
REGGE POLES I N RESONAN CE P RO DUCTION

where Ii' denotes the derivative of the hypergeometric function with respect to its argument. For 0.&O, F&,) con-
tains some additional terms which are written as

I'(u+1)- ' tann-u n 1 ) u 1 )
g~ »'F 1+ + n+ ~+a& ~»'F 1+ + +

I'(n+-', ) (n+-', ) ( 2—s)"+' 2 s'& 2 s')

The functions f», g» &"&, and hei &"& are tabulated for some small values of X and X' in Table II.
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It has recently been demonstrated by Goldberger and Jones (I) and by Freedman and Wang (II) that
Regge asymptotic behavior obtains at high energy even in regions in which the crossed-channel cos8 variable
is constrained by unequal-mass kinematics to remain 6nite. Approaches I and II diGer, however, in other
important respects. In this note it is shown that method I can be adapted and used to prove the existence
and properties of the Regge daughter trajectories found in II. In this argument, an extra assumption
necessary in II is avoided, and the restriction o. (0) (~ found in I is eliminated.

ECENTLY two different arguments have been
given to show that the Regge asymptotic behavior

I (') is maintained in the backward scattering of
unequal-mass particles even t&ough the cosine of the
I-channel scattering angle remains small. " In both
methods the persistence of the behavior u (' is a
consequence of the analyticity of the full amplitude at
s=O, a property not shared by the individual Regge-
pole terms.

In I, dispersion relations are used to correct the
analyticity of the original Regge pole terms, whereas
in II a representation of the scattering amplitude as the
Sommerfeld-Watson transform of power series in the
Mandelstam variables I and t, called the Khuri repre-
sentation, is employed. For the asymptotic contribution
at s=0 of the leading Regge pole ap(s), both methods
find the dominant term y(0)u~P'Pi and the next domi-
nant term s 'I «" ', which has an s ' singularity not
shared by the full amplitude and which must, therefore,
be cancelled.

The main difference between I and II lies in the
mechanism by which this singularity is cancelled. In I
it is argued that the singularity is cancelled by the
background term of the Regge representation, and the
restriction np(0) & p is therefore found. In II it is argued
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that the singularity is cancelled by contributions of
other Regge poles, and it is found that to eBect this
cancellation there must occur daughter trajectories
np(s), correlated with the leading or parent trajectory
by the conditions ap(0) =np(0) —k. No restriction on
the position of the leading trajectory stronger than that
of Froissart Lnamely, ap(0) &~1j is found. Mathemati-
cally there does not seem to be any u priori reason to
prefer either mechanism, but it is found in II that the
daughter trajectory mechanism is satisfied in all Bethe-
Salpeter models which Reggeize, and empirically it is
known that the Pomeranchuk trajectory violates the
constraint n(0) & p.

The analyticity of the Khuri power-series coefIicients
at s=0 is important to the argument of II. It was
made plausible there but not rigorously proved, and.
was left as an extra assumption. The purpose of this
article is to show that the existence and properties of.
the 6rst daughter trajectory can be proved without
such an extra assumption by using the techniques of I
and demanding consistency between the Regge repre-
sentation and Mandelstam analyticity in the case where
there are Regge poles to the right of Re)=~ for s=O.
In this way we eliminate the restriction n(0)&p and
asymptotic fixed powers larger than background (see I).

It is not clear how to take the Regge background
integral to the left of Rel= —

~ with this technique
because of the threshold accumulation of poles there,
and therefore the discussion of lower-lying daughter
trajectories from this point of view may be dificult.

In the treatment here we rely heavily on references
to I and II. For simplicity we follow I in assuming that



6i.e amplitude has only the s-I double spectral function.
The roles of s and e have been interchanged from those
in II. Implicit in this work are the assumptions that
cuts in the angular momentum plane are absent and
that Regge trajectories do not intersect.

