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Explicit formulas are given for various matrix elements of the axial-vector current in an arbitrary irre-
ducible representation of the SU(3)®SU (3) algebra of currents. The formulas express such quantities as
the renormalization G4 of the axial-vector coupling constant, the strength G* of the axial-vector transition
between IV and N*, the D/F ratio for the axial-vector current between states of the baryon octet, etc., in
terms of the pair of integers that specify an irreducible representation of SU (3).

1. INTRODUCTION

HE suggestion by Gell-Mann! that the algebra
generated by current components may be used
to calculate such quantities as the renormalization G4
of the axial-vector coupling constant has been recently
explored in two different ways. In one approach the
current algebra is combined with the partially conserved
axial-vector current hypothesis. The pioneering work
along these lines was done by Weisberger? and Adler,?
whose calculation yielded the value |Ga|=21.2, in
excellent agreement with experiment. In the other
approach it is assumed that the sum rules derived from
the current algebra are saturated by a limited set of
stationary or quasistationary states. This approach
was first used by Lee? and by Dashen and Gell-Mann,?
using the SU(6) algebra generated by the time com-
ponents of the vector current and the space components
of the axial-vector current, and by Gerstein,® using the
chiral SU(3)®SU(3) algebra generated by the time
components of the vector and axial-vector currents.
All these authors obtain the unsatisfactory result
|Gal=5/3.

Now, in fact, the second approach is capable of
yielding for G4 any value whatsoever. As was noted
by Lee* and particularly emphasized by Ryan,” a
consistent solution of the current-algebra equations
will always be obtained provided the states used to
“solve” the equations form the basis of an irreducible
representation of the algebra in question. Thus an
infinite set of values can be obtained for Gg, corre-
sponding to the infinite number of different irreducible
representations. Moreover, since a mixture of irre-
ducible representations will also “solve” the equations,
by adjusting the amount of mixing a value for Gua,
intermediate to the values corresponding to irreducible
representations, can also be obtained.

During the past year various arguments have been
presented in favor of representation mixing. These may
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be summarized as follows8: ‘

1. In any pure representation the anomalous mag-
netic moment of the baryon octet vanishes.? This
argument involves two assumptions. It is first assumed
that the component L, of an internal angular momen-
tum along the direction of the linear momentum is zero.
Now if we have a pure representation it is reasonable
to suppose that it involves only one value of L, and for
the ground state of the system (to which the baryon
octet belongs) it is reasonable to suppose that that one
value is zero. Thus the assumption L,=0 is most
reasonable; nevertheless the possibility that L0 for
the baryon octet can not be ruled out. Secondly it is
assumed that in the commutation relations of the
relevant current densities there appear no nontrivial
gradient terms. In the quark model this assumption
amounts to supposing that the quarks themselves have
no anomalous magnetic moment, i.e., that their electro-
magnetic interaction is minimal. Again, although this
assumption may be reasonable the possibility that it is
wrong can not be ruled out.

2. Explicit mixtures of representations have been
constructed in which the numerical values of a variety
of quantities come out in excellent agreement with
experiment.’®!! Although the success of the represen-
tation-mixing schemes is undeniable, it is perhaps not
too surprising that better agreement with experiment
is achieved when additional free parameters, the mixing
angles, are introduced into the theory. :

3. In our, perhaps prejudiced, opinion the mos
convincing argument in favor of representation mixing
was presented in Ref. 12. In that work a consistency
relation is derived between the renormalization of the

8 It has also been argued (Refs. 9 and 10) that we must have
representation mixing because the success of the Weisberger-Adler
sum rule hinges on there being contributions from states other
than the 4% octet and the $* decuplet. We omit this argument
from our summary since it only proves that those pure represen-
tations whose SU(3) content is 8 ®10 are unacceptable, i.e., the
representation 56 in the case of SU(6) or the representation
[6,37] in the case of SUQB) ® SU(3).
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University of Miami, 1966 (W. H. Freeman and Company, San
Francisco, 1966).

