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A study of the structure of resonances just below the »=2 excitation threshold in electron scattering by
hydrogen atoms is carried out by utilizing an approximate method adopted from the projection-operator
formalism. Analytic expressions for the level width near the threshold are obtained for both the singlet- and
triplet-compound-state series with zero total angular momentum. It is found that the level widths behave
like the level spacings in that they decrease exponentially as the levels approach the threshold. Nevertheless,
the ratio between the level spacings and widths remains a constant less than 1. Tt is then concluded from the
study that within the approximations adopted in the method, neither the singlet nor triplet series of the
compound states become overlapping near the threshold. However, the Lamb shift may, by removing the
degeneracy in the n=2 levels, cut off these infinite sequences of compound states, thereby restricting the
number of allowed resonances. The interference between potential and resonance scatterings is also

examined.

I. INTRODUCTION

IN recent years, a number of resonances in the elastic
electron scattering by atoms and molecules have
been found theoretically and observed experimen-
tally.'~¢ In the present paper we deal with the simplest
case of such scattering systems, namely, electron scat-
tering by hydrogen atoms. The existence of resonance
in the elastic electron-hydrogen scattering system
(H,e) just below the #=2 excitation threshold was first
predicted by Burke and Schey? in a detailed close-
coupling calculation. Subsequently, a number of
theoretical papers, in which various methods are dis-
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cussed,*® have appeared; these papers confirm this
prediction. Experimental observation of such a com-
pound state was later reported by Schulz, by Kleinpopen
and Raible, and by McGowan, Clarke, and Curley.®

The structure of the resonance is, however, not
well understood. It was first pointed out by Gailitis
and Damburg? that because of the strong electric
dipole interaction between the projectile electron and
the degenerate n=2 levels of hydrogen, there may exist
an infinite number of resonances in the (H,e) scattering
system just below the n=2 excitation threshold. How-
ever, the Lamb shift may, by removing the degeneracy
in the =2 levels, cut off this infinite sequence of com-
pound states, thereby restricting the number of allowed
resonances. The pertinent question is then whether these
allowed resonances are isolated or overlapping. The
purpose of this paper is to present a study concerning
this question.

The plan of the paper is as follows. In Sec. II, a very
brief review of Feshbach’s treatment of resonances’
which leads naturally to the expression for the reso-
nance width is given for a two-electron system. By
utilizing the derived expressions, a study of resonance
structure is carried out in subsequent sections. In Sec.
111, the method used to obtain the channel wave func-
tion is outlined. The determination of the compound
channel wave function is described in Sec. IV in which
an effective one-particle Schrédinger equation is derived
for the projectile electron in a zero total angular mo-
mentum scattering. The potential in the effective
Schrédinger equation is constructed in such a way that
it asymptotically takes the appropriate electric dipole
form arising from the interaction with the degenerate
n=2 target levels and in such a way that it is capable of
reproducing the calculated level positions of the lowest
L=0 singlet and triplet compound states. In Sec. V,
level positions of higher members of the two series are

7H. Feshbach, Ann. Phys. (N. Y.) 5, 387 (1958); 19, 287
(1962).
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calculated from the dispersion relation of the effective
one-particle equation and are compared with other
available theoretical values. The ratio formula of the
level positions near the threshold derived by Gailitis and
Damburg? is then normalized so that an analytical
expression of the level spacings is derived (in Sec. VI).
Level widths are calculated in Sec. VI where a com-
parison is made with a measured width® and with values
calculated using other approximations. An analytic ex-
pression for the level widths near the threshold is
derived, and it is found that widths behave like spacings
in that they decrease exponentially as the levels ap-
proach the threshold. By utilizing these derived ex-
pressions for level spacings and widths, the structure of
the resonances is then examined. The profile of the cross
section is calculated in Sec. VII. Finally, in Sec. VIII,
some concluding remarks are stated.

II. EXPRESSION FOR THE WIDTH
OF COMPOUND STATES

The Schrodinger equation which represents a two-
electron scattering system is

(H-E)¥=0, (2.1)

where the Hamiltonian, neglecting the relativistic and
finite-mass effects, may be written in terms of the
center-of-mass coordinates as

H= Ho(rl)+H0(r2)+ Vo(l'l,l‘2) . (22)

The total wave function ¥ for the two-electron system
is antisymmetrical with respect to interchanging elec-
tron coordinates, including spin coordinates. Since we
are dealing with a nonrelativistic two-electron system
with no external magnetic interaction, we may suppress
the explicit dependence of the wave function on spin
coordinates and carry the total spin S as a parameter
so that

W(ry,r) = (—)5¥(rp,1y). (2.3)

Let X,(r) denote the target states in configuration space
having the corresponding eigenvalues ¢,; then

Hg(r)X,(r) = e,,X,.(l') ) (24)

where v denotes the set of hydrogenic quantum numbers
(m,l,m) and
X,(r)=r“lxnl(r)Y;’”(r‘) . (25)

We let =1 denote the ground state and set e;=1% to
define our energy scale.?

For elastic scattering, we may project out, from the
total wave function ¥, the elastic channel involving
only the ground target state and treat the remainder
of ¥ as a field for generating nonlocal optical potentials
for the elastic channel. To do this, we require a projec-

8 J. W. McGowan, following paper, Phys. Rev. 156, 165 (1967).
? Atomic units are used throughout this paper except where in-
dicated otherwise. ‘
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tion operator P such that
P =X;(r1)Us(rs)+ (=) 5Xy(r2)Ws(r) (2-6)
with the remainder of ¥ [i.e., Q¥, Q=1—P] given by

QY= 21{X,(rl)‘u,(r2)+(—)Sx,(rz)‘u,(rl)}, @.7)

where the completeness relation Y, | X,(r))}{X,(r)| =1 is
implied. The appropriate projection operator P which
is Hermitian and idempotent is?

P=Py(11)+Pi1(re) — P1(r1) Pi(rs) , (2.8)

where P,=|X,(r))(X,(r)| is the elementary projection
operator. This permits us to define the single-particle
channel wave function U,(r;) uniquely in terms of the
inner product (X,(r;)| ¥(r;,r;)) (Appendix A):

Wy(r;) =3[ 1+ 81— P1a(r)) J06(re) [ ¥ (riyry)),  (2.9)

where 8,1=0n18100m0 are the delta functions. It may
easily be shown that the single-particle channel wave
functions U, defined by Eq. (2.9) are orthogonal to the
ground target state X; for »##1 and satisfy the boundary
conditions inferred by ¥:

eik,‘yr

vuV(r) - svleiki'r"l‘fva%i;f) )
r->00 r

(2.10)

where the £’s are the wave number of the electron and
the f,’s are the scattered amplitudes.

Since P projects out the complete elastic channel from
¥, it then follows that Q¥ does not contain any incident
wave. Thus, the Schrodinger equation (2.1) may be
solved for P¥ in terms of Q yielding”

(53— E)P¥=0, (2.11)
with
1
=P H+H H:P. 212
e + Q———E_QHQQ (2.12)

The explicit appearance of the resonance energies in the
effective Hamiltonian 3¢ comes from the bound states
of the Q-projected Hamiltonain QHQ

(QHQ— ga)Qq)a= 0 I} (213)

where the Q®,’s approximate the quasistationary nature
of the compound states. Thus, the eigenvalues so ob-
tained approzimate the level positions of the compound
states.

