
PH YSICAL REVIEW VOLUME 1SS, NUMBER 2 10 MARCH 1967

Surface Impedance in the Surface Superconducting State
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To enable a simple calculation of the microwave surface resistance, the surface superconducting state is
approximated by a model in which a layer of I@iform order parameter is considered superposed on the normal
bulk. Appropriate values for the order parameter and thickness of this layer were chosen with the use of the
numerical solutions of the Ginsburg-Landau equations by Fink and Kessinger. A Gorter-Casimir tempera-
ture dependence was used for the order parameter and the Maki temperature dependence for x. Our experi-
ments on Pb-In alloys at frequencies of 9.5, 23, and SS Gc/sec are in good agreement with the calculations.

I. INTRODUCTION
' 'T was originally pointed out by Saint-James and
- ~ de Gennes' that while the superconductivity of an
in6nite type-II superconductor disappears at a mag-
netic 6eld II,2, if a surface exists parallel to the applied
magnetic 6eld a thin layer at the surface will remain
superconducting to B,s where B.3=1.69',2. Since that
time, this surface superconductivity has been extensively
studied both theoretically' —4 and experimentally. 5 A
theoretical treatment of the eQects of the sur face sheath
on the surface impedance has not yet been given. Maki's
calculation6 of the surface impedance near H, 2 did not
include the surface sheath. A simplihed model of the
surface superconducting state in which the supercon-
ducting state is considered to have a constant order
parameter over its thickness enables us to readily calcu-
late the surface impedance. Fink and Kessinger' have
solved the Ginzburg-Landau equations to determine the
order parameter in the surface sheath as a function of
distance from the surface for various values of the
Ginzburg-Landau parameter a. We have used their
numerical results for the thickness and order parameter
of the surface layer. We then calculated the surface
impedance as a function of 6eld, frequency, tempera-
ture, and a. The temperature dependence was inserted

by assuming a Gorter-Casimir7 temperature dependence
for the square of the order parameter and the Makis
temperature dependence for a. The experimental results
on Pb-In alloys which we report here are in good
agreement with our calculations.

where co is the frequency, and the surface is the plane
2=0. We assume the uniform superconducting sheath
to be of thickness 8 on an infinite bulk material. In the
sheath both an ongoing and a reAected wave exist,
while in the bulk only the evanescent wave exists. For
plane polarized waves (assume that the static magnetic
field and the electric lMld are both in the x direction)
incident normally in the s direction we can write for
the sheath

E,=A expels(E, s—co~)3+8 expL —s(E,s+(o~)1, (2)

and for the bulk

Es= C expels(Ess —(at)j.
From the continuity of E and H at s=b, we can solve
Eqs. (2) and (3) to obtain

4s(u -E,(1+et)+Es(1—n)
~(~)=

c'E, E,(1 n)+E, (1ga)—
(4)

where n= exp f2sE,bj.
Using Ohm's law and Maxwell's equations, the prop-

agation constant E is given by

II. THEORY

The expression for the surface impedance in terms of
the electric Geld is given by

4srico E(s)
~(~)=

c' aZ(s)/as, o'
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where o.~ is the real, and o.g the imaginary part of the
complex conductivity. We are treating the case of
"dirty" superconductors (assuming no nonlocal effects),
and in the normal state our equations reduce to the
classical skin-eGect results.

We approximate o-~ and o-2 in the sheath by a two-
Ruid model. In the sheath, the order parameter at the
surface F(0) gives a measure of the number of super-
conducting electrons in the sheath. We can write for
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0] and 02

0 i——aoN = [1—F'(0)]a~,

~,=b~~= F'(0)~(moo/h~)~m.

(6)

(7)

I.O

0.9

0.7

For the temperature dependence of Ii, we assume
F'(0,T)=F'(0,0) (1—t ).

To calculate n we consider the combination (Opr47rco/

c')'"$, where $ is the coherence length. Using the
relations

H.,= 9 o/2~8(T) =~&~ P')H. P') (g)

to define ~(T) and P(T), and. the result for "dirty"
superconductors'0 near T„ that K(T,)=0.75hz(0)/t,
where t is the mean. free path and lii, (0) the London
penetration depth P, l.(0)= (3c'/SirX(0) Vi'e')'~'], we
can write

4irco '" 0.466 A(u)'t'~/~(T, )H.(0))' '
(9)

C K(T,) Aopl Ea(T)H, (T)j
We have used the relations" &r~ = ', X(0—)e'V pt and H. (0)
=[4irS(0)]'"h,o in the calculation. For the tempera-
ture dependence of H. , we use (1—t') while for z(T) we

use an empirical expression a(T) =1.20~(T.)(l—0.30t2

+0.13t ) which fits Maki's' result quite well over the
entire range. The expression for n is thus

0.85 fA(o)' ' (ia—b)'"(b/$)
a=exp i

—K(T.) (600] [(1—P) (1—0.3t2+0.13t4)]'~'

(10)

In the numerical calculations we have taken the
values of F(0) and (b/f) from the graphs of Fink and
Kessinger' for the appropriate values of ~. For the
detailed comparison with the data our calculations were
done on a digital computer.

