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Fermi Surface in Gallium Determined from the
Radio-Frequency Size Effect*
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The extremal cross sections of the Fermi surface (FS) in a gallium single crystal were measured by using
the radio-frequency size eRect (RFSE},with rf frequencies of 2—8 MHz. The single crystal was grown in a
shape of a plate with thickness =0.2 mm, and its crystal axis was verified within one degree of arc. The
derivative of the real part of the surface impedance of the plate with respect to the magnetic 6eld was meas-
ured, and the RFSE signals of various line shapes were observed for magnetic fields below 500 G. An inter-
pretation of these line shapes is given. The results of the experiment are compared with the FS predicted
from calculations using an augmented-plane-wave (APW) expansion for the wave functions carried out
by Wood and with the results of several other experimental methods. The comparisons show that the APW
predictions for Ez=0,400 Ry are quite accurate for some bands. The APW band 7 is verified in three orthog-
onal planes with an accuracy better than 30/o. The APW band 5 is verified in two orthogonal planes, and
the deviation is less than 25'Pq. The AP W band 8 is verified in a plane with an accuracy of better than 10%%uz.

The existence of the APW band 6 is strongly indicated in two orthogonal planes, and its topology is sug-
gested by the experiment.

L INTRODUCTION

'HE Fermi surface (FS) in gallium has been cal-
culated by Reed and Marcus' and also by Slater,

Koster, and Wood', from band energies calculated by
using orthogonalized plane waves (OPW) as wave
functions, and the complex topology of the FS has
been shown. The experimental information then avail-
able, '' ' showed that the calculations using an OPW
expansion were a crude approximation and did not
generally explain the experimental results adequately.
Wood' has calculated the FS, using the augmented-
plane-wave method (APW), and several early reports' s

have indicated better agreement with experimental
data. Results have been reported for experiments on
gallium magnetoresistance, "" ultrasonic attenuation
(UA), ' ' ' " the de Haas —van Alphen effect (dHuA), "
and, most recently, on the size eBect. The radio-fre-

quency size effect (RFSE) was first reported by J. F.
Gantmakher" in his study of FS of tin. His succeeding
paper showed the very good agreement between the
experimental data obtained with this method and theo-
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retical predictions. "The RFSE was 6rst applied to the
study of FS in gallium by Sparlin and Schreiber, ' and
later by Cochran and Shipman "and P.H. Haberland. "
The results of the first study, as Wood pointed out,
are much too complicated for simple interpretation and
the data do not have the symmetry required by theory;
therefore, comparison with theory cannot be readily
made. More detailed experiments were necessary for a
valid appraisal of the APW calculation. Early in the
research work reported here, the FS of gallium was
studied by using UA at microwave frequencies, ' and
some of the results showed good agreement with the
APW predictions. Later, experiments were carried out
to compare the results of RFSE"" and UA experi-
ments, to obtain a more precise description of the actual
FS. We note that UA and RFSE are similar in their
experimental techniques in that they both use a form
of geometric resonance in the metals. The results of
these two experiments, therefore, should be very similar.
As we shall show, this turned out to be true in our
experiments.

In Sec. II, we shall discuss the theoretical basis for
understanding the RFSE experimental results. The ex-

perimental apparatus will be described in Sec. III.
Sample preparation will be discussed in Sec. IU. The
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experimental results will be presented and discussed in
Sec. V.

II. THEORY

When a metal plate is placed in a magnetic field. whose
direction is parallel to the surface of the plate, the elec-
trons in the metal rotate in a plane perpendicular to
the 6eld direction. If the 6eld is so chosen that the
orbit radii of the electrons exactly 6t between the sample
faces, the surface impedance of the metal Z shows a
singularity at this value of magnetic Geld Ho as the
6eld is varied in magnitude. This behavior of Z may
be understood heuristically by noting that when the
6eld is smaller than Ho, all of the electrons are scattered
at the crystal surfaces and hence their contribution to
the metal conductivity is reduced. On the other hand,
when the 6eld is larger than Ho, part of the electrons
complete the full rotation and contribute more strongly
to the conductivity at the surface of the crystal. The
critical value of the magnetic 6eld Ho is determined
from the integration of the equation of motion of the
electron for one-half the period of rotation of the elec-
tron in magnetic field H.

d
h'h Ch= -(vXH—)Ch,

C

Ak= (e/ch)hr&H,

~here k is the wave vector of the electron, e is the
electronic charge, v is the velocity of the electron, r is
the position vector of the electron, and 6 indicates the
variation of the parameter in one-half of a period of
rotation. With the magnetic 6eld direction parallel to
the surface of the sample, RFSE resonance occurs when

I
ArI =d, where d is the thickness of the sample.