For an isolated resonance, Eq. (2.11) may be written
as

) | $a)(@al
(E—35c )P\I/=PHQ—E-—8——QHP\I/, (2.14)
with !
| $a)(dba 215)

10Y. Hahn, T. F. O’Malley, and L. Spruch, Phys. Rev. 128,
932 (1962).
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Solving Eq. (2.14) for P¥, we obtain

1
PU=PYy®P4—— APHOB,  (2.16)
_ E—5'+iy
vith (@] QHP|$)
- (2.17)

i 8u—(BQHP[1/(E—3C+in) [PHO®,)
where Py @ is the homogeneous solution of Eq. (2.14):
(35— E) Py =0, (2.18)

The structure of the resonance is given by A [Eq. (2.17)]
which may be interpreted as the probability of com-
pound-state formation. From the definition of the com-
plex resonance energy, we find from the denominator

of Eq. (2.17):
Wo=8,—2%il,

: PHQ<I>0,> . (2.19)

1
= 8a+<‘1>aQHP————-——
E—3C'~+1in

This permits us to write for the resonance energy &',

1
PHQ<I>‘,> (2.20)
gcl

8, = é’a+<q>aQHP
and for the width
o= 2m(®,QHPS(E—3)PHO®,).  (2.21)

Utilizing the outgoing solutions of Eq. (2.18), the
width given by Eq. (2.21) takes the expression

Tu=2r / [ | PHO|®a)|20dy  (2.22)
with L b
farf .
pP= (2‘”)3( dEkf ) ) f— (1)1) ) (223)

where k; is the wave number of the electron in the exit
channel, and the operator /*dQsp accounts for decaying
of the electron into all the infinitesimal elements of the
solid angle dQ; in the exit channel. For elastic scattering,
the only open channel is (ks,») with v=1 which is
spherically symmetrical; the expression for the width
reduces to

o= (ks/m) [ (¢ | PHQ| )|?
= (ks/m) [ (PY | V0| Qo) |*,  (2.24)

where we used Eq. (2.2) and the relations PQ=0
and [P,H,]=[Q,H]=0.

For overlapping resonances, the situation becomes,
however, more complicated. The formal solution of
Eq. (2.11) now takes the form

1
————— 3 APHQ®, (2.5)

E—-3C +177 a
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with

| @ )(Pe| -

30" =30—PHQ Y P P,  (2.26)

where the resonance structure functions A, have no
longer the simple expression given by Eq. (2.17) but
must be determined by solving the set of simultaneous
equations

1
—~————PHQ<I>,,,>}A‘,'
a’ E__ ZC’,"{‘Z?? ‘

= (6« QHP[Y®). (2.27)

It is clear that Eq. (2.27) reduces to Eq. (2.17) for
isolated resonance. For overlapping resonances, it is
convenient to introduce the concept of averaged width
(T') such that

(TY=(20/N) 3 (B QHPS(E—3C")PHO®,), (2.28)

2 { (E—8.)0ua— <q>,,QHP

where IV is the number of overlapping compound states.

III. DETERMINATION OF P4

In order to carry out the calculation for the width
from Eq. (2.24), both the channel wave function Py
and the quasi-stationary representation Q®, of the
compound-state wave function must be determined.
In this section, we deal with the determination of the
channel wave function Py. The determination of Q®,
will be given in the next section. We now concentrate
our discussion throughout the rest of the paper on the
(¢,H) system.

Since the projection operator P given by Eq. (2.8)
commutes with the target Hamiltonian H, the Schréd-
inger equation (2.18) may be rewritten as

{E—Ho(ry)—Ho(rs)} PYy=PV Py, (3.1)
with
1 I q)a> <q’al

V=Vt H i,
O ome gy 1°

(3.2)

where in the potential V the first term V) is simply the
interelectronic repulsive potential |ri—r,|~! and the
remaining term in V is the nonlocal optical potential
including the effects of distant resonances. From the
definition of the projection operator P [Egs. (2.6) and
(2.8)], Py may be written as

Py=(2m)V2{X1(r1)va(rs)+ (—) Xa(x2)v:(r1) } ,

with

(3.3)

01(1) =[1—5P1(r;) J(Xa(rs) [ (rsry)),  (34)
where vy is the single-particle channel wave function
corresponding to the Hamiltonain 3¢/, and (2m)V2
comes from the normalization of v; and Py.
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To remove the angular parts of Eq. (3.1), we expand
the channel wave function v:1(r) in spherical harmonics

vi()= X (000ma| LM yr"opn(r) Viu™2(?),  (3.5)

lama

where L and M are the total orbital and magnetic
angular momenta of the scattering system, respec-
tively, and the (Llmm;|LM)'s are the Clebsch-
Gordan coefficients. Substituting Py from Eq. (3.3)
into Eq. (3.1) with »; given by Eq. (3.5) and operat-
ing on the resultant equation by Y., (0'Oms'| LM)
X (¥ 1,m' (75)|, we obtain

d*  b(l+1)

42V 1(ro)+ k12§ v211(72)

dro? 72
= 2K1(7’2,7'1)7)k112(71) ) (3‘6)
where
k12= 2(E-€1)=k12+1) (37)
1
Virs)=—— Y. (0L:0my| LM)

7o l2'ma'mz

X (00 Omy’ | LM )Y ,™2(72) | (X (1) |

XV (r1,19) | Xa(r))| Virm? (72)),  (3.8)
Ky(royr)vin(r) = (—=)5X(rs) 2 (=)W

l2'ma’ma
X (O10ma| LA )00 Oms'| LM XY 15m2(72) |
X () | V (1) =3 (1+Hhe?)

X ]vkllz(rl)ylz’m’(fl»l YOO(%»- (39)

Equation (3.6) differs from the static-exchange
equation! in the appearance of the nonlocal optical
potential. However, if we approximate V [Eq. (3.2)]
by its first term V, (i.e., equivalent to the static ap-
proximation H'~PHP), Eq. (3.6) reduces to the static-
exchange approximation.!!

& L) 1
l:———-— +2< 1+——)e‘2'2+k12:|7)k112(7’ 2)

drs? 792 r2
=W (rz), (3.10)
where
2(__)S re 71L I’2L
Wi (r2) = X10(r2) { / Xlo(”)( - >
2L+1 0 roltl Ll
X'Umlz(fl)dfrl—f’zl‘/ X10(71)
0

1
Xl: +%(1+k12)6L0:Ivk112(71)d7'1} . (3.11)
7’1L+1

1P, M. Morse and W. P. Allis, Phys. Rev. 44, 269 (1933);
B. H. Bransden, A. Dalgarno, T. L. John, and M. J. Seaton,
Proc. Phys. Soc. (London) 71, 877 (1958).
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The integro-differential equation (3.10) is solved
numerically for wgs,(re) subject to the boundary

conditions
vk112(7’2=0)=0, (3.12)

vklzz(rz) — k! Sin(kﬂ"—L%'ll'—FsL(s)) , (313)

where the §.¢’s are the phase shifts. It is well known
that the phase shift so obtained does not give the correct
potential scattering, since the neglected nonlocal poten-
tial is of importance in potential scattering. However,
for the purpose of calculating width, the static-exchange
wave function obtained from Eq. (3.10) may constitute
a reasonable approximation, since at resonance the
dominating distortion which arises from compound-state
formation is accounted for in the Q subspace. The
accuracy of the calculated width from this approximate
wave function is discussed in Sec. VI where comparisons
with other approximations are made.

IV. DETERMINATION OF Q®,

The stationary representation of the compound state
may be obtained from the Q-projected Schrodinger
equation

(QHQ'—' 8a)Qq>a= 0 )

where Q®, has no ground target-state component:

0= 2 {X,,(rl) Gralr2)+ (=) 5%, (r2) dra(rs) }. 42

y#1

(4.1)

From the definition of the projection operator Q,
the single-particle compound wave functions ¢,.(7;)
take the form

bra(r5) =3[1—P1(r;) J(%,(xs) l Bo(rs,15)). (4.3)

In actual applications, only a finite number of excited
target states may be included in Eq. (4.2); it is then
no longer possible to satisfy Eq. (4.1). For such cases,
we may vary Q®, (i.e., vary ¢, in the subspace pro-
jected by Q) so that

§5(Q%a| QHQ— 84| Q®4)=0. 4.4)

This is equivalent to making the single-particle com-
pound wave function ¢,. satisfy the Hartree-Fock
equations. Equation (4.4) may also be solved by con-
structing the appropriate parametrized trial variational
wave function for Q®, and minimizing the variational
parameters® or by solving a first-order matrix differen-
tial equation representing the resultant coupled
equations.!?

