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A form of Wick’s theorem is derived which is applicable to spin operators of arbitrary magnitude in a
manner analogous to the decomposition of fermion and boson operator products. Use of the theorem to-
gether with Kubo’s cumulant rearrangement of perturbation theory leads to a compact prescription for the
calculation of the ground-state energy of spin systems. This method is parallel to Goldstone’s linked-cluster
expansion for fermions, but the expansion for spins, as well as for bosons, contains cumulant correction terms.
The Green functions are shown to be expanded similarly in terms of cumulants. The method is illustrated by
the calculation of the antiferromagnetic ground state, and circumvents the involved development in the
previous work of Davis and Boon. It is found that our procedure gives better convergence than Davis’s
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expansion and that Boon’s final formulas as well as his numerical results contain some errors.

1. INTRODUCTION

N the application of many-body perturbation theories
to spin systems we encounter a number of difficulties
because spins are neither fermions nor bosons. In the
treatment of spin waves, for example, we observe that
the spin deviations behave like bosons, but only up to a
finite number 2 of them can be attached to a given
atom at the same time. This statistical hindrance
introduces Dyson’s kinematical interaction between the
spins.! Since the commutators of spin operators are
still spin operators and not ¢ numbers, the usual Wick
reduction method?? for boson and fermion operator
products cannot be applied to the product of spin
operators and the direct use of the latter in perturbation
calculations becomes difficult. Furthermore, the spin
Hamiltonian describes the exchange interaction, which
is inherently a two-body correlation and there is no
natural division into a one-particle Hamiltonian plus
interaction part.

In many cases* spin operators are transformed to
boson operators and Wick’s theorem for bosons is
applied in the calculation. However, a one-particle
Hamiltonian has to be introduced, often artificially, as
the unperturbed Hamiltonian, and the resulting approx-
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imations may lead to unphysical states which violate
the kinematical interaction of spins.

Using the Schwinger representation® of spin operators
by coupled bosons, Davis® was able to adapt Wick’s
theorem for bosons to develop a linked-cluster expansion
for the ground state of a spin system. In this method,
the coupling of operators for the boson pair v and »
belonging to each spin operator automatically includes
the kinematical interaction. The unperturbed Hamil-
tonian consists of the energy of formation of isolated
spin deviations from the reference spin configuration
and is the part of the pair interaction which is linear in
the spin deviations.

Very recently Wang and Callen” have applied Davis’s
formulation and obtained a Wick theorem applicable
to spin systems. Here, the contractions are among the
v factors and the effect of the coupled # factors is
included by adding a special class of “locked diagrams.”

Giovannini® and Doniach® have generalized Wick’s
theorem by using the commutation relations of spin
operators directly. Since the contractions in their
procedures are still spin operators, it is necessary to
consider multiple contractions. This complicates the
decomposition of a time-ordered product into all
possible combinations of contractions.

In this paper a form of Wick’s theorem is given for
spin operators which retains much of the familiar form

8 J. Schwinger, Atomic Energy Commission Report NY0-3071,
1952 (unpublished). See also D. Mattis, T/e Theory of Magnetism
(Harper & Row, Publishers, Inc., New York, 1965).
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7Y. L. Wang and H. B. Callen, Phys. Rev. 148, 433 (1966).
Also see Y. L. Wang, S. Shtrikman, and H. Callen, ibid. 148,
419 (1966).

8 B. Giovannini, Scientific Papers of the College of General
Education, University of Tokyo 15, 49 (1965). Also see B. Giovan-
nini and S. Koide, Progr. Theoret. Phys. (Kyoto) 34, 705 (1965).

9 S. Doniach, Phys. Rev. 144, 382 (1966).
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for fermions and bosons and which can be applied in an
analogous manner since the contractions are now quasi-
¢ numbers. The theorem is more complicated than the
original form mainly because the part

2 TnuSn2Si*
hk

of the exchange interaction is included in the un-
perturbed Hamiltonian H,. It is no longer necessary to
introduce a one-particle Hamiltonian, and the con-
vergence of the perturbation expansion of the energy is
improved.

The Wick decomposition leads to a compact pre-
scription for the perturbation calculation of the ground
state when it is applied in connection with the cumulant
expansion rearrangement of perturbation theory given
by Kubo.” The method is parallel to Goldstone’s linked
cluster expansion for fermions,* but the expansion for
spins, as well as for bosons, will contain cumulant
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correction terms because the clusters involved are not
completely independent of each other. The spin Green’s
functions may be expanded similarly in terms of cumu-
lants. The technique corresponds to the introduction
of linked diagrams including “locks” in the method of
Wang and Callen.

The prescription is illustrated by a calculation of the
antiferromagnetic ground state which has been con-
sidered previously by Davis® and Boon.'* The use of
Kubo’s formulation circumvents the involved develop-
ments in these two works and clarifies the fact that
their apparently different cluster expansions generate
cumulants in the course of the developments. Numerical
comparisons are also made.

2. KUBO’S THEOREM ON GENERALIZED
CUMULANTS

The cumulants (Xy'-- X3 )eymu for N random
variables Xy, - -+, Xy are defined by the relation

% =5 oo 2 (1)t wm=en] 2 (12 ) Xormhuma ], 1)
=1 =0 ¥n=0 \j=1 y;! vie-ovy \j=1 ;!
where ,
is the summations over »y, - - «, vy, but excludes »1=vy="--=py=0, and the bracket (X! - - - X5”¥) represents

the expectation value of the random variables X, - -

<X1>cumul= <X1> )
(X1 X 2Youmu1= (X1 X 2)— (X1)(X>),

(X1 X2 X 3)oumu1= (X1X2X3)— (X1 (X 2X3) — (X2 ) X1 X 3) — (X ) (X1 X 2) +2(X1)(X2)(X5),

-, Xw. The explicit form of the first few cumulants is

(2.2)

while the general formula for calculating cumulants in terms of averages (Xy---Xy’V) has been obtained by
Meeron.® In particular, if each argument X occurs at most once, then

Kie Xadoma=2, 5 ()P =D HXige ) (K o).

! =1 all possible
! partitions

Equation (2.1) may be written as

N N
(exp2 piXj)=exp{exp(X p;X;)—1)eumul,
i=1 ;

J=1

(2.3)

(2.4)

under the interpretation that the exponential function in {** * )eumu1 is to be expanded in powers of X’s and the
cumulant average is to be taken for each product thus obtained. If we replace the set of variables p;X; in (2.4)
by the set of X () 6fs and take the limit that max. 6,;— 0, the summation in (2.4) will be converted into an

integration such that
b b
<exp / X (t)dt>= exp<exp / X (8)dt— 1>
a a cumul-

10 R, Kubo, J. Phys. Soc. Japan 17, 1100 (1962).

1 J, Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); J. Hubbard, sbid. A240, 539 (1957).
2 M. H. Boon, Nuovo Cimento 21, 885 (1961).