We write the Regge representation

A (s,u) =B(s,u)
s—s

+2 v'(s) v "'Q—i-;( )
—1+ {1)

'b 2p
where

~;() -' =L2-;()+»~;()L--,()&

The summation index in (1) runs over the finite number
of Regge poles that appear in the region Rel& ——',+~
for any real energy s, —a&s(+ ~, where a is any
small positive number. The background function B(s,u)
has the asymptotic behavior B(s,u) =0(u "'+') as
~ —+ ~, for all positive s~so.

We begin at negative I and express the amplitude
as a single-variable dispersion relation

" ds'
2 (s,u) =-

go s —S

ds
ImB (s',u)+ —g

so
s/ s

r'/s' —u-
&& Im V'(s') (v') 'Q-i--; —1+, (3)

2p

where the contour C encloses the cut of Q i,.(—1
+(r'/s' —u)/2v') from s=0 to s=r'/u in a counter-
clockwise direction. The suppressed argument of the
functions a; ls s .

In Ref. 1, it was tacitly assumed that the residue
functions 7;(s) are analytic at s=0 and therefore the
contour integral in (4) was collapsed to the cut. We
now wish to allow for the possibility that p;(s) may have
poles of arbitrary order at s=0.4 If such poles are

3 Although it is not necessarily true that the infinite integral of
an asymptotic expansion has the same behavior as its integrand,
~e assume that it is true in this case.

4 It is proved in II that the y;(s) cannot have branch points at
g =0, but may have multiple poles.

Prom the asymptotic behavior of B(s,u) we expect that
the erst term on the right side of (3) to behave like
e-'I'+' for all s.' As in I the Regge-pole term is expressed
as a contour integral and evaluated as

r'/s —u
A&&{s,u) =Q y, (s)v '&'Q i,.(,) —1+

'b 2p

1 ds' r%' —u+, V'(s')" 'Q-i--; —1+, , (4)2' g s —s 2p

present, collapse of the contour C to the cut may not
be possible.

The essence of the method here is to demand the
asymptotic consistency of Eqs. (1) and (3). This
requires that the correction term to the Regge-pole
contributions, as expressed by the contour integral in
(4) summed over all poles, must be of background size
(bounded by u '(' for u ~ ~) in the region s&so.

Therefore, we examine the asymptotic behavior of
the contour integrals in (4). On the contour C the
function Q i,.&,&(

—1+(r'/s' —u)/2v') can be approxi-
mated by

ii:—;(")3'
(—1)~l(~') 2-i-~i(~') (2 v')-~e (~')

I'L —2n, (s') g

XLu '&"&+n;(s')u '&"& '

Xs'—2m' —2&i'—r'/2s')$. (5)

Since this approximate expression is uniform, it can be
integrated to give the asymptotic behavior of the
contour integrals. For residue functions with poles of
order I at s'=0, we are led to consider integrals of the
form

1 f(s')u ")
ds

2iri c s'"(s' —s)

which can be evaluated using residue theorems. For
m=0 the integral vanishes, and for e=1 it is equal to
f(0)s 'um&". For N&1, the most singular term at s=0
goes like s "I (0', and in addition there are terms in-
volving less singular powers of s multiplied by I ( ),
powers of inu, and derivatives at s' =0 of n(s') and f(s')

With these remarks in mind, we consider the cor-
rection term as defined by the contour integral (4) of
the leading Regge trajectory no(s). Using the asymptotic
expansion (5), we conclude that the residue yo(s) must
be analytic at s=0 if no(0) & —-', . Otherwise from the
first term in (5) there would be a power u «0) larger
than background which cannot be cancelled by lower-
lying trajectories. If no{0)&2, the second term in (5)
then contributes the asymptotic power r's 'e~«'& '
which is larger than the background, plus terms which
are of background order since no(0) is restricted by the
Froissart bound to be less than 1. Since the asymptotic
power I «" ' is larger than background, it must be
cancelled by other Regge-pole contributions. This
cancellation can occur only if there is a second Regge
trajectory ni(s) satisfying ni(0) =no(0) —1, and wliicli,

by the discussion in the preceding paragraph, must
have residue pi(s) with an s ' singularity at s=0 (that
is, with u=1). The desired cancellation requires that
the codBcient of this singularity must have the value
indicated in Eq. (46) of II. We have thus proved with
the techniques of I that each Regge trajectory with
n(0) & i must be accompanied by a daughter trajectory
with exactly the properties found in II.



