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The results of an exact treatment of the transition radiation from a foil of arbitrary thickness bombarded
by electrons at an arbitrary angle of incidence are presented. Several distributions of the radiation as calcu-
lated from the theory are given for Al and for Ag, as well as a comparison of theory with experimental results
for the case of Ag.

I. INTRODUCTION

A DISCUSSION of transition radiation and refer-
ences to the important works in this 6eld may be

found in a recent review paper by Frank' so we will
mention here only works relevant to our speci6c prob-
lem. The transition radiation generated by electrons
incident at an arbitrary angle on a plane interface be-
tween two dielectric media ("thick" foil) has been dis-
cussed by Garibyan' (see also references cited therein),
and more recently Howe and Ritchie' have calculated
the transition radiation and bremsstrahlung to be
expected for this geometry.

Experimental work on thin aluminum foils prompted
an approximate calculation of transition radiation from
thin foils bombarded with non-normally incident elec-
trons to explain maxima and minima in photon yield as

a function of angle of incidence of the electrons. 4 The
approximate calculation, valid for the electric suscepti-
bility of the foil small compared to unity, could account
for the experimental Gndings as due to constructive and
destructive interference of radiation from the thin foil.

II. THEORY

In this paper we present the results of a more exact
treatment of the transition radiation from a thin foil
due to non-normally incident electrons using Maxwell's
equations and appropriate boundary conditions. The
geometry is indicated in Fig. 1.The 61m speci6ed by the
dielectric constant s(io) has faces parallel to the x-y
plane and extends from s=0 to s'= d. An electron is in-

cident in the a-s plane at an angle $ to the —s axis.
It is convenient to work with the Hertz vector sr(r, t)

and its transform ssx „(s) delned by

ss(r, t) =
(2tr) s

ysi(xss+vsy wt)six (s)
—(I)

d] s i(esMvss cot)ss(r -1)—

FOlL

L II

where K= k,i+A„j.
The electric and magnetic 6elds are obtained from

ss(r, 1) by the relations

FIG. 1. Geometry for the transition radiation calculation. The
foil has faces parallel to the x-y plane and extends from z=0 to
z=d. The angle & is measured from the —z axis in the x-z plane.

Ke work in Gaussian units, and the magnetic perme-

ability is set equal to one. The wave equation is given

by

*Research sponsored by the U. S. Atomic Energy Commission
under contract with Union Carbide Corporation.

t I. M. Frank, Usp. Fiz. Nank 87, 189 (1965) )English transl. :
Soviet Phys. —Usp. 8, 729 (1966)g.' G. M. Garibyan, Zh. Eksperim. i Teor. Fiz. 38, 1814 (1960)
)English transl. : Soviet Phys. —JETP 11, 1306 (1960)g.

' H. J.Howe and R. H. Ritchie, Oak Ridge National Labor
Report No. ORNL-TM-1105 (unpublished).

The transform of the current density, JK „(s), is ob-

atory
4 J. C. Ashley, L. S. Cram, and E.T. Arakawa (to be published).
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Fro. 2. Parallel component of transition radiation as a
function of wavelength for a 300' aluminum foil.
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FIG. 3.'Theoretical photon intensity as a function of angle
of electron incidence for a 300 k. aluminum foil.

tained from

J(r.t) = eve(r vt) w—ith v= iv sin&+ko cos&,

and is given by

Jx,„(s)= e(i tan)+ k)expLi(66/v —tI, sin()s/cosQ. (4)

The Hertz vector thus has only x and z components.
Using (4) in the wave equation. (3), the components of
66x,„(s) are calculated in the three regions s&0, 0&s& d,
and z&d. The six resulting equations contain eight
arbitrary amplitudes which are specified by application
of the boundary conditions on the 6elds at the inter-
faces z=0 and z= d. Since we are interested in the far-
zone fields, only one of the eight amplitudes must be
calculated explicitly. The Hertz vector in the far zone,
66(r, t), is obtained using the stationary phase approxi-

mation, and the 6elds calculated. Dividing the energy
radiated into a solid angle dQ and in a frequency interval
6o to 6o+ dho by the energy per photon, Aio, we can express
our results in terms of number of photons per electron
per frequency interval dco and solid angle dQ, d'X/d6odQ.
If we define parallel (~~) and perpendicular (J ) polariza
tion as E, respectively, parallel and perpendicular to the
plane formed by the normal to the foil and the radius
vector to the point of observation of the photons, we
6nd that while in the case of normally incident electrons
there occurred oddly parallel polarization of the photons,
for non-normally incident electrons we find both polari-
zations are present. The transition radiation is thus
specified by the two distributions, d'Ã~/dQd6o and
d'E'/dQd6o The resul.ts of a lengthy calculation give
for the distributions in the region z&)d:

dsjy~~ 66p~p2r& 6—1 sjn8e'6P&e~

dQdo) m2(v
fm+y~{p parp p'r'—)e '"+—m y (p +porp p'r'ie'"—

d~8+8

P(1—t6')cosy sin) e"»e'
2o8+{p' Ppr —p 6P'r') e—"'"'l—+

dg52
[n 'm y e"" n+'m+y+—e

8+

S+
+n 'm~y= n+'m yg+4o'Pr{6 1)$+(2—o/8i) Prm+n + (p' t6oP'r')—n, e—*"

+ [Prm n+ (n /8+)(p—s+t6oP6rs)jn e" 2oPrp(e 1)/—8+—
p'rp sin) c s oe"y»&'

(n & ei 6~+n+&+e Ar 2 66r8
—
e Ap fer)—

d28+8

d2+J. ~P6p2r4(1 r2)sjn2y

dQdau m 2' d25+$ y+y
~n y e"'+n+y+e "~ 26o8+e "»e—'~ 6, '

where n=e /hc, P=v/c, t6=cos8, r=cosP, p=1—P cosy sin8 sin&, t=6od/c, o'= 6—1+t6'(Imo)0), di ——(pe —o)'e'"—(p6+6r)'e '",ds= (p,—o)'e" —( t6o+)' "e, 8~=p&ppr, y~ p&por, m——~——o+t66, n~=o+t6. These results derived
for 0&8&-,s (i.e., s)d) may be transformed to the other hemisphere of direction, i.e., —,s.&8&6r, by the prescription
p, —+~ti~, P —+ —P, and cosy-+ —cosy.
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FH:. 4. Comparison of experimental and theoretical photon
distributions for a 700', silver foil.

It may readily be veriied that these results reduce to
the results of Ritchie and Kldridge' for normal electron
incidence (&=0). In the limit of thick foils (t ~ re) these
reduce to the transition radiation terms calculated by
Howe and Ritchie as described in Ref. 3.

' R. H. Ritchie and H. 3.Eldrigde, Phys. Rev. 126, 1935 (1962).
6 W. R. Hunter, J. Opt. Soc. Am. 54, 208 (1964).
~ R. H. Huebner, E. T. Arakawa, R. A. MacRae, and R. ¹

Hamm, J. Opt. Soc. Am. 54, 1434 (f964).

III. THEORETICAL DISTRIBUTIONS AND
COMPARISON WITH EXPERIMENT

A computer program has been written to evaluate the
two photon distributions, Eqs. 5 and 6. The calculated
distributions for Al are based on the optical constants of
Hunter' and for Ag on the work of Huebner et el. '

Figure 2 gives the distribution of photons of parallel
polarization as a function of wavelength for a 300 A
thick Al foil with 80-keV electrons incident at an angle
)=20'. This example is for q =0, (the perpendicular
component of radiation is zero) and for 11=30' and 150'.
Figure 3 exhibits, for the same electron energy and 61m

thickness, the parallel photon distribution as a function
of the electron angle of incidence for y=0 and 0=150'
at X=840 A. Note the maxima and minima which result
from constructive and destructive interference.

A representative distribution for Ag is shown in Fig.
4. Here electrons of 80 keV are incident on a 700 A foil
at )=30'. The photons are observed at y=0', 0= 150'.
The distribution d'Ã ~ jdQdX versus X for various values
of $ have closely the same shape for $=0' to $=65' with
the peak at about 3300 A, 6rst increasing in magnitude
by about 20% with increasing $ to a maximum at
)=30', then decreasing to about s of the maximum
value at )=60'. Experimental data' from a 700 A Ag
foil is included in Fig. 4 which indicates reasonably good
agreement with the theory. For angles of electron inci-
dence greater than about 50' the bremsstrahlung compo-
nent becomes more important, and this theory is no
longer applicable.

IV. CONCLUSIONS

We have presented the results of a calculation of the
transition radiation to be expected from a foil of arbi-
trary thickness bombarded by electrons at an arbitrary
angle of incidence. Comparison with experimental data
on Ag indicates reasonable agreement with theory for
angles of electron incidence not too far from )=0'. For
P near 90' the main contribution to the observed emis-

sion appears to be from bremsstrahlung (see Ref. 3), at
least for very thick foils. A theoretical description of the
transition radiation aed bremsstrahlung from a thin foil
is needed for further investigations along these lines.
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