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The intimate relationship between current-commutator sum rules and low-energy scattering of mesons
and baryons is demonstrated. The various approximations involved in the derivation are separately dis-
cussed. Finally, some comments are made on the pion-pion problem and its relation to the question of con-
tinuation in mass, which is basic to the hypothesis of partially conserved axial-vector current.

I. INTRODUCTION

HERE has been considerable interest recently in
the implications of the sum rules based on the
equal-time commutation relations of Gell-Mann. Several
papers have appeared™ which investigate the possible
saturation of these sum rules in the approximation of
retaining only a few intermediate states. It is found that
the sum rules, in general, are not saturated in such an
approximation. For example, in the case of the Adler-
Weisberger sum rule,®® if only the nucleon and the
N*(1236 MeV) resonance are assumed to saturate the
sum rule, then the axial-vector renormalization constant
ga is calculated to be 1.4, which is much larger than the
experimental value of 1.182£0.02. In the paper of Cheng
and Kim,” the saturation of various sum rules is ex-
amined by including all the observed hadrons, both
particles and resonances, with masses up to about 2
GeV. They find that most of the sum rules are saturated
to about 60-709,, by this set of hadrons.

The original work of Adler’ and Weisberger® led to a
calculation of g4 from a sum rule over pion-nucleon
cross sections. Extension of their work to the strange-
ness-changing current generators led to sum rules over
K-nucleon cross sections,* % from which the D/F ratio
could be computed. These calculations are based on the
experimental total cross sections for pion-nucleon and
kaon-nucleon scattering. These cross sections are in-
serted into the dispersion integrals appearing in the sum
rules. The sum rules evaluated in this manner are found
to be valid to about 109,.

The relation between these approaches is clear. One
assumes that the sum rule is essentially exact, and then
one attempts to deduce properties of the hadron spec-
trum by approximating the sum rules by a finite set of
particles.

In an apparently independent line of theoretical in-
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vestigations, several authors have derived relations
between the axial-vector renormalization constant ga,
the D/F ratio, and meson-baryon scattering lengths. 't
Furthermore, there have been some results obtained for
pion-pion and pion-kaon scattering lengths.'*? The
assumptions made in these works are basically the same
as in the derivation of the various sum rules mentioned
above. These are the hypothesis of partially conserved
axial-vector current (PCAC), in one or another of its
forms,'5:1% and the current-commutation relations of
Gell-Mann for the integrated fourth components of the
currents.

The relation between these results and the sum-rule
relations has not been given a clear exposition as yet. It
is the main purpose of this paper to demonstrate the
close connection between these results. Finally, we make
some comments on the pion-pion problem, which is seen
to be a situation qualitatively different from all others
previously considered.

II. SCATTERING LENGTHS

The starting point for our investigation is the rela-
tions derived previously® %7 which involve pion-nucleon
scattering amplitudes, the axial-vector renormalization
constant g4, and nucleon static electromagnetic
parameters.

f7r2A?:1rN(+) | 0= 2MgA2,

oA
fﬁ(——~+B<->)
dv

The notation is that of Ref. 17: 4 and B are the usual
invariant amplitudes for =N scattering, f. is the
phenomenological constant appearing in muv decay, and
the tilde denotes that the Born term has been extracted.

We now proceed to apply the relations (1) and (2) to
the determination of low-energy pion-nucleon scattering
parameters. In contrast to the work of Tomozawa,!
Hamprecht,” and Weinberg,®® the procedure we use
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involves a clear separation of approximations. The
PCAC hypothesis entails the approximation of a dis-
persion integral by a single pole term. This approxima-
tion was used to derive the basic equations (1) and (2) of
this paper. Now we make a further approximation by
assuming some reasonably smooth behavior for the
scattering amplitudes. The assumption is that, for small
values of », the amplitudes with the Born terms
extracted satisfy

T® (r=p)=T® (»=0), 3)
TO (v=p)=p(0T/0v)(»=0), (4)

where T denotes either 4 or B. Since 7® is an even
function of » and T is an odd function of », the
correction terms to these approximations are expected
to be of order (u/M)? with respect to the dominant
term. Of course, the Born terms must be computed
exactly, since their variation with » will not be a slow
one, owing to the proximity of the pole to threshold at
V=u.