UNEQUAL —MASS SCATTERING

Since the residues of parent trajectories are analytic
at s'=0, their contour integral contribution in (4) can
be collapsed to the cut and the form (3.5) of I obtained.
The first daughter residues have poles at s'=0, but
since they lie one integer below the parents the factor
v' &&"' makes it possible to collapse again the contour
integral to the cut and the form (3.5) of I may be used.
The rest of the program of I can then be carried through
without change and the Rcgge asymptotic behavior
I"&'& established for the scattering amplitude through-
Out the backward region. In the present version, the
restriction n(0) & p found in I has been removed.

The advantage of this method is that the extra
assumption made in II about the analyticity of Khuri
amplitudes at s=o is unnecessary here. In fact the
present techniques can be used to prove this assumption
for v (the Khuri variable in II) in the region Rev) —p.

The disadvantage of the present method is that it is
not clear how to move the background contour to the
left of Re/= —

~ and establish the existence of lower-
lying daughter trajectories.

The asymptotic contribution of a parent and its
first daughter trajectory to the full amplitude is given
explicitly in Eq. (47) of II. At s=0 this contribution
takes the form

A(0,u)=au & '+b(m' —p')'u 'P~ 'lnu+cu~&'& '

The logarithmic term is peculiar to the unequal-mass
case and may be significant when accurate 6ts to high-
energy data are possible.

We wish to thank Professor S. Mandelstam for a
conversation suggesting the possibility of this approach
and Professor M. I.. Goldberger for encouragement,
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Assigning mixed configurations to hadron states implies an auxiliary space of "one-particle states" that
contains more states than does the space of observable particles and resonances. An approximate model
Hamiltonian that has all these states as one-particle eigenstates implies a corresponding modification of
the unitary representations of the Lorentz transformations. This in turn requires a modification of the weak-
interaction current operators if their tensor transformation properties are to be maintained. This paper
describes the formal construction of such models and examines the relations between the exact and the
approximate quantities.

"'N a recent paper the infinite-momentum limit of
~ - current algebras was discussed. The restriction of
the current operators to a one-particle subspace was a
key feature in that discussion, and the formal analysis
made use of the Lorentz invariance of that subspace as
well as the tensor transformation properties of the
'currents. The previous papcl poilltcd out that for
-practical purposes the subspace of the stable particles
-is certainly too small to allow the commutation rules
(20) of I.The purpose of the present article is to present

.a detailed discussion of procedures for enlarging the
:subspace suQiciently for an empirical justification of
Zq. (20) or (2l) of I.

Recent work on representation mixing' in hadron
:states implies such an enlarged "one-particle space, "
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2 R. Gatto, L. Maiani, and G. Preparata, Phys. Rev. Letters
16, 377 (1966);I.S. Gerstein and B.W. Lee, Aid. 16, 1060 (1966);
H. Harari, i'. 17, 56 (1966); H. J. Lipkin, H. R. Rubinstein,
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but we should not assume that all states in that space
correspond to observable particles or resonances. In
the shell-model theory of nuclear structure, the analo-
gous problem is well known. One introduces an approxi-
mate shell-model Hamiltonian with a discrete energy
spectrum. In diagonalizing a 6nite submatrix, one 6nds
approximations to some low-lying states. The higher
eigenstatcs of the submatrix do not usually correspond
to physical levels.

In a relativistic theory, the Hamiltonian H of the
system is determined if the unitary representation
U(a, A) of the Poincare group is known. The in'ro-
duction of a di6erent model Hamiltonian Ho implies
also a modified unitary representation Up(a, A) of the
Lorentz transformations on the same space of states.
Weak interactions are superimposed as a perturbation
on the strong-interaction dynamics implied by the
representation U(a,A). The weak-interaction currents
F (x) must have tensor transformation properties under

Lorentz transformations. The introduction of an approx-
imate model U —+ Uo necessitates also the modi6ca-
tion of the current density operator P (x) ~ Fp (x)


