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edges, and that it is quite different from crystal to
crystal are all consistent with the need to overcome the
eGects of strain 6elds before the magnetic field is
effective in determining which Q is preferred. In this
model we have presumed that the energy to create
walls between regions of diferent Q vectors is much
larger than that for creation of polarization walls within
"single-Q" regions. We note in this connection thatin a
6eld of 12 kG there is no difference in the volumes
associated with each Q for a "multi-Q" crystal, and

that applying and removing a 30-kG Geld produced no
change in a "single-Q" crystal when the field was applied
perpendicular to Q. With this model we would expect
the crystals to be more likely "single-Q" the greater
their freedom from inhomogeneous strain. This is in
agreement with the findings of Graebner and Marcus
who found that the vapor-grown crystals with the
highest ratio of room temperature to residual resistivity
were the most likely to be anisotropic when cooled in
zero field.
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The formation of first-order paraelectric-ferroelectric phase boundaries in semiconducting crystals of the
ferroelectrics KTap, p5Nbp. 3503 and BaTi03 has been studied. It is shown that in crystals having carrier
concentrations greater than 10"cm ', sharp erst-order phase boundaries can form during the paraelectric-
ferroelectric phase transformation, and that such a transformation results in the formation of reproducible
single-domain crystals. The direction of the cubic-to-tetragonal phase boundary is found to di6'er from a
{110}lattice plane by approximately 5', i.e., the boundary-plane normal is 40' from the direction of the
crystal c axis. This result is in excellent agreement with existing crystallographic theories. Data are also
presented on the infrared photo-ionization absorption anisotropy and the electrical resistance anisotropy
measured on a single-domain semiconducting crystal of KTap. 65Nbp. 3503.

INTRODUCTION

' 'T has been well established that an insulating ferro-
electric crystal, when cooled through one of its

transition temperatures, undergoes a rnetastable nucle-
ation process that results in a variety of possible multi-
ple-domain configurations which are generally nonre-
producible. In semiconducting ferroelectric crystals, on
the other hand, the situation should be quite different
because the free charges present can compensate or
neutralize, the bound polarization charges inside the
crystal thereby making possible the formation of re-
producible single-domain crystals. We have observed,
for example, that upon cooling a thin rectangular slab
of the semiconducting ferroelectric KTa0.65Nb0, 3503

(hereafter abbreviated KTN) through its cubic-tetra-
gonal phase transition a sharply defined boundary
forms dividing the crystal into a paraelectric (cubic)
and a ferroelectric (tetragonal) phase. This first-order
phase boundary or habit plane moves from one end of
the crystal to the other during the phase transformation
leaving behind a single domain ferroelectric crystal.

Such diGusionless phase boundaries in partially trans-
formed single crystals are well known in metallurgy and
have been studied extensively in a number of metal
alloys, most notably the austenite-martensite transfor-

mation in steel. ' 4 Wechsler, Lieberman, and Read'
(WRL) have shown theoretically that, when certain
assumptions are made as to the detailed nature of the
slip and/or twinning system, the direction of the habit-
plane normal can be determined from a knowledge of
the lattice parameters of the initial and anal phases.
Based largely on theoretical predictions, it was in fact
suggested4 some time ago that the WLR theory should
be applicable to perovskite-type ferroelectric crystals.
We believe that the results presented here give un-
ambiguous experimental evidence for habit plane for-
mation in these materials and that these results are
quantitatively explainable in terms of the WLR crystal-
lographic theory. It should be emphasized that such
crystallographically determined boundaries are permit-
ted only in semiconducting ferroelectrics where there is
sufhcient free charge available to provide a termination
for the spontaneous polarization at the paraelectric-
ferroelectric interface.

' See, for instance, J. W. Christian, The Theory of Transforma-
tions in Metals and Alloys (Pergamon Press, Inc. , ¹w York, 1965).

'M. S. Wechsler, D. S. Lieberman, and T. A. Read, Trans.
AIME 197, 1503 (1953).

