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Calculated angular and energy distributions of the 0. particles in long-range O.-particle 6ssion are pre-
sented. The distributions were obtained from calculated O.-particle trajectories based on a three-point-charge
model for the scissioning nucleus. The calculation is two dimensional, and spontaneous 6ssion (no preferred
direction) is assumed. This reduces the number of free variables of the system to seven (except for the mass
ratio). The system is thus parametrized in terms of the following initial dynamical variables: the initial
distance between the Gssion fragments, the initial position of the 0, particle (not restricted to the Gssion axis),
and the initial momenta of the n particle and one of the fragments. Reasonably good agreement with the
experimental distributions is obtained. The calculations support the view that the scission point moves
closer to the light fragment as the mass ratio increases. They also support the assumption that at the mo-
ment of scission the 6ssion fragments have already attained a substantial part of their anal velocity.

I. INTRODUCTION

HE preceding paper' describes an experimental
investigation of the emission of Iong-range o,

particles, LRA, in the spontaneous 6ssion of Cf'52. The
main purpose of the experiment was to obtain quan-
titative information on the con6guration of the fis-
sioning nucleus at the moment of scission from the
detailed investigation of the angular and energy dis-
tribution of the n particles as a function of the O.-particle
energy, the total 6ssion-fragment energy, and the
Gssion-fragment energy ratio. It is clear that little
quantitative information on the scission conlguration
can be obtained without comparing the experimental
angular and energy distributions with the results of
trajectory calculations based on a given model for the
scissioning nucleus.

It may seem preferable to start from the experi-
mentally observed angular distributions and to obtain
the initial con6guration at the moment of scission by
calculating the particle trajectories "backwards" from
the (experimentally measured) anal distribution to
their initial positions at the moment of scission. How-
ever, it is easily shown that such a program cannot be
carried, out even in principle. Hence an iteration pro-
cedure must be used. One assumes a model for the
scission conhguration, proceeds to calculate the +-
particle trajectories, compares the results with the
experimental distribution, and changes the parameters
describing the initial configuration until satisfactory
agreement with the experimental results is obtained.
In practice, the model for the scissioning nucleus may
consist of the distributions for the dynamical variables

' Z. Fraenkel, preceding paper, Phys. Rev. 156, 1283 (196'l).

156

of the three fragments immediately after their sepa-
ration beyond the range of the nuclear force. A dy-
namical theory of 6ssion should be able to predict these
distributions. Indeed they were calculated for the
binary-Gssion process in elements lighter than radium
by Nix and Swiatecki, ' who developed a dynamical
theory of fission based on the classical liquid-drop
model. With suitable approximations regarding the
shape of the nucleus, they were able to derive the
dynamical variable distributions of the two 6ssion
fragIQcnts and obtained good aglccmcnt with experi-
mental results to the extent that these are available,
Unfortunately, the classical liquid-drop theory in its
present form cannot explain basic features of the binary
fission of elements as heavy as californium or uranium,
let alone LRA Gssion. Hence the initial distributions
of the kinetic variables of the three fragments must be
arrived at by trial and, error. In order to make the
problem at all amenable to present computer tech-
niques, the number of the dynamical variables used to
describe the system of these particles must be very
limited. The minimum number of variables is obtained
when no internal degrees of freedom are allowed and the
three fragments are assumed to behave like three point
charges. In this ease the total number of variables
reduces to 12 for a nucleus originally at rest. (For each
of the three fragments there are three spatial variables
describing the position of the center of mass and three
conjugate momenta, making a total of 18 variables.
From this total one must subtract three variables for
the conservation of linear momentum and three vari-
ables for the conservation oi angular momentum. ) In

I. R. Nlx and %.J. Swiatecki, Nucl. Phys. 71, 1 (1965}.
1305
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the case of spontaneous fission (no preferred direction)
the number of free variables is further reduced to 10.
Since nuclear effects are neglected and the velocities
are nonrelativistic, the laws of motion are those of
classical mechanics and electrostatics.

A three-point-charge calculation of the trajectories
of the three fragments in LRA fission has been per-
formed by Halpern. ' This author also tried to estimate
the error involved in assuming the fission fragments
to be point charges. He did this by estimating the effect
of higher multipole terms on the motion of the three
particles and found that this effect could safely be
neglected. The present calculation is also based on the
three-point-charge approximation. In addition, it as-

sumes, for the sake of simplicity, the momenta of the
three particles to be in a plane, i.e., the calculation is
two-dimensional. This simplification reduces the num-

ber of free parameters of the problem to 7 (for spon-
taneous fission). The latter assumption was not made

by Halpern, and from his results we conclude that the
restriction to two dimensions does not affect our con-

clusions substantially. Halpern, on the other hand,
neglected the effect of the o.-particle recoil on the
movement of the two larger fission fragments, whereas

in the present paper this effect is investigated in some

detail. However, the primary purpose of the present
calculation is to reproduce the experimentally observed

energy and angular distributions of the o. particles as
presented in the preceding paper.