Expanding ¢,, in spherical harmonics, one obtains
[remembering v= (n,l,m)]

bra(t))= 22 (Lilimams| LM Y1 Srnar;(r;) Y 1;7i(7;) .

ljmj

Now if we substitute Q®, from Eq. (4.2) with the

(4.5)

12 ], C. Y. Chen, J. Math. Phys. 6, 1723 (1965).
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&vo’s given by Eq. (4.5) into Eq. (4.4), and if we carry out the variation inside the integral and then integrate
the resultant over the approximate coordinates, we obtain

d*  bL(l+1)

—_ FEna? {Prnae=2 2. AVt W (r2)Prnrate (#2) F Kntya® 112 (r0y71) Pronrater (1) } (4.6)
dfzz 7’22 n 11’12’
with
kne?=2(80—€), n>1, 4.7)
1 <8
Vane® W (rg) = —6,—+2_ fﬁ(hlz,ll/lz';L)/th(h) X1y (r1)dry, (4.8a)
re B r Al

Knlllzn,llllzl(rZ,rl)d’kn'al?’(7'1) = (—)an’ll’(r‘b’) Z gﬂ(lll%ll,h/; L)
8
rh 1 kao?
X/th(ﬁ)[——"— <——+ 5 >5ﬂ0:'¢kn»alzl(71)d7’1, (4.8b)

r B \2g/

where the coefficients fz and gg,
fg(lllg,l]_,lz,; L) = (lll2L [ Pﬁ(fl' fz) I llll2,L> (49&)
and
golhlo, 'l L)= (=)o KL L| Pyg(Py-72) | ' L), (4.9b)
are tabulated by Percival and Seaton.'® Note that Egs. (4.6) are not simply the usual set of coupled equations with
the 1s term omitted, since in Eq. (4.6) the ¢’s are constrained to be orthogonal to the 1s state as required
by Eq. (4.3).
We confine our treatment to within the 2s—2p close-coupling approximation? and consider the case where the
(¢,H) system has zero total angular momentum (i.e., L=M =0). In this case, 0P, becomes

(ry,r2)™!
0= [Xoa(r)isea(r)—V3Xor(1)Bisen(rs) costue ]+ (—)5[1 > 27}, (4.10)
™
and Eq. (4.6) reduces to a pair of coupled equations
d? @y
{__+k2“2} bra(r)=2 3 AVa00™ (r2)brsate (r2) + Ko™ (royr)broe (r1) }, - (411a)
drs? (17,12")=(0,0)
a2 @n
{———+k2a2] Drnar(r2) =2 > { V211?82 (75) gty (72) + K 2112112 (r9,71) isarar (71) } - (4.11b)
drs? 1)t (11/,12")=(0,0)
It can be shown , in matrix notation, that Eq. (4.11) Thus, one obtains the decoupled equations*
asymptotically becomes
@ 1—+/37
@ A { +hoa— I £(N=0,  (415a)
{———+k2a2}d>=—<p, (4.12) ar® r?
dr? r?
a? \ 1++/37
where @ is a unicolumnar matrix A is a square matrix: {;:2 kaa®— 2 }”"(r) =0,  (415h)
6 0 6 with
q>=( ’”"°) , A=< ) . @13)
¢k2a1 6 2 ( ) =B-l® ,
Na
Equation (4.12) can be decoupled by a transformation - i +4/37 —6
B which diagonalizes matrix A. The appropriate trans- B~1=(2v/37) 14437 6] (4.16)

formation is

B—(1 ! ) (4.14)
\i1—37) 313D/ '

13T, C. Percival and M. J. Seaton, Proc. Cambridge Phil. Soc.
53, 654 (1957).

We observe that Eq. (4.15b) has no bound-state solu-
tion and that Eq. (4.15b) has an infinite number of
bound-state solutions resulting from the attractive
dipole potential generated by the 2s—2p degenerate
channels. The latter solutions do not require details
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RADIAL COORDINATE OF THE PROJECTILE ELECTRON (ag,)

of the potential at small distances, provided it is not
too singular at the origin.

At small distances, Eqs. (4.11a) and (4.11b) can no
longer be decoupled by a linear transformation. One
may, however, define a nonlocal optical potential'* so
that Eq. (4.11) is decoupled all the way to the origin.
We assume that this nonlocal optical potential may be
approximated by a local potential.’® In view of these
observations, we select for the effective potential O
of the wave function &,, a radius 7o such that in the
external region (ie., 7>7¢) the effective potential is
given by the dipole term —3(4/37—1)/7% and such that
in the internal region (i.e., 7<ro) the effective potential
is given by a constant Uy (Fig. 1). Thus, the approxi-
mate equation for £, takes the form

(0 dr+ e — 20D (1)} £ D () =0,  (4.17)
with
VB (r)=1VP, r<ro (4.18a)
VD (r)=AN\+1)/272, r>r, (4.18b)
where

A=—14i(\/37=5/4)"2 and AA+1)=—(/37—1).

Since the exchange terms vanish exponentially and do
not contribute to the asymptotical potential, the dipole

14 M. Mittleman, Ann. Phys. (N. Y.) 14, 94 (1961); B. A.

%iggr;lann, M. Mittleman, and K. M. Watson, Phys. Rev. 116, 920
1959).

16 Tt is obvious that at configuration space close to the nucleus
the centrifugal barrier associated with the p electron becomes
dominating and gives rise to an infinite potential wall. This may
seriously limit our assumptions for approximating the nonlocal
optical potential by a local potential. This difficulty is, however,
partially removed by the fact that the compound wave functions
extend very far in configuration space (Figs. 3 and 4) because of
the long-range nature of the supporting potential, and by the fact
that they are not strongly dependent on regions close to the
nucleus. This is particularly so for higher members of the com-
pound states.

potential $A(A+1)/72 holds for both singlet and triplet
states with L=M =0. At small distances, the exchange
terms become significant and cause the potential to
split according to the spin symmetry of the system
(Fig. 1). We notice that for the triplet case the effective
potential becomes repulsive in the internal region. This
is because of the centrifugal barrier associated with the
p-electron, since in the triplet case the 2p-orbital is
always occupied. To account for the spin symmetry,
the potentials in Eq. (4.17) are labeled with the super-
scripts (4) and (—) corresponding to singlet and triplet
states (i.e., S=0, S=1), respectively. Thus, this per-
mits us to approximate ¢y,.0 and ¢r,.1 in Eq. (4.10) as
[see Egs. (4.13) and (4.16)]

Draod(r) = Ea(r),  Grya(r)=F(1—1/37)Ea(r) (4.19)

with appropriate spin symmetry. In writing Eq. (4.19),
we have taken 7,=0, since there is no bound-state
solution for Eq. (4.15b). The well depth Vy® and well
width 7, of the constant potential are chosen so that the
lowest eigenvalues (for both the singlet and triplet
states) match, respectively, that calculated by O’Malley
and Geltman® (Fig. 1).