The FS has a center of inversion symmetry at the
center of the Brillouin zone, and since I&kI =2Ikr I,
Eq. (2) may be written

Iks I

= ',Hoed/cIh- (3)

The electron wave vector has been restricted to a
wave vector at the Fermi surface of the metal, kp, since
only those at, or near, the Fermi surface can absorb
energy from the electric field imposed on the surface.
In general, the number of electrons satisfying the res-
onance condition, I&rI =d, for a given value of the
magnetic 6eld Ho will be vanishingly small, and only
at or near extremal orbits on the Fermi surface will

the number of electrons that approximately satisfy
this condition for a small variation of kp be suAiciently

great to have a measurable effect on the surface
conductivity.

The surface impedance of the sample can be found
from Maxwell's equation as follows'9: Choose a co-

» F. A. Kaner, Zh. Eksperim. i Teor. Fiz. 44, 1036 (1963)
LEnglish transl. : Soviet Phys.—JETP 17, 700 (1963)g.

FIG. i. Coordinate system for the metal plate.
Electric Geld applied at &=0.

ordinate system (Fig. 1) whose oy axis is parallel to
the surface of the sample, whose os axis is parallel to
the magnetic field direction, and whose Ox axis lies in a
plane through H and the internal normal to the metal
surface o$.

The high-frequency electric 6eld E in the y direction
satis6es Maxwell's equation:

d'E($} 4s ko
~(~), (4)

d]2 cs

where J(t) is the current density along the y direction
and is related to the distribution function of the
electrons.

If J($) and E($) are continued with even symmetry
into the region $(0, that is, if it is assumed that
E( $)=E($) and —also that E($)=0 for

I/I�

)d, the
Fourier components of the Geld 8(x) obey the equation

—
I
~ I'b(~) —2E'(o)+2E(d)

I
~ l»nI ~

I
d+2E'(d) cos I~ I

d

=4si(uo(x)/c'8(x), (5)

where o(x) is a component of the conductivity tensor
for the electric 6eld component having a wave vector
x. The continuity of the electric fieM strength and its
derivative at the boundary require that the fourth term
in Eq. (5} be much smaller than the third term. If
the metal is placed in a high-frequency electric 6eld
that is impressed antisymmetrically on both surfaces
of the sample (the usual experimental condition), the
following relationships hold:

E(0}=-E(d}, E (0}=-E(d)

In this case, Eq. (5) becomes

8(x) = — LE'(0)+E(0) IscIsinIr. Id). (7)
x'+4vrio)o (x)/c'

If the thickness of the sample is in6nitely large, then
the third and fourth terms on the left-hand side of
(5) vanish, and we obtain

2 " E'(0)
E(0)=-—

s. s rs+4smo(x)/cs

As an approximation, (8) may be used in (7) to obtain
the surface impedance Z de6ned by

Z= —(4 / ')E(0)/E (0) (9)
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as follows:

where

SicoD 2 gI (p)
Z(P) = I (0)[1+—

C2 dp

cosfxfd00

I(p)= — disci,
D o xs+4nicoo (v)/c'

D=2&jk~c/eII (diameter of the electronic orbit), (11)

P =d/D.

Equation (10) can be rewritten

Z—Z„2dI(P)

Z„n. dp
(12)

x(P)
x(o) o

' l' ~'
&

(a)

where Z„ is the surface impedance of a semi-infinite
metal slab. Generally speaking, Z„ is a slowly varying
function of the magnetic field, " and the contribution
to the singularity of Z comes from dI(P)/dP. Since the
function I(P)/I(0), which is proportional to E„(d)/
E„(0),describes the electric field distribution at a distance
d from the surface of the sample when it is semi-
infinitely large, if E„(d)/E„(0) is known, the function

(Z —Z„)/Z„may be determined. Hence the line shape
of the signal obtained from the RFSE resonance may be
determined. The function I(P)/I(0) has been studied

by Kaner" for particular orientations of the magnetic
Geld and for particular values of the mean-free path
of the electrons. For example, the Geld distribution
schematically represented by Fig. 2 (a) produces
(Z—Z„)/Z„, as shown in Fig. 2(b).

