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Two-Photon Absorption in Anthracene*}

JouN P. HERNANDEZ] AND ALBERT GOLD
Institute of Optics, University of Rochesier, Rochester, New York
(Received 10 October 1966)

Two-photon transition rates for molecular and crystalline anthracene are calculated using Pariser’s -
electron molecular-orbital wave functions, including configuration interaction. Distinctive polarization de-
pendences and approximate rates are obtained for the 4.94-eV B;, and 5.00-eV 41, molecular states. Frenkel
exciton states built from the By, state are found to be sufficiently red-shifted to account for the absorption
observed in the solid. The levels found at 3.48 and 3.58 eV by Frohlich and Mahr are tentatively identified
as the B, and 4, components, respectively, of the resulting Davydov doublet. Polarization dependences are
consistent with available data, and the calculated rate is of reasonable magnitude. An A;,-derived doublet

is predicted near 4.8 eV.

I. INTRODUCTION

LTHOUGH two-photon absorption has been
studied more extensively in anthracene than in
any other substance,’!* detailed understanding of the
process in that material is evolving but slowly. Most
experiments have detected the absorption of two ruby-
laser photons by observing the subsequent blue fluo-
rescence. For a time, the interpretation of these data was
obscured by the simultaneous presence of single-photon
transitions to weakly absorbing triplet states which
decay by triplet-triplet annihilation giving emission in
the same spectral range. It is now clear, however, that
the double-quantum processes causes a prompt emis-
sion with a 26-nsec mean lifetime,® while bimolecular
triplet annihilation produces a delayed fluorescence
with a mean lifetime of 17 msec.®
The final states for the two-photon transitions have
not yet been positively identified. Since no known even-
parity state of the anthracene molecule exists in the
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neighborhood of twice the ruby photon energy (3.6 €V),
it has been suggested that the final state is vibronic in
character consisting of a small admixture of an even
Ay, or By, state into the By, 71914 or Bs, !* molecular
states which lie in the appropriate region of the spec-
trum. Some workers®? have conjectured that the final
state is of odd parity and that the transition takes place
via the A? term in the interaction Hamiltonian. How-
ever, more careful investigation of this mechanism!! has
shown it to predict a transition rate several orders of
magnitude smaller than that observed and of the same
order as other electric quadrupole and magnetic dipole
contributions. Recently, Frolich and Mahr!* have ob-
tained two-photon absorption spectra directly for
crystalline anthracene using a neodymium-glass laser
and a tunable ultraviolet light source. Their experiment
not only traces out the form of the absorption as a
function of energy but also gives some information con-
cerning its polarization dependence.

We have undertaken a theoretical study of two-
quantum absorption in both crystalline and molecular
anthracene using Pariser’s!’® molecular wave functions.
Emphasis is placed on symmetry and related polari-
zation effects throughout. Transitions to the 4, and
By, states which are believed to be at 5.0 and 4.9 €V,
respectively, in the free molecule are studied. The even-
parity Frenkel exciton states of crystalline anthracene
built from these molecular levels have been constructed.
Tt is found that the B;,-derived excitons are red-shifted
to the neighborhood of twice the laser frequency. The
predicted polarization properties and splitting of the
resulting 4,, B, Davydov doublet are consistent with
the measurements of Frolich and Mahr. In addition,
another doublet of 4, parentage is predicted near 4.8
eV, an as yet unexplored spectral region. We conclude
that while two-photon absorption near 3.6 eV may take
place to vibronic states is the free molecule, the tran-
sitions observed in this neighborhood in the solid are to
even-parity excitons derived from the molecular By,
state.

15 R, Pariser, J. Chem. Phys. 24, 250 (1956). Dr. Pariser kindly
provided the authors with his unpublished wave functions for
CigHio.
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In Sec. II we give a brief review of the theory of
two-photon absorption which is then applied to the
A1, and By, states of the anthracene molecule. The wave
functions and energies of even-parity excitons in crystal-
line anthracene are computed in Sec. III. Section IV
presents a calculation of the two-photon transition rate
for k=0 excitons, taking the optical anisotropy of the
crystal into account. Results and conclusions are sum-
marized in Sec. V. The even-parity exciton band struc-
tures are presented in Appendix A, while the details of
the molecular wave functions and the computation of
molecular matrix elements are given in Appendices B
and C, respectively.

II. MOLECULAR TWO-PHOTON ABSORPTION

In the dipole approximation, the two-photon tran-
sition rate for excitation of a molecule from initial state
|4) to final state | f) is given by

wgi= () he) ()| Ry | (2h) . (1)

Here 7w is the energy of the photons (single beam), F
is the photon flux (in photons/cm? sec), and Ry, the
“second-order matrix element,” is

R;®=% (fléflla’m)i":éIID’ (2)

where |m) runs over all intermediate states whose ener-
gies relative to |i) are En; and & is the polarization
vector. The phenomenological shape function g is
introduced to account for the vibrational structure of
the molecular transition and is normalized over the
absorption band to

/ g(E)dE=1.

If the molecules are imbedded in a dielectric medium,
appropriate index of refraction and local field correc-
tions must be made.

The anthracene molecule has point symmetry Do
and its ground state transforms according to the totally
symmetric representation Ai,. Hence, two-photon
transitions are allowed to final states of 4y, and By,
symmetry. We shall treat these separately below.