V. CALCULATION OF THE LEVEL POSITION

Wave functions £.(r) are obtained by solving Eq.
(4.17) for solutions which are bounded everywhere and
decay exponentially at infinity, In view of the boundary
conditions, the unnormalized wave functions &, take
the form

Ea(i)(r) = Sin(Ka(i)r) ) TS 7o
= a(ka®), | koo | 7o) 2H 15,V (1| k2a|7)

r>ro (5.1)
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=120y
O =-11227 eV

-4 V2 =

-8 7 -

Z12 I

Fi1c. 2. Dispersion relations for the singlet compound-state wave
function of the projectile electron [Eq. (5.8)7]. The dashed and
solid curves are, respectively, the values (multiplied by 7o) of the
left-hand and right-hand sides of Eq. (5.8) as a function of |%2q|7.
The parameters 7o and VoY) are chosen so that the lowest root
R‘a/(ﬂ appears at |ksa|=0.217696 corresponding to &, =9.559
eV.

where
ke =1{20,F 4 | kza] 2} 1/2 ,

No=— i3 = (v/3T—-5/4)1",
where ¢ is a matching constant, and where the H;, Vs

are the Hankel functions of the first kind having the
integral representation [Appendix B, Eq. (B3)]

Hin®(i] k2al7)

26%”)‘0

/ ¢ 1k2alr cosh2) cog(Ng2)dz. (5.2)
0

ir

This is the expression used for numerical calculation of
the Hankel function. Since the single-particle compound
wave function ¢,.(r) defined by the projection operator
[see Eq. (4.3)] contains no ground-target-state com-
ponent, we must require, in view of Egs. (4.5) and
(4.19), the £,Y’s to be orthogonal to X1o(r), i.e.,

/” £ @ (r)X10(r)dr=0. (5.3)

This implies that the expression for the £,#)’s given by
Eq. (5.1) must be modified so that Eq. (5.3) is satisfied.

16 Actually, the orthogonal condition between the ground target
state and the single-particle compound wave function ¢,a(r) of
a p electron is automatically satisfied for L=0 due to the angular
parts of the wave functions. Thus, the orthogonal restriction be-
tween the radial parts of the wave function

f oot () x10(0)dr =0

is not at all necessary. However, because of our approximation
of the effective potential in the internal region r<r,, we obtain,
for both ¢roao and ¢rga1, the linear dependence on £q(r) [Eq. (4.19)7.
This leads to the curious orthogonal restriction on ¢xe in the
equation above as a consequence of Egs. (4.19) and (4.22). This,
however, will not strongly effect the properties of the compound
states (footnote 15).
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This leads to the expression
£ B (r)=sin(ka P7)— (b1/c1)X10(r), 7<r0
= a{r'2H i@ (1| kaa| ) — (ba/c2)X10(r)}
r>ro (5.4)
with
sin (ko F79) — (b1/c1)X10(70)
a= - , (5.5)
70 2H 120 @ (2] ke | 70) — (b2/c2)X10()
70
612/ sin (ke &) X19(r)dr ,
0
bz=/ 2 H 50 @ (| K 20| 7)Xa0(r)dr , (5.6)
v
01=/ [ X10(7) | 2dr ,
0
o= / xa00) | %, (5.7)
70

where (c14c2) is of course equal to unity. It is worth
while to mention that, for most 7, of interest, the term
(ba/ce)X10(r) in Eq. (5.4) is very small for #>7, and can
be neglected.

The continuity condition of the logarithmic deriva-
tives of the wave function at r=r, requires

{ai In[sin(ka ®7r) — (b1/c1)X10(r) ] }

r=rg

i)
= {5 ln[rl/ZH,-;\o(l)(if koa [ 1’)“ (()2/62)3(10(1’)1} (58)

r=rq

which provides us with information concerning the
resonance energies. In Figs. 2 and 3, we plot both sides

sk
=120,
s 7= +0.8586 eV -
4 -) B
- =) . X
R‘z) Ry Ro
: A =) )
R
2 3 .
| .
o 1 I I 1 1 L]
0.2 04 06 0.8 1.0 1.2
‘kZal o
-
_oH |

F16. 3. Dispersion relations for the triplet compound-state wave
functions of the projectile electron [Eq. (5.8)]. The dashed and
solid curves are, respectively, the values (multiplied by 7,) of the
left-hand and right-hand sides of Eq. (5.8) as a function of
|k2a|70. The parameters 7o and Vo< are chosen so that the
lowest root Ro? appears at |ksa|=0.063437 corresponding to
80 =10.149 eV.
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of the dispersion relation as functions of |ksq|7o for
singlet and triplet cases, respectively. The solutions of
Eq. (4.17) are related to the corresponding roots in
Eq. (5.8) as labeled by R, with =0, 1, 2, --- in
Figs. 2 and 3. Thus, the energies of the compound states
take the expression

8 H) = {62—’%|k2al 2} = {%’l‘%[Rau:)/’O]g} . (5'9)

For each given 7o, the potentials in k. (i.e., Vo™
and Vo™ for the singlet and triplet spin multiplicities)
are chosen so that the lowest singlet and triplet states
appear, respectively, at &,M=9.559 eV and &,
=10.149 eV above the ground state of the target hydro-
gen. Although these values are the up bounds to the
true quasistationary representations of the two lowest
resonance energies, they nevertheless are the best
available approximate values for Eq. (4.1) without the
energy shift included [see Eq. (2.20)].

In Table I, the calculated energy levels of the first
four compound states are tabulated for several chosen
values of 7y (9<79<12). For comparison the results of
O’Malley and Geltman,’ of Temkin and Walker,'” and
of Burke and Taylor!® are also included in Table I. We
observe that for triplet states the calculated results are
almost independent of the joining radius, indicating
that these states are primarily supported by the 1/72
potential tail. For singlet states, dependence of the
first few energy levels on the joining radius is observed.
This dependence is, however, not at all strong as can
be seen in Table IT, where we have tabulated the cal-
culated singlet-state energy levels for several additional
values of 7o chosen closer to the nucleus. From Table II,
it is observed that at 7o=7a, we obtain lowest values
for both the singlet a=1 and 2 states. Although the
qualitative lowering of the energy levels is desirable,
it is, however, doubtful if the lowering has any quantita-
tive meaning, since the single-particle Schrédinger
equation (4.17) is an approximate representation of
Eq. (4.1). We choose 7y=12a, as the favorable joining
radius since it closely reproduces the a=1 values of
O’Malley and Geltman for both the singlet and triplet
L=0 states.

Returning now to Figs. 2 and 3, we observe that as
the incident electron energy approaches the n=2 ex-
citation threshold of the target hydrogen, the left-hand
side of Eq. (5.8) tends to a constant for either singlet
or triplet spin multiplicities of the system; and the
right-hand side oscillates with increasing rapidity as
a function of energy. Since the argument |ks|7o of
the Hankel function becomes increasingly small at
these energies, we may replace the logarithmic deriva-
tive of the Hankel function in the right-hand side of
Eq. (5.8) by its small-argument expression” [Appendix
B, Eq. (B8)]. The dispersion relation [Eq. (5.8)] near

17 A, Temkin and J. . Walker, Phys. Rev. 140, A1520 (1965).
18 P. G. Burke and A. J. Taylor, Proc. Phys. Soc. (London) 88,
549 (1966).
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TaBLE I. Level positions® of the 1S and 3S auto-ionization

states of H™.
Symmetry Sourceb &) 81() 82(F) ga(*)

15 ro=9, Vo(¥)=-—1.3182 9.559 10.1646 10.2015 10.2036
ro=10, Vo) =—1.2456 9.559 10.1665 10.2016 10.2036
ro=11, Vo™ =—-1,1801 9.559 10.1685 10.2017 10.2036
ro=12, VoM =-1.1227 9.559 10.1701 10.2018 10.2036
O’MALLEY-Geltmane 9.559 10.178 cee .o
Temkin-Walkerd 9.559 10.1668 10.2016
Burke-Taylore 9.560 10.1780 e

3S ro=9, Vo(7)=142.93 10.149  10.2007 10.2036 10.2037
ro=10, Vo= 7.4521 10.149 10.2007 10.2036 10.2037
ro=11, Vo= 2,1187 10.149 10.2007 10.2036 10.2037
ro=12, Vo= 0.8586 10.149 10.2007 10.2036 10.2037
O’Malley-Geltmane 10.149  10.202 ‘e cee
Temkin-Walkerd 10.149 10.2006 10.2036
Burke-Taylore 10.1497 cee

2 In eV above the ground state of hydrogen atom (1 a.u.=27.21 eV).

b Joining radius in go and potential in eV with the zero level set at the
n =2 threshold of the hydrogen atom.