The linewidth of the surface impedance signal is
determined by the width of the spikes of I(P), and the
width of these spikes is determined by the electromag-
netic penetration into the sample (i.e., the skin depth)
and the spread in the wave vectors of the electrons
that contribute appreciably to the surface conductivity.
When the mean free path of the electrons is large com-
pared with the skin depth 8, the skin depth has anom-

alous properties. As the frequency of the rf current is
varied, however, a qualitative change in the width of

I(p) occurs and, as a consequence, the various identifi-
able portions of the signal line occur at varying mag-

FIG. 3.Equivalent circuit
for gallium and coil in
vacuum-tube oscillator
(L=Lp+LG, R=Rp+RG). GA LLlUM A NO C OIL

L= Lo+ LG

R= Rp+ RG

VACUUM
TUBE

OSC I LL ATOR

netic Geld values as this frequency is changed. "This

narrowing of the signal wave form as the rf frequency
is increased is a result of a decrease in penetration of

the rf electric field; hence, there is a decrease in the

indeterminancy of the diameter of the electron orbit

required for RFSE resonance. The portion of the signal

line shape which shifts most slowly with respect to mag-

netic field when the rf frequency is varied may thus be
identified as arising from electrons with orbit diameters

equal to that of the sample thickness. This means that,
for a single line, the inflection point of the signal that
occurs at the lowest field should be used to determine

the critical magnetic field, or P. For overlapping lines

the inflection points will be obscured, but the points

on the curve which move most slowly with frequency

may be used to determine the critical magnetic fields."
III. APPARATUS

In the experiments reported here, the real part of the

surface impedance was measured. The measurements

were made by detecting the change of the high-fre-

quency voltage of a coil that was wound around the

gallium plate. The equivalent circuit of the coil with

the gallium sample may be drawn as shown in Fig. 3.
The values of Lg and Eg correspond to the inductance
and resistance of the coil caused by the electrons in

gallium, that is, the reaction to, and the absorption of,
the rf field. Lo and Ep represent the residual inductance

and dc resistance of the coil. The values Rg and Lg
are related to the surface impedance of the plate by
the following relations:

Rg=n'S Re(Z), Ig= (2cs/co)im(Z), (13)

where e is the number of turns per unit length, s is

the length, and 5 is the total area of the coil. The
change of the output voltage ~V of the oscillator is

given approximately by

1(A i+G~-'~'C
aV= -/

/

—aRg, (14)
2k —As) I

where A~ and A3 are real constants that depend on

the characteristic curve of the vacuum tube, and 6 is

the steady-state conductance in the resonant circuit
(b) G=CR/I. . (15)

FIG. 2. Example of the field distribution function I(p)/I(0).
The normalized magnetic field is p, Z is the surface impedance of
a finite sample when it is excited antisymmetrically, and Z is the
surface impedance of a semi-infinite sample.

' A. Fukumoto and M. W. P. Strandberg, Phys. Letters 23, 200
(&v66).

"A. Fukumoto, Ph.D. thesis, Department of Physics, MIT,
1966 (unpublishedl.



LIQUID H,

I

LC TANK:
I

HF

I
osc ILLAToR

!
I„

DETECTOR
AMPLIFIER LF AMPLIFIER

42 cpsI

I

PHASE

I

DETECTOR

MAGNET

I/
1 )if

AMP

MAGNET

H = 0 20QQG

AH= IG
42 cps

AMP L IF I ER
RECORDER

DC
AMPL IF IER

MODULATION COIL

OSCILLOSCOPE

FIG. 4. Experimental arrangement for RFSE.

The change in the oscillator voltage is proportional to
the change in the real part of the surface impedance as
given by Eqs. (13) and (14).

The output voltage of the oscillator was amplified
and detected by a crystal diode, and the low-frequency
component was amplified and demodulated in a phase
detector. The block diagram of the system is given in
I'ig. 4. This system is essentially identical to the usual
NMR marginal oscillator detector. As usual, the static
magnetic field was modulated at a low frequency and
the derivative of the real part of the surface impedance,
d Re(Z)/dH, was measured. The modulation frequency
was chosen as 42 Hz, for which frequency the skin
depth in gallium is large enough to allow penetration
of the Inodulation field into the gallium sample. The
sample was fixed on a nylon disk that could rotate
through 360' of arc in two orthogonal planes; the angles
could be measured to 0.2'. The direction of the static
magnetic Geld was chosen to be parallel to the surface
of the sample. The parallelism of the field with the
sample face was determined by observing the signal
line shapes as the sample face was rotated with respect
to the magnetic field. Similar signals occur in this se-
quence of rotation in pairs, and these pairs are used to
determine the angle for which the sample face is parallel
to the static magnetic field. The sample and the nylon
disk were fixed on a stainless-steel holder and placed
directly in the liquid-helium bath which was held in a
conventional double Dewar system. The magnetic field
was applied from outside the Dewar. The separation of
the poles of the magnet was 3 in. and the pole diameter
was 11 in.