In Sec. II we discuss the method of calculating the
trajectories of the three fragments. In Sec. III we show

the dependence of the final (i.e., experimentally mea-

sured) parameters, such as the n-particle energy and its

angle with respect to the fission fragments, on the initial
conditions such as the initial energy and the initial angle

at the moment of scission. In Sec. IV we try to deter-

mine the average initial kinetic energy of the three

fragments at the moment of scission. Based on the
results given in Sec. IV and some assumptions regarding

the initial distributions of the various parameters, in

Sec. V we calculate the final energy and angular dis-

tributions and compare them with the experimental

results. ' We summarize our conclusions in Sec. VI.

The equations of motion are

dU;,
m, — =Ii,;,

where X;; is the jth coordinate X; of the ith particle,
U;; the j component of the velocity U;, and F;,. the j
component of the force Ii; acting on the ith particle,
and m; its mass. These equations are replaced by the
difference equations:

X. , n+i —g n+ U nest

where

1
. n+I —U', n+ P n+Igt

2m,
'

U n ft n+ p nest
2m,

'

and Ii,," is the j component of the force acting on
particle i at the position X,"

The subscript k refers to the two other particles, and
the superscript e refers to the value of the parameter
after the eth time interval.

The size of the time interval is not chosen to be
constant. A constant time interval would result in
either poor accuracy for small it (i.e., when the three
fragments are still close together and their direction of
motion changes rapidly), or in unnecessarily small steps
for large tt (when the fragments are already widely
separated and their direction changes only slowly). In
the present calculation, the total time t„after e time
intervals is an exponential function of e-:

II. ZHE CALCULATION

The motion of the three fragments under the inhuence

of their mutual Coulomb interaction cannot be calcu-

lated in closed form, as is well known from the similar

problem of three bodies in astronomy. The trajectories

must therefore be calculated numerically. We first

replace the differential equations of motion by a set of

difference equations, and with their aid calculate the

motion of the fragments for successive time intervals

~ I. Halpern, CERN Report, 1963 (unpublished).

and hence the size of the nth time interval is given by

&t =t —t i=t„ i(e —1).

It is seen that the size of the time interval t„ is a
function of two free parameters, t p and a. The parameter
tp determines the time scale, whereas a determines the
exponential growth. Roughly speaking, the parameter
tp determines the accuracy of the calculation at the
beginning of the trajectory (t=0), whereas a deter-
mines the accuracy towards the end of the trajectory
(t= pp ). tp and a should be so chosen that the accuracy
remains more or less constant during all intervals. For
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the calculations presented here we chose

t,= 10-» sec,

@=0.1.
Normally the calculation is terminated after 100

time intervals, i.e., after 2.2+10 "sec. By that time,
the distance between the particles is more than 10'
times their initial distance and hence their potential
energy is less than 10 ' times the initial value. The
calculation of 100 time intervals takes approximately
2 sec on a CDC 1604A computer.

Our calculation conserves rigorously the linear and
angular momentum of the system. This is not true for
the total energy of the system. The relative error in the
value of the total energy after 100 time intervals is
approximately 2X10 '.

The initial conditions for the calculation were as
follows: (a) The mass ratio R=mqq/mr, which was
assumed to be equal to the charge ratio, R=Z~/Zr„
where the subscript II and I. refers to the heavy and
light fission fragment, respectively. Ke have for Cf'"

mir+mr, = 248,

Zrr+Zr, =96.

(b) The seven initial dynamical variables: (I) The
initial distance D between the two fission fragments.
The line connecting the two fragments is defined as the
fission axis (x axis). (2) The initial velocity of the keaiy
fragment Vlr in the direction of the fission axis (x axis).
(3) The initial velocity of the two fission fragments in
the y direction is for sake of simplicity assumed to be
zero. The initial velocity of the light fragment is
Vl.= V~A, i.e., the total momentum of the two hssion
fragments is assumed to be zero. Hence the total
momentum of the system is co/ zero but equal to the
initial momentum of the n particle. The error introduced
by this assumption is negligible. (4) The initial distance
Xt) of the n particle from the heavy fragment along the
fission axis (x axis). (5) The initial distance Fo of the
n particle from the fission axis. (6) The initial energy
E 0 of the n particle. (7) The initial angle 80 between
the direction of motion of the n particle and the di-
rection of the light fragment.