° Reference 5.

d Reference 17.

© Reference 18.

the threshold then takes the approximation

Ao cot[ Ao In(3| kza| 7o) — 83,(0) 143
=10.9151 (singlet),
= 3.02934 (triplet). (5.10)

Solving Eq. (5.10) for |k2.|, we obtain to a good ap-
proximation the energy levels of the compound states
near the threshold (relative to the ground state of the
target hydrogen)

8.D=28—0.02160-CThwa | 52
8,I=22—0.0020e- 2w o>1.  (5.11)

Each oscillation in the right-hand side of Eq. (5.8)
corresponds to a compound state approximated by
Eq. (5.11).

The corresponding wave functions £, so obtained
extend very far in configuration space away from the
target. Figures 4 and 5 exhibit the first few members of
such wave functions (unnormalized) for the singlet and
triplet states, respectively. The range parameters for
these wave functions are found to be increasing ex-
ponentially as a function of . This is a consequence of a
long-range potential. Since wave functions &, are related

TasiE IL Dependence of the level positions® on joining radius
for the 1§ auto-ionization states of H™.

Sourcep goh & 8o 83h
=35, VM=-1.1535 9.559 10.1644 10.2015 10.2036
r0=0, VM =-—14463 9.559 10.1625 10.2014 10.2036
=7, VM=-14537 9.559 10.1620 10.2013 10.2036
70=8,  V,M=-13930 9.559 10.1629 10.2014 10.2036
O’Malley-Geltmane® 9.559 10.178 cee e
Temkin-Walkerd 9.559 10.1668 10.2016
Burke-Taylore 9.560 10.1780 s

s In eV above the ground state of hydrogen atom (1 a.u. =27.21 eV).

b Joining radius in g0 and potential in eV with the zero level set at the
n =2 threshold of the hydrogen atom.

o Reference 5.

d Reference 17.

e Reference 18.
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TaBLE III. Level widths of the 1§ and %S auto-ionization states of H™.

Symmetry Source Ty (eV) I1® (eV) T2 (eV) & (eV)

5 Sine function® 0.0506 0.00645 3.94X1074 2.27X107%
Static exchange? 0.041 0.00218 1.26 X104 7.22X10°6
Close-couplinged 0.109 0.0024 e ..
Correlationd 0.0475 0.00219
Experiment® 0.043+-0.006

) Sine function® 0.52210™* 3.37X107¢ 1.95X1077 1.13X1078
Static exchange? 0.201x10* 1.18X1076 6.81X1078 3.92x107°
Close-coupling®d 0.189x10™* .. e e
Correlationd 0.206X10~*

a Widths calculated from Eq. (6.1) using sine function approximation [Eq.
function (5.4) for the single-particle compound wave function with 7o =12a0, Oo

)= —

(6.8) ] for the single-particle channel wave function and approximate wave
1.1227 eV, and Vo (") =0.8586 eV

b Widths calculated from Eq. (6.1) using static-exchange appgoximation [Eq. (3.10) ] for the single-particle channel wave function and approximate wave
function (5.4) for the single- partlcle compound wave function with 7o =12a0, Vo(*) = —1.1227 eV, and Vo) =0.8586 eV.

¢ 15-2s-2p close coupling (Ref. 2
d 15-25-2p close coupling with 16 ‘correlation functions (Ref. 18).
e Reference 8.

to the radial parts of the single-particle compound wave
function ¢r,,,(r;) [Eq. (4.19)], the importance of the
long-range potential is obvious. This observation
demonstrates clearly for long-range potentials the
shortcomings of formalism involving the concept of
channel radius outside of which the incident particle
is treated as free. This nonlocalized nature of the wave
function may possibly constitute the reason why
Burke and Schey? had to carry their close-coupling
calculation as far as »~30a, in configuration space in
order to obtain convergences for the singlet =0 state
when 2s—2p states are included.

VI. CALCULATION OF THE LEVEL WIDTH

The expression for the width is given by Eq. (2.24).
When the expressions for Py and Q®, given by
Egs. (3.3) and (4.2), respectively, are utilized, the ex-
pression for the width may be rewritten as

Pa(i) = Skf['Ydt(u)i'Yex(a) I 2)

6.1)

-2

UNNORMALIZED COMPOUND-STATE WAVEFUNCTIONS

6~ r=12a,
oMo 11227 ev
el
-10 ] Lol ] ro1 ol 1 A/
0 2z 4 © 20 40 100 200 400 1000
RADIAL COORDINATE r (a,)

Fi1c. 4. First four members of the unnormalized wave functions
£ () [Eq. (5.4)] for singlet-spin multiplicity. These functions
are related to the radial parts [¢rsq0(r) and ¢rea1 ()] of the single-
particle compound wave functions ¢,(r) as follows: éraao(r)
= £, (r) for n=2s and ¢rsa1(r) =[1—~/37) /611 (r) for n=2p.

with
a@= El (Vi(r2)X1(r1) | Vo(rs,12) [ X, (1) doa(r2)),  (6.22)
@ =3 (01(t)Xa(t2) | Vo(rs,12) | X, (r1)ra(r)), (6.2b)

v#1

where the superscripts + and — on T',, indicate singlet
and triplet states (i.e., S=0, and S=1), respectively.
The first term v44(® in Eq. (6.1) gives the direct contri-
bution to the width, and the second term vy.x® gives
the exchange contribution. After we decouple the
angular states by using Eqgs. (3.8) and (4.5), the ¥’s
take the form

a@= Z f8(00y',lulz; L) / / Viaza(r2) X1o(r1)

B, lx 12,12

r B
Xr 1Xn11(7’1)¢kna12(7’2)d’1d"2, (6.3a)
>
ox (@)= Z 25(005,lulz; L) / / Vi (1) X10(72)
B, 11 lz lz
7P
X lxnl1<7'1)¢knalz(7’2)d7’1d7’2, (63b)

7

where the f’s and g’s are given by Eq. (4.9).
Equations (6.3a) and (6.3b) in the 2s—2p strong-
coupling approximation reduce to the following equa-

TasLe IV. Dependence of the 1S auto-ionization level widths?
of H™ on joining radius.

Sourceb o) i) I'2(+) T3+
ro=7, Volt)=—1.4537 0.0822 0.01002 5.726 X104 3.340X1075
ro=10, Vo(t)=—1.2456 0.0633 0.00726 4.303 X104 2.471X1075
ro=12, Vot =—1.1227 0.0506 0.00645 3.935X107¢ 2.272X1076
Burke-Taylore 0.0475 0.00219 e e

a Width in eV calculated from Eq. (6.1) using sine function approxima-
tmn [Eq. (6.8)] for the single-particle channel wave function.
b Joining radius in ao and potential in eV with zero level set at n=2
threshold of the hydrogen atom.
¢ Reference 18.
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TasLE V. Compound-state dependence of the direct and exchange contributions to the width and normalization constant.
Symmetry Source States v (eV)2 Ngyl@b Ney@e

) ro=12ay, VoM =—1.1227 eV a=0 0.275 1.477X10* 8.472
a=1 0.201 3.096X 102 6.821
a=2 0.193 5.273X10? 6.627
a=3 0.192 9.165X 104 6.616

EA ro=12a, VI =0.8580 eV a=0 0.150 2.594X10* 1.236X102
a=1 0.131 3.839X10° 1.088<10?
a=2 0.130 6.626 X108 1.080< 102
a=3 0.130 1.115X108 1.080<102

a Unnormalized matrix element for the width defined by Eq. (6.9).
b Direct contribution to the normalization constant for Q®, [Eq. (6.11)].