The frequency of the marginal rf oscillator was varied
between 2 and 8 MHz because, for this range of fre-
quencies, the skin depth 8 of gallium satisfies the con-
ditions for RI'SK resonance:

where co is the radian frequency of the oscillator, and
co, is the radian cyclotron frequency of the electron.

IV. FABRICATION OF SAMPLES

Gallium has a melting point at 29.78'C. When it
solidifies, its volume increases approximately 0.3%.
When it is pure, it supercools very easily. These char-
acteristics were used to fabricate the samples. The
sample's thickness in most cases was chosen to be ap-
proximately 0.2 mm which distance corresponds to an
RFSE resonant magnetic field for gallium of less than
500 G. A gallium single crystal of such thickness and
an area of 1.3 cm)&1.3 cm was grown between two
Lucite molds. The gallium ingot had a purity of
99.9999% as purchased from the United Mineral and
Chemical Corporation in New York City. The ingot
was heated in a very clean beaker with a hot-water bath.
The melted gallium was drawn into a syringe and very
carefully injected into the Lucite molds. The molds
were placed on a crystal-growing apparatus that was
composed of a base, a support, and a goniometer holding

200 I/0 l00 50
t I. & I i t l ! 1. t t r t j. .P f

1 e 1

and

co«co„

(16)
FIG. 5. Recording of the derivative of the absorbed power with

respect to the magnetic field dA/dH versus magnetic Geld H for
RFSE (c crystal, 8= —40', T=4.2'K). The arrows indicate the
appropriate values of 80.
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a seed crystal that could be aligned with respect to the
axes of the mold. The melted gallium in the mold was
kept supercooled at a temperature of approximately
20'C. The seed crystal of known orientation was then
carefully lowered into contact with the bead protruding
from the mold of the supercooled gallium. The crystal-
ization began immediately after contact. The system
was left undisturbed for 20 min, at which time the
crystallization was complete. A sample made in this
way has mirror surfaces, and the deviation of its thick-
ness from the mean is usually less than 1%.With seed
crystals of three orthogonal orientations properly posi-
tioned by rotation of the goniometer axes, crystals of
any orientation can be grown. The orientation of the
crystal axes was checked by a back-reflection Laue
picture, and only those samples whose orientations
were defined by the flat surface within 1' were used for
our experimeIlts. '

kz

k„
g x)0 CIN

e=o

kx

-50

4 x IO CM

0-90 -60

FIG. 6. Extremal wave vectors in k,-k„plane obtained from
RFSE experiments and APW predictions for bands 7 and 8.
Numbers of curves correspond to those in Fig. 5. Long broken
lines are predictions from APW calculations.

"We are indebted to W. D. Gregory and P. H. Haberland
for help in setting up the crystal-growing apparatus.

V. RESULTS AND DISCUSSION

A recording of the derivative with respect to magnetic
field of the absorbed power versus the magnetic field
(dA/dH versus H) of the RFSE is given in Fig. 5. This
is a recording for a crystal whose normal to the broad-
face is parallel to the c axis of the crystal. We shall
call this a c crystal with similar meaning to the terms
u crystal and b crystal. In the recording shown in Fig.
5, the angle 8 between the magnetic field and the u
axis of the crystal was 8= —40', and the temperature
of the bath T was 4.2'K. The magnetic field modulation
amplitude was ALII=1 G peak-to-peak. Four signals
appear in this 6gure. The numbers below the signals
correspond to the numbers of the Fermi-surface curves
given in Fig. 6. The line 12' is the second harmonic of

FIG. 7. Kxtremal wave vectors in k -k, plane obtained from
RFSE and APW predictions for band 7.

line 12, and occurs when the electron orbit diameter
is half the thickness of the crystal. There is something
to be learned about the properties of electrons in gallium
such as the wave-vector dependence of the mean free
paths from a study of these second-harmonic signals,
but this study is not the subject of the present paper
and so these signals will not be discussed at length.

