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Critique of an Application of the N-Quantum Approximation*
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The renormalization prescription given by Greenberg in his application of the N-quantum approximation
to the Hurst-Thirring Geld is shown to be divergent.

AMETHOD for obtaining approximate solutions to
the Heisenberg field operators in a theory char-

acterized, by a specific Lagrangian has been recently
proposed by Greenberg. ' The method was made explicit
by applying the general ideas in erst order of the
approximation to the model with gr(x) =gA(x)'. The
explicit procedure used results in a quadratic integral
equation for the vertex function, and it was "shown"
that the power-series-expansion solution yields finite
results in all orders of the coupling constant. The
purpose of this article is to point out an oversight in
the proof of finiteness which, when included, leads to
the conclusion that the power-series-expansion fails in
fifth order of the coupling constant.

The integral equation in question is

In the above equations it is to be understood that p
satisfies the retard, ed, boundary condition

pp(k) = limpo(lr, kp+ie) .

Expanding p as

p (k) = Z p -(k),
n 1

with y„of order g2"+', we have'

(m' —k')p, (k) =C(k; f,)+On(k; f,)
and

( -k')" (k) =I C'(k; f.+o.)-C'(k; f.)-C'(k; p )]
+ZZ(k; p i) (2g)

—'[OR(k; fp) —Fp(fo)]
)& (m' —k') p i(k) . (5)

where

fp(k):—2g(m' —k') ',

(mo —ko) po(k) =C (k; f,+p)+OTt(k; fo+ q)
+ (2g) '[dit(k ' fo+ v') Fo(fo+ &)—]

It was pointed out in Ref. I that F(k; fp) varies as
(k') '[In(k'/m')]' for large Ik'I, and therefore the
asymptotic form of 4'(k; fp) is

and. the functionals C, 5R, and. Fo are defined by

c(k x)=F(k x)—F,(x)

F(ki+kp, x) = (2pr) 'g {x(ki+q)x(kp —
q)

+x(kr+kp —
q) [x(ki—q)+x(kp —q)]l

&&8(q'—m')
I p, p, „d'q,

Fp(x)=F(k;x)Ip* „',
01t(k x) =2(m' —k') [M(k' x) Mp(x)

—Mi(x) (k' —m') ],

C (k f ) F(f )+C[l—n(k'/m')]'/(k') (6)

It is a straightforward matter to show that M(k; fp)
Mp(fp) varie—s as ln(k'/m') for large Ik'I so that the

asymptotic form of pp&(k) is given by

(m' —k')pi(k)~[2Mi(fp) Fp(fp)]
+C[ln(k'/m')]'/(k') (7)

In Ref. 1 it is claimed that the asymptotic form of

ppi(k) guarantees that the 4 and OE quantities involved
in happ(k) [see Kq. (5)] are finite. This statement is

true with respect to C, but, as will be shown below, it is
false with respect to 5E.

We shall write the I.orentz-invariant quantity
M(k; &pi) in the reference frame with k=0 as

M(k; x) = (2pr)
—'g' x(k—q)8(q' —m')d'q,

Mp(x) = M (k; x) I
pl

where

M(k; p,)I p=o —— J(q,ko),
2Q)

Mi(x) =dM(k; x)
~(il ko) = [v'r (k q) I op=~+ ppi(k q) I op=o]&=p ~

a&= (I qI'+m')'".
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' The BR term in Eq. (4) was omitted in Ref. 1, but its presence
there does not materially aRect the subsequent discussion.
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The large ~q~ behavior of p&(k —
q) ~„~,&=0 is clearly

controlled, by the constant term on the right-hand side

of Eq. (7), [2M&(fo) —Fo(fo)]. However, because of a
cancellation between positive- and negative-frequency
terms, the large

~ q~ behavior of J(q, ko) is rot controlled

by the above constant term, but instead is controlled

by the C term of Eq. (7). Thus,

J(q,ko) - —2C[ln(( q [/m)]'/(2k, [ q [
)', (9)

which depends' oe ko, therefore the subtractions iil-

dicated in the computation of 5K(k; yi) from M(k; pi)
[see Eq. (2)]cannot produce a finite result for 3R(k; y&).

This result when coupled with Eq. (5) completes our

proof that the power-series-expansion solution of Eq. (1)
fails in fifth order of the coupling constant.

It is a pleasure to thank Dr. Robert N. Hill for a
helpful discussion.

' It should be noted that the inclusion of higher-order terms in

Eq. (7) cannot alter Eq. (9).
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The implications of off-shell unitarity for the system of two spin--, particles are examined. It is found that
unitarity and time-reversal invariance imply a parametrization of the half-oft-shell scattering amplitude
which is identical to a formula previously found from a potential model. The amplitude is expressed in terms
of the on-shell phase shifts and additional real quasi-phase-parameters.

''N recent papers' a parametric representation was
~ ~ given for the half-oG-energy-shell element of the
proton-proton scattering matrix. This representation
was derived from potential theory, and describes each
partial wave in terms of the on-shell phase shifts and
mixing parameters, together with additional real
numbers called quasi-phase parameters. The purpose
of this paper is to show that the parametrization found
is a consequence of oft-shell unitarity and, time-reversal
invariance for a system of two spin--', particles. We also

give a simple derivation of a factorization theorem
discussed recently by Kowalski' for the full-off-shell

amplitude.
The general transition matrix T is dined in terms of

the kinetic-energy operator E and. the potential V by

T(E)= V[1+(E+ie—E—V) 'V]. (1)

The matrix elements of T(E) between initial and final

plane wave states q p,. and qpf are related. to the center-
of-mass (c.m. ) M matrix by

(q„iT(E)
~
q, ,.)= —(4 'p)-'M„(k', k)P(P, —P,). (2)

Here P; (Pq) is the initial (final) momentum, E is the
total energy, and k (k') and rP/2p are these quantities
in the c.m. system; p, is the reduced mass. M„ is a 4&4
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= (x/4s) dfl M„t(k', x)M„(x,k), (3)

where 0 describes the direction of x.
Consider first the case of the singlet states. The singlet

element of M can be expanded in the form

1 2I+1
M. (k', k) =—Q n. '(k', k)Fi(k' k), (4)

M & 2

where P& is a Legendre polynomial. Equation (3) then
becomes

e„~(k',k)+n„(k,k') = —n„*(k',~)n„(a,k) . (5)

For simplicity we suppress the ind, ex /. If a=k=k',
this equation implies that

n„(~,a) =2ie"~"& sinb'(~) (6)

matrix if the interacting particles have spin —,. Only the
on-energy-shell amplitud, es, for which ~=k=k', are
measured, by elastic-scattering experiments. Double-
scattering processes involve half-o6-shell elements for
which either ~= k&k' or z= k'&k. It is w'ell known that
these can be calculated, from a potential mod, el by
integration over the potential. Full-off-shell amplitudes
appear in higher-ord, er processes, and, cannot be directly
calculated from a potential.

The unitarity condition expressed in terms of 3f is'

-,'i[M„t(k', k) —M„(k,k')]