3 M. W. Burkart and T. A. Read, Trans. AIME 197, 1516
(1953).

4 D. S. Lieberman, M. S. Wechsler, and T, A. Read, J. Appl.
Phys. 26, 473 (1955).
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Fra. 1. (a) Schematic
drawing summarizing over-
all observed characteristics
of paraelectric-ferroelectric
phase boundaries in semi-
conducting KT¹ (b) Pho-
tomicrograph of phase
boundary in KTN taken
in polarized light. The
tetragonal region (bottom
half) has spontaneous polar-
ization I', in the direction
indicated.
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In this paper w'e report the results of an investigation
on the formation of cubic to tetragonal phase boundaries
in semiconducting crystals of KTN and BaTi03. The
observations are compared with the WLR theory which
predicts that the habit plane is close to a (110) lattice
plane; exact values are quoted below. It is shown that
the measured and calculated directions of the habit-
plane normal are in excellent agreement. Some com-
ments are also oGered concerning possible strain relief
mechanisms at the interface and the inQuence of the
free charge sheet present at the interface. Because the
product of the phase transformation is a single domain
ferroelectric crystal, it is possible to measure the e6ects
of the phase transformation on electrical and optical
properties. We report briefiy on the electrical resistivity
and infrared absorption anisotropies in single-domain
ferroelectric KTN.

PROPERTIES OF KTN

The mixed crystal KTN is a solid solution of the
perovskite oxides KTa03 and KNb03 in the ratio
0.65/0. 35. The dielectric properties of insulating KTN
have been reported elsewhere. ' KTN exhibits a first-
order cubic-tetragonal phase transition, or Curie point,
at T,=10'C with a spontaneous polarization of nearly
5 pC/cm'. In crystals having a niobium to tantalum
ratio less than approximately 0.4, the transition be-
comes second order. Above the Curie point, KTN has
the ideal cubic perovskite structure with a lattice con-
stant of ao=3.988 A.' Below the Curie point, the crys-
tals become tetragonal with a spontaneous strain
(extension) along the crystalline c axis of

hc/c=4. 5X10 'P ' (1)

5 F. S. Chen, J. K. Geusic, S. K. Kurtz, J. G. Skinner, and S. H.
Wemple, J. Appl. Phys. 3?, 388 (1966).' V. T. Murphy arid M. C. Huffstutler, Jr. (private communi-
cation).

where I', is the spontaneous polarization expressed in
pC/cm'. In the a direction, normal to the c axis, the
crystal contracts by an amount

ha =0.42hc.

Under certain growth conditions, KTN crystals be-
come extrinsic n-type semiconductors in which the
donors are probably associated wi, th oxygen vacancies.
Conduction in these crystals is thought to occur in d
bands formed from Nb(4d) and Ta(5d) orbitals. Theo-
retical calculations' indicate that the lowest conduction
band is many-valleyed with the valley minima occurring
at the zone boundary in (100) directions. The band. gap
determined optically is 3.4 eV; the donors are approxi-
mately 0.2—0.3 eV below the conduction band. The semi-
conducting crystals exhibit resistivities in the 1—10 0 cm
range and appear blue in color due to donor photo-
ionization and free-carrier absorption. Hall measure-
ments give a room temperature Hall mobility of 3.3
cm'/V sec. The ratio of conductivity effective mass to
free electron mass is about 1.5. For a rn.ore extensive
discussion of the transport properties of some other
perovskite-type oxides the reader is referred to the
literature. ' '

EXPERIMENTAL

Observations of the cubic to tetragonal phase trans-
formation in semiconducting KTN at 10'C were made
visually with a polarizing microscope equipped with a
CO2 gas-operated microcold stage. Figure 1(a) illus-
trates the salient features of the over-all observations,
while Fig. 1(b) shows in detail a boundary photo-

' A. H. Kahn and A. J. Leyendecker, Phys. Rev. 135, A1321
(1964).' S. H. Wemple, Phys. Rev. 13?, A1575 (1965).' H. P. R. Frederikse, W. R. Thurber, and W. R. Hosier, Phys.
Rev. 134, A442 (1964).
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Fxo. 2. Photomicrographs of KTN taken in analyzed hght show-
ing growth of ferroelectric spike in (a) and (b), and strain relief
pattern on paraelectric side of phase boundary in (c) and (d).
P, is the direction of spontaneous polarization.

graphed at high magnification. Boundaries of the kind
shown in Fig. 1 occur only in high-quality single crys-
tals. Under carefully controlled thermal conditions a
stable boundary will form. Any small thermal Auctu-
ations, hovrever, such as produced from a small micro-
scope lamp, vrill cause the boundary to move reversibly.