10 H. Harari, Phys. Rev. Letters 16, 964 (1966); 17, 56 (1966).
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axial-vector coupling constant G4 and the D/F ratio
for the axial-vector current between states of the octet.
The relation is derived on the assumption that the
SU(3) spectrum of baryon states contains just one
octet but is otherwise arbitrary. Since the experimental
values of G4 and D/F violate this consistency condition
it follows that the SU(3) spectrum of baryons must
contain more than one octet. This is equivalent to
the statement that we must have representation
mixing because the SU(3) content of any irreducible
SU(3)®SU(3) representation has at most one octet
in it with one exception. If the two representations
used in SUQB)®SU(3) are conjugate then in the
Clebsch-Gordan series that determines the SU(3)
content the octet will appear twice (or once). However
in that case the D/F ratio is infinite or G4 vanishes and
the consistency condition is violated anyway.

In the present work we refine the above results by
explicitly calculating a variety of relevant quantities.
In Sec. 2 we confine ourselves to isotopic spin rather
than unitary spin and study the resultant chiral
SU(2)®SU (2) algebra. In that case a complete solution
of the problem is possible, i.e., we present explicit
formulas for all matrix elements of the axial-vector
current in an arbitrary irreducible representation of
SU(2)®SU(2). In Sec. 3 we generalize to unitary spin
and the chiral SU(3)®SU(3) algebra. Here we give
explicit formulas for G4, D/F, and the strength G* of
the axial-vector transition between N and N* in an
arbitrary irreducible representation of SU(3)®@SU (3).

Our results show explicitly that for no pure represen-
tation of the chiral SU(3)®SU(3) algebra can the
experimental value |G4|=21.2 be obtained. (Since the
calculations refer to matrix elements at infinite momen-
tum our conclusions for the chiral algebra hold equally
well for the collinear algebra, the two being equivalent
at infinite momentum.?) Aside from showing that we
must have representation mixing, our results should
be useful in the explicit construction of mixtures that
are required to yield prescribed values for G4, D/F, G¥,
etc.

2. THE SU2)®SU(2) ALGEBRA

We start out with the commutation relations for the
time components of the vector and axial-vector currents
proposed by Gell-Mann':

ViV, ]=cuVa,
[VM;A l’] = CI-W)\A Ay
[A wA v:l = Cnv)‘ Va,

(1

where the subscripts run from 1 to 8 and the c,,* are
the structure constants of SU(3) so that the V, are
the eight unitary spin generators. We note that if we
introduce

I

K=3(V+A),
L=1(V-A), (2)

BINCER 155
where we consider these quantities as 8-component
vectors, then Eq. (1) becomes

[KMKV:I = CI-W)\K)\ )
[LM’L”:I = CW‘)\LX )
I:KMLV] =0,

and therefore we are dealing with the group SU(3)
®SU(3), where the first SU(3) is generated by K,
the second by L.

We shall deal with this group in Sec. 3. Here we
restrict the values of the subscripts to 1, 2, 3. Then the
¢y are the structure constants of SU(2), the V are the
three isotopic spin generators, and the group that we
are dealing with is SU(2)Q@SU (2).13

An irreducible representation of the SU(2) group
generated by V may be specified by the number »
related to the dimension D of the representation by

D=2v+1.

3)

(4)

The allowed values of v are 0, 4, 1, £, ---. A basis for
this irreducible representation is provided by the set
of states |v,m), where m=—v, —v+1, ---, 49 is the
magnetic quantum number equal to the eigenvalue of
Vs. It is these states that we identify with physical
particle states since V is the isotopic spin and the
physical particle states are supposed to form isotopic
spin multiplets. Our task therefore is to calculate matrix
elements of the form (v,m|A|v',m’).

The dependence of the matrix elements on the mag-
netic quantum numbers is disposed of by means of the
Wigner-Eckart theorem:

o | T |0 s’y = || T )'m” Am | om’”), (5)

where (9]|T||¢') is the reduced matrix element indepen-
dent of magnetic quantum numbers, (v'm’,1m|vm’’) is
the Clebsch-Gordan coefficient of SU(2), and T, is the
mth component in a spherical basis of a rank-one SU(2)
tensor, such as V or A.