18 E, Meeron, J. Chem. Phys. 27, 1238 (1957).

(2.5)
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More generally,

b N b N
<exp >X j(t)dt>=exp<exp > X;@)di— 1>
a 7=1 o =1 cumul

=exp[ gl ;;.' / e / bdh% . gN Ksaltn) .Xﬁ(zl)%umul] .26

Kubo has generalized the above formalism pointing out that similar relations hold even if the variables X; are
operators rather than ¢ numbers. If the averaging process is disregarded and (X) is simply X; by itself, algebraic
relations like (2.1) and (2.2) hold only in a trivial sense as pure operator relations because all cumulants except
those of the first order vanish identically. In the case of a many-particle system, the variables usually pertain to
particles or excitations. If they are connected through interactions or through correlations existing in the state
of interest, a nonzero cumulant corresponding to them will appear and the cumulant relations (2.1) to (2.6)
become nontrivial.

In the present work we use the perturbation expansion of the time-development operator and the average, which
will be denoted by the symbol Av{- -} instead of (- - - ), involves reduction of the operators when they act on the
unperturbed state. If only a part of the product is reduced to ¢ numbers, the Av{---} will still be a ¢ number. If
a product cannot be reduced, no higher order cumulants are formed by it.

It is also necessary to introduce the time-ordered exponential function. Corresponding to (2.6), the following
relation applies:

Av{eXPT/b g Xj(l)dt} =exp Av{eXPT/: % Xj(t)di_—l}cumul

a =1 =1

© 1 b b
—enp| £ — [ [Canz oz AVTX3u ) Koo | (21
n= ‘Ja a n J1

where T is Dyson’s time-ordering operator. In a
cumulant such as

AV(-+ Joum=Av{- -} =Av(---} Av{---}, (28)

each factor Av{-- -} on the right is obtained by reduc-
tion of the operator product acting directly on the
unperturbed state, as in the previous paragraph. If the
correction factor still contains operators, they should
be ordered the same as in the original product, whenever
necessary.

Furthermore, Kubo has proven that the following
theorem on cumulants is still valid for operators:

Theorem: A cumulant
AV{TXj”(t,,) . 'Xj1 (tl)}cumul

is zero if the elements X, (¢,), -+, X;,(#1) are divided

(@D -
@D @B

F16. 1. An example of nonvanishing cumulants
for bosons and fermions.

into two or more groups which are independent of each
other in calculating the average Av{---}.

Use of (2.7) and the above theorem yield the cumu-
lant generalization of the linked cluster expansion.

3. CUMULANT EXPANSION METHOD

Let us divide the Hamiltonian of an N-body system
into the unperturbed Hamiltonian H, and the per-
turbation NH; with the coupling constant A\(=1) such
that '

H=Hy+)\H;. (3.1)

The dynamical properties of the system are then
described by the equation of motion for the state vector

h (6/601{/‘, (t) =\H, (t)\ba (t) ’ (3 2)

where the perturbation H;(f) in the interaction repre-
sentation is to be slowly switched on between {= — w
and {=0, and hence,

Hro(t)=H1(t) exp(et), (3.3)
and

Hi()=exp(iHot/h) Hy exp(—iHot/k).  (34)

The equation of motion (3.2) can be integrated into the
form

\ﬁa(t)=Ua(t,“°0)lﬁa(——°0), for tSO: (35)
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by using the transformation U(f, — ®):

Ualty — o) =143, (no—l(;)" /

n=l

dtp -

-0

X/ dir T[H1o(tr) -+ - Hra(t1) ]

= expT[(i%) —; Hi, (l’)dt’:l .

(3.6)

A
{0]Av{U,(0, — ©)}|0)= exp(O]AvlexpT[—%

A
=exp{0| expT[—-
ih

the energy E is given in terms of cumulants

d A0
E=E¢+lim ihax—(0| expT[—
a0 N ih

—o0

)\ n A0 0
—Eo—i-hm zhaZ )\-——(n‘)‘1< ) / din:+ / dti{0
2 0 —c0

n=1 O\ ih/ J_

Here matrix elements like {a’| Av{-- -

theorem on cumulants proves the cumulant expansion.
After an integration over the time variables 4,

AE=E—Ey=lim (0| S H
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}eumu1| @) of a cumulant are denoted simply as (a’| -
not be necessary to indicate the intermediate process Av{- -
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We take ¢o(— )= |a) to be an eigenstate of H,.
The ground-state energy of the Hamiltonian is

9
E=Eytlim ihaka[ln(()l Ua(0, =) [0)]|rer,  (3.7)

where Ey is the energy of the ground state |0) of H,.
Since the use of the expression (3.6) for U,(0, — ) in
(2.7) leads to

0

HIa(t’)dt']—ll 10)

1 —o0 cumul

0

Hla (t,)dt,:l— 1 ]O>cumul ) (3.8)
A=1
T[Hla(tn) . 'HIa(tl):”O)cumul (3.9)

A=1.

*+ | @)oumu1 since it will
-} explicitly. The expression (3.9) together with Kubo’s

-, tn, the above expression becomes

n=1 E0+Zha(%'— 1)—'H()

o—Ho

where the meaning of (0]:-:|0)eumwu in (3.10) is
different from the definition introduced in (3.8). This
will be discussed in Sec. 6.

It is of interest to relate the expressions (3.9) and
(3.10) to the linked cluster expansions developed for
interacting fermion and boson systems. In both, use of
Wick’s theorem decomposes operator products into
diagrams with contractions A,(t:)A,* (1) represented
by particle lines. Two subdlagrarns are independent
under the averaging process described earlier if they
contain no particle lines with a common p. If a diagram

///////
&

\\\

F16. 2. The exchange diagram which is generated
from the diagram in Fig. 1.

14 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).

HI) l0>cumul )

1
Hi -+ -H———H;|0 mu
EO-[—'Lh,a Ho 1! >cu 1

(3.10)

of order S and one of order S’ each has a line p, there
corresponds to them a nonzero cumulant of order
S+S’, shown schematically in Fig. 1, where f(n,)
comes from operations like

A1>+Ap+l”'p>= [1+ (”p'*‘l)]l/z(lﬂ:”p)m[”p+2> , (3.11)

with -+ signs for bosons and — signs for fermions, and
np denotes the occupation number of the state p.

For fermions, f(n,)=0 and the nonvanishing con-
tribution to the cumulant appears from the second
term, the negative of the product of diagrams .S and S’.
The value is equal to the value of the exchange dlagram
which would be calculated by settmg p=p’ in the
crossed lines of the diagram shown in Fig. 2, although,
of course, the true value of the diagram with p=p is
zero because of the Pauli principle. Thus the total value
of the cumulant expansion is the same as if the cumulant
corrections such as the second term in Fig. 1 are
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neglected and p lines are summed over without restric-
tion. This is the linked cluster expansion by Goldstone.

For bosons and spins, this sort of cancellation does
not occur and the simple linked cluster expansion
becomes invalid. However, the expressions (3.9) and
(3.10) in the cumulant expansion are still valid. In Sec.
6, we shall show explicitly the correction to the linked
cluster expansion in the case of spins.

We note that in (3.9) the terms in which the correc-
tion is needed contain more than one line for the same
one-particle state (or spin site in the case of spins)
which overlap in time. These terms cannot be evaluated
by independent time integrations of the end points of
the lines, which leads to complications in the evaluation
of (3.10).