The crystals chosen for investigation were as large
as 1 cmX —,'cmX1 mm thick but vrere more typically
in the range of about ~ cm in cross sectionby 2 mm thick.
The habit-plane normal N was found to be 40& 1' from
the c axis or direction of spontaneous polariza, tion, and
was perpendicular to the L010] axis to within less than
1' Lsee Fig. 1(a)].These results are in excellent agree-
ment with the crystallographic theory described below.
Along the habit plane a regular strain pattern was ob-
served in the paraelectric phase as shown schematically
in Fig. 1(a). This pattern, observed with the crystal
between crossed polarizers, had an average spatial
period along the boundary interface of about 0.2 mm
and extended an average distance of about 0.1 mm into
the paraelectric phase. The photograph shown in Fig.
1(b) was taken in light polarized parallel to the habit
plane and shows the sharpness of the habit plane inter-
face. It is believed that the boundary photographs as a
thick= 10-p,—wide line because of free-carrier absorption
in the polarization-neutralizing charge sheet present at
the interface.

In Fig. 2, photomicrographs taken under various

thermal conditions in different parts of a high-quality
KTN sample are shown. Figures 2(a) and (b) show how
one particular crystal goes through the transition. In
Fig. 2(a) we show a ferroelectric spike nucleating just
at the Curie temperature of 10.5'C in one corner of
the crystal. At a slightly lovrer temperature, the spike
grows into a band as shown in Fig. 2(b). Further small
reductions in temperature cause the band to expand
such that the crystal divides into two partly trans-
formed regions, one ferroe1ectric and the other para-
electric, as indicated schematically in Fig. 1(a). Figures
2(c) and 2(d) are photographs showing the regular
strain-relief pattern at the boundary observed under
low and high magnification, respectively. These photo-
graphs, which were taken in analyzed light, show the
spatial periodicity of the strain pattern LFig. 2(c)] and
some of the detail in a single period LFig. 2(d)]. As
shown in Fig. 2(d), the edges of the strain pattern are
aligned with respect to the crystal (100) axes in the
cubic phase. It should be noticed also that the length
to width aspect ratio of a single period of the strain
pattern is approximately 2.

The c axis and direction of spontaneous polarization
shown in Figs. 1 and 2 were determined experimentally
from optical and pyroelectric observations. Using the
fact that the crystal is negative uniaxial in the ferro-
electric phase, the tetragonal or c axis was uniquely
determined by conventional optical techniques using a
Soleil-Babinet compensator. The direction of spontan-
eous polarization within the crystal vras established
by measuring the direction of pyroelectric current Qovr"
on heating the crystal. The c axis determined in this
way agreed with the optical measurements. From the
pyroelectric measurements the dhrect~oe of the spon-
taneous polarization was such that the positive end of
the dipole-chain terminated at the phase boundary
thereby creating a compensating electron accumulation
charge sheet. In a few cases boundaries vrere observed
to form betvreen tetragonal phases having opposite
directions of spontaneous polarization.

Habit-plane boundaries have also been observed in
crystals of semiconducting BaTi03 doped vrith cerium.
The direction of the habit-plane normal with respect
to the c axis of the crystal was found to be almost iden-
tical to that in KTN (i.e., 40'). This result is in agree-
ment with the crystallographic theory described below.
Further, a strain. -relief pattern similar to that shown in
Fig. 1(a) was observed in the paraelectric phase. Sharp
habit-plane boundaries have been observed previously
in BaTi03 by other workers" "although no explanation
was given as to the nature of their formation or to their
ability to be reproduced. This is to be contrasted vrith

' A. G. Chynoweth, J. Appl. Phys. 27, 78 (1956).
"D.Meyerhofer, Phys. Rev. 112, 413 (1958).
'~ T. J. Parker and J. C. Burfoot, Brit. J. Appl. Phys. 17, 207

(1966);J. C. Burfoot and T. J. Parker, ibM. 17, 213 (1966).
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the reproducible observations reported here on KTN
and BaTi03 crystals having resistivities in the 1—10 0
cm range.