¢ Exchange contribution to the normalization constant for 0@, [Eq. (6.10)].

tions in the matrix notation:

@ = (v |V|®), (6.4a)
@ = (0| K| @), (6.4b)
where V and K are the row matrices
= (V 1002V 1002 , (6.5a)
K= (K100™K 106*"") (6.5b)

and the meaning of the matrix elements of V and K is
clear from Eq. (4.8). The column matrix @ is given by
Egs. (4.13) and (4.19).

<£<i) \/37)£a(r)> (;u—vsn)‘f“(") - (60

The wave functions £,(r) obtained in Sec. IV must
satisfy the relation

37—4/37
IV o) sa<i><r>>iz{ (€ 0) X))

19—4/37
F——— (&P ) [Xu())] 2} =1, (6.7)
18

so that Q®, as approximated by Eq. (4.10) is normalized
to unity.

The width can now be estimated from Eq. (6.1)
with the single-particle channel wave function vy,(7)
determined from Eq. (3.10) at k1=, with the electron
wave number k; in the exit channel corresponding to
the resonance energies [i.e., at values of E= &y,

=2(E—e1)]. The calculated widths are tabulated in
Table III together with that calculated by Burke and
Taylor.'® Except for the lowest 1S state, the agreement
is reasonably good. For comparison, we also included
in Table III, the measured value of the lowest 1S
resonance width and values for the widths derived by
approximating the single-particle channel wave func-

tion by the simple sine function
>k sin(ky). (6.8)

Judging from the differences in calculated values for
the width, it is apparent that the static-exchange dis-

Vg 0=

tortion of the channel wave function is of importance.
This suggests that width depends strongly on the
channel wave function v,0. Thus one should really use
more adequate solutions of Eq. (3.6) which may be ob-
tained, for example, by the variational method.

We have also investigated in a limited sense the de-
pendence of the level width on joining radius using ap-
proximation (6.8) for the channel wave functions. The
results are summarized in Table IV. We notice that the
dependence on 7, for the level widths is similar to that-
for the level positions. The values of the width change
moderately for o> 1. The width of the lowest state a=0
which is supported largely by a potential in the interior
region changes significantly. We expect that for states
near the threshold the results for the width calculated
using static-exchange approximation are, however,
sufficiently reliable to draw some meaningful conclusions.

It is instructive to examine the unnormalized matrix
elements for the widths which are defined as

{'Ydtm)—_—t'Yox(u)}Z(cba l Q‘ q>a>
(®a| Q| Pa)=2{Nat @£N @}, (6.10)

where Ng(® and N(® are the direct and exchange
contributions to the normalization constant for the

4 (i)

(6.9)
with

® @
o _O
T T

vg': 0.8586 eV
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Fic. 5. First three members of the unnormalized wave functions
£.7(r) [Eq. (5.4)] for triplet-spin multiplicity. These functions
are related to the radial parts [¢r.a0(r) and ¢req1(7)] of the single-
particle compound wave functions ¢,q(r) as follows: ¢reqo(7)

=£,)(r) for n=2s5 and ¢rpe1(r) =[(1—4/37) /6 £ (v) for n=2p.



160

compound state Q®,. We tabulated, in Table V, the
quantities 9, Ng®, and Nx(® as a function of «
for ro=12a,. It is observed that as a becomes large
(i.e., the level positions approach the n=2 excitation
threshold), all the quantities stay approximately con-
stant except for Ng(® which increases exponentially.
This suggests that widths decrease exponentially with
increasing @. The behavior of ¥, and N with
increasing @ can be understood from the fact that the
wave functions of the higher members (large ) are
almost identical within and near the domain of the
target hydrogen [see Figs. 4 and 5].

The direct contribution to the normalization constant
N4 may be explicitly written in terms of the Hankel
function:

37—4/37
18

Afdt(a)z

{ [ " | Sin(ea ) — (ba/ex)Xaolr) | 2dr
0

+la(ro)|2/ | Hono® G| lsa|7) |, (6.11)

where a, by, and ¢, are defined in Egs. (5.5) to (5.7). For
small argument | koo |7 — O (i.€., becomes large), Ng;(®
takes the approximation [Appendix B, Egs. (B9)
and (B12)]

Ny @2=x(1.75X 10Y)e@rM0)a (singlet states), 6.12)
~(2.04X 10%)e@ M« (triplet states),

where we have used the small-argument expressions
for |ks.| derived from Eq. (5.10). This permits us to
write for the level widths near the threshold as (in
atomic units)

I‘a(+)—z{1.397 X 10“3}3"(2#/)\0)04 ,

T OI(7.387X 10-7) e~ Qe (6.13)

We find therefore that widths, just like the spacings
between their corresponding states, decrease exponen-
tially near the threshold. It is then of interest to examine
whether the series of singlet- and triplet-compound
(auto-ionization) states just below the n=2 threshold
are overlapping or isolated.

If we assume that the shifts in resonance energies
due to the second part of Eq. (2.20) are negligibly small,
it is then easy to show from Eq. (5.11) that the spacings
between the compound states decrease exponentially as

Aga<+>=%l 81— ‘ =0.1873¢—@r/x0a ,

(6.14)
A8y =} 8oy — B0y O] =0.0173¢~ v,

Despite the fact that both the level widths and spacings
decrease exponentially, their ratios for the singlet and

triplet series, however, remain constant near the
threshold:

T /A8,H=T7.46X1072,

T.)/A8, ) =4.27X1075, (6.15)
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Thus, it appears (because of the less-than-one ratios)
that within our model neither the singlet nor the triplet
series of the S auto-ionization states are overlapping
near the threshold. The corresponding values for the
width-spacing ratios obtained in sine-function approxi-
mation [Eq. (6.8)] for the singlet and triplet series
are, respectively, 2.35X 1072 and 1.26)X10~* which are
also less than 1.

The exponential formula [Eq. (6.13)] for the widths
reproduces closely the calculated widths [Table I11]
for both the singlet and triplet series near the threshold.
It is surprising that this formula also reproduces reason-
ably well the calculated widths for the =0 states. The
only exception occurs in the sine approximation for
the width of the lowest singlet state. The calculated
width using the same sine function approximation is
much greater (by a factor of approximately 2) than that
predicted by the formula. This is due to the fortuitous
absence of cancellation of the area spanned by the in-
tegral in the sine function approximation. As a result
a better agreement with the experimental results is
obtained.

VII. CALCULATION OF THE CROSS SECTION
The transition matrix 7 for the elastic scattering can
be obtained from Eq. (2.25):

7= Tp+ 3 A(p¥ O | PHQ|Q20), (7.1)

where T, represents the potential scattering and the
A.’s are the resonance structure functions satisfying
Eq. (2.27). The cross section then takes the form

1
o= [alroltiromm, a2

where the superscripts (4) and (—) stand for the
singlet- and triplet-spin multiplicities, respectively.