4. WICK’S THEOREM FOR SPIN ANGULAR
MOMENTUM OPERATORS

For fermions and bosons, use of Wick’s theorem
simplifies and systematizes the calculation of the energy
matrices involved in (3.9) and (3.10), and it is desirable
to generalize this mathematical technique so that it can
be applied to a system of spins. This will clarify the
relation between the linked cluster expansion and the
cumulant expansion.

Let S;, denote the spin angular momentum operator
of atom 7 and let the Hamiltonian of the spin system be
assumed to have the form

H=H,t+H;, (4.1)

where

Ho=3% MSp*+2_ JnuSrSi?, 4.2)
W hok

»

and
Hr= f(Sut,Sity - ,Su8k,++). (4.3)

The constants N\, and Jyy are the external field energy
of spin % and the exchange interaction between atoms
h and k, respectively. The unperturbed Hamiltonian H,
involves only the z components S,? of spin operators
while, for the moment, the perturbation H; is assumed
to be a function of S;*’s and S;~’s, where

SpEt=Sp"£iSHv. (4.4)

This restriction on Hy will be removed later and f could
become a function of S3*’s.
The spin operators satisfy the following commutation

relations:
LS#t,Sk1=2hSk"om (4.5a)

[Sh",Ski:I = 4453 0. (45b)

We define the spin operators S;*(f) in the interaction
representation by

Shi (t) =exp ('lHot/h)Shi exp(—— 1H0t/h) ,
which cannot be reduced to the usual form

exp[ const X £]S5*.

(4.6)
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Instead,
Syt (l) = {exp[iz()\h:Fthh—}- 2 Z JhkSk’)t:I}S},i , (47)
k

because of the pair interaction term

2 TuuSasSi?

h,k

involved in Ho.'5 If J;;=0 for all #’s and %’s, the S»=(¢)
will have the usual form and the calculation of energy
matrices will be simplified.!6

The preliminaries to the discussion of Wick’s theorem
are presented in the form of two lemmas and the
definitions of the normal product and contractions.

Lemma 1: The spin operators S3*(f) in the interaction
representation satisfy the following commutation
relation:

Sn(t2)Sk? (1) = Fru®Sx* (1) Sn* (f2) = 81, 10u,—Gr*,  (4.8)

where # and v each take on the values + and — for S+
and S, respectively, and

P (te— 1) =F = exp[uv X 2ihJ pi (t2— 1) ],

and

Grp*(ta— 1) =Gr=uX2hS3*
Xexp[ui(\y—uhJ 2 % TueSk®) (la—11)].  (4.9b)

(4.92)

The quantization axis or direction of positive S# will
be chosen for each sublattice as the negative of the
magnetization direction of that sublattice in the ground
state |0) of the Ising Hamiltonian H,. Then

S»~|0)=0, forall %, (4.10)

so that the state |0) may be considered as a vacuum
state and S5~ and S»* are analogous to destruction and
creation operators, respectively.

A normal product of S* operators will be one in which
all S~ operators are to the right of all S+ operators. In
the subsequent analysis it is useful to have a standard
normal product, namely, one which is time ordered
within the S* and S~ sets, respectively:

Or= n+(tn) t 'Sr+1+(tr+l)Sr—(tr) o 'Sl_(tl) ) (411)

15 Even if fermion or boson operators are used, this type of
expression will be obtained as long as the unperturbed Hamilton-
ian includes a pair interaction term like

2 <ansVindrtAntArds

and the commutation relation will have a form similar to (4.8)
to (4.9) except that G does not have a factor involving operators

in front of
exp[ i\t Xk Vind st A4 w) ta—t1) /5],

16 If only the part of (4.2) linear in the spin deviations is taken
as Ho, the unperturbed Hamiltonian becomes the Hop introduced
by Davis. Then one-particle states are defined and S3%(¢) will have
the form exp[const X¢]S»* so that F=1. However, the G still
involves operator Sy%. A disadvantage of using Hop as the un-
perturbed Hamiltonian is discussed in Sec. 7.
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where 6,2 ++* 2 tp1 and £,2 -+ 2 4. If two times are
equal in a set, the order is immaterial since the phase
factor Fpy given by (4.9a) is unity. The phase factors
must be incorporated in the definition of the normal
product N*=N{S;,S --S;,} of operators listed in a
given order, so that

. .
tn—1

(n)
N*=N{S:uSins* -Sa}=[I" Far) XO", (4.12)

where O is the standard normal product and a factor
Fyi, comes from each pair exchange required to bring the
given order of the operators to the standard order O™

If, for example, #,41 is greater than the other times,

N{Sniit (tar )N} =N =Spi 1t () N7, (4.132)
N{Sni1 (tay) Ny=NmH

(n)
=Fn+1,n‘ * 'Fn+1,r+1(HN Fhk)Sn+(tn) ot
XS1-+1+(tr+1)Sn+1_(tn-l—l)ST—(tr) °e 'Sl_(tl)

(n+1)

- ( HN Fhk)On-H'

In (4.13b), the labeling #, - - -, 1 refers to the order of
the operators in O" and not to their original order
<+, 41 in N* and

(4.13b)

'I:n, in—l; *

(n)
IIY Fr

is the same as in (4.12).
The time-ordered product T of S* operators is
defined as
(n)
Tr=T{SwSin1 S} =17 Fr)Q", (4.14)

where

Q”ES,,* (tn)S,,_li (tn_l) oo ShE (t1) ’ (4.15)

under the condition that #,>¢,—12> + - - 21 and a factor
F;, comes from each pair interchange required to bring
the original order i,in—,*+,i1 to the time order. In
particular,

T{Sa*(t2)Sk*(t)}
B Sn*(t2)Sx (1),
T B (1) S ()Si (1), i > 1.

it L3,
T 4.16)

The contraction of two operators Sp*(f2) and Si*(41) is
defined as the difference between the time-ordered and
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normal products and is denoted by dots above the two
operators:

S (828 (1)
=T{S»*(2)Sk* (1)} — N{Sn“(t2)Ss (1)}

= [0(’2'— tl) - 0(“)]6h,k6u,—thu(t2— tl) b (4'17)
where 6(x) is the step function:
1, if x20;
0(x)=1" ~ (4.18)
0, if x<0.
If, in particular, £,> 4,
Sh_ (t2)Sk+ (tl) = 6thh_ (t2— t1) , (4. 193.)
and
the other contractions=0. (4.19b)

The nonzero contractions are no longer ¢ numbers but
functions of S?. Since S,* does not change the spin
state in the basis we use, the contraction (4.17) can be
considered as a quasi ¢ number whose value is a function
of its position in an operator product at the time when
the pair is contracted.

Lemma 2: Consider the standard normal product O*
introduced in (4.11) and let {41 be later than all the
other times. Then

Snt 1 (tnr1)0"= N {Sni1*(tn11)0"}

+£ N{Surr®(tarr) - -SEW)- -}, (4.20)

I=1

where the singly contracted normal product is defined
by

N{Snirt(tng) - -8 (tr)- - -}
=Fni1,n*  Fop1,00152E () - - - .
XSH.li(tH.l)Sn.{.li(twl)sli(tl) ) (4~21)

and the order #, -+, [, ---, 1 is the standard order.