We calculate first the diagonal reduced matrix
elements. It follows from the Wigner-Eckart theorem
and the fact that the V are generators that

(@m|V-T|v,m)= Gl V][0)]| T][v). (6)
Consequently
(vl Allv)=Co,m|V-Alv,m) (o,m | V2| o,m) T2, (T)

To get the off-diagonal elements we note that by the
Wigner-Eckart theorem

v+1
(vym|Aom)= 3

»/=p—

Gl ®

In view of the relation
@4 ]|o"2o+1) = (v'[|4[]o)* (20" +1), ©

13 The treatment that we give here follows closely that of W.
Pauli, Ergeb. Exakt. Naturw. 37, 85 (1965).
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(which follows from the reality of our matrix elements
and the Hermitian nature of A), we can convert Eq.
(8) into a two-term recursion formula:

20—1
20+1

= (v,m| A?|v,m)—

(ll4]lo+1y+——(—1]|4[[2)*

(v,m l VA] v?m>2

—. (10)

(vym | V*|v,m)

Equations (7) and (10) are the solution of our problem
given the values of V2, A% and V-A for an arbitrary
irreducible representation of SU(2)®SU(2). Let k(1)
specify the irreducible representation of the SU(2)
generated by K(L); the corresponding irreducible rep-
resentation of SU(2)®SU(2) will be specified by the
pair [%,7] (the allowed values of either % or ! being 0, %,
1,4, -..). The group SU(2)®SU (2) has two invariants,
i.e., quantities that commute with all the operators,
namely the two quadratic Casimir operators K2 and
12, In the [%,/] representation their values are

Ke=k(k+1), L*=1(+1). (11)
It follows from Eq. (2) that
K:—[2=V-A=A-V, (12)
K2+12=3(V2+A%), (13)
and therefore in the [%,/] representation we have
V-A=k(k+1)—104+1)= (k=D (k+1+1), (14)
(VA =k(k+1)+1(041). (15)

Finally, since V2 is the quadratic Casimir operator of
the isotopic spin SU(2) we also have
(o,m| V2| v,my=0v(v+1). (16)

Making use of Egs. (14)-(16) in Egs. (7) and (10)
we have in the [%,/] representation of SU(2)QSU(2):

@4 floy= (k=) ;k+I+D[o(e+1) T2 (17)
and
Ao o 1] o
@Al P
=2k(k+1)+21(+1)—2(v+1)
— (k=D (k+14+1)%/[v(v+1)], (18)

provided that the representation v is contained in the
representation [k,J] (if it is not contained then the
matrix elements vanish).

To see whether the representation specified by v is
contained in that specified by [%,/] we note that ac-
cording to Eq. (2)

V=K+L;

SU(3)QSU(3) ALGEBRA OF CURRENTS
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thus we have the problem of addition of two angular
momenta, whose solution is the well-known rule

|k—1| <v< k. (19)

Now, in particular, for the nucleon »=% and we are
only interested in [%,/] representations which contain
the nucleon. Hence

lk—1] =13, (20)
and the SU(2)®@SU (2) representations of interest may
be specified by a single (integer or half-integer) number
I; they are of the form [/43,7] or [, I43]. These
two types are referred to as each other’s mirror
representations.

Now, by definition, the renormalization of the axial-
vector coupling constant G4 is given by

GlAlls
4= ~ (21)
GV
Consequently
GA:Z‘:(1+%Z) ) l=0> %1 17 %7 Tt (22)

where the upper sign holds for the irreducible repre-
sentation [J+43,7], the lower sign for the mirror
[/, 14+3]. We note that for =0 we have |G4| =1, ie.,
no renormalization, for /=% we have |G4|=5/3, i.e.,
the famous SU(6) number. These numbers are in
agreement with the known results for the represen-
tations [3,0], [0,3] and [1,5], [3,1].

By definition, the strength of the axial-vector tran-
sition between IV and N* is given by

_Gllalp
Glivig

Using the recursion formula, Eq. (18), for v=1 we
obtain immediately

%

(23)

G*?=8I(1+%1)/3 (24)
for either of the mirror representations [I+3%,1],
[7,14-3]. In particular G*=0 for I=0, as it should
since v=% is not contained in either [%,0] or [0,4];
and G**=(3)? for /=4%, in agreement with the known
value for this representation.

3. THE SU3)®@SU(3) ALGEBRA

We now proceed to the case when V stands for the
eight generators of unitary spin and the current algebra
is the algebra of SU(3)®SU (3). Most of the equations
of Sec. 2 are generalized to the present case in an
obvious way but there also are some fundamental
differences which make the calculation at the SU(3)
level considerably more complicated.