A. B, Final States

Taking # as the long molecular axis and z as the
normal to the molecule, we write & in terms of its di-
rection cosines I, m, and #:

e=li+-mi+n8.

The nonvanishing terms in the second-order matrix

16 See, for example, A. Gold and J. P. Hernandez, Phys. Rev.
139, A2002 (1965).
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element are then given by

(Big| 2| Bou)(Bau|y| A10)

Rpiga1, @ == lml:z

EBzuAu_h“’
(Big|y| Bau)(Bsu| x| A1)
o | @
EB3uAln_ha’

In (3), the sums run over all intermediate states of the
symmetry type indicated. For a randomly oriented
array of molecules, the transition rate will be given by
substituting (3) into (1) and averaging lm over all
orientations. Letting

w,,'=A Av,[lm|2,
we find that for an unpolarized beam?
AVunpor| Im|2=1/36. (4)

In the (general) case of elliptically polarized light, we
may write

e= (@' +iaf) (1+a?)V2, )

where x’ and 9’ are arbitrarily oriented in the plane
perpendicular to the direction of propagation. Perform-
ing the necessary average now gives w as a function of
a, the ellipticity parameter,

Av,|im| 2= (a*+4a2+1)/15(14a2)2. (6a)

For linearly polarized light, a=0 and
Avin|lm|2=1/15; (6b)

for circularly polarized light, ¢=1 and
AvVeire| Im|2=1/10. (6¢c)

The transition rate relative to that for a=0 is plotted
in Fig. 1.

F1c. 1. Relative transition rates for the 4.94-eV B, state of
molecular anthracene as a function of the ellipticity parameter a.
(e=0 is linear polarization; e=1, circular.)

17 The treatment of unpolarized beams requires a bit of special
attention. To account for the independence of the polarizations
& and & of the two photons involved, one writes
Ryy® =} Ton(Bomg— b} (f e x | m)m| 22 )

+(fle el mimlenelg),
and, after squaring, averages over ¢ and ¢ direction cosines
independently.
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Clearly, for a By, final state, the ratio of the two-
photon absorption rate for two different states of polar-
ization is a function of symmelry alone and can be ob-
tained directly from Egs. (4) and (6a) or Fig. 1. For
example,

w(circ) 3 w(lin) 12
=-; =—, (6d)
w(lin) 2 w(unpol) 5

Pariser’s calculations'® predict that the lowest By,
state in anthracene is at 4.94 eV. Using an “average
energy denominator,” we may approximate (3) by

(Biglxy| A1g)

Byt g

-RBl,Aw: Im

Equation (7) really defines E.,. The “averaging” pro-
cess and its validity have been discussed elsewhere.’®
We use Pariser’s wave functions in (7) taking the lowest
allowed molecular transition energy, 3.28 eV, for £,,.1°
For a fictitious laser whose energy is 4.9/2=2.45 eV
and taking g(2%w)=(0.3 V)™, we obtain

Wpy,4,=4.75X 1074 F2 Av|Im|? sec™?

for the free molecule.

B. A4, Final State

For a transition to a final state | 4,*) the second-
order matrix element is given by

(A15%|%| Bou)(Bsu| x| A1)
EBMA“—- hw

A1g*|y| Beu)(Beu| ¥ A10)
e 1B B

RAI”AI” @)=]2 Z

EBz,,A;,,'_ hw
+n2 Z <.4 1(1* | Z|B1u><Blu l Zl A4 10) )
EBluAla_ 2]

In the m-electron approximation, the last term in (8)
vanishes. To compute absolute transition rates, we now
define average energy denominators by

(d1g*|2?| A1) |*

WA A1y= - Av | B4+ABm?|2, (9a)
A1gdy E“— T I I
where
C= (2)3(e?/ #ic) 2h(Fiw)*F2g(2hw) , (9b)
A= (E wa— )/ (E vy fiw) , (9c)
and
_<A10*|y2|A19> (0d)

(A1g*| e A1)

The necessary angular averages may be performed to
yield

AVunpor| PAABm? | 2= §(143B?) (10)

18 H. B. Bebb and A. Gold, Phys. Rev. 143, 1 (1966).
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F16. 2. Relative transition rates for the 5.00-eV A4, state of
molecular anthracene as of function of the ellipticity parameter a.
The parameter A is defined and discussed in the text.

and

Ava| BNBm?| 2= (1/15) (14 a2~ (3a*+24%+3)
X (147282 +1\B(21a*— 101a*+16)].

two special cases of interest are
Aviin| B4ABm?| 2= (3\2B2+2\B+3)/15, (11b)
AVeiro| PHABm?| 2=2(\2B*—\B+1)/15. (11c)

Pariser’s calculations predict the lowest excited Ay,
state to be at 5.00 eV. Using his wave functions we have
computed B(5.0 eV)=—0.844. The predicted tran-
sition rate for this state (hw=2.5 eV) is

Wy 4,y =2.8X10-0F2 Av,| PHAB(5.0)m?| 2 sec. (11d)

Approximating \ by taking the lowest coupling ex-
cited state energies as E,, and E,,'%1 in (9c) gives

(Epy— ) 5.24—2.5
A= - =35.
(Eppu— ) 3.28—2.5

(11a)

However, we choose to regard A as a parameter and plot
w(a) in the range A=1 to 3.5 in Fig. 2. Ratios of ab-
sorption for different polarization states for various
values of \ are presented in Table I. Despite the para-
metrization, the 4, final state is clearly distinguishable
from B;,. However, in this case w(e) is not purely sym-
metry determined as it was for By, states. Note that the
A, transition is appreciably weaker than that to the
By, state.