The lemma is proven as follows: If S,1F(fny) is a
raising operator, the contractions on the right of (4.20)
vanish according to (4.19). Furthermore, the product
Snp1t(fag)0” is a normal product and the relation
(4.20) is trivially satisfied.

If SuyiT(ty1) is a lowering operator, the normal
product N{Sn11(#a41)O} is written as (4.13b), where

(n)
II* Fu)=1.
Shifting Sny1r(fnt1) to the left, we obtain

N{Snii (tns1)0"} ={Frnir,n* * Fri1,r495x (8n) - - + Srpat (try2) [F ni1,re1Srp1t (rp1) Snpr (Bngr)

—Snr1 (Unp)Srart (brp) 1S () - - - S1= (1)

+Fn+1,n' * 'Fn+1,r+35n+(tn) ° 'Sr+3+(tr+3)[Fn+1,r+2Sr+2+(tr+2)Sn+1—(tn+1)
—Snpi ) Srist Erp2) 1Smrt (brgn) - - ST () F - - -
+[Fn+1,nsn+(ln)sn+1_(ln+1)—‘Sn+1—(tn+l)Sn+(tn)]sn—1+(tn—1) ° 'Sr_(tr) o 'Sl_(tl)

+Sn+l_(t»+1)sn+(tn) . ’Sr—(tr) M ’S1—(l1)} . (4.22)
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Since combinations of p pairs such that
Frop1,1St () S nr™ (buy) — S (tag1) St (1) Pr2pa)= 5 Cam{nply| -+ 3muh)---
=8 (tar)St (1) (4.23) 77 all pairs r e
and . )
Sn+1_(tn+1)Sf(tl)=0, (4.24) XCa”{m,ll}f"{n,,,lp; REE RS
Eq. (4.20) is proven. XO™{nplp; -+ 3midi}}, (4.29)

The numerical value of the contraction Sni1E (tnyr)
X 8:(t;) involved in (4.20) is determined by the state

[I—1, a)=S1at(ti1) - - - S1E(y) |a),  (4.25)

on which it operates to the right. Since H, contains
S3#’s only, the state |a) as well as |l—1, a) will be an
eigenfunction of all the .S,#’s. Although we are interested
in the vacuum state |0) introduced by (4.10), it is
useful to consider an arbitrary S* eigenfunction |a);
this permits us to arrange the Wick theorem in closer
correspondence with the operafor form of the theorem
for fermions and bosons with ¢ number contractions.
The only nonvanishing contractions are of the type
(4.19a), and the numerical value in (4.20) is given by
the eigenvalue equation

Sn+1— (tn+l)Sl+(tL) ll— 1’ (l)

=0n41,1{Gn1” (ns1— 1) Y10 I—1, @), (4.26)

where the expectation value (Gni1 (fng1—11))i—1,0 1S
readily calculated from (4.9b) and (4.25) by counting
the number of changes in S»41* produced by the opera-
tors Sli, seey St

Lemma 2 is one step in the reduction of a time-
ordered product to normal form. It is useful to have a
more complete notation which incorporates the inter-
change factors Fayi1,n***Fny1,41 Which precede each
contraction in (4.20) and to keep track of the state
(4.25) to the right on which the contraction operates
since subsequent contractions will remove operators on
either side of it. Let

Ca{my=Fmm1°* - Frn,141(SnEtm)SiE (1) Yi1,0, (4.27)

where the nonzero contractions S~ (£n)S:*(t), for
tn>1;, are to be evaluated from (4.26). Further, let
O™{{ny,- - -,m}} be the standard normal product of
n—p operators obtained from O" by deleting the p
operators S, %, -+ -, S, With this notation Lemma 2
becomes

Corollary:
S,,+1i(tn+1)0”[ a) = N{Sn+1:£ (tn+l)0n} [ a‘)

—I—Zn‘, CoYn+1, 30" {{n+1,0}}|a). (4.28)
=1

This is the analog of the lemma (A4-16) or (A4-47) of
Ref. 3 leading to the usual Wick theorem.

For a time-ordered product Q*=S,%(fn) - -S1E(t),
let us define P*(2p,a) as the sum over all possible

where tp,>tn, >+ >tn. The factor CoM{nply|---;
mlh} is a generalization of Co*{m,} introduced in
(4.27) but does not contain phase factors associated
with any operators Sy, ¥, S;,_,%, « -+, SaF, Si*, which
are removed by previous contractions. The value of
the contraction (S.,%S3,%), . (t---)},« involved in the
C." is to be evaluated by the state |l,—1,{{np1,lp-1;
-+ +;n1,l1}},e) which appears on the right of the opera-

SYnplp; « -+ ;m1,l1} consists of phase factors Fy; not
included in the C,™’s. Hence the expression on the right
of (4.29) is obtained from the time-ordered product
Qr=Sn*(ty) - -S1*(f1) with the phase factor f*=1 as
follows: Starting from the operator S;%(#;) on the right
of O, we shift all lowering operators S;=(#;) to the right
in time order and multiply f* by the phase factor Fy
associated with each interchange until the operator
product is brought into the standard normal order O*
defined by (4.11). If there were no contractions, O
would become equal to the normal product N{Q"}
introduced in (4.12). If, in the course of the rearrange-
ment, an operator .S, %({,) is to be contracted with an
operator Sp*(fy) where ¢, >4, we replace both
operators by C,™{#n,J/'|---} after shifting the former.
We indicate this removal of a pair by indices in f*O®,
that is, by f*{---;n/V'; -- - JO{{-- ;' V'; - - -}}. The
phase factors associated with bringing S./%(t.) to the
immediate left of Sy*(fy) before forming the contrac-
tion are included in C,*{#n/,)'|---}. In practice, a
normal product involving lowering operators will
vanish when it operates on a vacuum state and, conse-
quently, only those terms O*{{---}} in which all spin-
lowering operators are contracted will contribute. The
corresponding factors f»{---} will then become unity
because all the phase factors Fy; associated with shifting
S~ operators are included in C,"’s.

Wick’s Theorem: A time-ordered product of =
operators can be decomposed into all possible combina-
tions of contractions multiplied by normal products as
follows:

n/2 or (n—1)/2

Q" a)y=Spt(tn): - -SEM) a)y= X

»=0

ng"|a>.
(4.30)

The theorem is proven by induction in exactly the
same way as the usual Wick’s theorem. It is obviously
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valid for #=2 since (4.30) is written as

T{S2*(t2)S1* (1)} | a)=[N{Se*(t2)S1* (1)}
+C2 2,1} fA{2,130%{{2,1}} |a), (4.31)
but this is just the definition of the contraction C,2{2,1}
for the pair S.*(f) and Si*(#) because f2{2,1}
=0*{{2,1}}=1.
Let us assume that (4.30) is valid for # and let £,,1 be

Snp1E(tny1)Pop™|a)=

all p pairs

+2 Com{n+1, lwl[”mlp; RN DA U5 o) W VST P S FO {41, lpy1; npylyp; - -}}][a),

Ipp1

where

N{Sn1®=(tay) fr{np,lp; « - - YO {{nplp; - -+ }} Y= nplp; o YO {{nplp; -

and contractions appearing under the summation

=

lp

are with the newly added operator S, 1%(¢q1). Hence
(4.32) and (4.33) can be written in the form of (4.30),
where # is replaced by #-+1. This proves the theorem.