An irreducible representation of SU(3) is specified
by a pair of non-negative integers (p,9) related to the
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dimension D of the representation by

D= (p+1)(g+1)(p+¢+2)/2, (25)
and to the quadratic Casimir invariant C® by
CO®=p+g+(P*+¢+1p9)/3. (26)

We shall refer to a representation of the SU(3) group
generated by V, K, and L, respectively, by the symbols
v, k, and N\. Thus v stands for the pair of non-negative
integers (pv,qv), k stands for (p«qs), and \ stands for
(p», @) We shall also use for v (or &, or A) the actual
dimension of the representation and will then dis-
tinguish conjugate representations by a star: v=>(p.,q.),
v*~(g,,pv). The representations of SU(3)QSU(3) will
be specified by [k,\]. The quadratic Casimir operators
are given in the [k,\] representation by the corre-
sponding quadratic invariants

K=C,®, =0\, @7

and we also have
(ot | V| op)=C.,®.

Here |uu) stands for the set of states that provide a
basis for the irreducible representation v (u, the
“magnetic’” quantum number, now involves the speci-
fication of isotopic spin, z component of isotopic spin,
and hypercharge). These are the states that are now
identified with physical particle states which are now
supposed to form unitary spin multiplets.

As before the problem is to determine matrix elements
of the form (vip1|A|veus). The Wigner-Eckart theorem,
which disposes of the dependence on the magnetic
quantum numbers, has now the more complicated form

(28)

(vmlTulvzuz)=<Z ) ”;‘1")<mnruw>a
+(M ) l:’:)@xHTllv»s, (29)

where {v1||T||v2)+ is the reduced matrix element,
(vg 8 vl,y)
M2 M M1
is the SU(3) Clebsch-Gordan coefficient with phase
conventions as defined by de Swart,”* and 7', is the uth
component in a spherical basis of an octet SU(3) tensor,
such as A, K, L. V is also an octet SU(3) tensor, but
being the generator of the group here considered, has

only reduced matrix elements diagonal in v, and only

of the type y=a.
As a result, the analog of Eq. (6) now reads

(ot | V- T u)= Q| V[ l| L] v)a,
47, J. de Swart, Rev. Mod. Phys. 35, 916 (1963).

(30)

BINCER 155

and therefore the analog of Eq. (17) is
(U”A ”v>a= (CP=C\)/\/C®, (31)

provided that v is contained in [«,\], otherwise this
matrix element vanishes.
The analog of Eq. (18) now reads

Qlldlv)i+ 2 @l )=2C2+20,®-C,@
v/ #y

— (CO—C\@)/C, @, (32)

where again a term such as C® appearing on the right-
hand side actually stands for (v |K?|vx), which is equal
to C¢® if v is contained in [«,\], and is zero otherwise.
The summation over v’ runs over all values, other than
v, contained in the Clebsch-Gordan series for 8®u.
Thus Eq. (32) is equivalent to a multiterm recursion
formula, in contrast to the SU(2) case, and is of little
value unless all but one of the reduced matrix elements
appearing in it have been determined in some other way.

We must therefore search for additional relations
involving the same reduced matrix elements. One such
set of relations is obtained directly from the funda-
mental Eq. (1). In the spherical basis the last of Eq.
(1) is written as

8 8 8,
tAa,AﬂJ=—vzz( )V,,. 33)
P \a B p

By taking the v, v/ matrix element of this equation,
using the Wigner-Eckart theorem and properties of the
Clebsch-Gordan coefficients, we arrive at the relations

2 {8y 8uye [V (88) N yvyirr)
U,‘Y"Y”
XA Ay
= (\/3/2) (Cu(z))lﬂav”,v6N7,8a57”’.a;
N,=8,, 10, 10%. (34)

For v”=v these relations involve the same reduced
matrix elements that appear in Egs. (31) and (32).