FIG. 1. Schematic diagram of the Injt»l
parameters of the calculation.

TwsLE I. "Standard" set of input parameter values.

Input parameter

1 Mass ratio
2 Distance between fragments
3 Initial velocity of heavy

fragment
4 Initial distance of a. particle

from heavy fragment
5 Initial distance of a particle

from 6ssion axis
6 Initial energy of 0. particle
7 Initial angle of then particle

with respect to the Gssion axis

Symbol Value

E 1.4
D 260

0.5 10' cm jsec

Xo Point 3E 10 "cm

0
3.0

90'

10 "cm
MeV

In most of the calculations to follow, the initial
position of tl:e e particle was assumed to be ol the

fission axis (Vo ——0) and, in particular, at these points
on that axis: Position I:At a distance of 6&(.10 "cm
from the light fragment. Position M: At the point of
minimum potential energy (the saddle point of the
potential-energy surface). For this point Zrr/rg
=Zr/rr, ', where r, is the distance between the n particle
and fission fragment i. Position H: At a distance of
6&10 "cm from the heavy fragment.

Figure 1. shows a schematic diagram of the initial
parameters of the calculation.

A. Deyendence on the Initial O,-Particle Energy E 0

Figure 2 shows the final n-particle energy E as a
function of its initial energy E 0 for Vo ——0 and
F0=5)&10 "cm. The values of all other initial param-
eters are those shown in Table I. Figure 2 shows a very
strong dependence of the final O.-particle energy on its
initial value. Thus for VO=O a variation between zero
and 1.0 MeV for the initial energy corresponds to a
variation between zero and 10 MeU in the value of the
final energy. This. "amplihcation" e6ect for the +-
particle energy is a basic feature of the I.RA fission
process. It shows that the relatively wide experimental
O.-particle energy distribution may be the result of a
rather na, rrow initial O.-particle energy distribution,
even if the other initial parameters have also only

III. THE DEPENDENCE OF THE FINAL
O,-PARTICLE ENERGY AND ANGLE ON

THE INITIAL PARAMETERS

In this section we present a set of figures showing the
dependence of the 6nal O,-particle energy and angle with
respect to the light-fragment direction on the various
input parameters. Each graph shows the dependence on
one such variable for fixed values of all other initial
parameters. A single set of such "standard" values for
the seven initial parameters was used for all the graphs
shown in this section. This "standard" set is given in
Table I. It corresponds roughly to the mean "experi-
mental" values of the various parameters as measured
(e.g., R) or as obtained from the results of the present
calculation.
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Fn. 2. The final
O,-particle energy E„
as a function of its
initial energy E„o.
The values of the
initial parameters
(except for E s and
Fq) are those of
Table I.

energy of the three particles Eg as a function of the
initial position Xo of the 0. particle along the 6ssion
axis. The 6gure shows the o.-particle energy E to be
strongly dependent on its position, i.e., its initial
potential energy, while the dependence of Ep on Xo is
much weaker. The "amplihcation effect" which causes
the 6nal n-particle energy to depend very strongly on
its initial kinetic energy as seen in Fig. 2 is not apparent
for the variation of the final n-particle energy as a
function of its initial potential energy. Yet it may be
seen that when the c-particle initial position is near the
heavy fragment (Xo=6X10 " cm, high potential
energy), it receives a la, rger share of the total energy
Ep available than when it is near the light fragment
(Xs= 20X10 "cm, lower potential energy). As a result
Ep is lower for X0=6 than for 20&{',10 " cm despite
the fact that the total energy Ep is higher for the former

relatively narrow distributions. The reason for the very
strong depend, ence of the final o,-particle energy on its
initial value is the motion of the two other fission
fragments. Because of this motion the force acting on
the e particle is not only dependent on its position but
also decreasing with time. Hence the faster the initial
motion of the n particle, the larger its acceleration at
any given position. Except for very small values of E 0,

there is little difference between Vo= 0 and I'0= 5&10 "
cm. The 6nal O,-particle energy E is zero only if both
E 0 and Vo are zero and Xo corresponds to position M.
In all other cases there is little dependence of E on I'0
even for small values of E 0.

I 20o—

I 10'—

100'-

80o-

7QO

60-

50o—

R=LQ

R-"l.2

R= l.4

B. Deyendence on the Initial O.-Particle Position Xo

Figure 3 shows the 6nal o,-particle kin'etic energy E,
the final fission-fragment energy Ep, and the total

50- - 192

—204 - 190

24X
CS

22-

-200o -le6 ~

L,
4j 4l- I98 - I84

20" - I96 - I82

IS- - IS0

190 ——- I78
6 ' 8 IQ IR I4 l6 IS 20

Xo,IO cm

Fzo. 3. The final a-particle energy E, the final fission fragment
energy E~, and the total energy of the three fragments Ep as a
function of the initial distance Xo of the o. particle from the heavy
fragment. The values of the initial parameters I'except for X0) are
those of Table I.