It is evident that the method described in this section
can be extended easily to the case where the perturba-
tion Hy includes the z components S,?, since the opera-
tors S»? in the time-ordered product can be replaced by
expectation values. This replacement should take place
after a particular set of contractions and the corre-
sponding diagrams have been assigned, since then the
spin deviation of atom % at that time is known. After
this replacement the contractions may be carried out.

5. THE ANTIFERROMAGNETIC GROUND STATE

As an application of the cumulant expansion method
for spins developed here, we shall calculate the energy
of the antiferromagnetic ground state. We assume the
two-sublattice structure such that the nearest neighbors
of an atom on sublattice [4] are on sublattice [ B] and
vice versa. Let S4, and Sg, be spin operators of atoms
of types 4 and B, respectively, and assume that the
values of spins |S4,| in [4] are all equal to #j4 and
that |Sg,| =%jp. The number of atoms on each sub-
lattice is V.

We assume the dynamical properties of the spin
system to be described by the anisotropic exchange
Hamiltonian:

H=2J Y [S4,29S5,:©

(k)
+ (1=7) (S @S5 @ +5 4,7 S5, )], (5.1)

where J>0 and (k) runs over all pairs of nearest-
neighbor atoms. The Hamiltonian (5.1) is the Heisen-
berg model for y=0 and the Ising model for y=1. In
(5.1), the components of S4, and Sp, are defined in a
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later than all the other times. Then
T{Sn1*(tns1)Q"} la)
n/2 or (n—1)/2
= > Sni1E(nr) Poy™| @), (4.32)

»=0

Use of the explicit expression (4.29) for P,," and the
corollary (4.28) in Say1*(tny1)Pap”| @) yields

1}

(4.33)

‘3, (4.34)

common coordinate fixed in the lattice and denoted by
x(c) etc. However, it is convenient in our discussion to
rotate the coordinates 180° around the x axis at every
atomic site in sublattice [B]. This yields the following
transformation in the components of spin operators:

SAz(c) ___.SAz,
SA+(0)=SA+,
SA—-(c)—_-SA—’

SBz(c) — ._SBz,
SB+(°)=SB—,
SB—(c)=SB+_

(5.2)

In this alternating coordinate system,” the Hamiltonian
is written as

H=—2J3% Sa,*Spi*+(1—7)J

(k)

X(Z) (SaitSpit+Sa,S87) .
hk;

(5.3)

Let us divide the Hamiltonian into two parts Hy and
Hj as follows:

H=H0+)\HI) (5.4a)
Ho=—212 S4:25B:?, (54b)
(hk)
Hy= (1_7)1 Z (SA;,+SBI,++SA,,—SB,,_) , (54C)
(hk)

where the unperturbed Hamiltonian H, represents the
Ising interaction and the perturbation introduces spin
flips. This form of the Hamiltonian is a simplification
of the one considered in Sec. 4 and will be obtained from
(4.2) and (4.3) by assuming that A\,=0 and Ju=J
when atom 4, is a nearest neighbor of atom By, but
J =0 otherwise.
The eigenfunctions of H, are

|'mAumA2, o yMB,MBy, ) ’

17 M. H. Boon (Ref. 12), and Y. L. Wang and H. B. Callen
(Ref. 7) have used the same coordinate system.
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where #m4, and #Zmp, are the z-projection quantum
numbers of S,, and Sp,, respectively, in the alternating
coordinate system. The ground state of H, is

0= = jay —jay =+ — s —jms ), (5.9)

and is antiferromagnetic, Since

S4;,"|0)=Sp,"]0)=0, forallZzandk, (5.6)

the state |0) is the vacuum state considered in Sec. 4.

We note that the transformation of the coordinate
system introduced in (5.2) does not alter the form of the
commutation relations in (4.5) since a nonvanishing
contribution appears only when the two operators
belong to a single atom.

6. THE CUMULANTS FOR THE GROUND-
STATE ENERGY

To demonstrate the procedure for calculating the
successive terms in the ground-state energy expansion
(3.9), we consider one of the 4th order terms which
results from inserting the Hamiltonian (5.4c),

(1_7)] 4 0 17
4[ :I lim eSS Y [ di / dts
ih a—+0 4 3 2 1 J_ o —o

ts 7]
Xf dtzf dtll:expa (l1+152+t3+ t4)]

X (0[S a7 (ta) S (t)S a5~ (ts) S (ts)

XS agt (42)Spst (t2)Sart (t1)Se,T (1) | 0)eumu
6.1)

Each of the summations is over all pairs of neighboring
atoms 4; and B;. The factor 4 on the left results from
A(AY)/ON in (3.9) and the upper limits of the time
integrations replace the denominator factor 4! in (3.9).
The other 4th-order terms have different numbers or
sequences of St and S~ pairs.

Application of Wick’s theorem decomposes a time-
ordered product into the sum of all combinations of a
normal product multiplied by Co*{m,!|---}’s coming
from the contraction of a pair Sy~ (¢m), Sit(#). Such a
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contraction vanishes unless the sites » and I are the
same and ?,>#. The nonzero combinations can be
represented in a familiar way by diagrams. If time
increases to the left, S* and S~ will be denoted by right
(O) and left (X) termini, respectively, of horizontal line
segments showing the propagation in time of a spin
deviation on an atom. Lines at different levels will
represent different atoms and, whenever possible,
neighboring atoms will be shown on neighboring lines.
A contraction will give a finite segment terminated at
each end while an S%(¢) in the normal product will give
a segment open on the left (right) and terminated at .
In the perturbation expansion each terminus is con-
nected with a like terminus on a neighboring atom to
form a spin-pair excitation or de-excitation, both of
which are represented as a zigzag vertical line. Each
diagram will be a set of one or more subclusters with
vertical and horizontal sides. A subcluster is a set of
termini which are connected by (de-) excitation lines or
contractions but disconnected from any other terminus
in the diagram. Here overlapping contractions are not
considered to be connected to each other.

If we restrict ourselves now to the vacuum-state
matrix elements in (3.9), only complete contractions
contribute and the diagrams consist of closed sub-
clusters only. Figures 3(a) and 3(b) show the nonzero
contribution from a time-ordered product in (6.1) for
which 41=A4,, B17B,. Figure 3(a) contains two sub-
clusters and Fig. 3(b) contains one. The respective
contractions are

Ko=Sm (108 (10 4 ()8 (1) Sas (1)

XSIBJ(tz)SAf(h)SBﬁ(51), (6.2a)
and

P / ', ' . .
Ky=384 § (h)SB[— (t4) SAa_ (t3)SBB_ (t3) SAz+ (t2)
XSB,+ (t2)SAl+ (t1)SBl+ (t). (6.2b)

The sequence of the contractions in the sense of (4.29)
is to be taken in the order of -, -, */, and . If 4:=4,
and B;= B, there are two additional nonzero diagrams.