The SU(3) Racah coefficient appearing in Eq. (34)
is defined by'®

{(v1v2)v12,eV30y | v1(V2035)va3, 6V )

5 <v1 v2 vl2,a>(v12 U3 U'y)
pilpops \M1 M2 M12 M1z M3 M
n12u238
Vg Vg U238\ /U1 V23 Uy
X (35)
Mg M3 M3/ \u1 M23 M

being the standard recoupling coefficient that arises
when  the product of the three representations
v1iQu.Qus is reduced in the two different ways:
(11®@v2) Qs and viI® (V2@ vs).

16 The particular Racah coefficients that will be needed in this

work were tabulated by M. Krammer, Acta Phys. Austriaca,
Suppl. 1, 183 (1964).
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We note that whereas for N,=8,, v’=a Eq. (34)
has an SU(2) analog, for N,=8, v”’=s and for
N,=10, 10* it does not. Another set of relations, also
without an SU(2) analog, is obtained by considering
cubic Casimir operators. In SU(3) one can construct
a cubic Casimir operator, which [in contrast to the
SU(2) case] is functionally independent of the qua-
dratic operator. We denote the cubic operators by K3,
L? and V? respectively for the three SU(3) groups. In
the [x,\] representation we have

K3=C,®, L}=C\®, (36)
Also

(| V¥ ou)=C,®. 37

Here C® is the cubic Casimir invariant whose value
in the (p,q) representation of SU(3) is

C®=6(p+¢+1)(p—9+2(p*q—pP)+4(*—¢"). (38)

In terms of components in the spherical basis our cubic
operator is given by!®

8 8 8§,
V3=<4\/1s>z( )vavﬁvn, (39)

abp N\ B p

and similarly for K3 and L3.
We note parenthetically that the quadratic operator
can be cast into a very similar form:

8 8 8,
Ve Y Y,V = — (18) X ( )VanV,,’f. (40)
, ap\a B p

By taking matrix elements of K* and L? in the repre-
sentation v we obtain two additional relations for the
reduced matrix elements of A. Because of the cubic
nature of these invariants these relations contain terms
up to trilinear in A, and consequently reduced matrix
elements beyond those occurring in Egs. (31), (32),
and (34). We note however, that the combination
K3+ L3 is an even function of A, hence does not contain
trilinear (or linear) terms and therefore involves only
the desired reduced matrix elements. We have

8 8 8§
K4 L3=1Vi4 (34/15) 3 < )AaAﬁVpT: (41)
abe \a B p

which upon taking of matrix elements can be manipu-
lated into

(34/15) 3= {(W8)v'-8uy|v(88)8,va)
v171’
X @/l [[v ) |40}y
= (COFCO—ICO)NCD, (42)
16 There seems to be no unanimity in the literature on the
definition of these Casimir operators. For reference we give the

conhection between our V2 and V¢ and the M, and M; of Okubo
[S. Okubo, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962)]:

Vi=4Ms; V3=6M3—9M,.
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where again C,®4-Cx\® must be replaced by 0 if the
representation v is not contained in [«,\].

We now have a sufficient number of relations and
may proceed to an explicit solution of the algebra.

4. EXPLICIT SOLUTION OF THE
SU@B)®SU3) ALGEBRA

Since V=K+-L, the representations v that are con-
tained in [k,\] are those that occur in the reduction of
the direct product «®\. An arbitrary representation
[x,\] may be specified by the four integers p., gx, 3, Or;
if however [«,\] is to contain v==8 then certain relations
must be satisfied by these four integers. The desired
representations can be grouped into seven classes,'”
specified within each class by just two integers:

ClassI: k= (m+2 n—1), A=(nm), n=0; (43)
Class II: k=(m—1,n+2), A=(nm), m=0; (44)
Class ITT: k= (m+1, n4+1), A= (nm); (45)
Class IV: «= (m,n), A= (n,m); (46)

here m, n are arbitrary non-negative integers. Three
more classes are obtained from classes I, II, and III
by mirroring (the mirror of class IV is again class IV).