For the sake of clarity, we assume that at the energy
region of our interest there is only one resonant state of
significance for each spin multiplicity. Equation (7.1)
then reduces to

{,),a(:t) ] 202100 (£)

TE = T, | (7.3)

E— 8 @ 44T, ®

7m=<P¢(~)IPHQIQ(I>a>1 (74)

where we have used Egs. (2.17) to (2.21). By utilizing
Eq. (2.24), the 7 matrix can be rewritten as

(k) ' D g2ibo ()

F— 8o O LT

with

TE = )| (7.5)

From Egs. (3.1) and (3.2) it is clear that the potential
scattering comes from three sources, namely the static
field of the target hydrogen, the exchange interaction
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between the projectile and atomic electrons, and the
polarization effects due to virtual excitation. In prin-
ciple, the potential scattering can be obtained exactly
by solving Eq. (2.18) [or Eq. (3.6)]. We then have, for
the case L=M =0,

T, = — (2 /k)es’E) sindo@® (7.6)

where 8@ is the phase shift due to potential scattering.
Substitution of Eq. (7.5) with 7, given by Eq. (7.6)
into Eq. (7.2) yields, for the case L=M =0,

o=1e®+360), (7.7)
with
4 %r(:«:)e%ao(i) 2
@) =—|gido @) gindyE ———
B2 E—§@4L41r@®

A i[p(i)]z
- Isinéo(i) l 2|
b2 [E—&§ ®P4LII® ]

1) gingy et )
—2 Re[ ]} , (7.8)
E— 8§ ®4LT@®

where the three terms in Eq. (7.8) are in order the
potential, resonance, and interference contributions to
the cross section.

Recently, the energy dependence of the scattered-
electron current from hydrogen atoms has been mea-
sured.® The dependence exhibits the profile predicted
by Burke and Schey.? It is therefore of interest to cal-
culate the energy dependence of the interference be-
tween potential and resonance scatterings.!* We have
noted before (Sec. III) that potential scattering depends
strongly on polarization effects of the nonlocal optical
potential so that the phase shift obtained in the static-
exchange approximation [Egs. (3.10) to (3.13)] is not
adequate for calculating 7,® from Eq. (7.6). To be
consistent with approximations being made in this
study, we adopt the values of the phase shift calculated
using the 1s—2s—2p close-coupling approximation?18
and subtract from it the resonance part of the phase
shift. Hence, the potential-scattering phase shift is
given by

17
} ) (7.9)

So®) = go(ﬂ:)+tan—1{ _

E—&w®
where 8§, is the total s-wave phase shift (i.e., the
sum of potential and resonance phase shifts) and ['®
and & are the corresponding width and resonance
energy calculated in the 1s—2s—2p close-coupling
approximation.?

In Fig. 6 the interference contributions together with
the potential and resonance contributions to the cross
section are plotted for the L=0 elastic scattering with
singlet- and triplet-spin multiplicities. The interference
contributions to the cross section depend strongly on

19 U. Fano, Phys. Rev. 124, 1866 (1961).

ELECTRON SCATTERING BY H ATOMS

161

T T T T T T T T T T T

201~ “ d
), 4
] a"‘w.(, ) oy o) T

2
0

'S
=z 5f A —
= i -
5 ;
) i | S #
a [ U"i‘.]:'zUlp—)
3 i/
Z gl L 1 AE=10149 -
L/
o L | ]
I @
i
-5 Y -+ -
1 LN I 1 1 1 1 1 L
9.0 9.4 9.8 10.2 9.2 9.6 10.0 104

ELECTRON ENERGY (eV)

Fic. 6. Calculated potential, resonance, and interference
contributions, which are denoted by o}, o+, and o, respectively,
to the cross section for s-wave electron scattering by hydrogen
atoms.

the width. For the singlet case, the interference con-
tribution is not only significant, but it gives rise to the
profile of the cross section. On the other hand, if the
width is very narrow the structure due to the interfer-
ence becomes difficult to observe as in the triplet case.
The total partial cross section for L=0 elastic scatter-
ing is then obtained from Eq. (7.7) which exhibits the
general profile predicted by Burke and Schey? and ob-
served by McGowan et al.5¢820 We have not carried our
calculation higher in energy than that given in Fig. 6.
Judging from the dependence of the interference and
resonance contributions on the width, we expect that
the lowest triplet p-resonance states and possibly the
second singlet s-resonance state may also give rise to
structures in the cross section which may be observable
within the present experimental resolution.

VIII. DISCUSSION

The model study presented here is a convenient way
of obtaining information concerning the resonance
structure in electron scattering by hydrogen atoms
without using elaborate computor calculations. Ex-
tension of the method used in the model study to reson-
ance series other than the s-wave scattering or to reson-
ances in excitation channels (or to other appropriate
systems) is straightforward since, in general, the
angular-degenerate coupled equations at the #th
threshold can asymptotically reduce to [compare with
Eq. (4.12)]%

[dz/d72+kna2:|¢’n= (An/rz)tl)n

where A, can always be diagonalized by a transforma-
tion matrix B,. The projection operator discussed in
Sec. IT in this case must be modified appropriately to
include more open channels.

8.1)

20 A more elaborate calculation of the cross-section profile was
carried out by J. W. McGowan which include L0 scatterings.
I am grateful to him for helpful discussions.

21 P, G. Burke, Advan. Phys. 14, 521 (1965); M. H. Mittleman,
Phys. Rev. 147, 73 (1966).
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There are, however, a number of shortcomings in the
model study which should be discussed. In Sec. VI, we
have observed that the calculated values of the width
depend strongly on the accuracy of the single-particle
channel wave function being used. This then casts
some doubt on the accuracy of the calculated width.
Other than the limited encouragement found in the
comparison of the calculated width with other approxi-
mate calculations (Table ITI), the question concerning
the reliability of the static-exchange approximation
[Eq. (3.10)] for the width is left unanswered. If an
extensive calculation for the channel wave function is
attempted from Eq. (3.6), the nonlocal optical potential
must first be constructed explicitly. We then encounter
a problem which is as elaborate as solving the coupled
equations directly. This then defeats the purpose of
such a model study. However, it is rather unlikely that
the state-exchange approximation for the channel wave
function will introduce significant errors which would
mislead us in our conclusions for the resonances near
the threshold. We also expect that level shifts [see
Eq. (2.20)] are small and would not affect our
conclusions.

If, in addition to the level position, an accurate
value of the level width is utilized for the lowest state
of a given resonance series, then an iteration procedure
may be constructed so that a consistent set of joining
radius and potential well may be determined. This
may result in somewhat better values for the width.
We are still facing the ambiguity of whether the joining
radius and potential well so obtained are the pro-
perties of the approximate channel wave function being
used in the calculation of the width. One may neverthe-
less improve the approximate procedure by construct-
ing a more realistic interior potential for the projectile
electron. An approximate interior (nonlocal) potential
may be determined from a variational wave function
0%, which is obtained from Eq. (4.4) by a constraint
variational method. The trial variational wave func-
tion can be constructed in such a way?? that its con-
stituent single-particle compound wave function ¢,
[see Eqs. (4.2) and (4.5)] asymptotically assume the
appropriate expression given by Eq. (5.2).

Errors arising from the approximations being made
in determining the single-particle compound wave
function are believed to be small for a>1 states, since
these wave functions not only yield the correct level
positions but also possess the correct asymptotic ex-
pressions demanded by the appropriate »—% long-range
potential. The latter property of the wave function is
of importance since for the calculation of width the
electronic distribution at large  becomes very signifi-
cant. For more complicated systems, the appropriate
long-range potentials for the projectile electron are
not usually available; it is then not possible to deter-
mine the desired asymptotical expressions for the com-

2 J. C. Y. Chen, Bull. Am. Phys. Soc. 11, 722 (1960).
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pound wave functions. This method of course becomes
useless. Note that the regular Q-space optimized
variational wave function may yield sufficiently ac-
curate quasi-stationary level positions. But it may not
necessarily yield as accurate values for level width since
the accuracy of the calculated width depends strongly
on whether the variational wave function has the cor-
rect asymptotic electronic distributions. A double-
perturbation method for such a case may be derived
to improve systematically the calculation of the width.2??
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APPENDIX A: UNIQUENESS OF PARTICLE WAVE
FUNCTIONS IN THE TARGET-STATE
EXPANSION

The expansion? of a two-electron function T(ry,rs)
which has a specified symmetry

T(r1,12) = (— ) 5T(r2,r1) (A1)

and a specified angular momentum L but which is
otherwise arbitrary can always be made in terms of a
complete set of one-electron target states {X,(r)} so
that

T(ry,re) =32, {X,(11)G,(r2) + (=) 5%, (r2)G,(r1) } .