The numerical value of K, is the product of the four
C¢® factors

COS{B:i;Bl} =FBgA2—+FB3A1—+GB3BI—+6B3BI

Co¥{A3,41|Bs,B1} =F 4,58, Gaga, T04,4,

Co®{ B4,Bs| A3,A1; B3,B1} =Fp,a; "Gp,, "0,

Co*{A4,As| B4,Bo; A3, A1; By, B1} =Gasa5 04,44,

=27 %2 exp[2ihJ (2t3— ta— t1) ] exp[— (4/%)ep(t3— 1) 108,85, , (6.3a)
=247 exp[ 2ihJ (ts—t2) ] exp[— (3/M) ea(ts— 1) 6 454, (6.3b)
=2jph? exp[ 2i4J (14— ts)] exp[— (3/%)ep(t4— 12) 108,45, (6.3¢c)

(6.3d)

=2ja%? exp[— (i/h)ea (ts—12) 1 4444,
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where

€= EA—I-GB, éA,B=22]'B,AJfL2, (64)

and z is the coordination number.

In each of the time intervals £y, £39, {43 of Fig. 3(a), the
phase term for a given contraction contains the energy
of forming that spin deviation in the presence of the
spin configuration generated by the as yet uncontracted
S operators preceding that interval. A general rule is
that in the product of the Co™’s the energy for each time
interval will be the total spin-deviation energy, which
is given by

the value of (Ho— Eo)= pe—2qhJ , (6.5)

where 2p is the number of spin deviations and ¢ is the
number of interactions among the spin deviations which
exist during that time interval. By definition, one spin
deviation is created by S+. In Fig. 3(a) the two spin
deviations on A4, in the interval #3; each interact with
the deviations on B; and B, giving ¢=4.

(0] ¥1]0) =474 jsh* exp[— (i/%) (e—27%T) (ts— )],
(0]V2]0) =474 jsh* exp[— (i/%) (e— 27T ) (ta—12) ].
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The prephase factor for a contraction with interval
tmi is obtained from the prescription for (4.29) and is
equal to

22 (jas—n), (6.6)

where % is the number of contractions for the same atom
which contain the entire interval #,;. For K, these
values are 2jph% 2j4h% 2jh?, 2j4h% and for K, they
are 27ph?, 2(ja—1)h?, 245h?, 24 4%? as can be seen from
inspection of Fig. 3(b). This rule as well as the rule in
the preceding paragraph for the phase is now inde-
pendent of the order in which a set of contractions is
carried out.

The cumulant contribution of Fig. 3(a) is propor-
tional to

K.— (0| ¥1|0){0]| ¥2|0), 6.7)

where Y is the time-ordered product for the 4By sub-
cluster alone and Y is for the 4182 subcluster alone, so
that

(6.8a)
(6.8b)

The product in (6.7) is the cumulant correction to K, in the sense of (2.3).
When the time integrations in (6.1) are done, each intermediate state gives the value of [ (¢/%)(Ho— Eo) ™2,
and the 4« is canceled by the last time integral. Figure 3(a) contributes

—LA—=p)JBP Y X [(e—212T) (26— 84T ) (e— 2727 ) T2 (47 4 fH2)?

A1 B1,B2

= — Na(a— 1) (1= )T AT (4] 4 f sl (e— 202T) 2 (2e— 872T )1 ,

where >’ means that B;=B, is excluded in the
summation.

It is important to notice that, because of the re-
striction #>#3>£,>1¢; in the time integrations, the
cumulant correction no longer appears as a product as

(b)

Fi16. 3. Two diagrams belonging to a configuration
in the fourth-order terms.

(6.9)

it does in (6.7). The intermediate state energies are now
calculated by

the value of (Hy— Eo)=pe—2¢'#2T,  (6.10)

where ¢’ is counted by regarding the subclusters ¥; and
Y, as spatially separated and hence differs from ¢ in
(6.5). This is the consequence of the separate averaging
processes for ¥; and ¥, described in (6.7) to (6.8).
Because of (6.10), the cumulant correction to (6.9) is a
similar term with (2e—4#%27)! replacing the last factor
on the right. This correction term is comparable with
the original.

Note that, since the intermediate states of Figs. 3(a)
and 3(b) are identical, their spin factors combine to
replace (274%)*(278#%)? in (6.9) by

(2781)°21(2jam){ (2j2— DA}, (6.11)

in agreement with the result obtained by the usual
formulas for the matrix element of

SBl~SBl+SBz_SBz+ (SAI_)2 (SA1+)2 . (6'12)

A set of diagrams like Figs. 3(a) and 3(b) with the
same arrangement of ST and S~ operators in space and
time will be represented by a single configuration. The
diagrams of a configuration will differ only in the



Fi16. 4. The second-order diagram.

combinations of overlapping contractions, but may have
different numbers of subclusters and therefore different
types of cumulant corrections.

The calculation of the nth order term E, in (3.10) for
the ground-state energy is summarized below. For the
form of H; in (5.4c), only even #’s contribute.

(1) Draw all interacting configurations consisting of
3n pair excitation and 3 pair de-excitation lines in a
definite time sequence ¢,> - - - >#; and with a horizontal
line indicating the existence of the spin deviations on
each site. Here two spin-deviation lines are considered
interacting if they coexist on neighboring sites. This
introduces the factor [ (1—v)J ]~

(2) The diagrams corresponding to a configuration
are obtained by drawing all possible contractions for the
given spin deviations. Overlapping spin deviations form
more than one set of contractions.

(3) For the numerical value of a diagram before
cumulant corrections: (a) Multiply by the inverse of
the value of Ey— H given in (6.5) for each intermediate
state. (b) Multiply by a factor 2%#*(j4,5—n) given in
(6.6) for each contraction.

(4) For the cumulant correction for a diagram with
more than one subcluster first form all distinct parti-
tions of the diagram into subdiagrams composed of one
or more subclusters. The subdiagrams are treated as
spatially separated from one another. For each parti-
tion: (a) Multiply by the inverse of the value of Eo—H,
given in (6.10) for each intermediate state. (b) Apply
3(b) to each subdiagram and multiply together. (c)
Multiply by the factor (—)*1(!—1)! coming from (2.3).
Sum over all partitions and add to (3).

(5) For each type of diagram, multiply the result of
(3) and (4) by Nz as well as by the number of times the
diagram appears in the crystal with a given 4158 pair.

7. RESULTS AND DISCUSSION
A. The Ground-State Energy

By using the prescriptions (1) to (5) just described,
we have calculated the energy of the antiferromagnetic
ground state up to the fourth order in the perturbation
expansion. Configurations involved in this calculation
are shown in Figs. 4 and 5 but, for simplicity, the
different possible contractions are not shown. The
result is written as

E=EotEyt+Est- - - =—(JaN#*)(2j4]5)
X[1+61<1—’Y)2+62(1_7)4+ e,

1r=2(e0—2)1,

(7.1)

where
(7.2a)
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62=4{ (Z—' 1)2—- G,} (dl—d5)+2@(dz—do+d21)

+2(z—1) (ds+da—2de)+ (ds—2de), (7.2b)
«0=22(ja+jB); (7.3)
and
d1= (47a7B) (e0—2)%(eo—3)7,
do=dy= (45478) (e0—2)2(e0—4),
d3=2(2j4—1)(258) (e0—2)2(ec—4), (7.4)

ds=2(253—1)(274) (e0—2)2(e0c—4),
ds=2(2j4—1)2(2j3—1) (e0—2)2(eo—4),
do=(4744B) (e0—2)72.