The quantities of interest are D/F, Ga, and G*
defined by

(8 818 8ll4|8
11 10 —;—1>< l418). 3 (8||l4]18)
e s e, ¢
(%1 o %1)<81|Aus>.,
3
Ga= | @I+l /3, )
8 10
SO S ) [P
——@(0)4l8). (49)

These definitions specify the quantities in question
unambiguously provided that the representations 8
and 10 occur in a given [k,\] no more than once. The
representation 10, being triangular, can never occur
more than once; the representation 8 can never occur
more than twice.® Moreover, in the classes I, II, and
III the octet in fact occurs just once.’” By solving Egs.
(31), (32), (34), and (42) for v=8, we then find for

17 D. Lurie and A. J. Macfarlane, J. Math. Phys. 5, 565 (1964).

18 These are special cases of the statement that the maximum
multiplicity M of an SU(3) representation (p,q) is given by
M=1+4min(p,). See, for example, S. Bergia and K. Zalewski,
Nuovo Cimento 44, 542 (1966), and references cited therein.
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these classes (for details see Appendix)
D/F =35 (C®+Cy®)(C,O—Cy®)2, (50)

Ga=1[C,®—Cr @+ (CO+C\®)/

(CH=C®)], (51)
G*e= (4/15)[C,‘(2)+C)‘(2)—%(C.((z’-C)\(”)Z
+(C®4-C\®)/18]
= /45R[CO—CO+F(CO+O®)/
(CO—C\®)P—9}. (52)

Quite explicitly then, in terms of the integers m and
n that determine the [«,\] representation, we have

Class I:

D/F=2(m+2n+3)/ (m+2), (53)
Ga=3%(m+2)+%(m+2n+3), (54)
G*= (8/45) (m+n+1) (m+n+4). (55)

The [6,3] representation belongs to this class and
corresponds to m=0, n=1, which gives the famous
SU(6) numbers D/F=%, G4=5/3, G¥*= (4/3)%

Class I1:

D/F=—%(n+2m+3)/(n+2), (56)
Ga=3(n+2)—§(n+2m+3), (7
G*2= (8/45) (m~+2)(m—1). (58)

We note that (aside from relabeling of 7 and ») class-II
representations are conjugate to class I and thus have
D/F ratios equal in magnitude and opposite in sign.

Class III1:

D/F=%(m—n)/ (m+n+3), (59)
Ga=%(m+n+3)+3i(m—n), (60)
G*= (8/45)m(m—+3). (61)

For the representations that are mirrors of the above
the same results hold with G4 replaced by —G 4.

We divide class-IV representations into two sub-
classes: class IV; containing just one octet, which
happens when x=\* is triangular, and class IV con-
taining two octets.

Class IV;: (=0 or m=0)

D/F= w, (62)
Ga=2CP/CO=12m+3) i n=0
=—12n+3) if m=0, (63)
G*=0. (64)
Class IVy: (#5340, m>=0)
(D/F)1= (D/F)s= =, (65)
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(Ga)1=—(Ga)s=3[ 2m+2n+3)
— 4T, (66)
(G*)1,2= (2/15){2m~+2n+% (m*+n+mn)
FL6(m+n+1)(m—n)
+2(m*n—mn?)+§ (mP—n®)]
XLC@m—+2n+3)2—4dmn 12} . (67)

Here the subscript 1 and 2 refers to the two octets 8;
and 8; which are defined by the requirement that they
not be mixed by the axial coupling: (8:[4]82)s=0.
Since (81]|4||8:1)=—(84]|4]|82) for any choice of 8; and
8,, the identification is made complete by choosing
(81]|4/8:)>0.

5. CONCLUSIONS

From the explicit formulas for G4 given in the pre-
ceding section it is clear that the experimental value
can never be obtained if the nucleon is assigned to an
octet from any one irreducible representation of
SU(3)®SU(3) except possibly for class-IV, repre-
sentations. In that case if we identify the nucleon with
either 8; or 8; the above conclusion still holds but we
have the option of taking some mixture of 8, and 8..
However for all class-IV representations the F-type
coupling vanishes and so these representations do
violence to the experimental value of the D/F ratio.

We may remark that at the SU(2) level the same
conclusion for G4 follows even more transparently. The
comparison of the results for G4 and G* at the SU(2)
and SU(3) level leads us to a remark which may well
be obvious to experts in the field. Since SU(2) is a
subgroup of SU(3), one might be tempted to “derive”
SU(3) results by dealing with the simpler SU(2). After
all G4, G* refer to nonstrange particles and SU(2)
should be sufficient. However when we compare the
results for G4, G* at the SU(2) and SU(3) levels we
do not find, in general, the same expressions. In other
words an irreducible representation of SU(3)®SU(3)
when reduced with respect to its SU(2)®@SU(2) sub-
group gives rise, in general, to a reducible represen-
tation. An exception is the [6,3] representation of
SUB)®SU(3), but this is just due to its low
dimensionality.

