn2
on the c axis; a3 is the distance between the Mn2 sites;
a& ——3.58 A, a& ——2.27 A, and a3 ——3.00 A.

The spin-wave spectrum and amplitudes of Eq. (22)
can be obtained using the techniques of White et at. '"
Equation (22) is rewritten in the form

50-

5 40

Q

30

90o

l(j

x= X&HX,

X = (&k 8 kd k dkb k bkck c k).

The transformation which diagonalizes (26) is

X= SX',

(26)

(2g)

v 20

~ — 10—
tf)

Spin-wave spectrum of
low-lying AFR mode

where
X't= (crktn kp k&pkX ktXkok&0 k). (29)

'6 T. Oguchi and F.Kefter, J.Phys. Chem. Solids 25, 405 (1964).
' T. Holstein and H. Primako6, Phys. Rev. 58, 1098 (1940)."R. M. White, M. Sparks, and I. Ortenburger, Phys. Rev.

139, A450 (1965).

I

10 2 x10

Wave vector k (crrl

FK'. 10. Computed spin-wave spectrum of the low-lying
branch for k perpendicular and parallel to the hexagonal c axis
and for 8=1.
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The sum can be converted to the integral

~(u. (T)//2m = LA (Kits+Kiss)/h j
X(Q)dQ

X (34)
Q(~knlkBT 1)

where Q,/2~ is the uniform mode frequency and Q-,„/2m.
is the frequency at the zone boundary. The density of
spin-wave states for the single branch Q, (k) is

n. dVk s, Q(Q' —Q22)"2
E(Q) =-

(2~)' dQ 2~2 ~2P

I'iG. 11. Anisotropy of the spin-wave spectrum of the low-lying
branch as a function of R for axed IRI.

of p='2/', =J,/3Ji is shown in Fig. 11 by plotting
the values of Qt(k)/2x for both e=p' and 8=90'with
fixed ~k~. The uniform mode is held constant as a
function of R by requiring J2+3Ji be constant. The
spectrum is nearly isotropic for 8&1 but anisotropic
for R)1. The spin-wave amplitudes (the elements of
S) are proportional to LQt(k) J'2. The proportionality
constants are a maximum when R= I.

The effects of dipolar fields have been neglected in
the above calculation. These effects have been discussed
by several authors. ""They show that the dipolar
effects are proportional to k Mi, where M~ is the
amplitude of the spin wave. For the Qi(k) branch the
spin-wave modes are, in effect, linearly polarized in the
basal plane for low k. The effective anisotropy field for
the spin waves of this branch is H"r+He for Xi——X2.

Referring to the paper by Harris" we expect the dipolar
interactions to cause an increase in the exchange
constant by 4~% or 0.2% (M = 13 850 emu/mole) and
an additional anisotropy in Qi(k) of order I"(H"r+He)
&&4~MB/Qi(k) =2%.Both of these effects are negligible.

The spin-wave dispersion relation may be written in
the form

where V~ is the volume of k space about k=o, and v,
is the volume of the unit cell (n, =5.0&(10 " cm').
Making the substitution x=hQ/hnT in the integral,
the temperature dependence of ~&a,/2m. is

~a.(T)=A.T'
2x

*max(g2 g 2)t/2

dS
QS

(36)

where
A =Ahgpwg(Kit +K22')/(2gpshh2~2p) (37)

The solid curve of Fig. 8 is for &=0.048 Mc/sec
Equation (37) gives 4=0.129, 0.108, and 0.226 Mc/sec
for R=o.i, 1, and 10, respectively. The value of A. from
Eq. (37) is fairly insensitive to E and larger than the
resonance value of A. for all R. The calculation for
Aced/2' gives the same temperature dependence.

Agreement between the theoretical calculations for
this model and the experimental results may be obtained
by introducing ferromagnetic next-nearest-neighbor
(nnn) exchange within the sublattices. The most
lik.ely path of exchange would be Mn-F-F-Mn, where
the fluorine and manganese ions belong to neighboring
octahedra. Since this exchange occurs in the basal
plane, the spin-wave frequencies of modes with k
parallel to the c axis will not be affected. The total

Q (k) = (Q '+~'h'»n''+ p'h' cos'e)'" (30)

For low k the square of the spin-wave amplitudes may
be written as

(31)S;)=K, 2/Qi(k),

Z",(T)/2~= (A/h)pk GktGk/X, (32)

= (A/h)gk(~22'+~12)(~k &k)P (33)

» R. Loudon and P. Pincus, Phys. Rev. 132, 673 (1963).
"A. Brooks Harris, Phys. Rev. 143, 353 (1966).