6 8 10 12 14 16 la 20
Xo, lO cm

Fio. 4. The final angle 0 of the 0. particle with respect to the
light fragment as a function of the initial position Xo. The values
of the initial parameters (except for Xo) are those of Table I.Also
shown are the loci of the most probable values of X0 as functions
of E.

position, This also explains the fact that the minimum
of E and Ep occur at different Xo.

We show in Fig. 4 the 6nal n-particle angle 8 with
respect to the light fragment as a function of the initial
position Xo for four values of the mass ratio R. It is
seen that the 6nal angle 8 is almost linearly dependent
on the initial distance Xo from the heavy fragment.
As expected, the angle with respect to the light frag-
ment decreases as the mass ratio increases. (It is seen
that the curve 8=1 has a. value 8 )90' for the sym-
metry point X0=13&10 " cm and it is not skew-

symmetric with respect to the lines Xo——13&10 " cm
and 0„=90'.This is due to the fact that 0 is de6ned
as the final angle between the 0, particle and the light
fragment as it is measured experimentally, and hence
it includes the recoil angle of the light fragment. )
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Based on Figs. 3 and 4, we obtain the Anal o.-particle
energy E as a function of the 6nal angle 8 assuming
that the variation of both E and 8 is due to the vari-
ation of Xo alone. This graph is shown in Fig. 5 together
with the experimental variation E (8 ) as obtained in
the preceding paper. ' lt is seen that while qualitatively
both curves have the same shape, the angle dependence
of the calculated curve is much stronger than that of
the experimental one. This discrepancy is in part the
result of the assumption that all initial parameters have
a single value, whereas, in fact E (8 ) should be cal-
culated for distributions of initial values. Some of these
distributions such as X(R) have been measured experi-
mentally, and others must be obtained from calculations
such as the present one. However, it seems that even
with the true initial conditions there will still remain a
discrepancy between the calculated and experimental
angle dependence of E . This residual discrepancy may

24-

22

LU
& 20- CALC.

f8-

l6—
EXP.

be the result of the three-point-charge approximation
of this calculation. A more realistic assumption for the
shape of the scissioning nucleus and the resulting frag-
ments may remove it. A quite diferent way of removing
the discrepancy is to assume that the average initial
velocity of the o. particles which are emitted near the
fragments is lower than that of the o. particles emitted
in the center of the neck. This assumption will be made
below.

C. Deyendence on the Initial n-Particle Angle 80

Figure 6 shows the 6nal o,-particle energy E as a
function of the initial angle 80. Angles below 80=30'
and above 80=150' are of little practical interest for
two reasons: (a) n particles emitted at a small angle
with respect to one of the fragments have a large
probability. of being captured. by that fragment. (b)
Because of 'the sin 8 dependence of the solid angle, the
number of n particles emitted at these angles is quite

l4 I I I I I I I I

40 50' 60 70 80' 90 IOO I IO l 20
aa

FIG. S. The calculated n-particle energy E„as a function of the
final angle 8, as obtained from Figs. 3 and 4. Also shown is the
experimental curve (see Fig. 4 of Ref. 1).

l4-

l2-

10-

small even if isotropic emission is assumed. The small
n-particle energy E associated with these angles is the
result of the reQection which these n particles do suBer.
Because of the time dependence of the potential-energy
surface which was mentioned above, the almost total
reAection of these particles results in low 6nal energies
E . It is seen from Fig. 6 that in the region of greatest
interest, 60'&80&120', the Anal energy changes by
1 MeV only. One may, therefore, in general neglect
the effect of the initial angle on the final energy E .

Figure 7 shows the final angle 8 as a function of the
initial angle 80 for three values of the initial energy E 0.
It is seen that for the initial angles of practical interest,
i.e., 30'& 80& 150' the anal angle 8 is almost indepen-
dent of the initial angle 80 and of the initial energy E 0.
Because of the mass ratio of 8=1.4 assumed. for Fig. 7
both 80=0' and 80=180' result in 8 =O'. For R=1,
we naturally obtain 8 =180' for an initial angle
80=180'. However only for values of 80 very close to
180' does 8 show a marked dependence on E,

l20o—

l00'—

l- Ez, =0.5 MeV

2- Eg, =5.0 MeV

ao =60 MeY

80'
I

60. ' .i/
I

l j
40o iI

ll

L
II

20o j

I

f

20 4V' 60 80 100 l 20 J40 l60 l80
8,

Fxe. 7. The final angle 8 as a function of the initial angle 8e for
three values of the initial energy E 0. All other initial values are
those of Table I.