Conversely, since it is clear that we need a reducible
representation of SU(3)@SU(3) we should perhaps
look to a higher group having SU3)®SU(3) as a
subgroup. Then an irreducible representation of that
group would, in general, be reducible at the SU(3)
level. Such an approach would avoid the introduction
of arbitrary mixing parameters.

APPENDIX

When the fact that a given representation v may
occur in the product k®\ more than once is taken into
account Egs. (31), (32), (34), and (42) become (for
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brevity we use in the Appendix the notation (v.)|vs’), ventions it follows that
for the reduced matrix element (va|l 4] vs")y)
@ @Y (C, @)1125 - Al Well M )= 5[V e) (/)
@allug)a= (GO =Nz (AD - BN ) E1(8MN,)Ea(8N M )Es(BMN,),  (AL0)
% (Galludet Gl £ Gallda) i) s )
1]|85)=—2V2(8;||1
(200420, (1]186) (8sll1),
(CO—C\®)/C,®}5 (A2) (BelB)e={Bsll3a},
- kT UN v a,B)
S (8 o o BB ) (10][8s)=—(2/4/5)(85/|10},
v U 477 OUNr |V Unrrr
valyiyt 4 v i (10*“85>= (2/\/5)<8/3” 10*>,
Xévu”v’a’>7'<vla’|]UHﬁ>’Y" M2 .
274|188)=——=(85||274).
= (3VB) (Co®)1128, 50 3y 508770 (27.)183) 3\/3< 8ll272)
Ny=8,, 10, 10%;  (A3) Using these relations in Egs. (AS5)-(A9), and in-
3(3/15) T ((u8)Vy-8uy|v(88)8,va) cluding Eq. (A1) evaluated for v=8, we get after some
’ vy v o simple manipulations
X (Val [V ar )4 (v |[VB) 5+ (8a]188)a= (C.®—Cr@)3-1125,, 5. (A11)
_ _1 -
(COFC\®—1C,®)(C, @) 1125, 5. (A4) 5 (8all8ur)o(B5l|8arye = 1[2(Cx®+Cr)
Here the subscripts o, 8 serve to distinguish the - 43— (CO—C\®)2 a5, (A12)

representations that occur more than once. As always,
the Casimir invariants with the subscript k or X must
be replaced by zero if the representation v or v’/ does
not occur in kx®X. We know that, by construction, the
octet always is present. Hence if we set v=1v"=8 we
get from Eqs. (A2)-(A4):

% (Sul27) 8270+ Sl (Ssl8))
(8l 10)(34l| 10)+ (. ]10%)
X 8104+ (Ball 1) (8511
= {ZCK(2)+2C)\(2).—.3_ (Cx(2)_c)\(2))2/3}6a,ﬂ ,
5 (GO B2 Y27 [85)+ (Bul8r (B 851
T BI85 = (B CO—COas, (A6)
£ (B0 Sal 272 )27 85)— (B8589
+ (v/5) (Bl 10)10%]85)— (.10)(10]85))

(AS)

— (5V2/8)(8.[|1X1]|8s)=0, (A7)
(2/¥3) (CP—Cr®)(8.4|85)s+ (84l|10)(10]|85)
+(84[|10*)(10*(|85)=0, (AS8)
(2/V3)(Ce®—Cr®)(8a]|85)s— (8a[110){10[|84)
—(8a[|10%)(10%[[85)
= (2/94/5) (C®+Cr®)s, 5. (A9)

From the reality of the matrix elements, the
Hermitian nature of A, and the de Swart phase con-

(60/15)(C® —Cr®)(84185)s= (C.O+Cr @545, (A13)
(]| 10)(84]| 10)— (8[| 10*)(84][ 10%)
= (1/18) (C.P+C2®).. 5,
(8]110)(841|10)+- (8[| 10%)(85]| 10*)+4(8.]| 1)(8l[ 1)
=[C®+C\@—1(C,B—C\®) [, 4,
3 (8all27)(851272)— 38l 1)(851)
) =1[3(CcP+Ci®)— 184 (Cc?—Cy @) s, 5. (A16)