8 ~cent, (3)

where c is an average elastic modulus, e the strain, and
t the twin thickness. For KTN, c=2X10" dyn/cm',
from Eq. (1) using P,=5 pC/cm' c=1 3X10 ', and
from Fig. 1(a) the maximum twin thickness determined
by St. Venant's principle is t &100p. Therefore we esti-
mate that an upper limit to the strain energy is lV 300
ergs/cm', but that it could be as low as W 30 ergs/cm'
if the twin thickness were as small as 10 p. Actually,
this is the electrostrictive strain energy per unit area
associated with the spontaneous lattice strain in a twin
thickness, and it is believed to be comparable to the
actual misfit strain energy. It is important to ask how

~~ G. Nadeau, Iwtrodgction to Elasticity (Holt, Rinehart, and
Winston, Inc. , New York, 1964).

CRYSTALLOGRAPHIC THEORY

We have previously alluded to the fact that the
habit plane normal N can be calculated according to
the WLR theory from a speci&cation of the slip and/or
twinning system and the lattice parameters of the initial
and final phases. The purpose of this section is to outline
some of the physical reasoning which is central to the
crystallographic theory developed by other workers, ' 4

and to quote the formula for the direction of the habit-
plane normal. The particular problem of concern is to
understand how a cubic structure (paraelectric phase)
transforms into a tetragonal structure (ferroelectric
phase).

Briefly, the physical formation of the habit plane
can be understood using the following arguments. We
note that we are concerned with coherent interfaces
and that generally this kind of interface cannot form
between two single crystals without producing severe
elastic strain over appreciable distances owing to the
lattice-matching process. According to St. Vernant's

principle, "the strain would have to extend over a dis-
tance comparable to the linear dimension of the cross
section of the crystal or in our case typically about
~ cm. To reduce this misfit strain energy to a minimum
it is necessary that the lower symmetry crystal phase
be twinned so that the sign of the strain reverses in
going from one twin to the next along the habit plane.
This then defines a plane of zero average distortion. 2

The total strain energy stored at the interface can be
estimated as follows. The energy is divided into two
parts. The first is the strain energy at the interface, and
the second is the twin-surface wall energy. It is easy
to show'4 that the sum of these energies is minimized
when the twin surface energy equals the strain energy.
Making use of this result, we estimate that the minimum
total strain energy per unit area stored at the interface
is of the order

(5)

1 (1 nP)'~'—
g, kg22 —1

(6)

in which q~ and q& are dimensionless parameters called
theprincipal distortions definedas gq= a/ao and gq

——c/ao.
With these definitions and Eq. (2) w'e obtain for KTN

and
gr = 1—0.42hc/ao,

g2= 1+hc/ao.

Substituting Eq. (1) with c=ao into Eqs. (7) and (8)
and then substituting these results into Eqs. (4), (5),
and (6) gives to a very good approximation

k=0, k=0.76, 1=0.65.

The solution for the habit plane indices (h, k, l) does not
uniquely define the orientation of the habit plane since
symmetry allows a multiplicity of up to 24 crystallo-
graphically equivalent solutions. The angles of the habit-
plane normal N are defined with respect to the crystallo-
graphic axes of the parent cubic phase and are 90',
49.7' and 40.3'. These values are in excellent agreement
with the measured angles 89—90', 50+1', and 40&1'.
As indicated by these angles and also by the form of
Eqs. (4), (5), and (6), the habit plane is irrational de-
viating by approximately 5' from a (110) lattice plane
in KTN and BaTi03.

It has been mentioned that the symmetry loss in the
ferroelectric phase results in a multiplicity of possible
ettragonal structures. It has also been mentioned that

'4 C. N. Berglund (unpublished results).

this compares with the electrical energy stored in the
boundary. Order-of-magnitude calculations made by
Berglund' using thermodynaInic considerations suggest
that the electrical energy stored in the boundary is be-
tween 0.1-10 ergs/cm' depending on the carrier con-
centration. The highest estimate corresponds to a car-
rier concentration m of about 10" cm ' and the lowest
to a concentration of about 10' cm '. Based on these
results and the fact that in our samples n=10'"—10"
cm 3, it is reasonable to expect that the formation of
the habit plane will be governed primarily by inter-
facial strain energy and crystal-matching considerations.