With these assumptions, we find the following values
for pion-nucleon scattering lengths:

aM=%(2a5+a:)=—0.008 F, ©)
O =3(a1—a5)=+0.073 F=———«—. (6
so=tor—an serrtan”

The value for ¢™ is only an order-of-magnitude esti-
mate, since the correction terms referred to above are
of the same order. These values are in good agreement
with experiment!®:

o™= —0.0122£0.004 F, @
exp™ = +0.0970.007 F. (8)

It is clear that analogous results may be derived which
involve pion-hyperon scattering by taking matrix ele-
ments between A, 2, and E states which correspond to
the matrix elements taken between proton states that
led to Egs. (1) and (2). For example, the result for A
scattering corresponding to Eq. (5) would be the order-
of-magnitude estimate

MM g 425\2
(—) Gy P=—0.002F. (9)

84

ArA= +

ma+ms

Since pion-hyperon scattering lengths are not known
experimentally, we do not pursue this further.

III. EXTENSION TO K-NUCLEON SCATTERING

The preceding results were derived under the as-
sumption that the weak hadronic currents obeyed the
equal-time commutation relations of SU(2) X SU (2). If
we extend this hypothesis to include the strangeness-
changing currents, so that the set of 16 currents obey the
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equal-time commutation relations of SU(3)XSU(3),
and if we extend the PCAC hypothesis to include the
strangeness-changing current as well, then we will
obtain further results. The new relations will typically
be of the form

fsz”K = (m2+'mn) (gA nz_)z ’ (10)
JrPAErD = (mzt+m,) (g2 )+ (matm,) (ga?*)?, (11)
QAKRE)

Tx? + BEn)=1— (gan®)2, (12)
v
9AKP»™
fK2 + BEp) =2 — (gA pZ“)Z_ (gA pA)2 , (13)
dv

where fx is the phenomenological constant appearing in
Kuv decay, and fx= fr, using the Cabibbo form® of the
weak hadronic current. The above relations all involve
KN and KN amplitudes evaluated at »=/=0. This
point is between the cuts in », and therefore there is no
contradiction with the reality of the right-hand sides of
the equations. Now, if we wish to obtain some threshold
values for the amplitudes, as we did above for the pion-
nucleon amplitudes, we must be more careful. We
certainly cannot assume that the amplitudes vary
slowly if we continue them towards the KN threshold,
since there are poles (¥ o*,¥1*) and cuts (Ar,Arm) which
are encountered in that direction. However, we might
try to obtain some KV scattering lengths by continuing
in the opposite direction with the approximations
analogous to those used in the pion-nucleon case, i.e.,
Eqgs. (3) and (4). We should not expect this to be as good
an approximation here as it was previously, since we
are neglecting terms of order (ux/M)? rather than
(u/M)?; moreover, the Y¢* and Y:* poles which lie
below the KN threshold may give the amplitudes a
faster variation than we can account for with our crude
approximation method. However, if we do proceed in
this manner, we find the following values for the KN
scattering lengths.

47er2(1+NK/M)al
(ga?')? (ga™)?
= —ZmK—-mK{ . ] ;
Mpt+ms—mg  Myt+ma—mg
ar~—046F; (14)
4 fx*(1+nx/M)ao
[ (ea?®) (ga?)? 2(g4am) 7
—[m,,—l—mz—mx ' M pma—my m,,—l—mz——mlj’
ae~+0.04 F. (15)

The value for ao is an order-of-magnitude estimate,
while that for ¢, is expected to be good to about 259,
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(if the PCAC hypothesis were exact). The experimental
values®
ao=-+0.034-0.03,
a;=—0.22+0.01,

(16)
a7

show that our estimate of @, is good, while our value for
a, is poor, although the sign is predicted correctly.