20' 40' 60' 80' 100' l 20 140 l60 I80'
eo

FIG. 6. The

final

-particle energy E„as a function of the initial
angle 80. The values of the initial parameters (except for So) are
those shown in Table I.
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l6

—I78

—l77 ~

l76

l5— —l75

l4 I I

I.O 2.0 5.0 4.0 5.0
Yo, l0 cm

l?4

final o.- article energy L& and the final fragment

xis. All other initial values are those
a function of the initia is ance

Perpendicular to the fission axis. o er
' ' '

of Table I.

The calculations shown in Figs.i s. 1—6 were also calcu-
V =5&(10 " cm (all other initial parameterslated for Vp ——

dl from thoseasa oveg. erb g The results do not differ marke y ro
E ascalculated wit p=

'
h Y =0 The variation of E„an Eg

Fi . 8 for the initial conditionsa function of I'p is seen in ig.
of Table I except for Fp. We note that ~ pgat E,I"p& reac es
a maximum an enth decreases towards the limit
E =A p as I p approaches infinity.a ap p

We may summarize our analysis of tf he initial. aram-
eters p Xp, and Op by concluding that as a first
a proximation we m

further conc u e a1 d th t an initial distribution o E p and
Op alone cannot resu inlt

'
the relatively wide experi-

ved an ular distribution 1V(|I ) suc as

is predominan yd tl the result of distribution in the initia
position Xp of the e particle.

D. Dependence on ed the Initial Fragment Velocity
V~ and the Initial Fragment Separation D

F' 9 shows the final O.-particle energy E as aFigure s ows
function of the initial velocity V& and initia. sep

D of the fission fragments. It is seen t atat E is an almost
linearl decreasing function of both variables.inear y ecre

er a realistic initialThe question now arises whet er
distribution o ~ or o is-f V or D (or both) can result in a dis-
tribution of the n-particle final energy w ic is in g
men with the experimental result or whether in a

tion the istri utiona' 'b t' $(E,) was calculated assuming
to the vaues oto h 1a ini iall

' 't'
1 parameters to correspon to h

as to yield for the total initial kinetic energy of the two
fragments E~p a Gaussian distribution:

1 (&~o E~o)'—
1I (Er o)~= C exp

2 0

Ewhere Epp ——39.1 MeV for 8=1.4. This value of gp

o as to ield 187 MeV for the total energy
of the three-particle system, and the stan ar

be o-=12 MeV. Both values correspondwas assumed to
hl t th experimental values for the o a

d dard deviation of the three-part'
E f

'h'
The resultant distribution E osystem. e

Fi . 10 together witharticle kinetic energy is shown in Fig.par ice

that the calculated distribution is much narrower t an
the experimental one.

in VII to be'1 r calculation was made assuming II o esimi ar ca
s a Gaussianfixed (V~ ——0.5&(10' cm/sec), whereas a

e for the initial fragmentdistribution was assume or
' ' ' t

D A ain the mean value and stan arseparation . gain,
d t thedeviation were chosen so as to correspon o

~ ~ ~

he total kinetic energy is-experimental values for the
tribution. A curve similar to Fig. wawas obtaine or

~ for E p=1.0 MeVThe calculations were repeate for

D IO cm

20 2 I 2,2 25 .24 25
I I I

26 27 28
I I

lO

& IO"

20-

18

16

Cf
LIJ 6-

l4

l2—

'I

0.7 0.8
I

'
I I

Ql Q2
' 0.5 0.4 0.5 0.6

V„,IO cm/sec

nal n- article energy E as a function of the initial
h 't l f agment separation D. All

other initial values are those o a e

IO II

I I

l7 l8 l9
Ea

E E„assuming the initialFzo. 10. The calculated distribution
r distribution to be given by q.fragme t k' et - gy

. for h. --""-"i"-.ti-alues to be those o a e
experimental distribution E E, or e e
(see Fig. 3 of Ref. 1).
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with all other input parameters unchanged. Again
curves similar to Fig. 10 were obtained.

We may thus conclude that in order to obtain the
experimental distributions for the final n-particle energy
E and the final fragment energy E&, distributions of
substantial width must be assumed for both E„p, the
initial n-particle kinetic energy, and VII or D, or both
of the latter variables.