It has been shown' that the requirement that the
habit plane be one of zero average distortion defines a
crystallographic problem with a unique mathematical
solution. The result obtained by WRL is that the direc-
tion cosines (h, k,l) of the habit plane normal N are
given by

1 2rlPg2' —rlP —rlP)" vP+r12' 2)'"—
2v/1 gP —1 ~ r12' —1
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in order to establish the habit plane as a plane of zero
average distortion a twinned structure is necessary.
Both of these conditions result in the formation of a
banded tetragonal twin structure or domain structure
along the habit plane. The relative amounts of the
two twins (domains) X and 1—X can be found from
the following equation derived by WLR:

X=-'a-'[(1—gPgg')/(g '—gg')](1 —2')'" (9)

where

For KTN X is very close to 3. As a consequence, we
expect that in the ferroelectric phase a sandwiched struc-
ture of alternating u domains and c domains should
extend along the habit plane. To balance out strains
along the habit plane, Eqs. (1), (2), and (9) indicate
that the a domains with the direction of spontaneous
polarization pointing into the habit plane should be
very nearly twice as wide as the c domains. The ab-
solute twin or domain width should be between 10p and
100 p, based on the observations summarized in Fig.
1(a). Simple lattice matching arguments would favor
the 10 p domain width. Below the habit plane and well
into the ferroelectric phase a single a domain may be
observed. A structure very similar to this has been
described and schematically pictured by Burkart and
Read' in an indium-thallium alloy single crystal. We
point out that the banded twin structure was not ob-
served in the ferroelectric phase with a polarizing micro-
scope. However, what me believe to be the effect of this
structure, that is, the regular strain pattern in the
paraelectric phase has been observed.

DISCUSSION

As shown in the preceding section, the direction of
the habit plane normal at the paraelectric-ferroelectric
interface in semiconducting KTN is in excellent agree-
ment with existing crystallographic theories. It is easy
to showfrom Eqs. (4)—(8) that the habit plane direction
is determined essentially by the ratio Au/Ac [e.g.,
l=( aA/hc)'"j for small deviations from cubic sym-
metry. Since this ratio is nearly the same in a variety
of perovskite ferroelectrics, very similar results to those
reported here for KTN are expected in other semicon-
ducting perovskites. The observed direction of the habit
plane normal in semiconducting BaTiO~ is in agreement
with this conclusion.

It w'as pointed out earlier that high quality semicon-
ducting crystals of KTN transform quite readily into
single domain ferroelectric crystals below their Curie
point. The reason for this is that the free charges present
in conducting crystals neutralize the bound polarization
charge inside the crystal. The situation is quite dif-
ferent, however, in highly insulating crystals since in
this case the absence of free charges imposes the re-
striction that phase boundaries be free of any excess

polarization charge. Formation of the ferroelectric phase
then involves nucleation and growth of narrow ferro-
electric spikes resulting generally in a nonreproducible
multi-domian configuration comprised largely of so-
called 90' domains. "These domains allow the polari-
zation to change direction by 90 without accumulating
any excess charge. Under special conditions in high-
quality crystals it may be possible for a particular spike
to grow to sufFicient size to give fairly large single do-
main sections of crystal. However, these sections are
usually very unstable to any kind of stress perturba, tion. .

It is of interest to estimate the free charge density
pf required to insure single domain formation in semi-
conducting ferroelectrics. The bound polarization charge
density p& is related to the crystal polarization P by

V' P= —pg. (1O)

pr) E,/7 . (12)

Experimentally we determine from Fig. 1(b) that a
reasonable estimate for ) is =10 p,. Substituting this
value into Eq. (12) together with I',=5 pC/cms, we
conclude that the free-carrier density e necessary to
form a single domain crystal is of the order n&10"
cm '. This is consistent with the carrier concentrations
of the KTN and BaTi03 crystals used in the experi-
mental work which mere typically in the range 10'~-10"
cm

Estimates'4 of the electrical energy stored in para-
electric-ferroelectric phase boundaries suggest a rapid
increase of energy with decreasing free-charge density.
These order-of-magnitude estimates of the electrical
stored energy imply that in the more insulating crystals
of KTN, having carrier concentrations below 10"cm~
or resistivities above 1000 0 cm, the electrical energy
will be comparable to or larger than the stored. strain
energy. Accordingly, a multiple domain configuration
and a habit plane determined by electrical energy con-
siderations will prevail.