where u, p, and K;, are determined from the results of
the calculations described above and are functions of R.
Using Eqs. (30) and (31) the temperature dependences
of &, and coq can be calculated. The temperature
dependence of ~, is

O
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FIG. 13.Dependence of the AFR and acoustic NMR modes on the
nuclear spin temperature at fixed applied magnetic field.

energy of the electron system is changed by

AU= —2J'(P S; S,'+Q S( S).

y p s„s„,+ps„s„,). (38)

As this is an intrasublattice interaction, neither the
equilibrium positions of the sublattices nor the uniform
mode resonance frequencies will be affected. In Eqs.
(23), A and J3 are modified by the addition of the term
4J'SZ'(1 —y'), where the number of next-nearest
neighbors is Z'= 6, and y'= 1—a'k'(sin'8)/4. The
resulting modification of Qi(k) for R=1 is shown in
Fig. 12 for several values of R'. The parameter R'= 2J'/
J~ is the ratio of the intra-sublattice ferromagnetic
exchange constant to the intersublattice antiferro-
magnetic exchange constant. Agreement between the
theoretical and experimental values of A can be obtained
when E.' is 0.32. The actual value of E is uncertain so
this value of 8' is only approximate. But since A. is
relatively insensitive to E and is quite sensitive to E',
the value of E' will not vary greatly over the range of R.

Incomplete susceptibility measurements in the para-
magnetic region obtained by Lee et al.' indicate the
paramagnetic constant 8 is of the order of 55'K. In
terms of the two-sublattice model, ferromagnetic nnn
exchange lowers 8. Then H=C(Xi —X'), where C is the
Curie constant and X' is the ferromagnetic exchange
constant. The 8 we obtain is 36'K. It would be useful
to have a complete set of susceptibility measurements in
the paramagnetic region in order to determine 8
accurately.

The four-sublattice model of CsMnF3 described here
accounts for the presence and observed behavior of the
exchange NMR mode. The temperature dependence of
the exchange NMR mode allows the temperature
dependence of the sublattice magnetization to be
determined. The spin-wave calculation based on the
four=sublattice model can account for the observed
temperature dependence of the sublattice magnetiza-

IV. NUCLEAR SPIN-LATTICE RELAXATION

Theory

Because of the strong coupling of the low-lying AFR
mode with the NMR modes, the frequencies of these
modes are strongly dependent on the nuclear tempera-
ture, T~. Figure 13 shows this dependence for the
low-lying AFR mode and the acoustic NMR mode
calculated from Eqs. (9) and (16) at fixed field. This
dependence on T~ allows the study of nuclear spin-
lattice relaxation by monitoring the recovery of either
the AFR mode or the acoustic NMR mode. If the
nuclear spin system is in equilibrium with the lattice,
T~=T~ where TI, is the lattice temperature. The
corresponding AFR and NMR frequencies are 0 (Tl,)/2~
and ~(T&)/27r. Because of the existence of crystalline
imperfections it is possible to partially saturate the
nuclei at a frequency, ~(TO)/2n. , between ~(Tr,)/2s
and AM/27r' (See Fig. 13). This absorption of rf
power off resonance has been discussed by Witt and
Portis in terms of a spin-pinning model. Applying rf
power at &u(TO)/2' heats the nuclei to the temperature
Tp and lowers the AFR frequency to Q(To)/2~. The
relaxation measurements are made by monitoring the
AFR or NMR signal at several intermediate frequencies
Q(T~)/2m or ~(T~)/27r and measuring the elapsed time
between turning the rf power at co(TO)/27r o8 and the
appearance of an AFR or NMR signal at the inter-
mediate frequency.

The relaxation of the nuclear magnetization to
equilibrium is assumed to be exponential so that we have

drn(T~)/dt = —[m (T~)—m (Tr,)]/Ti. (39)

At time t=0, T~=TO. Then at time t~, the nuclear
spins have relaxed to the temperature T~——T~. If the
assumption is made that FH))co(Tr, ), then for the
relations between the monitoring frequencies and the
elapsed time, t~, at Axed field we have

when the NMR signal is monitored, and we have

[g(T,)2 fl(T~)2j/[fl(T, )2 fl(T,)2)
= exp[—t~/Ti], (41)

when monitoring the AFR signal.