The magnitude of the wave vector corresponding to
the extremal portion of the Fermi surface of gallium
is found from Eq. (3), for a single line, using the in-
flection point occurring at the lowest magnetic 6eld to
determine Ho, since d is known. Since the direction of
this vector is perpendicular both to the direction of the
magnetic field and the normal to the sample plate, a
cross section of the Fermi surface may be obtained by
rotating the direction of the magnetic 6eld in the
broadface of the crystal. Figure 6 shows a cross section
of the Fermi surface so obtained with the same crystal
that was used for Fig. 5 (c crystal).

The solid line and the short broken line in Fig. 6
indicate the experimental curve as determined by the
small circles corresponding to experimental points. The
signals were as strong as that shown in Fig. 5. except
at the portion indicated by the short broken lines in
Fig. 6, where the signal became weak. The long broken
lines are the APW predictions as calculated by Wood'
for Ep ——0.400 Ry. The experimental data agree very
well with the data obtained from the ultrasonic attenu-
ation geometric resonance measurements of Bezuglyi,
Galkin, and Zhivago (BGZ)' at 200 MHz, and by the
present authors' at 900 MHz. The comparison with the
APW prediction, as pointed out by Wood in discussing
the data of BGZ, shows that band 8 (curve 13 in Fig. 6)
which is the so-called "cigar" band, agrees almost per-
fectly with the experimental result. The wing-shaped
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curve 12 also agrees very well with the APW prediction
for band 7. This part of the band 7 is the so-called
"butterAy. "The agreement at the wings of the butte y
is almost perfect, and only at the head is there a di6er-
ence oi approximately 30%. In this case, the APW pre-
diction for Ep ——0.410 Ry gives much too large a surface,
and the Gt becomes even poorer.

Curve 11 appears for extremal mave vectors 60'
from the k„axis, and we tend to interpret this as APW
band 5; the deviation from prediction in this case is

25%. The curve disappears at 8= —60' bees, use the
small opening of this band at k =x./a on this surface
makes a smooth continuation of the extremal orbit
impossible.

In Figs. 7 and g, the wave vectors in the (k,—k,)
plane are shown. The crystal in this case has the normal
to the plate parallel to the b axis. There are six di erent
curves. They are numbered 5—10. The signals corre-
sponding to these curves are very strong, except at the

curves 6, 7, and 8 are compared with APW predictions
for band 7. The Gt is very good, except at a small
angular range near the k, axis where the line disappears.
The disappearance may be understood as fol ow .
electrons that give rise to signals that wouM continue
curve 8 to the k axis have their orbits through the

butterfly ming. This means that the radii of curvatures
of this surface are small and only a few electrons contri-
bute to the signal. Apparently, the number is too small
to be detectable with our apparatus. If the extension o
curve 8 were measurable, the curve would cross t e

FIG. 8. Extremal wave vectors in k,-k, planl ne obtained from
RFSE and AP% predictions for bands 5 and

0
0

ky

p g lo cM
' e=o

kz = (&/4) ~«c

pxio c&

-30

k "-(l/2) 2m /c

-90

FIG. 9. Extremal wave vectors in k„-k, plane obtained from
RFSE and AP% predictions for band '?.

0

k, axis at 2+10~ cm—' We know this from the c-axis
data (Fig. 6).

Curve 7 appears only 1I1 a narrow angular range
where curve 6 joins curve 8. The high degree of curva-
ture at 8=48' would allow one surface to produce two

magnetic Geld direction and the c axis of the crysta.
Thclc ls R ossiblllty that curve 7 ls R pRrt of some ot cl
band, but me are unable to identify it. In these cases,
once again, the APW predictions with Ef=0.410 Ry
give surfaces that are too large and the fit is poorer.