III. EXPERIMENTS

The measurements were made with a standard micro-
wave bridge with the sample forming one wall of an
undercoupled TED» rectangular cavity. The actual
measured quantity was the microwave power rejected
from the sample cavity as a function of temperature
and magnetic 6eld. For small changes, the variation in
the reQected power is proportional to the change in the

Q of the cavity. This is in turn proportional to the
change in the surface resistance R of the sample if that
is the only material in the cavity whose E. varies sig-
ni6cantly with T and II. Care was taken that these

9Equations (6) and (7) are generalizations of the two-Quid
picture. See M. Tinkham, in Low-Temperature Physics, edited by
G. DeWitt, B. Dreyfus, and P. G. de Gennes (Gordon and
Breach Science Publishers, Inc. , New York, 1962), p. 149. See
also E. A. Lynton, Superconductor'vity (John Wiley R Sons, Inc. ,
New York, 1962), p. 104.' P. G. de Gennes, Superconductivity of Metals and A/loys (W. A.
Benjamin, Inc. , New York, 1966), pp. 196, 224, 271, 214.
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FxG. i. R/R at 23 Gc/sec and 1.73'K versus applied magnetic
field. The light line is the experimental curve for the magnetic
Geld normal to the surface. The bold line is for magnetic field
parallel to both the surface and the microwave current. The
dashed line is the theoretical curve and lies on the bold line
near H, 3.

conditions were met. It was always the change in R/R„
which was determined. We assume that R (H=O) =0
at our lowest temperature (1.7'K). Since the changes
are large fractions of 8„, this is an excellent approxima-
tion. The experimental equipment is similar to that
previously described. "

The samples were alloys of high-purity lead and in-
dium. The alloy was solidified rapidly while under
vacuum and while being agitated. The alloy was then
pressed into plates 1-cm across and about —',-mm thick.
This pressing was done with highly polished metal
blocks and the resulting sample surface was mirror-like.
The samples were then annealed in vacuum at 200'C
for a day or longer. The resulting recrystallization
slightly dulled the mirror surface.

In Fig. 1, R/R„ is plotted for the entire range of
magnetic 6eld for which superconductivity is exhibited.
The region from H, 2 to H.3 (here H. ~ 175H.~) is th.e-—
surface superconducting state with which we are pres-
ently concerned. When the magnetic 6eld is normal to
the metal surface, there is no surface superconductivity
(light curve). The large surface resistance at low fields
in this geometry is due to the viscous motion of the
Aux tubes in the mixed state when a component of the
microwave current is perpendicular to the applied mag-
netic field.""When the magnetic field is parallel to
the microwave current (bold curve), there is no absorp-
tion due to Rux tube motion" since the I.orentz force
on the flux tubes is zero. Just below H, ~ there is an
additional absorption mechanism in both geometries:
the onset of gaplessness. This will be discussed in a
forthcoming paper. "

"B.Rosenblum, M. Cardona, and G. Fischer, RCA Rev. 25,
491 (1964).

~ J. Gittleman and B. Rosenblum, Phys. Rev. Letters 16, 734
(1966)."A. Rothwarf, J. Gittleman, and B. Rosenblum (to be
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'4Presumably because of imperfect field alignment with the
sample surface, about 4% of the perpendicular held absorption
was present in the "parallel" case and has been subtracted from
the data as plotted in Fig. 1.
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FIG. 2. Temperature variation of R/R„at H,t. The curves are theoretical and the points experimental; (a) at 9.5 Gc/sec,
(b) at 23 Gc/sec, (c) at 55 Gc/sec. The 9.5-Gc/sec data were provided by Dr. G. Fischer.
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The dashed line in Fig. 1 is the theoretically calculated
surface resistance in the surface superconducting state.
There are no adjustable parameters; the only place
where any fit with experiment is forced in the model
is E/& =1 at H, t. The value of tr was taken to be 3.7
by using the value of B,2 determined by the data of
Fig. 1 and assuming that the thermodynamic critical
field is that of pure lead. This assumption is in agree-
ment with the magnetization data of Druyvesteyn and
Volger. "We obtained a value of 2 pp from the relation"
26pp=4. 3kT, where T,=7.1'K. Since the data show
H, t/H, t=1.75 while the theoretical ratio is 1.695, to
facilitate comparison with the experimental curve the
theoretical scale was expanded by shifting the calculated
points by 0.08(H/H, s—1). The curvature seen in the
theoretical results is somewhat more pronounced for X
band (9.5 Gc/sec) while for V band (55 Gc/sec) the
results nearly form a straight line. For very low ~
material (i.e., tr~0.5), such curvature is readily seen. 't

In Fig. 2, we plot the temperature variation of the
surface resistance at B.2. At this field the bulk of the
sample is normal but the surface sheath has its maxi-
mum order parameter. The curves are theoretical (with

no adjustable parameters) and the points experiment».
The presence of the minimum stems from the fact that
the sheath's thickness increases while its order param-
eter decreases with temperature; initially the reduced
absorption in the bulk exceeds the increased absorption
in the sheath. The agreement with the theoretical curves
is quite good except in two respects. First, the 9.5-