TasLE I. Some polarization ratios for the 5.00-eV 4, state
of anthracene as a function of \ (see text).

A 10 15 20 25 30 35
w(circular) 148 146 136 124 116 1.09
w(linear)
_wlinear) o0 195 127 133 139 143
w(unpolarized)
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III. EVEN-PARITY EXCITONS

Neglecting exchange and overlap, Frenkel-model
exciton states of wave vector k for a crystal having N
unit cells each containing two translationally inequiv-
alent molecules occur in Davydov doublets X,
which may be written!®:20

N 2N
Xact=(2N)712 3" [®(t—Ru) IT' ®o(r—Rna)
=1 ma

2N
:i:e"k' R'@i(r_' Rll— RI)H, @g(l‘— Rma)]eik. Ru * (12)

In Eq. (12), ®;(r—Ryy) is the wave function for the ith
excited state of the molecule at site 1 in the /th cell.
R’ is the vector connecting the two inequivalent mole-
cules in the cell. ®,(r—R.) is the ground-state wave
function of the ath molecule in cell 7, and the prime on
the product reminds us to exclude the excited molecule.
The 4 and — in our case correspond to 4, and B,
excitons in the crystal of Can symmetry.

The intermolecular interaction Hamiltonian is the
sum of the pairwise interactions

o & - &
12= T
L7 |Ruy—Rey| i |ri—ry
e? e?
-2 = (13)
Lj |R1t—l‘2;'[ Jii |R2J‘*l'1i[ ’

where I runs over the carbon nuclei and 7 over the r-elec-
trons of molecule 1, and similarly for J and 7 in mole-
cule 2. Neglecting exchange and overlap,?! the first-order
exciton energies for high-symmetry directions are given
by19.22

8:(k)=E;— E,+D;+Aik)+di(k), (14)
where
N 2
D=3 > ({i01,gla| H12|i01,gle)
=1 a=1
—{g01,gla| H12| g01,gla)), (15a)
N
Ayk)=>" (i01,gl1| H12| g01,411) cosk-Ry, (15b)
=1
¥
di(k)=>_ (i01,g12| Hy,| g01,412) cosk:R,. (15¢)
1=0

Here, for example, (i01,gle| means the product of the
wave function of molecule 1 in the ith excited state

B R. S. Knox, Theory of Excitons (Academic Press Inc., New
York, 1963).

20 A, S. Davydov, Theory of Molecular Excitons (McGraw-Hill
Book Company, Inc., New York, 1962).
i ;‘6% Silbey, J. Jortner, and S. A. Rice, J. Chem. Phys. 42, 1515

22 Equations (12), (14), and (15) are not completely general,
but do contain all nonvanishing terms for the wave vector di-
rections given in Appendix A; see discussion on p. 30ff of Ref. 19.
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located at position 1 in the Oth unit cell with that of
molecule 2 in the ground (g) state at position « in the /th
unit cell; Ry, is the vector from molecule 1 to molecule
2. Physically, the energy is that of a free molecule per-
turbed by intermolecular Coulomb interaction D, and
by terms A, representing the transfer of energy to equi-
valent sites, and d, representing transfer to inequivalent
molecules.

Equations (15) are evaluated by making a multipole
expansion of His. For even-parity states the lowest-
order nonvanishing term is the quadrupole-quadrupole
interaction. It is also necessary to include the second-
order van der Waals interactions in the energy shifts.
This is obtained by making the following replacement
in Egs. (15):

nglm,n)(m,anm

Em+ En"" Eia

Hp— —
m,n

) (16)

where |m) and |#) run individually over complete sets
of molecular states at the appropriate site.

Several calculations of this type have been performed
(for odd-parity states), and so we shall not reproduce
the computational details here. The odd excitons of
anthracene have been treated recently by Davydov and
Sheka?® and by Sibley, Jortner, and Rice.?* The latter
calculation used Pariser’s molecular wave functions but
gave only ambiguous agreement with experiment. The
computed value of the oscillator strength, 0.4, was com-
pared to an experimental value of 0.1. Sibley et al.2!
consequently scaled all matrix elements to give agree-
ment with the measured oscillator strength. However,
Brodin and Marisova? have recently repeated the
measurements using improved techniques and find an
oscillator strength of 0.4 and a polarization ratio of 7.
The latter is in good agreement with the value calcu-
lated using an oriented gas model of the crystal.2* This
recent work lends strong credence both to the use of
the wave functions and to the adequacy of the zero-
order rigid-gas model for predicting polarization effects.
Furthermore, it indicates that exchange makes only a
small (~10%,) contribution to the shifts and splitting,
rendering our neglect of it reasonable.?!

The first-order contributions D, A, and d have been
summed explicitly over the crystal. It is found that con-
tributions from sites separated by more than 40g, are
negligible.?® A maximum value of the van der Waals
energy is computed by replacing all energy denomi-
nators in (16) with the smallest one having nonvanishing
matrix elements. A “reasonable” estimate is obtained
by taking an average energy denominator of 12 eV
(about twice the ionization potential). This gives a
reasonable ground-state binding energy of 0.12 V. We

(1;36?) S. Davydov and E. F. Sheka, Phys. Status Solidi 11, 877
< u é\;[ S. Brodin and S. V. Marisova, Opt. Spectry. 19, 132
1965).