Curve 9 appears for an angular range of 8=55'—9
This signal is very strong at angles 1s 10'—30 from the
k, axis. From Fig. 8 we can easily identify this as the

range is perfect. The signal, however, disappears at

Curve 10 appears for 8=+15', and it shows t e
strongest signa al t the axis. Two explanations are avail-
R c oI' curvebl f 10.Neither is as good as the Gt for curve

of band 5.9. One may consider that curve 10 is part o an
The sha e, however, is not the same as a oat of the
APW prediction shown in Fig. 8. If curve

4 ~

e 10 is indeed
the extremal intersection of band 5, then it must con-
nect to curve 9. This connection was not observed.
The second explanation for curve 10 is that the signa

f b d 6; however, we need some alteration
to the APW prediction for this explanation to
satisfactorily. Band 6 is called by Goldstein and Foner'
(GF) the "two-headed camel. "The legs of a camel are
connected to those of the other camel located at a
symmetric position with respect to the center of the
Brillouin zone. These connected legs and the bodies
of the camels produce an open orbit along t e
direction, which, at the present stage, is contradictory

th erimental observations. Disconnecte egs
e 10would give a closed orbit that may match curve

of the data (see Fig. 8).
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Fzo. 10 Extremal wave vectors in k„-k, plane obtained from
geometric resonance in ultrasonic attenuation at 883 MHz.

Curve 5 extends almost circularly from 0= 90' to 30'.
The immediate identification of this curve with APW
predicted bands is not possible. We can suggest from
the dimension of the curve that this surface is associated
with the band-6 camel and connected to curve 10 near
the k axis. For this to be so, however, there must be
a large alteration in the band. This point will be dis-
cussed below. Figure 9 shows the wave vectors in a
polar graph as determined from the RFSE data with an
a axis crystal. Two curves are shown, numbered 1 and 3.
These curves agree very closely with the data obtained
from UA by the authors at 900 MHz and by BGZ at
200 MHz. Our UA data are given in Fig. 10. Curve 1
is derived from very strong signals for all angles, except
in a very narrow angular range (+5') near the k, axis
where the signal disappears. When the ultrasonic data
were first obtained by the authors, s curves 1 and 3
were not recognized as being separate surfaces. Our
subsequent data showed them to be. A recording of a
RFSE signal at 8= —55 is given in Fig. 11, where

0 is the angle between the magnetic field direction and
the c axis of the crystal. The line corresponding to curve
3 appears at 8= —50' and becomes a fairly large signal
at 8= —55' and disappears at 0= —61'. Subsequent
analysis of the RFSE line shape as a function of rf
frequency also established the separation of these two
surfaces.

The shape of curve 1 immediately suggested to BGZ
that it be identified with the OPW band 8. The APW
band 8 ("cigar") has a shape similar to the OPW band,
only it is slightly shorter in the k, direction. The identi-
fication with the APW band 8 is probably not correct.
While the large axis of the cigar agrees very well with

0 |50
t l l l

l00
, I

~ ~~ ~ h~

/ / /. .::
V

j i . /

FIG. 11. Recording of the derivative of the absorbed power
with respect to the magnetic field dA/dH versus magnetic field
H obtained with RFSK (a crystal, 8= —55', T=4.2'K).

predictions, the short axis is too small in the APW pre-
diction by a factor of 2. As we have shown, the fit of
the predicted surface for bands 7 and 8 with the experi-
mental data in the k -k„and k -k, planes is almost
perfect. If there is some error in APW calculations, it is
small and does not effect the general shape of the Fermi
surface, as far as these bands are concerned. Since these
bands fit so well in the other orientations that have been
measured, it is not easy to understand why the pre-
dicted surface for band 8 should fit the data taken
with the a crystal so poorly. From Fig. 6, we can
determine the maximal orbit wave vector in the k„
direction at k, 3.5X10 cm '. lt is 1.78X10' cm—'.
This value coincides with the short radius of curve 1
which we call "the boat" hereafter. This is not acci-
dental. The electrons that contribute to RFSE move
in orbits perpendicular to the plane of the boat. That
is, the electrons' orbits are in the k -k„plane. When
one looks at the electrons that produce the RFSE re-
sonance with a maximum k„, one is looking at the elec-
trons that are moving around the butterfly's wing
shown in Fig. 12. This butterfly is 1.78&(10~ cm—'
wide at its longest dimension in the k„direction (see
Fig. 12). This is the value of the maximum k„ in the
boat. In measuring the boat wave vectors, one starts
with orbits going around the butterfly, which pass
through point A in Fig. 12. As 8 is increased, orbits
similar to those going through point 8 in Fig. 12 begin
to contribute to the surface impedance signal. Finally,
when 0=90', orbits that go through C and the butter-
Qy's body become the most important in giving the
RFSE signal. Those orbits that pass through point C
give the maximum k, dimension of the boat. In the
published APW calculation only three cross sections in
the k„-k, plane of band 7 are shown (k,=2'n/u, 4~/a,
vr/a). One can use the APW calculation for the k,-k„
plane however, to pick the maxima of k„ for the ex-
tremal orbits at k,=—',2n./c, 42vr/c, 2n/c. These points
are plotted in Fig. 9, together with the experimental
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O' Y. Shapira and B. Lax, Phys. Rev. 138, 1191 (1965).
24 J. Condon, Bull. Am. Phys. Soc. 9, 239 (1964).

data. It may be seen that these points are in fairly
good agreement with our RFSE data. Note that the
points of the boat need not be coplanar. Each point
has its own k, coordinate. The boat is actually the
projection on the k„-k, plane of the line indicated by
arrows in Fig. 12.