This expansion, however, does not define the particle
wave functions G,(r) uniquely. This nonuniqueness has
been pointed out and their effects on the absolute
definition of the phase shift has been discussed.!0-24
Here we would like to investigate in details the extent
of the nonuniqueness for G,(r).

Let us define in terms of T(ry,re) and of target states
the quantities C,,:

Cw' = <Xv(r1)xv’ (r2) iT(r1>r2)> ’

which are obviously unique for a specified T(r1,r2), and
satisfy the symmetry condition inferred from Eq. (A1)

Cor=(—)5Cy. (A4)

(A2)

(A3)

Now expanding the particle wave functions in terms of

23T am grateful to Dr. R. Phythian for his helpful discussions.
% A. Temkin, J. Math. Phys. 2, 336 (1961).
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the target states, we have

Gw(r) =% Z, (Cw'+Dyv’)Xy'(r) 9 (AS)

where the D,,’s are defined in terms of the inner
products (X, (r) | G,(r))

D,y =2{X,(r)|G,(1))—C,,r. (A6)
Substituting G,(r) given by Eq. (AS) into Eq. (A2)
and operating on the resultant equation by

<X"(rl)xv’(r2)| )

we obtain
<Xy(r1)xv’ (rZ) ! \I/(l'l,l’2) > = va’+%{Dw’+ (— )SDv’v} . (A7)

Comparison of Eq. (A7) with Eq. (A3) reveals that the
G,(r)’s are defined in Eq. (A2) within the ambiguity of
D,,» which has the following symmetry:

D,y =(—)5"1D,,. (A8)

This ambiguity in G,(r) provides us with extra degrees
of freedom for imposing further restrictions on the
G,(r)’s.

From Eq. (AS), we have

<X,,(l') | GV' (l')>= %{Cv’v-l-Dv’v} . (Ag)

Thus we may make the particle wave functions G,(r)
orthogonal to the target states by appropriate choice
of D,, whenever it is allowed. For singlet states (i.e.,
S=0), we may choose (note D,,=0)

D,,=C,,, vV>v (A10)
and for triplet states (i.e., S=1), we may choose
Dy,=C,py, V> (A11)

so that the orthogonality conditions are satisfied.
For the projection operator P and Q with P= P;(r;)

+P1(1'2)—P1(I'1)P1(1’2), Q=1—P and P1(l')= [Xl(r))
(X4(1r)], it is most convenient to define the G,(r)’s as

Gy(t))=3[14 81— Pa(r) J0G(r) | T(xsxy)).  (A12)
In terms of the C,,’s, Eq. (A12) becomes

G"(rj) = %(1_{— 6v1) Z va’xv’ (rj) _% lel(rj) . (A13)

By comparison of Eq. (A13) with Eq. (AS), we may
summarize the choice of D,, in our definition of G,
[Eq. (A12)] by the matrix

(0 Cn Cu Cu
—Coy O 0 0
—Cs; O 0 0
—Cyq O 0 0

L

D= (A14)

This implies that the D,,» are chosen in such a way that
the particle wave functions are orthogonal to the ground
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target state except for Gi(r), i.e.,

Gy(0) | X1(x))=0, w5%1. (A15)

This is self-evident from our definition for the G,’s
[Eq. (A12)].

APPENDIX B: INTEGRAL REPRESENTATION
AND EXTREME EXPRESSIONS FOR THE
HANKEL FUNCTION

The Hankel function of the first kind Hg®(z) has
the integral representation

1
HB (1)(z)= — / ez sinH—iﬂ{‘dg- , (Bl)
£

™

where {={1+1i(s, and the contour path £ is shown in
Fig. 7(a). If we choose {i'=—%m, the contour path
becomes that shown in Fig. 7(b), and the integral takes
the expression

000

Hg(l) (Z) —_— / etz sin[—(r/2)+if2]+18 l—(7r/2)+ii'2]d§‘2
) —w

eitrI2)8

.}
= / g7 cosh ({'2)—133"2d§‘2 .
—00

i

(B2)

For the special case B=1\o and z=1|ks,|7 appearing in
Eq. (5.1), we then have?

e(wlz))\o 0
Hongli| o 1) = { / ¢ k2al 7 cosh (Ea)—idot o,
0

m

o0
+/ e lk2alr cosh({'z)—*-i)\orzdg-z}
0

2e(m2No  p»
= - / e~ 1k2alr cosh(§2) COS()\0§2)d§‘2 ,
0

m (Bs)

which except for a factor of =1 is real. Asymptotically,

-t Ziiw
L - plane
L=, +it,
-t & &= -7
;{—im -12"_ - i
(a) (b)

F1G. 7. Contour path for the integral representing
the Hankel function.

% I am grateful to Dr. F. Mandl for this derivation.
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Eq. (B3) becomes
Zer)fo

1/2
Hi)\o(ilkh!'?’)»_)—i(; ) e lkalr (B4)

Wlkzalr

This demonstrates that H;, decays exponentially
at infinity as required by the wave function &,(r)
[Eq. (5.4)].

For small argument at a given r=r, (i.e., | k2o |70K1),
an approximate expression for the Hankel function
H g™ (4] k2a|70) can be easily obtained from the series
representation '

27e(m/2)Xo
Hoo (| kga| r)=—
I SiIlh(ﬂ')\o)
© (5| kea| 7)? sin[No In(3 | kaa| 7) — 820 (1) ]

1=0 H T4 14140) |

,» (BS)

where &x(f) is the argument of the gamma function
T'(t41+44v) defined by the relation

Tt 14ho) = | T(#4+1490o) | exp[idr, () ]. (B6)
Hence
Hi)\o(l)(ifkmlfo) —
|k2alro—>0
2420 sin[ Ao In(} | k2e| 70) — 620(0) ] (B7)

| D(1+4-4Xo) | sinh(x)o)

This permits us to write for small argument of the loga-
rithmic derivative of the Hankel function [Eq. (5.8)]
at a given radial coordinate r=ry:
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d
roy— In[72H 5, @ (i | koa | 7) ]
or

=3+No cot[ho In(3 | kaa| 7o) —820(0)].  (B8)

It is also desirable to find a small-argument expression
for the function

y(|k2a|70)=lrol/zﬂi)\o(l)(ilkzalfo)l_z
X/ [ Hine® (| kae|7) | 2rdr  (BY)

which appeared in Eq. (6.12). Making use of the relation
CHin® (| koal7) 1*=—Hing @ (i| k| 7)) and carrying
out the integration, we obtain for Y(i|kss|70) the
expression

Y(| kza| 7o) =Frof{1— | Hiry® (3] kza | 70) | 2H ing11V
X (i) ksa|70) Hing—1V(i] kaa| 70)} . (B10)

For small argument, we have from Eq. (BS)
o120 (3 g i)
[B2alr0=0 ginh (o) [ T(15F o)
(G| koa ro)™FR0 (§[kga] 7o) 140
T'(F1ho) NG

Utilizing Eqs. (B7) and (B11), we obtain for Y(| k2« 7o)
the small-argument expression

[T(1+4No) |2
[T(iNo) | 2 >
| koa| =2
2ro sin?[ o In(3| kae| 70) — 820(0) ]

H«;)\oil(”(il k?al 7’0)

} . (B11)

‘y(lkh!”o) TEaalrom0 <

(B12)