Gc/sec data generally show more absorption than pre-
dicted. It is possible that this is due to irregularities in
the sample surface. Second, at 55 Gc/sec, the absorption
at higher reduced temperatures is greater than that
given by the theoretical curve. This is not surprising
since the temperature dependence put into the@heory
was the Gorter-Casimir (1—I ). At these higher fre-
quencies direct transitions (excitation of quasiparticles)
across the "optical" gap would be expected to play a
significant role in the absorption process even though the
surface superconducting state is "gapless. '"'

In Fig. 3, we plot E(H, t)/R„versus tr. The experi-
mental points were determined from a series of Pb-rich
Pb-In alloys. At present we have no explanation of why
the data for ~&2 depart from the theoretical curve. Our
assumption of locality will, of course, break down as the
material is made purer and ~ is reduced.

Data taken with the electric field perpendicular to
the static magnetic field which is still parallel to the
surface show similar behavior except that 8/E„ is
shifted upward at B,2 by 0.1 to 0.2. The existence of
this anisotropy might be attributable to the same
mechanism' which is thought to cause anisotropy in
pure materials, i.e., an effective reduction of the gap
due to a drift velocity of the pairs near the surface.
Since this represents an added complication, we have
confined our attention to the case in which the micro-
wave electric field and the static magnetic field are
parallel.

' W. V. Budzinski and M. P. Garfunkel, Phys. Rev. Letters
16, 1100 (1966}.
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IV. CONCLUSIONS

The good agreement between our calculations and
our data indicates that the model used contains the
essential features of the problem. The fact that results
from the solution of the linearized Ginzburg-Landau
equations can be extended to the full temperature
range4 so readily is due to the fact that we are dealing
with local or "dirty" alloys, for which an equation of
the Ginsburg-Landau type exists at all temperatures. "
The discrepancies which exist between the data and the
calculated results for the higher ~ material may be

attributed to an inadequacy of the constant thickness
of the sheath approximation, and to deviations from
the simple twg-fiuid model temperature dependence. "
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Density of States of a Short-Mean-Free-Path Superconductor
in a Magnetic Field by Electron Tunneling
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Measurements of the density of states of a thin-film, short-mean-free-path superconductor in a magnetic
field are reported. The measurements were made on indium-tin films by a conventional tunneling technique.
Temperatures near 0.5'K were used, in order to minimize thermal smearing. The magnetic field was in the
plane of the film, and the film thickness was such that the order parameter was expected to be substantially
independent of position. The results are in excellent agreement with theoretical calculations of Maki, except
very close to the critical field, where small discrepancies occur. Maki s calculations predict gapless super-
conductivity close to the critical field, but thermal smearing prevented a direct verification. An attempt
to fit the data to a BCS density of states with a Geld-dependent energy gap was completely unsuccessful
except at zero field, where the two theories agree.

I. INTRODUCTION

S EVERAL years ago, Abrikosov and Gor'kov' pointed
out that the addition of magnetic impurities to a

superconductor should have a profound eGect on its
excitation spectrum. Their most startling prediction
was the possibility of gapless superconductivity, that is,
the existence of superconductivity without a gap in the
excitation spectrum. Measurements by Woolf and Reif'
appear to have confirmed their prediction. More re-
cently, Maki, ' and Maki and Fulde' have treated the
effect of a magnetic Geld and/or transport current on a
superconductor containing nonmagnetic impurities and
have found essentially identical results. In this paper,
we report on measurements made on superconducting
61ms with a magnetic Geld in the plane of the 61m, and
with the 61m thickness and mean free path chosen in
such a way as to satisfy the conditions implicit in
Maki's paper. The density of states in these films was

' A. A. Abrikosov and L. P. Gor'kov, Zh. Eksperim. i Teor. Fiz.
39, 1781 (1960) )English trans1. : Soviet Phys. —JETP 12, 1243
(1961)3.' M. A. Woolf and F. Reif, Phys. Rev. 137, A557 (1965).

'K. Maki, Progr. Theoret. Phys. (Kyoto) 31, 731 (1964).
References to earlier work are given here.

4 K. Maki and P. Fulde, Phys. Rev. 140, A1586 (1965).

measured by a conventional electron-tunneling tech-
nique' and the data were found to be in rather good
agreement with calculations based on Maki's theory. In
contrast, an attempt to fi.t the data to a BCS-type'
density of states with field-dependent energy gap was
completely unsuccessful, except at zero field.

FIG. 1. Schematic repre-
sentation of the tunneling
experiment.

METAL 1
- ~INSULATOR

METAL 2

' I. Giaever and K. Megerle, Phys. Rev. 122, 1101 (1961).
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II. THEORY

A. Density of States

The geometry of a tunnel junction of the type used in
our experiment is shown in Fig. 1. Here, metal 1 is a
normal metal, the "insulator" is a mixture of oxide and
adsorbed gases having a thickness of =20 A, and metal