Experimental Results

The relaxation of the acoustic NMR mode was
observed by switching between two coaxial circuits.
One circuit providing power in excess of 10 W at the
frequency &o(TO)/2x. partially saturates the nuclei at
To&TI.. In times of the order of ten milliseconds the
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+(T„)/2~= 633.00 Mc/sec

cu(T~)/2m = 633.16 Mc/sec

cu(T„)/2~ = 634.17 Mc/sec

so(T„)/2» = 638.12 Mc/sec

T = 3.32'K H = 4000 Oe av(Tt)/2~ = 632,76 Mc/sec

I'rG. 14. Sample traces of the relaxation of the acoustic NMR
signal for several different monitoring frequencies.

shorted coaxial line containing the CsMnF3 crystal was
switched from this circuit to the second coaxial circuit.
This circuit monitors the acoustic NMR signal at the
frequency ~ (T~)/2~. The output of the detecting diode
was fed into a high dc-gain oscilloscope. Using the
turn-off of the rf power to trigger the oscilloscope,
traces of the type shown in Fig. 14 were obtained as
the monitoring frequency was varied. As a&(T~)/2s
approaches co(Tr)/2m, the NMR signal takes longer to
appes, r at ~(T~)/2n and is also broader in time since
the frequency of the resonance is changing more slowly
with time. At the lowest temperatures "capture" of
the NMR line a,t co(T~)/27r occurred if the monitoring
power level was too high. Monitoring power levels were
lowered until no eRect upon the traces was detected
by further reduction.

The monitor circuit could be used at microwave
frequencies with the addition of waveguide-to-coaxial
line adapters. This allowed similar data to be obtained

by monitoring the AFR signal. This type of exper-
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iment is very similar to the transient electron-nuclear-
double-resonance experiments described by Witt and
Portis. '

Figure 15 shows the relaxation of the acoustic mode
to its equilibrium value ~(Tr, )/2m for T1,=1.93'K and
II=5000 Oe. The relaxation of the nuclear magnetiza-
tion To to T,& for T~ close to To is governed by a
somewhat faster relaxation time than when T~ is close
to Tl, . In what follows, the relaxation times referred to
are those for T~ within 1 deg of the lattice temperature.
In this region the relaxation is definitely exponential.
The field dependence of the relaxation time is plotted
in Fig. 16 for 6elds between 600 and 5000 Oe at 4.2'K.
The temperature dependence of the relaxation times
between 1.35'K and 4.2'K is plotted in Fig. 17 for an
applied 6eld of 5000 Oe. For this 6eld T~~ T—'-"~'".
Temperature dependences at lower fields give a power
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I &G. 15. Determination of the Mn" spin-lattice relaxation time
by monitoring the acoustic NMR mode after partial saturation.
I'he inverse relaxation time 1/T1 is obtained from the slope of the
solid curve.

law which varies more slowly (T '"for the temperature
dependence at 1500 Oe).

It is also possible to use the exchange NMR mode in
relaxation experiments. The steady-state electron-
nuclear-double-resonance experiments of Lee et al.'
show that the nuclei can be partially saturated when rf
power is supplied at exchange-mode frequencies. The
powers needed to obtain a partial saturation of the
exchange mode are comparable to those needed to
obtain a complete shift of the NMR and AFR lines by
partial saturation of the acoustic mode. The shifts
obtained through the excitation of the exchange mode
are very power-dependent and are probably the result
of the direct absorption of energy in the wings of the
line. Figure 18 shows the relaxation of the acoustic
mode at 4.2'K and 3300 Oe with the rf power supplied
at 676.78 Mc/sec. This relaxation curve extrapolates to
an effective ~(T,')/2mfor the acoustic mo.de of 648
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Mc/sec which corresponds to To' ——8.5'K. The same
relaxation times are obtained whether the nuclear spin
system is excited through the exchange NMR mode or
the acoustic NMR mode.

Relaxation of acoustic NMR mode —T.OO

—6.00

Discussion of Results

These relaxation times are considerably longer than
those observed by Witt and Portis' on samples prepared
by I ee. Their data were obtained using electron-
nuclear double resonance techniques. At the same
applied fields their data show a T ' temperature
dependence and at 2'K are more than an order of
magnitude faster. In order to insure that the direct
observation of the NMR signal and the double res-
onance method give the same results, the relaxation of
the AFR signal was studied at X-band frequencies. The
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ture dependence of
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Pro. 18. Determination of the Mn" spin-lattice relaxation time
for nuclear excitation through the. exchange NMR mode. The
acoustic NMR mode is monitored. The relaxation times obtained
this way agree with those obtained when the nuclei are excited
through the acoustic NMR mode.