Curve 3, which is almost identical with BGZ's data,
was suggested by Wood to represent holes in band 6.
It is very likely that curve 3 is the shoulder of the camel
in the APW calculation (see APW surface at k,= ass-/a).
There are large diGerences, however, between the pre-
dicted shape of this band and the experimental data
in the other two directions, and so one probably should
not expect good agreement between the APW prediction
and the result of RFSE measurements.

Curve 5 of Fig. 8 was identified with band 6, and it
has been connected to curve 10. Although the dimen-
sion of the cross section of these curves is very close
to the value suggested by the APW calculations for
band 6, the shape of these curves differs from that cor-
responding to the largest cross section of the APW pre-
diction for band 6, that is, in the k„=0 plane.

Goldstein and Foner's data obtained by using dHvA
eBect gave areas of the cross section of the extremal
orbits on FS. They obtained a value for the area of
band 6 of 0.60 A ' (sheet XII in GF). The closed
orbit corresponding to curves 5 and 10 gives the value
0.57 A ' which agrees within experimental error with
the value obtained by GF. We therefore consider that
curves 5 and 10 correspond to the largest cross section
of band 6 as obtained with a b-orientation crystal. Also,
GF give 0.56 A ' as the cross-section area for band 6 as
obtained with an a-orientation crystal; however, this
value is a factor of 2 too large compared with the
largest cross section obtained in the APW calculation.
If curve 3 is extrapolated smoothly, a cross section for
band 6 with a cross-section area of approximately 0.25
A ' is obtained, which is in reasonable agreement with
the APW surface. The various data'"" taken with
the magnetic field lying in the bc plane suggest the
existence of open orbits when the magnetic 6eld direc-
tion is more than 13.5' away from the k„axis. The

combination of this information and that of curve 3
suggests that this band is multiply connected at angles
more than 13.5' and less than 30' away from the k
axis.

VI. CONCLUSION

Cross sections of the Fermi surface of gallium single
crystal corresponding to extremal orbits of the electrons
obtained with RFSE, together with data obtained with
geometric resonance in ultrasonic attenuation, have
been compared with APW predictions. The comparison
of the present RFSE data with APW predictions shows
that the APW predictions for Ep ——0.400 Ry are quite
accurate for some bands.

Band 7, butterRy and boat, is found to be extremely
accurately predicted for crystals in u-, b-, and c-axis
orientations. The deviation of the data from the APW
predictions is, for the most part, less than 10%, and
only at the butterfly's head is it as great as 30%. The
signal to which the electrons in band 8 ("cigar") give
rise was obtained with crystals having a c orientation,
and the deviation of these data from APW predictions
is less than 10%.The APW prediction for bands 5 and
6 was veri6ed with RFSE measurements on crystals
with a b-orientation, and here the deviation is less than
5%. Band-5 holes were also measured by using c-
orientation crystals, and it was found that the APW
prediction is narrower in the k„direction than the experi-
mentally determined surface by 25%.

The surface predicted for band 6 ("camel" ) holes in
the APW calculation is quite complicated. We are sure
both from the data obtained with a crystals with the
RFSE experiments and from the data obtained with
geometric resonance in ultrasonic attenuation experi-
ments that there are protuberances (camel's shoulder)
in the k„-k, plane 35' o6 the k, axis, as the APW pre-
diction postulates. The b-axis data suggest that the
general shape of this band determined from RFSE
experiments on b crystals is different from the APW
predictions, although the area of the cross section is
very close to the APW value. The data of the present
experiment suggest that the shape of the band 6 surface
intersection in the k -k, plane is almost circular in the
sector from 0'—60' away from the k, axis, and that it
has a radius=4. 5)&10 cm ' which rapidly decreases
near the k, axis. In all cases, the APW prediction with
E& =0.410 Ry showed poorer agreement with the experi-
mentally determined surfaces than those with Ep =0.400
Ry.