IV. THE KINETIC ENERGIES OF THE
O,-PARTICLE AND FISSION FRAG-

MENTS AT THE MOMENT
OF SCISSION

In the preceding section we discussed the dependence
of the final n-particle kinetic energy and angle on the
initial values for the kinematical variables of the system.
The set of initial values refers to a time t=0 which may
be chosen to coincide with any moment in the LRA-
fission process equal to or later than the moment of
scission. Conversely, if a set of initial values (such as
the "standard" set of Table I) gives good agreement
with experimental results, this only proves that at a
given moment the kinematical variables of the system
coincide with these initial conditions. However, it does
not give us in general any information about the values
of the kinematical variables at the moment of scission.
In order to obtain information on the moment of scis-
sion, we must find the "earliest" set of initial values
which gives agreement with the experimental results
for t= ~. It is a priori not obvious that an "earliest"
set of initial values can be found (except for the trivial
one corresponding to zero kinetic energy of the three
particles) from the examination of the experimental
distributions. Thus clearly no such set can be found for
binary fission. However, for LRA fission, information
on the moment of scission can be obtained from the
correlation between the n-particle energy and the fission
fragment kinetic energy and also from the angular
distribution of the 0. particles. This fact makes the
investigation of LRA fission of general interest for the
physics of fission.

The particular interest in the kinetic energies of the
two fragments at the moment of scission is partly due
to the fact that the statistical theory of fission4 assumes
this energy to be very small (less than 0.5 MeV), and
this theory is not valid if the kinetic energy of the
fragments at scission is considerably larger than 1
MeV. Because of the condition that any set of initial
values for the kinematical variables should result in
final kinetic energies of the fission fragments and the
0. particle which correspond to the mean experimental
values, it suKces to determine the size of one of the
variables E p, V~, or D at the moment of scission in
order to determine the size of the other variables. This
is seen in Table II, -where we show several sets of initial

4 P. Fong, Phys. Rev. 102, 434 (1956).

TABLE II. Six sets of starting conditions for E p=0.2—5.0
MeV. The values of the other initial parameters are X=1.4,
F0=0, op=90 . All sets satisfy the conditions Ez 166.8 MeV
and E 15.9 MeV at 8 ~85'.

&iso D Ve Bs'o osx

(Mev) (10» cm) (cm/nsec) (Mev) Xp (Mev) (deg) (MeV)

00.2 20.7 166.7
167.3
166.0
166.2
166.2
164.8
166.4
166.1
165.1
167.2
166.5
166.3
168.5
167.1
167.6
169.0
168.9
168.5

L 19 5 85
M 15.2 85
H 247 82
L 19 7 96
M 15 9 85
H 25.7 69
L 20.0 102
M 161 85
H 26 1 62
L 20,3 108
M 160 85
H 263 57
L 20 3 110
M 15 5 86
H 26.5 56
L 21.7 112
M 16.2 87
H 280 57

0.5 0.10 1.821.0

7.30,2021.71.0

2.0 23.5 0.33 19.8

0.4426.0 34.43.0

0.54 52.35.0 30.0

values which satisfy the above conditions at t= ~,
namely E =15.9 MeV and Ep ——166.8 MeV. It is seen
that the "standard values" of Table I do roughly
correspond to the row of E p=3 MeV.

We shall try to establish the size of the three kine-
matical variables E p, V~, and D at the moment of
scission from three independent arguments. One argu-
ment was first stated by Halpern, ' ' and we shall discuss
it here only brieRy: If we assume the n particIe to exist
as a, physical entity in the neck of the fissioning nucleus
before scission occurs, it must have a minimum kinetic
energy due to the uncertainty principle. If one further
assumes the neck to consist of approximately 20
nucleons, one arrives at a value of approximately 4
MeV for the minimum kinetic energy. Finally, if we
assume that scission process is so fast that the removal
of the nuclear potential does not change the momentum
of the n particle (the sudden approximation), we arrive
at 4 MeV as the initial kinetic energy of the n particle
at the moment of scission. Of the above assumptions
the sudden approximation is prpbably the one which is
most open to doubt.

The other two arguments regarding the initial n-
particle energy are not based on any assumptions about
the dynamics of the LRA-fission process, but try to
determine E p from the analysis of the experimental
results. We show in Table II the final O.-particle angle
t3 as a function of the initial u-particle energy E p for
positions I., M, and B.We see that for values of E p& 1
MeV the spread in angle between positions I. and II
is 40' or less, whereas the experimentally observed
angular distribution extends from less than 60 to
approximately 110' (see Fig. 2 of the preceding paper).
The points I. and H, whose distance to the center of
the near fragment is only 6X10 " cm, may well be
considered extremal points with respect to the emission
of n particIes, since the "neck" of the scissioning nucleus

I. Halpern, in Symposium on Physics hard, Chemistry of Fission
(International Atomic Energy Agency, Vienna, 1965), Vol, U, p.
369.
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can hardly extend nearer to the fragments. It follows
that in order to obtain the experimental angular dis-
tribution, the initial energy E p of the n particles must
be larger than 1 MeV. Since 0 does not change rapidly
above E p

——1 MeV, we are unable to give an upper
limit for E p from these considerations. The validity
of this argument is rather strongly dependent on the
extent to which our three-point-charge model can
explain the experimentally observed angular and energy
distributions.