% For further detail see J. P. Hernandez, thesis, University of
Rochester, 1966 (unpublished).
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Gas Q-Q +"Reasonable”
Van der Waals, Solid
--- B, 6.5 eV
By, 5.24 eV ——-
Aig5.00eV Bg 4.870eV
Blg 494eV e Ag 4.862eV
\i 46eV
Ag3.843 eV
Bg 3.537 eV
Bau328eV-—-—— __ ____B,3.53eV
Ay 3.125 eV
AgOeV _— — AgOeVv

Fic. 3. Low-lying singlet states of anthracene. The odd-parity
states are located experimentally throughout. Even-parity states
in the gas are those predicted by Pariser. Even-parity states in
the solid are calculated using only the quadrupole-quadrupole
(0-Q) interaction.

find that the first-order terms dominate the splittings
and k dependence, but the van der Waals energy domi-
nates the over-all shifts.

The shifts are all to the red. The B, state derived from
the 4.9 eV By, molecular state lies below the 4, state,
while for the 4, molecular level the Davydov doublet
is in the reverse order. The first-order, quadrupole-
quadrupole (Q-Q) interactions for k=0 excitons are
shown in Fig. 3. Adding the maximum van der Waals
(vdW) energy, we obtain the results of Fig. 4, which
are also presented in Table II to facilitate comparison
of various terms. The ‘reasonable” van der Waals
interaction is included in Fig. 5. This places the By,

TaBrLE II. Contributions to the k=0 exciton energies for
Ai, and By, states. The 4, energy is D4A+d while that for B,
is D+A—d.

State 4.94 eV 5.00 eV Ground state
Maximum van der Waals interaction (in eV)
D —2.971 —1.054 —0.221
A (B=0) +0.058 —0.001
d (k=0) —0.179 ~+0.0009
Q-Q, First order (in eV)
D —0.565 —0.023 0
A (R=0) —0.142 +0.002
d (k=0) +0.194 —0.004

HERNANDEZ AND A. GOLD
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derived, two-photon-accessible B, and 4, states at
3.5 and 3.8 eV, respectively. The band structure of
the even exciton states for high-symmetry directions of
k is given in Appendix A.

Comparing Fig. 5 to the results of Frohlich and
Mabhr,* we identify their absorption bands with the By,
exciton doublet. The predicted splitting is too large by
0.2 eV and the shifts too small by a like amount, but
these discrepancies are well within the bounds of confi-
dence that can be placed on our numerical results.
Specifically, we assign the peak at 3.48 eV to the B, ex-
citon and that at 3.58 eV to the exciton of 4, symmetry.
We shall discuss this assignment, based on polarization
data, in the next section.

IV. TWO-PHOTON ABSORPTION BY EXCITONS

In computing the rate of two-photon absorption by
excitons in the monoclinic, optically biaxial anthracene
crystal, it is necessary to account for anisotropy. Con-
sider light incident perpendicular to the ab cleavage
plane with polarization ¢=4 cosa+0b sine. The b polar-
ized component continues through the crystal unre-
fracted. On the other hand, using Nakada’s?® measured
values of the index as a function of direction, shown in
Fig. 6, one finds that the ¢ component is refracted to
6.24-1.8°, Within a thin crystal, the two beams over-

Gas Q-Q+ Maximum

Van der Waals, Solid
B3y ==
Ag5.00ev
Bjg 4.94 eV

Bg 3.927eV

Ag 3.921 eV
BZu ===

Ag1.338 eV

Bg1.308 eV

AjgOeVv _— Ag-.221eV

F1c. 4. Even-parity exciton states obtained using a maximum
van der Waals interaction in addition to the quadrupole-quadru-
pole terms. See also Fig. 3.

26 T, Nakada, J. Phys. Soc. Japan 17, 113 (1962).



156

lap giving constantly changing elliptical polarization.
For example, linearly polarized light with a=45° be-
comes circularly polarized after traveling through
3000 A. Thin samples or small crystallites are thus not
amenable to detailed analysis for general polarization
and we shall restrict our attention to linear polarization
where =0, 4=7/2 or to cases in which the crystal is
“thick,” i.e., (thickness)/(incident beam diameter) > 50.
In the former case there is only one plane polarized
beam within the crystal, while in the latter the two
beams are nonoverlapping through most of the absorb-
ing volume. The transition rate in the crystal is now
given approximately by'®

22 4 (@)!2
Wyi= C<%w = 2) s ) (17a)
3 7,2(8)
where
C=(2m)3(e*/11c)*h(hw)F2g(2hw) , (17b)

and 7,(é) is the index of the medium for light of fre-
quency w polarized in the & direction. The polarization
vector is that inside the crystal, which because of the
refraction described above is given by2

¢= (A c0s6.2°4¢ sin6.2°) cosa+b sina=d’ cosa+b sina.

GAS SOLID, Q-Q CALC.
Ajg &.8lev B, 6.613 eV

7T By6.5ev
L Ag6.121 eV

’/
v
B3u 5.24 eV ...