The factor sN@ is the total number of closed chains
containing four distinct atoms Ai, Bi, A and B,
arranged such that each one is a nearest neighbor to two
others. This is different from the @ used by Davis. The
terms dy to ds come from the corresponding diagrams in
Fig. 5 and the dg is the cumulant correction term. In
Fig. 5, two horizontal lines linked by a dashed line
represent nearest-neighbor atoms in the lattice, while
the double-headed arrows mean that the diagrams
obtained by interchanging the times of the indicated
pairs should also be included.

The coefficients ¢; and ¢, as well as the energy E are
calculated using (7.1) to (7.4) for the lattices of interest
and with values of ja=jp=1, 1, 2, 2, §. The results are
compared with those obtained by Davis and Boon in
Tables I and II.

The difference between our values of ¢; and those of
Davis can be explained as follows: The unperturbed
Hamiltonian used by Davis is the “independent boson”’
part in the Schwinger representation and is the part of
H which is linear in the spin deviations, 6S;*=%j,—577,
so that

H0=H0D—2]Z 6SA,,Z<SSB,,=.

(hk)

(7.5)

The quadratic terms in (7.5) gives the 2¢%#%J in (6.5)

TaBLE 1. Values of ¢; and ¢ as functions of the
lattice and the magnitude of the spin.

Lattice Q Author? i=4% j=1 i=3 ji=2 i=%
c1
Chain 1.0000 0.3333 0.2000 0.1429 0.1111
Plane 0.3333 0.1429 0.0909 0.0667 0.0526
sc 0.2000 0.0909 0.0588 0.0435 0.0345
bce 0.1429 0.0667 0.0435 0.0323 0.0256
c2
Chain 0 Present work —0.2500 0.0426 0.0300 0.0229 0.0185
Davis —0.4590 0.0292 0.0284 0.0226 0.0184
Plane 2 Present work —0.0019 0.0126 0.0099 0.0078 0.0065
Davis —0.0098 0.0123 0.0098 0.0078 0.0065
Boon 0.0988 0.0002 cee cee e
sc 4 Present work —0.0007 0.0055 0.0045 0.0037 0.0031
Davis —0.0015 0.0054 0.0045 0.0037 0.0031
Boon 0.0344 0.0006 cee e cee
bee 12 Present work 0.0049 0.0050 0.0037 0.0029 0.0024
Davis 0.0047 0.0050 0.0037 0.0029 0.0024
Boon 0.0088 0.0004 cee o e

a The three methods give exactly the same values for the trivial term c1.
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TasLE II. Ground-state energy of spins of magnitude one-half
cm}p}s(iil by the isotropic exchange interaction, y=0, in units of
—Jz 2

Present Spin
Lattice work . Davis* BoonP Marshalle Oguchid wave®
Chainf  1.750 1.736 1.631 1.692 1.726
(1.541)e

Plane 1331  1.328 1432 1312 1286 1.316
(1.324)

sc 1.199 1.200 1.234  1.203 1.183 1.194
(1.199)¢

bee 1.148 1.148 1152 1.157 1.134 1.146
(1.148)¢

a Reference 6.

b Reference 12.

¢ W. Marshall, Proc. Roy. Soc. (London) A232, 48 (1955).

d T, Oguchi, J. Phys. Chem. Solids 24, 1049 (1963). Also see J. C. Fisher,
bid. 10, 44 (1959)
(1952)W Anderson, Phys. Rev. 86, 694 (1952); R. Kubo, 7bid. 87, 568

t The exact value for the energy of the linear chain has been calculated
as 1.7726 by L. Hulthén, Arkiv Mat. Astron. Fysik 26A, No. 1 (1938).

8 The values obtained by keeping only ¢1 and c2 but neglecting ¢s. Those
values should be compared directly with our results.

and (6.10) and can be included to infinite order in his
perturbation expansion as Davis indicates.® For some
reason he did this only for the last time interval and
considered only the lower order terms in the other
intervals. Thus E,, Es, and the first terms in Eg and E
in his equation (44) correspond to a part of our fourth-
order term E4 in (7.1), while the second terms in his Eg
and E; belong to the sixth order term Eg in our notation.
Conversely, the terms in (44) of Davis can be generated
from the exact expressions (7.1) to (7.4) by retaining
one factor (eo—2)! and expanding the remaining
products (eo0—2)(eo—3)7, (e0—2)1(ec—4)~' and
(e0—2)72 in powers of ¢, From Table I and also from
the values in parentheses in Table II, we see that the
Davis expansion does not converge well for the smaller
and j lattice dimension. The (1—+v)® and higher terms
will have products of four factors (e—7)~! or more
so that the expansions will be even worse. Our per-
turbation expansion is expected to converge more

d; de do!
~
..... {s, {A . N
%—x ----- Alo“d ) ---I:Ijj -----
d3 ond dg dg

Fic. 5. All possible configurations
in the fourth-order terms.

18 Tt is also possible to include the full interaction
—27% S4,2SB,*
(hk)
in the unperturbed Hamiltonian using the Schwinger representa-
tion. See Ref. 15.
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rapidly because of the quadratic terms included in H,,
and this is seen especially for the linear chain in Table
II. The differences between our values and Boon’s
values of ¢; seem to be due to errors in his formulas (74).

B. The Long- and Short-Range Order
The long-range order is defined by

E=3L(Wjah) ’(Z San*)+ (N jsh) 1(2 Szi*)]

k=1

— L= L VG 8844+ () (E 3520)],
(7.6)

where (---) denotes an average with respect to the
exact ground state. The value of

N
(2 854,%)
h=1
can be found by differentiating the energy expression
E=(H) with respect to es/#%, keeping J fixed, since
€4 — e4+a is equivalent to introducing an infinitesimal
external field term

N
az 08 4,7
h=1

in H. From (7.1) and (7.6), therefore,

e {(5 (e,
(7.7

where the [ — (eo/2) (dci/eo)] for =1 and 2 are given
in Table III as functions of the lattice of interest and
the magnitude of the spin.

TasLE III. Values of [— (eo/2) (3ci/dep)] for =1 and 2 as func-
tions of the lattice and the magnitude of the spin.

Lattice  Authors® i=3% =1 j=3 j=2 j=%
_ada
2 deo
Chain 1.0000 0.2222 0.1200 0.0816 0.0617
Plane 0.2222 0.0816 0.0496 0.0356 0.0277
sc 0.1200 0.0496 0.0311 0.0227 0.0178
bee 0.0816 0.0356 0.0227 0.0166 0.0131
g0 9ca
2 deo
Chain Present work 0.2500 0.1433 0.0687 0.0458 0.0344
Davis —1.1260 0.0873 0.0623 0.0443 0.0340
Plane Present work 0.0356 0.0270 0.0181 0.0135 0.0108
Davis 0.0026 0.0259 0.0180 0.0135 0.0108
sc Present work 0.0080 0.0107 0.0079 0.0061 0.0050
Davis 0.0049 0.0103 0.0078 0.0061 0.0050
bee Present work 0.0129 0.0088 0.0062 0.0047 0.0038
Davis 0.0120 0.0089 0.0062 0.0047 0.0038

a The two methods give exactly the same values for the trivial term

[ —(e0/2) (8c1/de0) 1.
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The short-range order defined by

n=(N2jais?®) 2 Sa;°S5:*)
(hk)

(7.8)

is written as
7=—1+c(1—7)+3c:(1—v)'+---,

where the ¢; are given by Table I.