its origin, three-magnon processes would seem to be
the reasonable explanation. Three-magnon calculations
of the relaxation times have been performed. " The
transverse part of the hyperhne interaction is expanded
in the electronic spin-wave creation and annihilation
operators and only the terms involving three spin-wave
operators are kept. Using the computed spin-wav0
spectrum for CsMnF3, these calculations give a temper-
ature dependence of Tiers T ' at 5000 Oe and 'a

dependence of T~~ T "at 1500 Oe. However these
calculations do not account for the field dependence of
T~ and result in relaxation times which are 10' too long.
These calculations have not considered the exchange-
scattering correction discussed by Pincus" which may

relaxation times obtained by these two methods agree
within experimental error as shown in Fig. 19; the
temperature dependence of the relaxation times at
3300 Oe. The relaxation times observed by Witt and
Portis are believed to be the result of magnetic impuri-
ties. These impurities may also be responsible for the
weak sixfold anisotropy in the basal plane observed by
I.ee et a/. ' in their samples. Minkiewicz and Nakamura4
estimated the amount of the Fe'+ ion needed to give
this anisotropy was of the order of 0.04%. As noted
above, the NMR and AFR experiments on the CsMnF3
sample obtained from Stevenson show no sixfold
anisotropy.

At present the spin-lattice relaxation times reported
here have not been explained theoretically, Using the
temperature dependence of the relaxation as the key to

Pro. 19. Compar-
ison of the Mn'5
spin-lattice relaxa-
tion times obtained
by monitoring the
acoustic NMR mode
directly with those
obtained using elec-
tron-nuclear double
resonance where the
AFR mode is mon-
itored.
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"P.Pincus, Phys. Rev. Letters 16, 398 (1966).
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be as large as a factor of ten (which would reduce the
disagreement to a factor of 10').

Summary

The four-sublattice model of CsMnF3 presented here
predicts that the exchange NMR mode, in which the
neighboring nuclear spins oscillate 180' out of phase,
will be observable when the hyper6ne interaction
constants differ for the Mn1 and the Mn2 sites. This
exchange NMR mode has been observed directly.
These observations show the Mn1 sites have the
stronger hyperfine coupling which is co,/27r=A(Mn1)
X (S)/h= 676.85+0.1 Mc/sec while the coupling for the
Mn2 sites is a&q/2~=2 (Mn2)(5)/6= 666.0+0.2 Mc/sec.
The zero-point reductions for the electron spins are
estimated to be 2.2+1.0% for the Mn1 site and

3.2+1.0% for the Mn2 site. These reductions are in
reasonable agreement with theory.

The temperature dependence of the sublattice mag-
netization has been determined from the tempera-
ture dependence of the exchange NMR mode on the
basis of the four-sublattice model of CsMnF3. Electron
spin-wave calculations based on the four-sublattice
model of CsMnF3 are also discussed. The lowest branch
of the spin-wave spectrum is shown to be nearly iso-

tropic when Mn2-Mn2 coupling is of the order of the
Mn1-Mn2 coupling (R(1), but is anisotropic when

the Mn2-Mn2 coupling is much larger than the Mn1-
Mn2 coupling (R) 1). Agreement of the measured

temperature dependence of the sublattice magnetization
with that calculated from the computed spin-wave
spectrum can be obtained when ferromagnetic intra-
sublattice coupling is included which is equal to 32%
of the intersublattice antiferromagnetic coupling (as-
suming R= 1).

The observed linewidths of both the acoustic and
exchange NMR modes are considerably narrower than
those calculated from the Suhl-Nakamura theory using
the results of the spin-wave calculation presented here.
This theory gives a full linewidth of 1.4 Mc/sec. This
is more than a factor of 10 broader than the observed
full linewidth of the acoustic NMR mode which is
0.042 Mc/sec at 5000 Oe and 4.2'K. This discrepancy
may result from the use of the infinite nuclear tem-
perature approximation in calculating the second
and the fourth moments of the Suhl-Nakamura inter-
action.

The spin-lattice relaxation times of the Mn" nuclear
spins have been determined. Assuming the electron and
nuclear spins to be coupled by the hyperfine interaction
AI S, the tempera, ture dependence of the relaxation
times is T~ ~ T ' "~'"at 5000 Oe. This is indicative of
three-magnon processes where TIO- T—'4 at 5000 Oe.
However the observed relaxation times at 5000 Oe
range from 17 msec at 4.2'K to 3.7 sec at 1.4'K, and
they are faster than the calculated relaxation times by a
factor of 10'. Furthermore, three-magnon processes do
not account for the observed field dependence of the
relaxation times. Thus, although the coupling mecha-
nism between the electron and nuclear spins is not
understood, three-magnon processes seem to be respon-
sible for the observed relaxation times.
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