Since both RFSE and UA techniques were used in
the course of this work it may be pertinent to compare
the usefulness of the two methods. Technically the
RFSE method is simpler and has greater sensitivity.
The UA method requires not only a single crystal but
also one well bonded to piezoelectric drivers. The ex-
perimental techniques have been developed to ac-
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complish this task, but the bond is readily broken and
the probability of a successful experiment is thus
lowered. Finally when two or more extremal orbits
exist for a given crystal-Geld orientation the RFSE
method is de6nitely superior since the signals are either
resolved, or maybe disentangled using the frequency
variation techniques described in Ref. 20. On the other
hand, the UA method yields periodic signals which
must bc separated by RnalyziIlg thc slgnR1 curves Rnd

this proves to be tedious and susceptible to large
inaccuracy.
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The strain-optical constants of Ge have been determined in the vicinity of the 6rst indirect band gap
0.60-0.74 eP. The experiments were performed at room temperature and consisted of straining single crys-
tals of Ge in an oscillatory manner and observing the amplitude modulation which was thereby impressed
upon the transmitted beam. Single-crystal samples were used, allowing the full specification to be made.
The results show both sharp structure and a relatively slowly varying background signal. The structure is
discussed in terms of the strain-induced changes of the various threshold energies for indirect transitions
expected on the basis of the deformation-potential model. The shape of the observed structure is in agree-
ment with this simple model and the phonon energies are in excellent agreement with earlier determinations.
The general features of the experimental results are explained in terms of indirect transitions taking place
via the 12 intermediate state. A detailed calculation of the strain-optical constants made on the basis of the
deformation-potential model indicates that direct transitions to I'g may also be important in this
energy range.

I. INTRODUCTION

HEN stress is applied to a solid, the optical
properties of the material are altered. These

changes may be measured Rnd the results utilized to
obtain information about the band structure and other
fundamental properties of the solid. This paper de-
scribes a sensitive method for measuring these changes,
which utilizes a periodically applied stress. The results
of measurements made in the vicinity of the indirect
optical-absorption edge of germanium are presented. A
second paper will give the results of a similar measure-
ment for silicon. A preliminary account of the Ge results
has been presented previously. '

Periodic stress modulation of the reQectivity of
semiconductors' ' and metals' ' ' has been shown to be

' Vf. E. Engeler, M. Gar6nkel, and J. J. Tiemann, Phys. Rev.
Letters 16, 239 (1966).

2%.K. Engeler, H. Fritzsche, M. Gar6nkel, and J.J.Tiemann,
Phys. Rev. Letters 14, 1069 (1965).' G. %. Gobeli and E. 0. Kane, Phys. Rev. Letters 15, 142
(1965).

4 W. K. Engeler, M. GarGnkel, J.J.Tiemann, and H. Fritzsche,
in I'roceedings of the International Co//opium on Optical I'roperties
and E/ectronic Strlctlre of Meta/s and 3//oys, I'ass, 1965, edited
by F. Abeles (North-Holland Publishing Company, Amsterdam,
1966).' M. Gar6nkel, J. J. Tiemann, and K. E. Engeler, Phys. Rev.
148, 695 i1966).

a sensitive and useful technique. In principle, if these
data are taken over a sufIIciently wide energy ra~ge,
they will yield, after a Kramers-Kronig analysis, 4'
information concerning the changes in the optical
constants of the solid caused by the strain. Piezo-
reQcctivity, like the reQectivity itself, however, is quite
insensitive to the relatively weak indirect optical
transitions. The structure associated with the phonon-
assisted transitions at the indirect edge of Ge, for
example, is not observed in reQection. These weak
processes must be observed in transmission. Piezo-
transmission measurements using static stress have
recently been made' but because of lack of sensitivity,
the phonon structure was not observed. The deforma-
tion potentials of silicon and germanium have recently
been measured through the application of large static
stresses and the use of the transmitted beam having a
periodically oscillating wavelength. ~ The present ex-
periment involves straining single-crystal samples of
Ge in an oscillatory manner, thereby impressing some
modulation upon the transmitted beam. This strain-
modulated beam clearly shows the phonon and exciton

6 E. Adler and E. Erlbach, Phys. Rev. Letters 16, 87 (1966);
16, 927 (1966).

7 l. Balslev, Phys. Rev. 143, 636 (1966).