AL 5.00 oV By 4.983 eV
9 Ag4.975eV

Big 4.94 eV \\'\"'_ﬁ 2oy
Ag 4.430eV
Bg 4.042eV

By 3.28eV =eu ____Bu3.I53eV
A, 3.125eV

AgOev — — —— AgOev
F16. 5. Even-parity exciton states obtained using a reasonable

estimated van der Waals interaction in addition to the quadrupole-

%‘gadéupole terms. The ground state is taken as a datum. See also
ig. 3.
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Tk
kmcident,@

F1c. 6. Important crystallographic and optical axes in crystal
anthracene (after Nakada, Ref. 26).

Then, for B, states,
(Bul‘i,'r!AuxAula'rlAa)

Rp,4,® =sina cosa[
EAuAg— hw

Z <B0|i)r]Bu>(BuId/r}Aﬂ>:|.

Ep 4, hw
In analogy to Eq. (7), we define E,; by
Rp,4,”=2(sina cosa)(B,| (@ 1)(b-1r)| 4,)/ (Fap—#ics) .
For 4, states,

(Ag*|8 x| B)B,|d 1| 4,)
Raga,P=cosla Yy ! ‘

Epuag— e
(A*|b-r| A )A,]b-xl4,)
+sin%a Y .
E‘“A,,-hw

We now define E,, and Ey, by
(AF (@ 02| 4,)
- S.
Bu—to

L {dax[(ber)24,)
in 2 — .
Ebb* hw

R g4, P=cos’a
Since the lowest-energy intermediate states for b- and
d-polarized light are the components of the By,-derived
doublet at 3.125 and 3.153 eV, respectively, we shall
take all average energies equal to 3.13 €V in our nu-
merical computations.

Using the wave function of Eq. (12) and Nakada’s
values of the index, one obtains the following tran-
sition rates (at k=0) for B;,-derived states:

Wp,4,= 71.4X10~8F? sin’x cos’ sec™? (18a)

and
Wa,4,=6.5X1074F2| cos’a+0.70u sin%| 2 sec™!. (18b)

In obtaining (18) we have taken #w=1.78 eV and g(E)
= (0.6 eV)~! from the spectra of Ref. 14. It should be
pointed out that the angular dependence of B, states
is a function of symmetry alone. The A4, angular de-
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pendence is not a function of symmetry alone but de-
pends on a parameter p= (¥,,—#iw)/(Ep—7#iw) which
we will take equal to 1. To compare the magnitude of
the absorption with Ref. 14, we take a=zx/2 (b-
polarized) for the high-energy state (4,) ?” and obtain
w/F?=3X10~% compared with the observed value
2X10~%. For the low-energy state, direct comparison
is only possible for the trivial case a=dzw/2 where
both predicted and observed absorption vanishes. These
results are consistent with the assignment of an 4,
exciton to the high-energy peak and one of B, symmetry
to the low-energy band. Unfortunately, Frohlich and
Mahr’s use of multiple internal reflection to increase
beam intensity in the crystal makes it impossible to
compare polarization predictions for ax4w/2 with their
data.

A search for the Ai,-derived doublet predicted near
4.8 eV would be most informative. The transition rates
calculated for these states are

Wp,4,=3.26 X 1074°F? sin’x cos’a sec™t  (19a)

and
Wa,4,=3.70X10751F2| cos’a—10.9u sin’a| 2 sec™t. (19b)

In obtaining (19) we used 7iw=2.4 eV, g(2%w)=(0.6
eV)™!; the parameter p defined previously is estimated
to be near 1. The B, exciton is predicted at higher
energy, but the splitting (see Fig. 5) is expected to be
quite small.

V. SUMMARY AND DISCUSSION

We have computed the polarization dependence for
two-photon absorption to even-parity electronic states
in molecular anthracene. Transitions to 4y, and By,
states near 5 €V should be observable and readily dis-
tinguishable. The By, is predicted to be appreciably
stronger than the A4,.

The lowest even-parity exciton states have been
calculated. Substantial red shifts are found and the
two bands found by Frohlich and Mahr at 3.48 and 3.58
eV are identified as the B, and 4, excitons derived from
the molecular By, state, respectively.

Both the polarization dependence and order of magni-
tude of the absolute strength are in agreement with
available data. An Aj,-derived Davydov doublet is
predicted near 4.8 eV.

Several workers have suggested that two-photon
absorption in anthracene takes place through the agency
of vibronic mixing of even-parity states into odd levels
which lie near 3.6 eV.71%:14 Even though the preceding
calculations indicate that excitons are in fact respon-
sible for the principal absorption in the crystal, vi-
bronic mixing remains of interest in considering gas-

27 In the case of two beams of different energy but parallel
polarization, the second-order matrix element simply becomes

Ryg® =% (fle-x|m)(m|&-v| ) (Bmg— Fior) ™+ (Emg—Frz) 1]
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phase or solution spectra and perhaps for the weak
crystalline absorption observed at 3.18 eV.” Vibronic
coupling can take place to both the 3.28-eV Bs, and
the Bs, states which Pariser predicts at about 3.7 eV,
and both 41, and By, states may be mixed into either
of these by appropriate odd-parity vibrations.

For a given odd-parity “host” level and a specific
even-parity “guest,” an absorption head will begin one
vibrational quantum above the pure electronic energy of
the mixed state. Each of the possible absorption bands
thus constructed will, however, retain the polarization
properties of the even state which is mixed in, and,
hence, the results of Sec. II may be used in sorting them
out. The strength of the vibronic bands will be dimin-
ished by the order of the square of the vibronic coupling
constant (typically a factor of about 100) from that of
corresponding purely electronic transitions. The ratio
of 70 reported for laser-induced fluorescence found in
crystalline anthracene to that in the liquid!? is a pos-
sible manifestation of this difference between exciton
and vibronic processes.