The comments given in connection with Table II are
again applicable to the comparison of our exact values
and Davis’s values of the [— (eo/2) (dcs/¢€o) ] in Table
III. In particular, Davis’s expansion seems to fail in the
case of a linear chain with spin 4. Without calculating
the 6th order terms in perturbation, however, it is not
possible to compare our values of ¢ and 5 with those of
Davis. We note only that, for y=0, the exact value of
the short-range order 5 given by Orbach!® is —0.59,
while our result in the 4th order is —0.75 and Davis’s
value is —1.37 or —0.39 in the 4th or 6th order,
respectively.

(7.9)

C. The Methods of Davis and Boon

The cluster expansions given by Davis and Boon are
both obtained by rearrangement of products in each
order of the perturbation expansion of U,(0, —)|0)
in order to permit the independent summation over
factors. The rearranged theory can then be written in
an exponential form.

As an example, let us consider a product with two
subclusters ¥; and ¥ corresponding to the upper and
lower subclusters in Fig. 3(a). When 41= A4, the value
(0]V142|0) is different from the value (0|¥:|0)
(0]Y,|0) of the two subclusters which are completely
separated. Therefore

2 2 ViYe|0)=[3 3’ (0]¥1]0){0|V2|0)

(41) (42) (41) (32)

+ Z) (0]¥1.[0)]]0), (7.10)

(4142
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where
(i142)

includes all connected diagrams and the corresponding
terms are omitted in

2 2

(31) (42)

We remove the restriction on the summation by adding
the omitted terms and at the same time replacing
(0] ¥142]0) by (0] Y 142]| 0) umur= (0| ¥ 142/ 0)— (0] V1] 0)
X (0| ¥,|0), that is,

> X ViY,|0)=

> (0]71]0)(0] 72| 0)
@ @ )

(i) (32

+ Z <O|Y1+2|0>cumulo (7.11)

(4142)

Boon used spin operators directly, but applied time-
independent perturbation theory apparently to avoid
the explicit use of Wick’s theorem for spin operators.
The time-independent formulation complicates the
discussion but, since his unperturbed Hamiltonian is
the same as ours, the results should agree with ours
except for mistakes, possibly, in his counting of
diagrams.

Davis handles the cumulant corrections by using
indicator & functions for the confluence of spin sites. In
his representation each spin line in ¥ and ¥, has the
value 24 4,p%. The product of the values of the spin lines
for A; and A, is therefore (274%)* when 4174, but
becomes 27 4(2j4—1)%2, when A1=A4,, which he writes
(274h)2—27a#?5 4,4, Doing the same for B; and B;
gives

2 X ViYo|0) > X X {(254h)*— 2] uk*8 4140} { (2587)*— 25 55%5,8,} | O)

=2 2 (27am)* 255+ Z) {— (2j8R)* (2] 4%*)3 4145

(41) (é2) (31) (i2)

(i1) (i2)

— (2747)* (27 81*)05,By+ (27 41%) (27 H7)0 414508,85) | 0) .

Since the first term on the right of (7.12) obviously
corresponds to

2 2 (0]¥1]0){0]| 72|0),

(41) (s2)

and the second term to
Z (01 Y1+2[ O)cumul I}

(4142)
the above expression becomes equivalent to (7.11).

1 R, Orbach, Phys. Rev. 112, 309 (1958).

(i1d2

(7.12)

Davis did not give a diagrammatic representation of
his procedure. This was supplied by Wang and Callen,?
who draw each nonzero & function as a “lock’ between
spin lines. Thus our cumulants are constructed directly
in terms of linked diagrams which consist of a single
subcluster or subclusters linked together by locks. The
indicator 6 functions also operate in a subcluster like
that in Fig. 3(b), not to give a cumulant but to correct
the value of the product of overlapping internal spin
lines.

There is a trivial difference between the value



155

assigned by us to a set of contractions and that given
by Wang and Callen in their Eq. (25), even when we
use their unperturbed Hamiltonian (=H,p). For Fig.
3(a) with 4;=A4, we have (2j%)? and for Fig. 3(b) we
have 25(2j—2)#? while their values are (27)(25—1)%?
for each. For a given configuration the totals are the
same. The difference arises from the use of spin opera-
tors and boson operators, respectively.

In Schwinger’s representation the indicator functions
can be considered as cumulants of the #-boson products
which appear because the ground state of these bosons
is occupied.® To define the subclusters in this case, we
need the notion of a contraction of a # operator with the
ground state which is represented by a line connecting
those two. In addition there will be the ordinary
u contractions. Each line now is a subcluster by itself
whose value depends on other overlapping lines in a
manner similar to the method of Wang and Callen. It
can be shown that their locks are in fact cumulants in
this description. Here a different type of cumulants is
obtained because the averaging process taken in this
method is different from ours.

D. Spin Green’s Function

The cumulant expansion is applicable to the calcu-
lation of spin Green’s functions also. The ground-state
Green’s function

Gu(t—1")=—i(T(S=OS:+()}),  (7.14)

where (---) denotes an average of the Heisenberg
operators with respect to the exact ground state, can be
written in the interaction picture as

O] T{Si=()Sk+(¥) Ua} | 0)
(0] Ua|0)

., (1.15)

N 2T
th(t l) 12{1’.}

where
Us=U,(0, — ). (7.16)
The form (7.15) can be generated by functional differ-

( 2061.) L. De Coen, F. Englert, and R. Brout, Physica 30, 1293
1964).
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entiation with respect to auxiliary external field. Let

Hi()=H+h % {En@OSKHO*OSKY, (7.17)

and let U, be the corresponding U operator. Then

62
T{Sy (t)Sk+(tl)Ua}=—mUa!' o (7.18)
Using (7.18) and
(0] Av{Ua} |0)=exp(0| Us—1|0)oumu1, (7.19)
in (7.15) gives
2
G (t—t)=1 Llf% m(m Uat| 0)oumur .
(7.20)

The first derivative terms are omitted in (7.20) because
they vanish when {=0.

In the perturbation expansion, each {;(£)S) intro-
duces an external spin deviation terminus O with
coefficient {(f) and each {*(¢)Sy gives an external
terminus X with coefficient {x*(¢#'). The significance of
the term external is that the terminus is not part of an
excited pair with an exchange interaction. The differ-
entiation in (7.20) picks out those cumulants with a
single S* terminus at % and a single S~ terminus at 4,
so that

Gu(t—1)=—1% (0|Si=Sst UM | 0Voumur, (7.21)
T

where U is a cumulant diagram having an incoming
k line and an outgoing % line. The S5~ and Syt give the
termini. Note that those external lines have to be
attached to the same subcluster in order to have a
nonvanishing contraction.

If the unperturbed Hamiltonian Hop is used, (7.21)
agrees with the Green’s function expansion (34) of
Wang and Callen in terms of connected diagrams con-
taining “locked” parts because of the equivalence
shown earlier of the cumulants and the set of linked
diagrams corresponding to a given configuration.