(A14)

(A15)

The representations belonging to classes I, II, and
III, and their mirrors, are distinguished by the fact
that they contain just one octet and no singlet. The
solution for these classes follows immediately from the
above equations:

(8[l1)=0, (A17)
(8[18)a= (Cc&—Cr@)N3, (A18)
(8]18)s= (CO+C2®)

XL(61/15)(C®—Cr @), (A19)
(8]1107=3(C.D+C\@)—3(C.P—C\ @)
+(1/36) (Ci®+C\®), (A20)
(8[10%)2=3(C, @+ @)=} (C,®—C\ @)
—(1/36) (C,®4-C\®), (A21)
2 @127y =3[3(CcD+Cr®)
) =18+ (C@—C\@)2].  (A22)
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We note that for these classes, C,®—C\® can not
vanish so that Eq. (A19) is meaningful ; we also remark
that Eq. (A12) is superfluous—combined with Eq.
(A13) it results in a relation among the Casimir in-
variants which is an identity within the classes under
consideration.

Combining appropriately Eqs. (A18)-(20) we obtain
Egs. (50)-(52) in the text.

Class-IV representations contain the singlet and
contain, in general, two octets. Moreover for this class
we have (since k=\¥):

C®—Cy®=0,

CO4C\®=0, (A23)
and Eq. (A13) becomes a useless identity. However
now we may obtain additional equations by taking
v=1 in Eqgs. (A2) and (A3) [Egs. (A1) and (A4) are
identities for v=1]. Moreover we may replace the cubic
invariant equation (A4) by an equation for K3—L?
evaluated in the singlet state. This combination of cubic
operators contains a term trilinear in A and was there-
fore not considered before since when evaluated in the
octet state it would contain as intermediate states
representations as complicated as those occurring in
8R®8®8. Here, however, we evaluate it in the singlet
state so that the intermediate states must be octets only.

The additional equations that are obtained in this
way are

T (1]8.2=4C. @, (A24)
2 (10[18X1[18)=0, (A25)
(A26)

Z (10*”8a><1”8¢>=0,
Z; (1]18a)(8all85)s(1[[86) = (2/4/15)C,®.  (A27)

We divide class-IV representations into two subclasses,
IV1 and IV2

Class IVy: one octet only. Although class-IV repre-
sentations contain in general two octets if x=\* is
triangular [i.e., k= (p,q) has either =0 or ¢=0] then
we get only one octet.!” We easily find the solution:
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@ll1)2=3C®, (A28)

(818)a=0, (A29)
(8[18)s=C.PL(2N/15)C T,  (A30)
(8]|10)=(8||10*)=0, (A31)

2 (8[1272)*=(9/10) BC.»—4). (A32)

Here again one of the three equations, Egs. (A12),
(A24), (A27), is superfluous; they may be combined
to yield a relation among the Casimir invariants which
is an identity within this class.

From Egs. (A29)-(A31) we obtain Egqs. (62)-(64)
in the text.

Class IV,: two octets. If k=\* is not triangular we
have two octets. These two octets may be identified in
a variety of ways. In the present context the most
reasonable choice seems to be to require that A be
diagonal within the subspace of the two octets, i.e.,
that they not be mixed by the axial coupling. So we
define 8; and 8; by

(81][82)s=0. (A33)
With this definition we get the solution
(8alI8s)a=0 @, =1, 2, (A34)
(81]|81)s= ($C. &+ )12, (A35)
(82l|82)s=— (§C &+ )1, (A36)
(81]]10)%= (84]|10*)2=2(8]|1)*
=3{2C,D—-C®(12C,»+49)12} ,  (A37)
(8:]|10)2=(8:]|10%)2=2(8[|1)*
=H{2C,®4-C,®(12C, 04912y, (A38)
5 (81127, = (6/5) (CP—3)+C.
) +3C.®(12C,®49)"12,  (A39)
2 (84l[274)2=(6/5) (Cc®—3)+1C.»
) —3C ®(12C@4-9)12.  (A40)

From Eqs. (A34)-(A37) we get Egs. (65)-(67) in the
text.