In the gas phase, vibronic transitions should be clearly
identifiable by the characteristic coth(%w’/kT) tempera-
ture dependence of the integrated transition rate, where
o’ is the frequency of the “mixing” vibration. Experi-
mental measurements of the temperature dependence
will be most valuable. Unfortunately, the high energy
of intramolecular vibrations (~1000 cm™!) does not
permit a variation sufficient for clear observation in the
crystal below the melting point.

Another possible complication has been pointed out
by Honig, Jortner, and Szoke.2? They note that vibronic
coupling in the intermediate states may permit two-
photon transitions to the odd-parity molecular states
themselves. They calculate such a rate in benzene and
find its order of magnitude comparable to what one
might expect from final-state vibronic coupling of the
type just discussed. Regrettably, the simplicity of the
polarization dependence is in general destroyed in this
case, and reasonable symmetry predictions can be
made only if a single intermediate state fortuitously
dominates.
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APPENDIX A: EXCITON BAND STRUCTURE

The energy of the exciton states as a function of wave
vector is given in Tables ITT and IV. kis the value of the
wave vector in units of w/a, 7/b, or /¢, respectively,
for the three sets of entries in each table. The energies

28 B. Honig, J. Jortner, and A. Széke (to be published).
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TasLE III. Band structure of the Bj,-derived exciton states. TasrLe IV. Band structure of the Aj,-derived exciton states.
ka E(4,) E(B,) E(4,) E(B,) ka E(4,) E(B,) E(4,) E(B,)
0 51.1 —336.0 23.3 —281.8 0 —1.21 6.09 —1.34 5.57
0.1 48.5 —333.7 21.3 —279.9 0.1 —1.14 6.05 —1.27 5.53
0.2 40.7 —326.9 15.3 —274.5 0.2 —0.98 5.93 —1.11 5.42
0.3 28.0 —315.6 5.5 —265.6 0.3 —0.70 5.73 —0.84 5.23
0.4 10.9 —300.3 —7.8 —253.4 0.4 —0.31 5.47 —0.46 4.99
0.5 —10.2 —281.3 —24.3 —238.3 0.5 0.16 5.15 —0.01 4.69
0.6 —34.7 —259.2 —43.6 —220.8 0.6 0.69 4.78 0.50 4.35
0.7 —61.8 —234.6 —64.9 —201.3 0.7 1.25 4.36 1.03 3.96
0.8 —90.6 —207.9 —87.8 —180.3 0.8 1.82 3.92 1.57 3.55
0.9 —120.4 —179.7 —111.3 —158.1 0.9 2.39 3.44 2.11 3.10
1.0 —150.3 —150.3 —135.0 —135.0 1.0 2.93 2.93 2.62 2.62
ky ky
0.1 56.8 —327.8 28.8 —274.6 0.1 —1.31 5.93 —1.42 5.42
0.2 72.0 —303.8 46.6 —253.9 0.2 —1.60 5.48 —1.67 5.02
0.3 91.9 —265.8 63.1 —221.2 0.3 —1.99 4.77 —2.00 4.38
0.4 112.3 —216.5 83.2 —178.8 0.4 —2.37 3.85 —2.30 3.56
0.5 130.0 —159.2 101.2 —129.6 0.5 —2.70 2.78 —2.56 2.60
0.6 143.0 —98.2 115.3 —774 0.6 —2.94 1.64 —2.73 1.57
0.7 149.1 —37.9 123.5 —26.1 0.7 —3.05 0.51 —2.79 0.55
0.8 145.7 17.7 123.2 20.7 0.8 —2.98 —0.54 —2.69 —0.40
0.9 130.6 65.5 112.8 60.5 0.9 —2.68 —1.44 —2.39 —1.22
1.0 103.6 103.6 91.6 91.6 1.0 —2.16 —2.16 —1.89 —1.89
ke ke
0.1 51.9 —335.9 24.0 —281.7 0.1 —1.21 6.09 —1.33 5.57
0.2 54.1 —335.6 26.2 —2814 0.2 —1.23 6.09 —1.35 5.57
0.3 57.6 —335.1 29.6 —281.0 0.3 —1.27 6.09 —1.38 5.56
0.4 62.0 —334.5 33.9 —280.4 0.4 —1.31 6.10 —1.41 5.57
0.5 66.9 —333.8 38.6 —279.8 0.5 —1.36 6.11 —1.45 5.58
0.6 71.8 —333.1 43.3 —279.2 0.6 —1.41 6.11 —1.49 5.58
0.7 76.1 —332.5 47.6 —278.6 0.7 —1.45 6.12 —1.52 5.59
0.8 79.6 —332.0 51.0 —278.2 0.8 —1.49 6.13 —1.55 5.60
0.9 81.9 —331.7 53.2 —277.9 0.9 —1.51 6.13 —1.58 5.60
1.0 82.6 —331.6 53.9 —277.8 1.0 —1.52 6.13 —1.57 5.60
are given in meV. The second and third columns are 14 e
the calculation of the Q-Q interaction. The fourth and H= El (Hoore)at Eg s (B2)
- Prq

last columns are the “reasonable” van der Waals inter-

action plus the Q-Q calculation. Note that while the

positions of the bands as a whole are sensitive to the

van der Waals energy, the shapes and splittings are not.
For this Appendix

E&(k)=Ai(k)xdi(k),

with the zero of energy taken at E;— Eo+D; as defined
in the text. &, is along b x ¢, &, along ¢ x a, and k, along
axbh.