Our third argument is based on the correlation
between E and Ep. This subject is discussed in the
previous paper and we shall only summarize it briefly:
If the initial energies of the three fragments are very
small at the moment of scission, the final energies Ep
and E must be highly (negatively) correlated. The
larger the initial energies, the smaller the amount of
correlation between E and Ep. We de6ne Ep as the
average kinetic energy of the fragments for a given
value of E . In Fig. 11 we show two calculated corre-
lation curves between E and Ep. Curve A was calcu-
lated assuming D= 21 )& 10 "cm, Epp ——1.9 MeV. Curve
8 shows this correlation for the initial conditions
D= 26)& 10 " cm, Epp ——35.0 MeV. The curves were
obtained by keeping aB initial variables except E p

fixed and varying E p between 0.1 and 0.8 MeV for
curve A and between 1.0 and 5.0 MeV for curve H. AB
initial variables except E p Dp, and V~ were those of
Table I. For curve A, the value of E p corresponding
to the average experimental value of E = 15 MeV is
E p =0.3 MeV, whereas this value is E p

=3.0 MeV
for curve B.We also show in Fig. 11 the experimentally
measured correlation (see Fig. 15 of the preceding
paper). It is seen that curve A has the wrong slope,
whereas the agreement between curve 3 and the
experimental curve is very good. It may thus be con-

l72

l7l -'g&

I70

I 69

ILLI

l68
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I65
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FIG. 11.The calculated correlation between the 6nal u-particle
energy 8 and the 6nal fragment energy Ez. Curve A corresponds
to D 21&10 " cm, Eg0 = 1.9 MeV. Curve 3 corresponds to
D~26X 10 "cm, Eg0= 35 MeV. Curve A is obtained by varying
E 0 between 0.1 and 0.8 MeV. Curve 8 is obtained by varying
E 0 between 1.0 and 5,0 MeV. All other initial variables are those
of Table I.

eluded, on the basis of Fig. 11, that the average initial
energies of the a particle and 6ssion fragments at the
moment of scission are approximately 3 and 40 MeV,
respectively. It should, however, be remembered that
we assumed 6xed values for all initial variables except
E p. Actually, aB the initial variables have a 6nite
distribution, and if these initial distributions cause an
appreciable correlation between E and Ep, our con-
clusions would be aGected. In particular, a strong
positive correlation between E and Ep could result
in the experimental curve, even if E p is of the order of
0.1 MeV rather than 1 MeV. Such a positive correlation
could be caused by the distributions of the parameters
Xo and D (see Figs. 3 and 9, respectively). However,
since the experimental curve was measured at a 6xed
angle (e =90 ), the distribution of Xo associated with
it is presumably very narrow. The positive correlation
between E and Eg due to the initial distribution in D
will be at least partially compensated by the negative
correlation due to the initial distribution in v~1.

In summary, we may say that by three independent,

methods, we arrive at the conclusion that when scission

occurs, the two fragments are already in motion and
already have approximately one-half their final velocity
(i~ of their final kinetic energy), and the nucleus is

highly elongated (D~26X 10 "cm). The initial values

of Table I are based on this conclusion. Yet the validity
of each of the three arguments is open to some doubt.

V. C0MPARI SON WITH EXPERIMENTAL
DISTRIBUTIONS

In this section we shall try to obtain the distributions
of the initial parameters (e.g., E(E 0)] which result
in 6nal parameter distributions I e.g. , $(E )] in good
agreement with the experimental results shown in the
preceding paper. ' However, with a three-point-charge
model, we cannot hope to reproduce those variations
in the 6nal parameters which are the result of changes
in the deformation of the fragments. Experimental
evidence for such changes in the deformation as a
function of the excitation energy E* is seen in Figs.
12—14 of the preceding paper. Hence we shaB not try
to reproduce these results. We shall be mainly interested
in reproducing the variation of the average e-particle
energy with angle 8 (8 ), the energy spectrum of the
a-particles X(E ), and the dependence of the angular
distribution on the n-particle energy cV(0,E ).