+ E. A. Little, Phys. Rev. 98, 978 (1955)."F.Jona and G. Shirane, Ferroelectric Crystals (The Macmillan
Company, Nevr York, 1962), p. 45.

For the sake of simplicity, we take a one-dimensional
model in which the polarization goes from its saturated
value I', in the bulk of the ferroelectric phase to zero
at the habit plane on the paraelectric side in a character-
istic length 7 . Equation (10) then gives

pg=I', /7 .
If the free charge density pf is equal to or greater than
this value, there exists sufhcient neutralizing charge for
a single domain to form. If, on the other hand, pf is less
than p~, the excess polarization charges induced on the
surface of the crystal will create depolarizing 6elds
which make it energetica. lly less desirable to have a
single domain. "We therefore expect to form a single-
domain crystal when
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mine the precise properties of the polarization in the
neighborhood of the boundary plane. Consistent with
the approximations made in this paper we neglect the
eQect of the semiconducting properties on the behavior
of the polarization and assume that the polarization
follows closely the deformation of the lattice as de-
termined crystallographically.

A sigi6cant advantage in being able to produce large
single domain ferroelectric crystals, as well as sharp
paraelectric-ferroelectric phase boundaries, is that one
can readily study transport, optical, dielectric, and
elastic properties both above and below the Curie point
in unpoled crystals. We show, for example, in Figs. 3
and 4, the resistance anisotropy and infrared dichroism
measured as a function of temperature on two high-
quality KTN crystals. Above the Curie point where
the crystals are cubic both properties are isotropic. The
resistivity data of Fig. 3 obtained using a four-terminal
method show that the resistance increases parallel to
the polarization or c axis and decreases slightly in the
perpendicular direction. The activation energy above
T„E,=120 mV, corresponds to donors situated ap-

proximately 0.24 eV below the conduction band edge.
The optical data of Fig. 4 were obtained at a wave-
length of 1.985 p corresponding to the peak in the near
infrared donor photo-ionization absorption. These data
show a discontinuous 6rst-order change in the absorp-
tion coefficient at the Curie point. In the ferroelectric
phase the absorption is greater for light polarized per-
pendicular to the crystal c axis (EJ c). Results of a
complete study of transport and optical properties of
KTN in the vicinity of the Curie point will be reported
in the near future.
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We review the estimates for the critical indices of the Ising model below Tg and conclude (for 3 di-
mensions): o, '=0.066 0.04 ",P =0.312 O. o06 '",y'=1.310 0.0~

~ for the specific heat, magnetization, and
magnetic susceptibility, respectively. For 2 dimensions, we estimate p =1.75 O. po~' . In order to explain
previous estimates of n'= 0, we point out that a low power can, in practice, look deceptively like a logarithm.
Finally, we discuss the behavior of the specific heat at constant magnetization.

1. INTRODUCTION AND SUMMARY
' 'N recent years, various workers have estimated from
~ - power-series expansions the various critical indices
for the two- and three-dimensional Ising model. In
1963 it was speculated' that a certain relation must hold
between three of the critical indices below the critical
point. Later that year, this conjectured equality was
proved as a rigorous inequality. ' Unfortunately, the best
available estimates at that time failed, by 6~%, to

* Part of this work performed under the auspices of the U. S.
Atomic Energy Commission.

' J.%.Essam and M. E. Fisher, J. Chem. Phys. 38, 802 (1963),' G. S. Rushbrooke, J. Chem. Phys. 39, 842 (1963).

satisfy this relation for the three-dimensional Ising
model, although they satisfied it for the two-dimen-
sional model. It is the purpose of this paper to critically
re-examine the various estimates, to attempt to
establish realistic error bounds on them, and to reconcile
them with all available information.

We conclude from our study that C~/C~ is probably
continuous at T, for the three-dimensional Ising model
and that it is continuous for the two-dimensional model.
As a consequence

2&a'+2P+y'&2+ a,

where e O.i for three dimensions and 0.01 for two