APPENDIX B: WAVE FUNCTIONS

For completeness we include Pariser’s!® results for
the two lowest-energy even-parity states of the anthra-
cene molecule. Beginning with 2pr carbon functions, X
one constructs molecular orbitals ¢.

7
¢)‘:1:= Zl C)\ni(xy:!:x}t') )
=

(B1)

where A labels the molecular orbital and u the carbon
atoms as in Fig. 7. For the Hamiltonian

where p and ¢ run over w-electrons and only nearest-
neighbor contributions are considered,

Hopt= (Eo+krEB) o, (B3)

where E, is the energy of a 2pr electron for an isolated
carbon atom, 8 is the nearest-neighbor resonance inte-
gral, and &* are given in Table V. The coefficients for
the molecular orbitals have been calculated? and are
also given in Table VI. The symmetry classes of the

PO\
~
(@]
°
wn
~

Fi16. 7. Geometry of the anthracene molecule.

% R. McWeeny, Proc. Phys. Soc. (London) A65, 839 (1952).
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TasLE V. The energy parameters £* and coefficient ¢y, for anthracene according to Pariser (Ref. 15). For definitions see text.

A7) 1 2 3 4 5 6 7 kx

INN

1+ 0.15194 0.21488 0.36683 0.30389 0.36683 0.21488 0.15194 2.4142
2+ 0.28867 0.28867 0.28867 0 —0.28867 —0.28867 —0.28867 2.0000
1~ 0.11629 0.28076 0.28076 0.39705 0.28076 0.28076 0.11629 1.4142
3+ 0.40626 0.16828 —0.16828 —0.23798 —0.16828 0.16828 0.40626 1.4142
2~ 0.20412 0.40825 0.20412 0 —0.20412 —0.40825 —0.20412 1.0000
4+ 0.35355 0 —0.35355 0 0.35355 0 —0.35355 1.0000
3~ 0.21987 0.31094 —0.09107 —0.43973 —0.09107 0.31094 0.21987 0.4142
s 0.15194 —0.21488 0.36683 —0.30389 0.36683 —0.21488 0.15194 —2.4142
6~ 0.28867 —0.28867 0.28867 0 —0.28867 0.28867 —0.28867 —2.0000
™ 0.11629 —0.28076 0.28076 —0.39705 0.28076 —0.28076 0.11629 —1.4142
5= 0.40626 —0.16828 —0.16828 0.23798 —0.16828 —0.16828 0.40626 —1.4142
6" 0.20412 —0.40825 0.20412 0 —0.20412 0.40825 —0.20412 —1.0000
4~ 0.35355 0 —0.35355 0 0.35355 0 —0.35355 —1.0000
5+ 0.21987 —0.31094 —0.09107 0.43973 —0.09107 —0.31094 0.21987 —0.4142

Tasie VI. Configuration interaction coefficient for anthracene. The notation is that of Ref. 13.

Anthracene wave functions

E (eV) ©) (5—3*5%)  @4t6t—2-4") (BT —1%7) (17537 (2+6t—276")
Ay 0 0.99618 —0.00801 —0.07416 —0.00895 0.03473 —0.02780
5.00 0.05792 —0.63796 0.73320 0.11964 —0.19282 0.02395
(3-6+—2-5%) (4+5—3+4") (1-6+—2-7%)
Bi, 4.94 0.96114 0.02412 —0.27500

molecular orbitals are
¢t N odd, byy; N even, bag;
¢ : A odd, bs,; N even, a1y

The lowest-energy configuration doubly occupies the
seven molecular orbitals characterized by positive &\
values.

Configurations are built by antisymmetrizing the
occupied molecular orbitals. The lowest-energy con-
figuration is

Vo= (141712 ZPS (—1)?Pes(1)ad1(2)8¢2(3)

where P is the usual permutation operator, o and 3 are
spin-up and spin-down functions. The singly excited
singlet configurations are

V=212 (11, ik’,- - )— (A1, - - 3k, - )] (BS)
Allowing configuration interaction, gives the functions
Vo=A1.Vit+AdeVot---. (B6)

The coefficients for normalized linear combinations of
configurations used to construct the ground and two
lowest-energy even-parity states are given in Table VI.

APPENDIX C: MATRIX ELEMENTS

In calculating transition rates and exciton energies,
one requires matrix elements of the form

Mue)= [a@ran @i, ()

where u, v are the set of quantum numbers identifying
the states of the free molecule, 7, and 74 stand for «, ¥,
or z in the molecular basis set. Along with r, 7, and
rg are 14-electron coordinates. Thus in one-electron
language

14
Myp(aB)= 2

Z,7=1

,(r1- - " r10)
14
X"aq,”'ﬁjq)y(rr . ‘1'14) H dro,. (CZ)
m=1

We must treat matrix elements with 7= j, one-electron
integrals, and #j, two-electron integrals. Since
®,(r,- - -714) are linear combinations of Slater determi-
nants of one-electron functions, the rules for reducing
the problem to the evaluation of one-electron, one-
center integrals are well-known and present difficulties
only in bookkeeping. The results are given in Table VII.