Since we do not expect the PCAC hypothesis for the
strangeness-changing current to be as good as that for
the strangeness-conserving current (the K-meson pole is
relatively nearer to the Kxw cut than the r-meson pole
is to the 3 cut), we do not interpret this disagreement
as being very significant, as it may be due to a combi-
nation of the two main approximations which we have
made to obtain the scattering lengths. We would expect
the relations (10)-(13) to be more accurate, since they
do not depend upon the approximation of small varia-
tion in ». These could be tested by computing the
amplitudes at the unphysical point »=¢=0 by means of
forward dispersion relations. Indeed, this method could
be used for the KN amplitudes as well. But this, of
course, is exactly what is called a sum rule.

IV. REMARKS ON PION-PION SCATTERING
PREDICTIONS

The problem of pion-pion scattering is of a different
character in the context of this work, since there is no
small parameter on which to base an approximation
scheme. In other words, the target mass is not much
larger than the projectile’s mass, as was the case for 7V
scattering. Nevertheless, several papers have appeared
which treat this problem under various assumptions
closely analogous to those used for =V scattering. The
reason for the discrepancies between the results ob-
tained by the several authors is simply that different
initial assumptions are made. In the case of 7V scat-
tering, the different forms of the PCAC hypothesis
(Adler'® and Bernstein et al.!%) lead to essentially the
same conclusions, because of the slow variation of the
matrix elements as a function of the external pion mass.
Furthermore, the ambiguity discussed in Ref. 17 does
not matter much, since the subtraction constant for the
even isotopic-spin wNV amplitude is small in any case.
Thus, the Adler-Weisberger relation and Adler’s con-
sistency condition are not mutually inconsistent whether
we apply PCAC to the matrix element of one or two
factors of 9,4* or not. Therefore, no problems (in
practice) are encountered in wN-scattering relations.
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However, for = scattering, these difficulties do appear.
One does not know the magnitude of the subtraction
constant for the even isotopic-spin combination of
scattering amplitudes. There is no obvious way to
estimate the order of magnitude of errors in the various
approximations which are made: this includes both the
PCAC hypothesis and the extrapolation from an un-
physical point to threshold.

Weinberg assumes an Adler type of PCAC, extrapo-
lates to threshold by using only the terms linear in s, ¢,
and #, and assumes that the equal-time commutator of
Ao and 9,4*is given by a quark model. We feel that all
Weinberg’s assumptions seem to be necessary for his
results. If we use the pole-dominance form of PCAC, a
linear extrapolation, and a zero subtraction constant,
we find no consistent solution. If we use the pole-
dominance form of PCAC, a linear extrapolation, and
Weinberg’s assumption on the subtraction constant
(i.e., the assumption on the commutator mentioned
above), we find two relations:

ch—5(12=0.69 F, (18)

which agrees with Weinberg® and with Meiere and
Sugawara,” and comes from the Adler-Weisberger-type
relation for pion-pion scattering; however,

ax+2a0=0, (19)

which gives
ao=40.06 F, (20)
a;=—012F, (21)

which is in violent disagreement with these authors’
results. On the other hand, if we assume that the con-
stant term in the expansion of Ms,.4 about the point
y=1¢=0 is proportional to (84ads.+ 0padsc) instead of
8430:4, as Weinberg assumes, then we find

2=0.35F, (22)

2:=0. (23)

In short, since the different approximations lead to
different results here, unlike the situation in all other
cases (rN, wA, KN, etc.), we must conclude that we
cannot trust any calculation in this framework unless
an estimate of the theoretical error entailed by the
extrapolation procedures is provided. Such an estimate
is found, for example, for the =V case in Weinberg’s
paper, and for the w7 case in the paper of Meiere and
Sugawara.??
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