We have seen in Fig. 5 that the calculated value of

E is a much steeper function of the angle 0 than the
experimental average energy is. In order to obtain
agreement between the experimental and calculated
curves, we assume that the &ziti' ki rleHc erIergy E p is
a flection of the initial distance Xo. We assume the

initial kinetic-energy distribution at a given point Xo
and a given mass ratio E to be Maxwellian:

&(E„)~,,a= (const)E 0 expL —E p/T(Xo)], (10)
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and E=2.0 together with the experimental curve for all
R. It is seen that although the agreement with the
experimental curve is improved as compared to Fig. 5,
t e calculated curves are still a steeper function of the
angle 8 than the experimental curve. A stronger Xp
dependence of E p than that given by Eq. (11) would
further improve the agreement.

If we wish to integrate over all R, we must use the
four-dimensional distribution iV(Xp, R,L' p, Fpp). This
was done in order to obtain the n-part. icle angular
distribution as a function of P. :
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i
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the initial position (i.e., scission point) distribution
from the experimental angular distribution. This fact
was used in the determination of the initial distribution
in Sec. V. In the same fashion, we obtained the average
emission point Xo as a function of E. from the experi-
mental angular distributions for various values of R
which were shown in Fig. 10 of the preceding paper.
For the three-point-charge model Xo varies from
10&10 " cm from the center of the heavy fragment
(for R= 1) to 11)&10"cm from the center of the light
fragment (for R=2). While these values of Xs may be
substantially difI'erenow for the physical scissioning
nucleus, our calculation nevertheless supports the view
expressed in the above-mentioned paper that the
scission point moves closer to the light fragment as R
increases, and that the variation in Xo as a function
of R amounts to a substantial part of the distance
between the centers of the fragment at the moment of
scission.

%e have presented additional support for the argu-
ment 6rst given by Halpern' ' that, at the moment of
scission, the fragments have already acquired a sub-
stantial part of their kinetic energy. Our calculation
shows that good agreement with the experimental

results is obtained if we assume that the average energy
of the n particle at the moment of scission is E p~3
MeV, the average total kinetic energy of the two frag-
ments is E~~~40 MeV, and the average distance
between the centers of the two fragments is D 26
X10 " cm. These conclusions contradict the assump-
tion of the statistical theory of 6ssion4 that at the mo-
ment of scission the kinetic energy of the two fragments
is negligible (less than 1.0 MeV). It may of course be
argued that our conclusions pertain only to LRA 6ssion
and that in binary 6ssion the scission moment occurs
much earlier, when the kinetic energy of the 6ssion
fragments is indeed still negligible. Such a situation is

unlikely in view of the great similarity of the two

processes, as seen in the preceding paper. It would

leave unexplained the fact that LRA fission is also

asymmetric.
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(d,p) and (d, f) Reactions on the isotopes of Tin*
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Energy levels up to ~4-MeV excitation energy are studied using the (d,p) and (d, t) reactions. Spectro-
scopic factors for most of the levels are obtained with the aid of distorted-wave Born-approximation
(DWBAl calculations. The rs+ state is not identified in Sn's' and Sn"'. Several new /=2 states are identified
as well as several l=1 and l=3 states belonging to the 82—126-neutron shell. A renormalization of the
DWBA absolute cross sections is performed to eliminate systematic inconsistencies in the sum of UP+ VP.
The factors of renormalization are found to be within the well-known uncertainties of the DWBA calcula-
tions. The values of relative single-particle energies (ej Ef;/2) are calculated both from the occupation
numbers (UP or V, ) and from the single-quasiparticle energies (E;) using pairing theory. The results are
in disagreement by as much as 1 MeV or more. From the reactions on the odd isotopes, spin and parity
information is obtained for many states in Sn'", Sn"' Sn"' and Sn'~.

I. INTRODUCTION

HE (d,p) and (d, t) "stripping" reactions have
been found to be very useful for shell-model

studies of nuclear structure. The excitation energies and
transition strengths of the nuclear levels excited in
these reactions yield direct information about the ex-
citation energies and the occupation numbers of the
single-particle shell-model states.
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The tin isotopes are particularly well suited to provide
information about the 50—82-neutron shell. In tin, the
protons form a closed shell (Z= 50), making the neutron
spectrum relatively simple. The large number of stable
isotopes also provide many targets, so trends can be
observed as the neutron shell is 6lling.

In a previous work, ' the nuclear structure of the tin
isotopes was investigated. The work reported here
represents an improvement over that study in that: (1)
thinner targets have been obtained' which allows a

' B.L. Cohen and R. E. Price, Phys. Rev. 121, 1441 (1961).' The tin isotopes as self-supporting foils were obtained from
the stable Isotopes Division, Oak Ridge National Laboratory, Oak
Ridge, Tennessee.