TasrLe VIL The integrals /° ®,F»®dr for anthracene. All
are in units of ao?.

Fm A]g_Aly Alg_'441”* Alg—Blg* Alg*‘-/llg* Blg**Bh,*
2 6.23 0 0 6.23 6.23

x? 26.48 —1.22 0 28.79 76.43

y? 12.92 1.03 0 16.47 14.89
xy 0 0 7.79 0 0
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The wave functions are those of Appendix B. The
matrix elements are calculated through direct appli-
cation of Egs. (9)—(13) in Ref. 15 by formally identifying
our one- and two-electron operators with his, although
the operators themselves are different.?® Finally, all
integrals reduce to two types. First, there are linear
combinations of the coordinates of the atoms. We have
used regular hexagons for anthracene with the inter-

30 There are two typographical errors in the section of Ref. 15
we use: in Eq. (11) there are two terms “—[47|%]”; one of them
should be changed to read “—[4|jj]’. Then, in Eq. (12):
3.ss, 1 should be changed to read ) ..
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atomic distance taken as the average of the measure-
ments of Sinclair ef al.3! There are also integrals of the

type
JERCIE

which are matrix elements involving the coordinates of
the 2pr carbon electron about its own nucleus. For
these we used the Slater functions suggested by
Pariser.

8V. C. Sinclair, J. M. Robertson, and A. M. Mathieson, Acta
Cryst. 3, 251 (1950).
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A general theory has been developed with regard to x-ray excitations, based on the method of the sudden
approximation. As one application, the production probabilities of all the normal single-hole x-ray states of
F-, Ne, Na*, CI~, Ar, and K* have been calculated in a self-consistent-field approximation. These pro-
duction probabilities have been employed for derivation of the KL-satellite intensity values 36.5%, (F-),
2119, (Ne), and 14.3%, (Na*) relative to the Ka, 2 line and the KM -satellite intensity values 39.79, (Cl-),
26.2% (Ar), and 19.3% (K*) relative to the KBy, 3 line. In calculation of the relative satellite intensities,
account has been taken of the difference between the oscillator strengths of the main line and the satellites,
and the decay of KL to the KM states of CI~, Ar, and K+, It has further been shown that the exchange
probabilities can be ignored in these calculations. The satellite intensities calculated display close agree-
ment with the experimental intensities obtained from Deslattes’s measurements as concerns Cl~ and Ar,
although there is a slight disagreement in the case of K*. It has been suggested that the usual criterion
of validity for sudden approximation need not be fulfilled exactly in applications, and a connection between
the sudden-approximation probability and the dipole-transition probability has been found. In conclusion,

there is a discussion of solid-state effects on the satellite intensities.

I. INTRODUCTION

ONCLUSIONS with respect to the origin of x-ray
satellites are almost entirely based upon calcula-
tions of the energy positions of the x-ray satellites.!
However, in this paper, consideration is given to calcu-
lation of the relative intensity of the satellites and the
main line with the aid of the sudden approximation.
The change in the Hamiltonian attributable to the
production of an inner vacancy or hole is then regarded
as a sudden perturbation.

The possibility of treating x-ray excitation by means
of the sudden approximation seems to have first been
indicated by Bloch.? Parrat and Schnopper®* have dis-
cussed the subject qualitatively in connection with the
relaxation of an electron system after the formation

1See, for example, D. J. Candlin, Proc. Phys. Soc. (London)
A68, 322 (1955) ; Z. Horak, ibid. A77,980 (1961); R. D. Deslattes,
Phys. Rev. 133, A399 (1964).

2 F. Bloch, Phys. Rev. 48, 187 (1935).

3L. G. Parrat, Rev. Mod. Phys. 31, 616 (1959).

4H. W. Schnopper and L. G. Parrat, in Rontgenspekiren und
Chemische Bindung, edited by A. Meisel (VEB Reprocolor,
Leipzig, 1966), p. 314. i

of an inner hole. Recently, Sachenko and Demekhin®
and the author® have presented some satellite-intensity
calculations based upon the sudden approximation.
Richtmeyer? studied the electron excitation of initial
states of satellites in the Born approximation. This work
continues the study of the sudden-approximation
method, and presents the general theory with some new
applications.

Related applications of the sudden approximation
include calculations of auto-ionization rates of the atom
in beta decay,® calculations of the shake-off rates in
charge spectra induced by x rays in noble-gas atoms,!*—13

®V. P. Sachenko and V. F. Demekhin, Zh. Eksperim. i Teor.
2362)9_',] 765 (1965) [English transl.: Soviet Phys.—JETP 22, 532

8 T. Aberg, Licenciate thesis, University of Helsinki, 1966
(unpublished).

7R. D. Richtmeyer, Phys. Rev. 49, 1 (1936).

8 A. B. Migdal, J. Phys. USSR 4, 449 (1941).

9 E. L. Feinberg, J. Phys. USSR 4, 424 (1941).

07, S. Levinger, Phys. Rev. 90, 11 (1953).

1T, A, Carlson, Phys. Rev. 130, 2361 (1963).
(1;6% A. Carlson and M. A. Krause, Phys. Rev. 137, A1655
(11936%‘)' A. Carlson and M. A. Krause, Phys. Rev. 140, A1057



